
',*,7$/ 6.(/(7216 ,1 (8&/,'($1 $1' *(2'(6,& 63$&(6

6HUJH %(8&+(5

&HQWUH GH 0RUSKRORJLH 0DWKpPDWLTXH

(FROH GHV 0LQHV GH 3DULV

��� 5XH 6DLQW +RQRUp

����� )217$,1(%/($8 &('(; �)UDQFH�

$EVWUDFW

7KLV SDSHU LV DQ DWWHPSW WR EULGJH WKH JDS EHWZHHQ WZR FODVVHV RI VNHOHWRQ DOJRULWKPV ZLGHO\ XVHG LQ

0DWKHPDWLFDO 0RUSKRORJ\� WKH VNHOHWRQ E\ PD[LPDO EDOOV DQG WKH VNHOHWRQ E\ WKLQQLQJV�

)LUVW� ZH VKRZ WKDW WKH ILUVW W\SH RI VNHOHWRQ� XVXDOO\ UHVXOWLQJ IURP PRUSKRORJLFDO RSHQLQJV DFFRUGLQJ WR

/DQWXpMRXO
V IRUPXOD� FDQ DOVR EH REWDLQHG E\ QRQ KRPRWRSLF WKLQQLQJV� 0RUHRYHU� WKHVH WKLQQLQJV DUH QRW

VHTXHQWLDO EXW EDVHG RQ WKH LQWHUVHFWLRQ RI HOHPHQWDU\ WKLQQLQJV�

7KH VHFRQG VWHS LV D UHVWULFWLYH VHOHFWLRQ DPRQJ WKH SUHYLRXV VWUXFWXULQJ HOHPHQWV ZKLFK SUHVHUYH

KRPRWRS\� ,W OHDGV WR WKH GHILQLWLRQ RI D FRQQHFWHG VNHOHWRQ FRQWDLQLQJ WKH VNHOHWRQ E\ PD[LPDO EDOOV� 7KLV

DOJRULWKP LV JLYHQ LQ WKH �' (XFOLGHDQ VSDFH IRU ERWK WKH KH[DJRQDO DQG VTXDUH JULGV� 7KLV VNHOHWRQ FRPELQHV

WKH DGYDQWDJHV RI WKH WZR FODVVHV RI VNHOHWRQV DQG DYRLGV WKH PDLQ GUDZEDFNV LQYROYHG E\ URWDWLQJ WKLQQLQJV

IRU EXLOGLQJ FRQQHFWHG VNHOHWRQV�

7KH H[WHQVLRQ RI WKLV GHILQLWLRQ WR JHRGHVLF VSDFHV LV GLVFXVVHG LQ WKH WKLUG SDUW� 7KH JHRGHVLF WKLQQLQJV

DUH LQWURGXFHG WR GHILQH D FRQQHFWHG VNHOHWRQ FRQWDLQLQJ WKH VNHOHWRQ E\ PD[LPDO EDOOV�

,QWURGXFWLRQ

7KHUH FXUUHQWO\ H[LVW WZR NLQGV RI PRUSKRORJLFDO WRROV WR EXLOG VNHOHWRQV� WKH UHVLGXHV

RI RSHQLQJV RQ WKH RQH KDQG� DQG WKH WKLQQLQJ WUDQVIRUPDWLRQV RQ WKH RWKHU KDQG� ,Q IDFW� WKH

IRUPHU DUH GLUHFWO\ GHULYHG� E\ PHDQV RI WKH /DQWXpMRXO
V IRUPXOD >�@� IURP WKH GHILQLWLRQ RI

WKH VNHOHWRQ RI D VHW LQ WHUPV RI PD[LPDO EDOOV >�@� 7KH ODWWHU VWHP IURP WKH GHILQLWLRQ RI D

�SUDLULH ILUH� VNHOHWRQ >�@� 7KH WKLQQLQJ DOJRULWKPV DUH D VLPXODWLRQ RI WKH ILUH SURSDJDWLRQ�

3URYLGHG WKDW JRRG FRQGLWLRQV DUH IXOILOOHG E\ WKH LQLWLDO VHW� LW FDQ EH VKRZQ WKDW WKHVH WZR

GHILQLWLRQV OHDG WR WKH VDPH VNHOHWRQ�

8QIRUWXQDWHO\� LQ ERWK FDVHV� WKH UHVXOWLQJ WUDQVIRUPV KDYH PDQ\ GUDZEDFNV� )LUVW� WKH

UHVLGXHV RI RSHQLQJV GR QRW H[DFWO\ FRUUHVSRQG WR WKH LQWXLWLYH QRWLRQ RI D VNHOHWRQ� PDLQO\

EHFDXVH WKH WUDQVIRUPDWLRQ LV QRW KRPRWRSLF� 7KH UHVXOW RI VXFK D VNHOHWRQ WUDQVIRUP LV

JHQHUDOO\ QRW FRQQHFWHG� $OWKRXJK LW LV QRW SURYHG WKDW WKH VNHOHWRQ RI D FRQQHFWHG VHW VKRXOG

EH FRQQHFWHG� WKH IXOILOOPHQW RI WKLV FRQGLWLRQ KDV OHG PDQ\ SHRSOH WR WU\ WR ILQG QHZ

DOJRULWKPV WR REWDLQ FRQQHFWHG VNHOHWRQV >���@� 2Q WKH RWKHU KDQG� WKH VNHOHWRQV E\ WKLQQLQJ

SURGXFH FRQQHFWHG VNHOHWRQV� 8VLQJ WKLQQLQJ LV TXLWH QDWXUDO EHFDXVH WKH\ DUH WKH RQO\

PRUSKRORJLFDO RSHUDWRUV ZKLFK FDQ EH KRPRWRSLF� +RZHYHU� WKHVH VNHOHWRQV DUH QRW YHU\

KDQG\� ,Q SDUWLFXODU� WKH\ DUH QRW XQLTXH EHFDXVH VHTXHQFHV RI WKLQQLQJV DUH QHHGHG WR REWDLQ

KRPRWRSLF WUDQVIRUPV�� +RZHYHU� WKHUH DUH PXOWLSOH ZD\V WR GHILQH WKH RUGHU RI WKH WKLQQLQJV

LQ WKH VHTXHQFHV� HDFK VHTXHQFH SURGXFLQJ D GLIIHUHQW VNHOHWRQ� 0RUHRYHU� WKHVH VNHOHWRQV DUH

RIWHQ ELDVHG DQG WKHLU UHODWLRQVKLS WR WKH QRQ FRQQHFWHG VNHOHWRQ LV QRW REYLRXV >�@�

7KH DLP RI WKLV SDSHU LV WR EULHIO\ GHVFULEH D PHWKRGRORJ\ LQ RUGHU WR EULGJH WKH JDS

EHWZHHQ WKHVH WZR NLQGV RI VNHOHWRQV� :H VKDOO VHH WKDW WKLV DSSURDFK OHDGV WR WKH GHILQLWLRQ RI

D FRQQHFWHG VNHOHWRQ DOJRULWKP ZKLFK SURGXFHV D ILQDO WUDQVIRUP FORVH WR WKH PD[LPDO EDOO

VNHOHWRQ� :H VKDOO DOVR VHH WKDW WKLV WHFKQLTXH LV QRW OLQNHG WR WKH GLPHQVLRQ RI WKH ZRUNLQJ

VSDFH� 7KLV DOORZV WR GHILQH �' DQG JHRGHVLF VNHOHWRQV�
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7KH JHRGHVLF VNHOHWRQ ZLOO EH LQWURGXFHG DQG LWV XVH LQ RUGHU WR SURGXFH D FRQQHFWHG

VNHOHWRQ FRQWDLQLQJ WKH PD[LPDO EDOO VNHOHWRQ ZLOO EH H[SODLQHG�

$OO WKH QRWLRQV GHVFULEHG KHUH DUH JLYHQ LQ WKH GLJLWDO FDVH� 0RUHRYHU� WKH KH[DJRQDO

JULG LV RIWHQ XVHG LQ WKH H[DPSOHV DQG LQ WKH SURRIV� +RZHYHU� DOO WKH DYDLODEOH UHVXOWV PD\ EH

WUDQVSRVHG WR WKH VTXDUH JULG DQG VRPH RI WKH FRUUHVSRQGLQJ WUDQVIRUPV ZLOO EH JLYHQ DV RIWHQ

DV SRVVLEOH�

� 0D[LPDO EDOO VNHOHWRQ DQG VNHOHWRQV E\ WKLQQLQJV

,Q WKLV ILUVW SDUW� WKH GHILQLWLRQV RI WKH PD[LPDO EDOOV VNHOHWRQV DQG RI WKH VNHOHWRQV E\

WKLQQLQJV DUH UHYLHZHG� :H DOVR GHVFULEH WKH PRUSKRORJLFDO WUDQVIRUPDWLRQV XVHG WR EXLOG

WKHP DQG WKHLU PDLQ GUDZEDFNV�

��� 'HILQLWLRQV

����� 0D[LPDO EDOO VNHOHWRQ

/HW ; EH D GLJLWDO VHW LQFOXGHG LQ =Q� /HW EH D EDOO RI UDGLXV L FHQWHUHG DW SRLQW [%�[� L�

DQG LQFOXGHG LQ ;� 7KLV EDOO LV D PD[LPDO EDOO LI DQG RQO\ LI WKHUH H[LVWV QR RWKHU EDOO

VXFK WKDW �%�\� M� B ; %�[� L� B %�\� M�

7KH VNHOHWRQ 6�;� RI ; LV WKH VHW RI DOO WKH FHQWHUV RI WKH PD[LPDO EDOOV LQFOXGHG LQ ;�

)LJXUH �� VNHOHWRQ �E� RI D VHW �D� GHILQHG ZLWK PD[LPDO EDOOV

7KH UHVLGXH 5�;� RI ; LV WKH VHW PDGH RI WKRVH SRLQWV RI ; ZKLFK GR QRW EHORQJ WR LWV

RSHQLQJ E\ DQ HOHPHQWDU\ EDOO�

5�;� = ;��;�
%

ZKHUH �;�% LV WKH RSHQLQJ RI ; E\ WKH HOHPHQWDU\ EDOO %�

$FFRUGLQJ WR /DQWXpMRXO
V IRUPXOD� LW FDQ EH VKRZQ WKDW WKH VNHOHWRQ LV DOVR WKH VHW RI

DOO WKH UHVLGXHV RI WKH VXFFHVVLYH HURVLRQV RI ;�

� L ∈ 16�;� = �
L

�;� L%���;� L%�
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6�;� = �
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3URRI�

/HW [ EH D SRLQW EHORQJLQJ WR WKH RSHQHG VHW � 7KLV SRLQW EHORQJV WR D EDOO %�;� L%�
%

LQFOXGHG LQ WKH HURGHG VHW � $ VL]H L GLODWLRQ RI % SURGXFHV D EDOO RI VL]H L�� LQFOXGHG�;� L%�

LQ ; ZKLFK FRYHUV WKH EDOO RI VL]H L FHQWHUHG LQ [� 7KLV SRLQW� WKHUHIRUH� FDQQRW EH WKH FHQWHU RI

D PD[LPDO EDOO RI VL]H L LQFOXGHG LQ ;� 7KH FHQWHUV RI WKH PD[LPDO EDOOV RI VL]H L� LI DQ\� PXVW

EHORQJ WR WKH UHVLGXH RI ��;� L%�

�



&RQYHUVHO\� VXSSRVH WKDW D SRLQW [� DOWKRXJK LW EHORQJV WR WKH UHVLGXH� LV QRW WKH FHQWHU

RI D PD[LPDO EDOO RI VL]H L� 6R� LW PXVW EH LQFOXGHG LQ D EDOO RI VL]H M ! L FRYHULQJ WKH EDOO %�[�L��

%XW� LI ZH HURGH WKLV EDOO RI VL]H M E\ D EDOO RI VL]H L� ZH REWDLQ D EDOO RI VL]H M�L � ZKLFKP

FRQWDLQV [� 7KHUHIRUH [ EHORQJV WR WKH RSHQHG VHW ZKLFK LV FRQWUDGLFWRU\ ZLWK WKH�;� L%�%
LQLWLDO K\SRWKHVLV� 4�(�'�

$OWKRXJK WKLV VNHOHWRQ KDV LQWHUHVWLQJ SURSHUWLHV �VXFK DV WKH FDSDELOLW\ RI HQWLUHO\

UHFRQVWUXFWLQJ WKH LQLWLDO VHW IURP WKH VHW RI PD[LPDO EDOOV�� LW GRHV QRW SUHVHUYH WKH

FRQQHFWLYLW\ RI WKH VHW ; �)LJXUH ���

����� 6NHOHWRQV E\ WKLQQLQJV

/HW 7  �7� �7� � EH D WZR�SKDVH VWUXFWXULQJ HOHPHQW �7� DQG 7� DUH WZR VWUXFWXULQJ

HOHPHQWV ZLWK D FRPPRQ RULJLQ�� $ WKLQQLQJ RI ; E\ 7 LV GHILQHG E\ >�@�

; { 7  ; � �;� 7�

ZKHUH�

;� 7  �;� 7� �� �;
F
� 7� �

LV WKH KLW�RU�PLVV WUDQVIRUP�

/HW 7  ^7��7������7Q` EH D IDPLO\ RI VWUXFWXULQJ HOHPHQWV� (DFK 7L LV D WZR�SKDVH

VWUXFWXULQJ HOHPHQW �7L
� �7

L
��� 7KH WKLQQLQJ RI D VHW ; E\ WKH IDPLO\ 7 LV GHILQHG E\�

; { 7 ; � �;� 7 �=
ZKHUH� ;� 7  �;� 7L���

L

7KLV GHILQLWLRQ SURGXFHV D WKLQQLQJ ZKLFK GRHV QRW GHSHQG RQ WKH RUGHU LQ ZKLFK WKH

YDULRXV 7L DUH XVHG�

,W LV QRW KRZHYHU WKLV NLQG RI WKLQQLQJ ZKLFK LV RUGLQDULO\ XVHG IRU EXLOGLQJ FRQQHFWHG

VNHOHWRQV� EXW VHTXHQWLDO WKLQQLQJV >�@� 7KHVH WKLQQLQJV XVH KRPRWRSLF VWUXFWXULQJ HOHPHQWV�

WKDW LV VWUXFWXULQJ HOHPHQWV ZKLFK GR QRW EUHDN WKH FRQQHFWLYLW\ RI WKH LQLWLDO VHW� )XUWKHUPRUH�

WKHVH VWUXFWXULQJ HOHPHQWV PXVW EH XVHG VHTXHQWLDOO\ EHFDXVH� HYHQ ZKHQ HDFK RI WKHP

SUHVHUYHV KRPRWRS\� WKLV SUHVHUYLQJ TXDOLW\ LV QRW JXDUDQWHHG ZKHQ WKH\ DUH XVHG LQ XQLRQ

WKLQQLQJV�

%\ DSSO\LQJ VXFFHVVLYH WKLQQLQJV ZLWK KRPRWRSLF HOHPHQWV WR D VHW ;�

���; { 7D� { 7E� { ����

ZKHUH 7D� 7E� DUH VWUXFWXULQJ HOHPHQWV ZKLFK SUHVHUYH KRPRWRS\� RQH FDQ SURGXFH KRPRWRSLF

WUDQVIRUPV FDOOHG �FRQQHFWHG VNHOHWRQV��

8QIRUWXQDWHO\� WKHUH LV QR UXOH IRU FKRRVLQJ WKH RUGHU RI WKH VWUXFWXULQJ HOHPHQWV DQG

HDFK VHTXHQFH OHDGV WR D GLIIHUHQW NLQG RI �VNHOHWRQ�� 7KH PRVW FODVVLFDO VHTXHQFH XVHG RQ WKH

KH[DJRQDO JULG LV WKH VHTXHQFH �/�� /�� ���� /�� ZKHUH WKH /L DUH WKH VXFFHVVLYH URWDWLRQV RI WKH

/ VWUXFWXULQJ HOHPHQW �)LJXUH �D��

)LJXUH �� 7KH / VWUXFWXULQJ HOHPHQW �D� DQG WKH FRUUHVSRQGLQJ FRQQHFWHG VNHOHWRQ �E�
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$OWKRXJK WKHVH /�VNHOHWRQV DUH LQGHHG FRQQHFWHG �)LJXUH �E�� WKH\ DUH QRW XQLTXH� 7KH

UHVXOW RI WKH WUDQVIRUPDWLRQ VWURQJO\ GHSHQGV XSRQ WKH RUGHU RI WKH VWUXFWXULQJ HOHPHQWV LQ WKH

VHTXHQFH� 7KH TXDOLW\ RI WKH UHVXOW DOVR OHDYHV PXFK WR EH GHVLUHG� 7KHVH WUDQVIRUPDWLRQV DUH

FDOOHG VNHOHWRQV RQO\ EHFDXVH WKH ILQDO UHVXOW ORRNV OLNH D VNHOHWRQ� +RZHYHU� WKHUH LV QR

REYLRXV OLQN EHWZHHQ WKLV WUDQVIRUP DQG WKH PD[LPDO EDOO VNHOHWRQ�

��� ([SUHVVLQJ WKH PD[LPDO EDOO VNHOHWRQ ZLWK WKLQQLQJV

����� *HQHUDO PHWKRGRORJ\

7R EULGJH WKH JDS EHWZHHQ WKH WZR W\SHV RI VNHOHWRQV� WKH IROORZLQJ PHWKRGRORJ\ LV

DSSOLHG�

� 7KH ILUVW GLIILFXOW\ FRPHV IURP WKH IDFW WKDW WZR GLIIHUHQW PRUSKRORJLFDO WUDQVIRUPDWLRQV DUH

XVHG WR GHILQH WKHVH WZR W\SHV RI VNHOHWRQV� 6R� WR EH DEOH WR FRPSDUH WKH WZR DSSURDFKHV� ZH

PXVW H[SUHVV WKH PD[LPDO EDOO VNHOHWRQ LQ WHUPV RI WKLQQLQJV� :H VKDOO VHH WKDW WKH /DQWXpMRXO
V

IRUPXOD FDQ EH ZULWWHQ DV DQ XQLRQ RI WKLQQLQJV� 7KHVH WKLQQLQJV ZLOO XVH D VLPSOH IDPLO\ RI

VWUXFWXULQJ HOHPHQWV �ZLWKRXW RUGHU��

� 1H[W� ZH VKDOO WU\ WR EXLOG D FRQQHFWHG VNHOHWRQ E\ VRUWLQJ WKHVH VWUXFWXULQJ HOHPHQWV WR

HOLPLQDWH WKRVH ZKLFK PD\ EUHDN WKH FRQQHFWLYLW\� 7KH UHVXOWLQJ WUDQVIRUP ZLOO SURGXFH D

FRQQHFWHG VNHOHWRQ REWDLQHG E\ XQLRQ WKLQQLQJV ZKLFK JXDUDQWHH WKH XQLTXHQHVV RI WKH UHVXOW�

����� 0D[LPDO EDOO VNHOHWRQ E\ WKLQQLQJV

6WDUWLQJ IURP WKH /DQWXpMRXO
V GLJLWDO IRUPXOD�
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OHW XV GHILQH�
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DQG SURYH WKDW WKH IROORZLQJ LWHUDWLYH WUDQVIRUP�

=Q = �=Q−�� %��5�=Q−� �

ZLWK =� ;� LV HTXDO WR�

=Q = �;� Q%��6Q−��;�

3URRI�

:H ILUVW VKRZ WKDW =Q FDQ EH ZULWWHQ�

=Q = �;� Q%�� �
L=�

Q−�
�;� L%���;� L%�%

$VVXPH WKDW WKLV H[SUHVVLRQ LV WUXH DW VWHS Q���

=Q−� = �;� �Q − ��%�� �
L=�

Q−�
�;� L%���;� L%�%

7R FDOFXODWH � ZH DSSO\ WKH IROORZLQJ OHPPD�=Q−� �%

/HPPD�

/HW ; DQG < EH WZR GLVMRLQW VHWV� ,I DQG < DUH DOVR GLVMRLQW� ZH KDYH�;� %
�;�<�� % = �;� %���<�%�

,W LV HDV\ WR VHH WKDW DQ\ SDLU WDNHQ IURP WKH IROORZLQJ VHWV�

;� �Q − ��%
�;� L%���;� L%�%�� L F >�� Q − �@
�;� M%���;� M%�%�� M F >�� Q − �@� M � L

VDWLVILHV WKH FRQGLWLRQV RI WKH OHPPD�

7KHQ�

=Q−� �% = �;� Q%�� �
L=�

Q−�
>�;� �L + ��%� � ��;� �L + ��%�F � �%�@

LV HTXDO WR �;� Q%

6LPLODUO\�
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=Q−���=Q−� �% = =Q−� � >;� �Q − ��%@%
F
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L=�

Q−�
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)LQDOO\� ZH KDYH�

4�(�'�=Q = �;� Q%��6Q−��;�

$W WKH HQG RI WKLV LWHUDWLYH WUDQVIRUP� ZH REWDLQ WKH PD[LPDO EDOO VNHOHWRQ�

=� = OLP
QG�

=Q = 6�;�

%XW WKLV WUDQVIRUPDWLRQ FDQ DOVR EH H[SUHVVHG LQ WHUPV RI WKLQQLQJV� ,I ZH ZULWH WKH

JHQHUDO H[SUHVVLRQ XQGHU WKH IRUP��=� %��5�=�

�=� %���=� �=�%
F � = = � >�=� %���=% �

F @ = = � >�=� %�
F
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F @F

:H FDQ VKRZ WKDW LV D KLW�RU�PLVV WUDQVIRUPDWLRQ��=� %�
F
� =%

3URRI�

:H KDYH�

=% = �
DF%
�=� %D �

DQG�
�=� %�

F = �
EF%

�=F
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ZKHUH %D LV WKH EDOO % WUDQVODWHG LQ WKH GLUHFWLRQ D DQG /E WKH VWUXFWXULQJ HOHPHQW

FRUUHVSRQGLQJ WR WKH WUDQVODWLRQ RI D SRLQW LQ WKH GLUHFWLRQ E �D DQG E DUH DOO WKH SRVVLEOH

GLUHFWLRQ YHFWRUV FHQWHUHG DW WKH RULJLQ ZKLFK FDQ EH GHILQHG LQ WKH HOHPHQWDU\ EDOO %��

7KHQ� ZH KDYH�
�=� %�

F
� =% = �
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F
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7KLV LWHUDWLYH WUDQVIRUPDWLRQ LV D WKLQQLQJ E\ D IDPLO\ 7 RI VWUXFWXULQJ HOHPHQWV�

7  ^7D�E  �%D� /E�� ∀ D�E ∈ %` 4�(�'�

7KHUHIRUH WKH PD[LPDO EDOO VNHOHWRQ FDQ EH ZULWWHQ�

6�;�  �; { 7 � { ���� { 7 {����

,W LV SURGXFHG E\ VXFFHVVLYH LWHUDWLRQV RI XQLRQ WKLQQLQJV�

,Q WKH SUHYLRXV SURRI� QR DVVXPSWLRQ ZDV PDGH DV WR WKH GLPHQVLRQ RI WKH ZRUNLQJ

VSDFH DQG DV WR WKH VDPSOL�QJ JULG� 7KLV IRUPXOD KROGV IRU WKH �' KH[DJRQDO RU VTXDUH

VNHOHWRQV DV ZHOO DV IRU WKH �' RQHV�

)LJXUH �� 7KH 7 IDPLO\ RI WKLQQLQJV XVHG IRU VNHOHWRQV RQ KH[DJRQDO �D� DQG VTXDUH �E� JULGV
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/HW XV HPSKDVL]H WKH 7 IDPLO\ IRU WKH �' VNHOHWRQ RQ WKH KH[DJRQDO JULG� 7 LV PDGH

RI WKH IROORZLQJ VWUXFWXULQJ HOHPHQWV �)LJXUH �D� ZLWK DOO WKHLU SRVVLEOH URWDWLRQV� 1RWLFH WKH

SRVLWLRQ RI WKH RULJLQ RI WKHVH VWUXFWXULQJ HOHPHQWV� 1RWLFH DOVR WKDW WKHVH VWUXFWXULQJ HOHPHQWV

DUH QRW GHILQHG RQ WKH HOHPHQWDU\ KH[DJRQ DV ZDV WKH FDVH IRU WKH /�VWUXFWXULQJ HOHPHQW XVHG

LQ WKH VHTXHQFHV RI WKLQQLQJV� ,Q WKH VDPH ZD\� WKH FRUUHVSRQGLQJ IDPLO\ FDQ EH GHILQHG

�)LJXUH �E� IRU WKH VTXDUH JULG�

� )URP WKH QRQ�FRQQHFWHG WR WKH FRQQHFWHG VNHOHWRQ

7R EXLOG D FRQQHFWHG VNHOHWRQ IURP WKH SUHYLRXV WKLQQLQJV� WZR PHWKRGV DUH DYDLODEOH�

7KH ILUVW RQH FRQVLVWV LQ DQDO\]LQJ WKH YDULRXV VWUXFWXULQJ HOHPHQWV RI WKH 7 IDPLO\ LQ RUGHU WR

NHHS RQO\ WKRVH ZKLFK SUHVHUYH KRPRWRS\� +RZHYHU� WKLV SURFHGXUH PD\ EH WHGLRXV HVSHFLDOO\

ZKHQ GHDOLQJ ZLWK WKH �' VSDFH� 7KH VHFRQG PHWKRG LV EDVHG RQ WKH DQDO\VLV RI ZKDW LV WR EH

GRQH WR FRQQHFW WKH PD[LPDO EDOOV VNHOHWRQ� 7KH ILUVW DSSURDFK ZLOO EH H[SODLQHG LQ WKH FDVH RI

WKH �' KH[DJRQDO VNHOHWRQ� 7KH JHQHUDO PHWKRG ZLOO EH XVHG HVSHFLDOO\ IRU ILQGLQJ WKH IDPLO\

RI VWUXFWXULQJ HOHPHQWV IRU WKH �' VNHOHWRQ� :H VKDOO VHH WKDW� GHVSLWH WKH IDFW WKDW WKLV

VNHOHWRQ LV FRQQHFWHG DQG YHU\ FORVH WR WKH PD[LPDO EDOOV VNHOHWRQ� VRPH ORFDO YDULDWLRQV PD\

H[LVW�

��� 6RUWLQJ WKH FRQILJXUDWLRQV SUHVHUYLQJ KRPRWRS\

$ WKLQQLQJ FRQILJXUDWLRQ EHORQJLQJ WR WKH IDPLO\ 7 LV VDLG WR SUHVHUYH WKH KRPRWRS\ LI

WKH SRLQWV ZKLFK DUH HOLPLQDWHG E\ WKH WKLQQLQJ GR QRW PRGLI\ WKH FRQQHFWLYLW\ UHODWLRQVKLSV RI

WKH VHW ;� ,I ; LV FRQQHFWHG� LW UHPDLQV FRQQHFWHG DQG WKH QHLJKERUKRRG UHODWLRQVKLSV EHWZHHQ

LWV GLIIHUHQW FRQQHFWHG FRPSRQHQWV DUH SUHVHUYHG >�@�

7KH FKHFNLQJ SURFHGXUH LV WKH IROORZLQJ� IRU HDFK RULJLQ SRLQW RI WKH VWUXFWXULQJ

HOHPHQW� ZH YHULI\ WKDW VXSSUHVVLQJ WKLV SRLQW GRHV QRW FKDQJH WKH FRQQHFWLYLW\� 7KLV FKHFNLQJ

PXVW EH SHUIRUPHG KLHUDUFKLFDOO\ EHFDXVH� DV ZH ZRUN DW WKH VDPH WLPH ZLWK DOO WKH SRVVLEOH

VWUXFWXULQJ HOHPHQWV ZLWK DOO WKHLU URWDWLRQV� WKH DGMDFHQW SRLQWV PD\ DOVR EH HOLPLQDWHG DQG

WKHUHIRUH WKH QHLJKERUKRRG UHODWLRQVKLSV RI WKH FHQWHU SRLQW FDQ EH GUDPDWLFDOO\ PRGLILHG�

)LJXUH �� 'HWDLOV RI WKH IDPLO\ 7 �D� DQG GHFRPSRVLWLRQ RI WKH FRQILJXUDWLRQ G �E�

7KH VWUXFWXULQJ HOHPHQWV EHORQJLQJ WR WKH IDPLO\ 7 IRU D JLYHQ GLUHFWLRQ DUH VKRZQ LQ

)LJXUH �D �XS WR D V\PPHWU\�� 2QO\ WKH FRQILJXUDWLRQV �D� DQG �F� FDQ EH DQDO\]HG DW WKLV ILUVW

OHYHO� 7KH FRQILJXUDWLRQ �D� FOHDUO\ SUHVHUYHV WKH KRPRWRS\ ZKDWHYHU WKH PRGLILFDWLRQV

RFFXULQJ LQ WKH QHLJKERUKRRG RI WKH RULJLQ SRLQW� 2Q WKH FRQWUDU\� WKH FRQILJXUDWLRQ �F� LV QRW

KRPRWRSLF� LI WKH FHQWHU SRLQW LV VXSSUHVVHG� WKH FRQQHFWLRQ LV EURNHQ�

�



/HW XV DQDO\]H WKH FRQILJXUDWLRQ �G�� $V PHQWLRQHG DERYH� WKH EHKDYLRU RI WKH SRLQWV

VXUURXQGLQJ WKH RULJLQ LV RI SULPDU\ LPSRUWDQFH� %XW WKLV EHKDYLRU VWURQJO\ GHSHQGV RQ WKHLU

EHORQJLQJ WR WKH RSHQLQJ RI ;� $Q\ DGMDFHQW SRLQW EHORQJLQJ WR ;% ZLOO DOZD\V EH SUHVHUYHG�

6R� D GHHSHU DQDO\VLV ZLOO VSOLW WKH FRQILJXUDWLRQ �G� LQWR IRXU FRQILJXUDWLRQV ZKHUH WKH

EHORQJLQJ RI WKH DGMDFHQW SRLQWV LV WDNHQ LQWR DFFRXQW� ,Q )LJXUH �E� WKH SRLQWV EHORQJLQJ WR ;F

DUH GHQRWHG �� WKRVH LQFOXGHG LQ WKH RSHQHG VHW ;% E\ � DQG WKRVH EHORQJLQJ WR WKH UHVLGXH

5�;� E\ ��

,W FDQ EH VKRZQ WKDW WKH FRQILJXUDWLRQV �G�� DQG �G�� DUH QRW KRPRWRSLF DQG WKDW WKH

WZR FRQILJXUDWLRQV �G�� DQG �G�� DUH HTXLYDOHQW WR WKH FRQILJXUDWLRQ �H��

7KH VDPH GHFRPSRVLWLRQ LV SHUIRUPHG IRU WKH FRQILJXUDWLRQV �E� DQG �H�� 7KLV OHDGV WR

WKH ILQDO UHVXOW�

$PRQJ DOO WKH SRVVLEOH FRQILJXUDWLRQV EHORQJLQJ WR WKH IDPLO\ 7� WKH RQO\ RQHV WKDW

SUHVHUYH WKH KRPRWRS\ DQG WKHUHIRUH WKDW SURGXFH D FRQQHFWHG VNHOHWRQ E\ XQLRQ WKLQQLQJ DUH

JLYHQ �ZLWK DOO WKHLU URWDWLRQV� LQ )LJXUH �� 7KH SRLQWV GHQRWHG DUH SRLQWV ZKLFK GR QRW�

EHORQJ WR WKH UHVLGXHV RI WKH VHW WR EH WKLQQHG�

)LJXUH �E JLYHV DQ H[DPSOH RI VXFK D FRQQHFWHG VNHOHWRQ�

)LJXUH �� &RQILJXUDWLRQV SUHVHUYLQJ KRPRWRS\ �D� DQG FRUUHVSRQGLQJ VNHOHWRQ �E�

��� 7KH JHQHUDO FRQQHFWLRQ VFKHPH

7KH SUHYLRXV DSSURDFK� KRZHYHU� LV YHU\ WHGLRXV DQG PD\ EH ULVN\ EHFDXVH VRPH

FRQILJXUDWLRQV PD\ EH IRUJRWWHQ� )RU WKDW UHDVRQ� DQRWKHU SURFHGXUH FDQ EH XVHG� ,W LV EDVHG

RQ WKH DQDO\VLV RI WKH FRQQHFWLRQV ZKLFK PXVW EH VHW WR FRQQHFW� DW HDFK VWHS L� WKRVH

FRPSRQHQWV RI WKH VHW =L �WKH UHVXOW RI WKH SUHYLRXV WKLQQLQJ� ZKLFK EHORQJ WR WKH VNHOHWRQ WR

WKH HURGHG VHW �= L �%

7ZR NLQGV RI FRQQHFWLRQV PXVW EH PDGH�

� WKH FRQQHFWLRQ RI WKH UHVLGXHV REWDLQHG DW VWHS L ZLWK WKH HURGHG VHW RI VL]H L�� �FRQQHFWLRQV

RI WKH ILUVW NLQG��

� WKH FRQQHFWLRQ RI WKH FRQQHFWHG FRPSRQHQWV RI WKH HURGHG VHW RI VL]H L��� ZKHQ WKH

GLVFRQQHFWLRQ RFFXUV EHWZHHQ WKH HURVLRQV RI VL]HV L DQG L��� 7KHVH UHVLGXHV DFWXDOO\

FRUUHVSRQG WR WKH FHQWHUV RI HOHPHQWDU\ EDOOV ZKLFK WRXFK HDFK RWKHU �)LJXUH �D ��

7KH ILUVW NLQG RI FRQQHFWLRQV FDQ EH REWDLQHG E\ DGGLQJ WR WKH UHVLGXHV DW VWHS L WKH

SRLQWV ZKLFK FRQQHFW WKHVH UHVLGXHV DQG WKH HURGHG VHW DIWHU VWHS L� 7KHVH SRLQWV DUH WKH SRLQWV

RI =L ZKLFK DUH DGMDFHQW WR WKH UHVLGXH 5�=L �� 7KHVH SRLQWV� LQ WKH FDVH RI WKH KH[DJRQDO JULG�

EHORQJ WR WKH VHW � 'RLQJ VR� ZH GHILQH D QHZ LWHUDWLYH WUDQVIRUP��5�= L ��%� � = L

= L+� = �=L � %��>�5�= L �� %� � = L @

ZLWK =�  ;�

�



7KLV FDQ EH ZULWWHQ XQGHU WKH IRUP RI D WKLQQLQJ�

= L+� = = L �$F

ZLWK WKH KLW�RU�PLVV WUDQVIRUP $ JLYHQ E\�

$ = �= L�% � �= L � %�F � �5F�= L�� %�

7KH LQWHUSUHWDWLRQ RI WKH DERYH HTXDWLRQ LV WKH IROORZLQJ� =L�� FDQ EH REWDLQHG E\

WKLQQLQJV XVLQJ WKH 7 IDPLO\ RI VWUXFWXULQJ HOHPHQWV �ILUVW WZR WHUPV RI $� SURYLGHG WKDW WKHUH

LV QR UHVLGXH 5�=L� DGMDFHQW WR WKH RULJLQ RI WKH VWUXFWXULQJ HOHPHQW �WKLUG WHUP RI $��

)LJXUH �� 7KH WZR FRQQHFWLRQV LQ WKH FRQQHFWHG VNHOHWRQ �D� DQG �QG NLQG FRQQHFWLRQV RQ WKH KH[� JULG �E�

6WDUWLQJ IURP WKLV JHQHUDO VFKHPH� ZH FRPSXWH DJDLQ WKH VWUXFWXULQJ HOHPHQWV ZKLFK

SUHVHUYH WKH FRQQHFWLYLW\ LQ WKH FDVH RI D KH[DJRQDO JULG ZKHQ % LV DQ HOHPHQWDU\ KH[DJRQ�

)RU SUHVHUYLQJ WKH FRQQHFWLRQV RI WKH ILUVW NLQG� WKHVH VWUXFWXULQJ HOHPHQWV DUH JLYHQ LQ )LJXUH

�D �XS WR WKHLU URWDWLRQV DQG V\PPHWULHV�� 7KH VLJQLILFDQFH RI WKH FRGHG QXPEHUV LV JLYHQ

DERYH� 7KLV IDPLO\ LV GHQRWHG 7
�

)RU SUHVHUYLQJ WKH VHFRQG NLQG RI FRQQHFWLRQ� ZH VLPSO\ KDYH WR FKHFN DOO WKH SRVVLEOH

FRQILJXUDWLRQV IRU WZR HOHPHQWDU\ EDOOV WR WRXFK HDFK RWKHU DQG VXSSUHVV WKRVH ZKLFK PD\

EUHDN WKH FRQQHFWLRQV� )LJXUH �E GLVSOD\V DOO WKHVH FRQILJXUDWLRQV LQ WKH FDVH RI WKH KH[DJRQDO

JULG� 7KH VWUXFWXULQJ HOHPHQWV ZKLFK SUHVHUYH WKLV VHFRQG NLQG RI FRQQHFWLRQV DUH JLYHQ DW

)LJXUH �E� 7KH FRUUHVSRQGLQJ IDPLO\ LV GHQRWHG 7

�

)LJXUH �� 6XE�IDPLOLHV 7
 �D� DQG 7

 �E�

)LQDOO\� WKH IDPLO\ 6 RI WKH VWUXFWXULQJ HOHPHQWV ZKLFK SUHVHUYH ERWK FRQQHFWLRQV LV

JLYHQ E\�

�6  7
 ∩ 7



7KLV VHW 6 LV WKH VDPH DV WKH IDPLO\ REWDLQHG E\ WKH GLUHFW DSSURDFK � FI� )LJXUH �D��

�



��� $SSOLFDWLRQ WR �' DQG �' VNHOHWRQV

7KLV DSSURDFK LV SDUWLFXODUO\ KHOSIXO IRU ILQGLQJ WKH VWUXFWXULQJ HOHPHQWV IDPLO\ 6 IRU

WKH �' VNHOHWRQ RQ D VTXDUH JULG DQG IRU WKH �' FRQQHFWHG VNHOHWRQ�

:KHQ ZH ZRUN RQ D ��FRQQHFWLYLW\ VTXDUH JULG� WKH VDPH DQDO\VLV OHDGV WR WKH

VWUXFWXULQJ HOHPHQWV JLYHQ )LJXUH �� 1RWH WKDW WKH WUDQVIRUPDWLRQ XVHG WR DFKLHYH WKH

FRQQHFWLRQV RI WKH ILUVW NLQG LQ WKH FDVH RI WKH ��FRQQHFWHG VTXDUH JULG LV GLIIHUHQW IRU WKH VLGH

FRQILJXUDWLRQV �D OLQHDU GLODWLRQ LV XVHG� DQG IRU WKH FRUQHU FRQILJXUDWLRQV �D VTXDUH GLODWLRQ LV

QHHGHG��

/HW XV GHILQH WKH FRUUHVSRQGLQJ VWUXFWXULQJ HOHPHQWV LQ WKH FDVH RI D GLJLWDO �' VSDFH�

7KH HOHPHQWDU\ EDOO LV D FXERFWDKHGURQ DQG WKH GLJLWDO JULG LV FXELF� 7KH VHFRQG NLQG RI

FRQQHFWLRQV FRUUHVSRQG WR WKH FXERFWDKHGURQV ZKLFK WRXFK HDFK RWKHU �)LJXUH �D��

7KH ILUVW NLQG RI FRQQHFWLRQV DUH SUHVHUYHG E\ FKHFNLQJ WKDW QR UHVLGXH SRLQW LV

DGMDFHQW WR WKH RULJLQ� )LQDOO\� LW FDQ EH VKRZQ �DV IRU WKH �' KH[DJRQDO FDVH� WKDW WKH

FRQILJXUDWLRQ JLYHQ LQ )LJXUH �E DQG DOO LWV URWDWLRQV SURGXFH� E\ XQLRQ WKLQQLQJV� D �'

FRQQHFWHG VNHOHWRQ�

)LJXUH �� 6WUXFWXULQJ HOHPHQW IRU WKH ��FRQQHFWHG VNHOHWRQ RQ WKH VTXDUH JULG

)LJXUH �� �QG NLQG RI FRQQHFWLRQV LQ WKH FXELF VSDFH �D� DQG VWUXF� HOHPHQWV IRU WKH �' FRQQHFWHG VNHOHWRQ �E�

��� &RUUHVSRQGHQFH EHWZHHQ WKH PD[LPDO EDOOV VNHOHWRQ DQG WKH FRQQHFWHG

VNHOHWRQ

$ FUXFLDO TXHVWLRQ UHPDLQV DW WKH HQG RI WKLV SURFHGXUH� GRHV WKHUH H[LVW DQ\

UHODWLRQVKLS EHWZHHQ WKH FRQQHFWHG VNHOHWRQ 6F�;� DQG WKH PD[LPDO EDOO VNHOHWRQ 6�;�� 6F�;�

LV VXSSRVHG WR EH D FRQQHFWHG YHUVLRQ RI WKH PD[LPDO EDOO VNHOHWRQ DQG WKHUHIRUH LW DVVXPHG WR

FRQWDLQ WKH ODWWHU VNHOHWRQ� ,Q IDFW� LW LV QRW WUXH DV LV LOOXVWUDWHG LQ )LJXUH ��� 7KLV PHDQV WKDW�

GHVSLWH WKH IDFW WKDW WKH VWUXFWXULQJ HOHPHQWV IDPLO\ XVHG IRU EXLOGLQJ WKH FRQQHFWHG VNHOHWRQ LV

�



WKH EHVW SRVVLEOH �DGGLQJ DQ\ RWKHU VWUXFWXULQJ HOHPHQW WR WKLV PLQLPXP VHW ZLOO SURGXFH D QRQ

FRQQHFWHG VNHOHWRQ�� WKH ILQDO UHVXOW GRHV QRW FRQWDLQ WKH PD[LPDO EDOO VNHOHWRQ�

)LJXUH ��� 7KH FRQQHFWHG VNHOHWRQ GRHV QRW FRQWDLQ WKH FHQWHUV RI PD[LPDO EDOOV

+RZHYHU� WKH WZR VNHOHWRQV DUH YHU\ VLPLODU DQG LW LV SRVVLEOH WR SURYH WKDW WKH GLODWHG

FRQQHFWHG VNHOHWRQ FRQWDLQV WKH PD[LPDO EDOO VNHOHWRQ 6�6F �%

� ;�6F�;�� % T 6�;�

3URRI�

7KH SURRI ZLOO EH JLYHQ IRU WKH �' KH[DJRQDO JULG� EXW LW LV REYLRXVO\ JHQHUDO�

:H NQRZ WKDW WKH FRQQHFWHG VNHOHWRQ LV REWDLQHG SDUWO\ E\ LWHUDWLRQ RI =L�

= L = �=L−� � %� � >�5�= L−� �� %� � =L−� @

DQG SDUWO\ E\ DGGLQJ WR WKH VHW =L VRPH SRLQWV IRU DFKLHYLQJ WKH FRQQHFWLRQV RI WKH VHFRQG

NLQG� 6R�

6F�;� T OLP
LG �

=L

:H DOVR NQRZ WKDW =L LV REWDLQHG IURP =L�� E\ XQLRQ WKLQQLQJV ZLWK WKH VWUXFWXULQJ

HOHPHQWV IDPLO\ 7
 �VHH )LJXUH �D��

:H ZULWH�

� ZLWK �LQ WKH KH[DJRQDO FDVH�= L = �=L−� � %� �9 L−� 9 L−� = �5�= L�� %� � =L−�
DQG�

� ZLWK= L �% = �;� �L + ��%� �: L : L �;� �L + ��% = �

:L LV PDGH RI WKH SRLQWV RI ZKLFK GR QRW EHORQJ WR WKH HURVLRQ RI VL]H �L��� RI= L �%

;� 9L�� UHSUHVHQWV WKH WUDQVIRUPDWLRQ XVHG WR HQVXUH WKH FRQQHFWLRQV RI WKH ILUVW NLQG� :H VDZ

WKDW� RQ WKH VTXDUH JULG� WKLV WUDQVIRUPDWLRQ PD\ EH VOLJKWO\ GLIIHUHQW� +RZHYHU� LQ WKH

IROORZLQJ SURRI� WKH JHQHUDO VHW 9L�� ZLOO EH XVHG ZLWKRXW DQ\ UHIHUHQFH WR LWV LQQHU

WUDQVIRUPDWLRQ� ZKLFK LQGXFHV QR ORVV RI JHQHUDOLW\�

/HW XV VKRZ WKDW� IRU HYHU\ M ≤ L� :M ⊂ =L�

/HW [ EH D SRLQW RI :M DQG VXSSRVH WKDW WKLV SRLQW DSSHDUHG DW VWHS M� 7KLV PHDQV WKDW [

LV WKH FHQWHU SRLQW RI WKH KH[DJRQ LQ WKH FRQILJXUDWLRQ RI WKH VHW =M�� GUDZQ DW )LJXUH ��D�

2WKHUZLVH� WKH SRLQW \ ZRXOG EH WKH RULJLQ RI D FRQILJXUDWLRQ EHORQJLQJ WR WKH IDPLO\ 7 DQG

ZRXOG EH VXSSUHVVHG DW VWHS M� 7KHQ ZRXOG QRW FRQWDLQ [�= M �%

%XW DV LW LV WKH FHQWHU SRLQW RI WKH KH[DJRQ� [ ZLOO QHYHU EH VXSSUHVVHG E\ WKH QH[W

WKLQQLQJV� EHFDXVH� LQ WKLV FDVH� [ VKRXOG EHORQJ WR WKH FRQILJXUDWLRQ VKRZQ LQ )LJXUH ��E�

+RZHYHU� WKH SRLQW \ QHFHVVDULO\ EHORQJV WR WKH UHVLGXHV RI =M EHFDXVH� RWKHUZLVH� WKH SRLQW

ODEHOHG � ZRXOG EH LQFOXGHG LQ D KH[DJRQ DQG ZRXOG QRW EH D UHVLGXH� ZKLFK LV FRQWUDGLFWRU\�

6R� ZH KDYH�

�
M=�

L

: M B = L

/HW XV FDOFXODWH QRZ WKH UHVLGXH 5�=L�� :H KDYH�

��



�= L �% = �=L � %��% = �;� L%�% � �: L � %�

DQG�

= L = �=L−� � %� �9 L−� = �;� L%��: L−� �9 L−�
5�= L � = = L��= L �%

5�= L � = >�;� L%� �: L−� �9 L−� @ � �;� L%�%
F
� �: L � %�

F

ZKLFK FDQ EH ZULWWHQ�

5�= L � = >5�;� L%� �: L−� �9 L−� @ � �: L � %�
F

*LYHQ�

� ZLWK9 L−� = 5�=L−� � �< L−� < L−� = >�5�= L−� �� %��5�= L−� �@ �= L−�
7KHQ�

5�= L � = >5�;� L%� � 5�= L−� ��: L−� �< L−�@ � �: L � %�
F

,I ZH GHYHORS 5�=L���� ZH JHW�

5�= L � = >5�;� L%� � �: L �%�
F @

�

>5�;� �L − ��%� � �: L−� � %�
F
� �: L �%�

F @

�

>5�= L−� � � �: L−� � %�
F
� �: L � %�

F@ � ���

ZKLFK OHDGV WR WKH IROORZLQJ LQFOXVLRQ�

5�= L � T �
M=�

L

5�;� M%� � �
N=M+�

L

�:N � %�
F

7KHQ�

6F T OLP
LG �

= L T 5�=� � T �
M=�

�

5�;� M%� � �
N=M+�

�

�:N � %�
F

%XW�

6F T OLP
LG �

= L T �
N=�

�

:N

6F �% T �
N=�

�

�:N � %� T �
N=M+�

�

�:N � %�

$FFRUGLQJ WR WKH SUHYLRXV IRUPXOD� 6F FRQWDLQV HYHU\ SRLQW RI WKH UHVLGXH 5�;� M%�

H[FHSW WKRVH ZKLFK DUH SDUWO\ RU FRPSOHWHO\ FRYHUHG E\ � %XW� DV WKH ODWWHU VHW�
N=M+�

�

�:N � %�

LV FRQWDLQHG LQWR � LV DOVR LQFOXGHG LQWR � )LQDOO\�6F �% 5�;� M%� 6F �%

4�(�'�6F�;��% T �
M=�

�

5�;� M%� = 6�;�

)LJXUH ��� &RQILJXUDWLRQV XQGHU VWXG\ IRU WKH VHW :M

��� 6PRRWK VNHOHWRQV

$V PHQWLRQHG� WKH VWUXFWXULQJ HOHPHQWV IDPLO\ 6 SURGXFLQJ D FRQQHFWHG VNHOHWRQ LV

GHILQHG RQ WKH QHLJKERUKRRG RI VL]H � RI WKH RULJLQ SRLQW� 7KLV LV QHFHVVDU\ LI ZH ZDQW WR

SUHVHUYH WKH KRPRWRS\ E\ XQLRQ WKLQQLQJV� 1HYHUWKHOHVV� LW LV SRVVLEOH WR H[WUDFW IURP WKLV

IDPLO\ 6 D UHGXFHG VHW 6 
 RI VWUXFWXULQJ HOHPHQWV SUHVHUYLQJ WKH KRPRWRS\ DQG GHILQHG RQ

��



WKH VL]H�� QHLJKERUKRRG RI WKH RULJLQ SRLQW� 7KLV UHGXFHG IDPLO\ LV JLYHQ RQ WKH KH[DJRQDO JULG

DW ILJXUH ��D�

)LJXUH ��� )DPLO\ RI VWUXFWXULQJ HOHPHQWV SURGXFLQJ D VPRRWK VNHOHWRQ

7KLV IDPLO\ LV REWDLQHG E\ VSOLWWLQJ WKH IDPLO\ 6 LQWR WZR VXE�IDPLOLHV �)LJXUH ��E� DQG

E\ NHHSLQJ RQO\ WKH ILUVW FRQILJXUDWLRQ ZKLFK FDQ EH UHGXFHG WR WKH SUHYLRXV VWUXFWXULQJ

HOHPHQW�

8QIRUWXQDWHO\� WKH XQLRQ WKLQQLQJV SURGXFHG E\ WKLV UHGXFHG IDPLO\ 6 
 DUH IDU IURP WKH

SUHYLRXV FRQQHFWHG VNHOHWRQ� +RZHYHU� WKLV WUDQVIRUPDWLRQ LV LQWHUHVWLQJ EHFDXVH� LI WKH LQLWLDO

VHW LV UHJXODU �WKLV PHDQV WKDW ;  �;�%�� QR GHQGULWH DSSHDU �)LJXUH ���� 2ZLQJ WR WKHLU

EHKDYLRU� WKHVH VNHOHWRQV DUH FDOOHG VPRRWK VNHOHWRQV�

3URYLGHG WKDW WKH LQLWLDO VHW LV DQ RSHQHG VHW� WKHVH WUDQVIRUPV SURGXFH �FOHDQ�

VNHOHWRQV ZLWKRXW GHQGULWHV� &RQVHTXHQWO\� WKH H[WUHPLWLHV RI WKHVH VNHOHWRQV DUH VLJQLILFDQW

DQG WKHLU XVH DV VKDSH GHVFULSWRUV FDQ EH YHU\ KHOSIXO�

)LJXUH ��� ([DPSOH RI D VPRRWK VNHOHWRQ

� *HRGHVLF VNHOHWRQV

7KH SUHYLRXV DQDO\VLV VKRZV WKDW WKH OLQNV EHWZHHQ WKH PD[LPDO EDOO VNHOHWRQ DQG WKH

FRQQHFWHG VNHOHWRQ DUH QRW VR REYLRXV� ,Q SDUWLFXODU� LW LV QRW VLPSOH WR EXLOG D FRQQHFWHG

VNHOHWRQ SUHVHUYLQJ WKH JRRG SURSHUWLHV RI WKH PD[LPDO EDOO VNHOHWRQ EHFDXVH WKH PLQLPXP VHW

6 RI WKH VWUXFWXULQJ HOHPHQWV ZKLFK SUHVHUYH WKH KRPRWRS\ ZKDWHYHU WKH LQLWLDO VHW ; GRHV QRW

SURGXFH D FRQQHFWHG VNHOHWRQ FRQWDLQLQJ WKH PD[LPDO EDOO VNHOHWRQ�

��



+RZHYHU WKHUH H[LVWV D VROXWLRQ IRU JHQHUDWLQJ D FRQQHFWHG VNHOHWRQ FRQWDLQLQJ WKH QRQ

FRQQHFWHG VNHOHWRQ� 7KLV DSSURDFK XVHV WKH QRWLRQ RI JHRGHV\ DQG RI JHRGHVLF

WUDQVIRUPDWLRQV� ,Q SDUWLFXODU� D JHRGHVLF VNHOHWRQ FDQ EH GHILQHG XVLQJ JHRGHVLF PD[LPDO EDOOV

WKHQ� D JHRGHVLF FRQQHFWHG VNHOHWRQ FDQ EH GHVLJQHG�

7KLV QRWLRQ RI D JHRGHVLF VNHOHWRQ LV YHU\ KHOSIXO LQ PDWKHPDWLFDO PRUSKRORJ\� ,W LV WKH

EDVLF EULFN IRU EXLOGLQJ YHU\ SRZHUIXO WRROV IRU LPDJH VHJPHQWDWLRQ� JHRGHVLF VNHOHWRQV E\

]RQHV RI LQIOXHQFH DQG ZDWHUVKHGV >�@�

��� *HRGHVLF GLVWDQFH� JHRGHVLF EDOOV

/HW ; ⊂ =� EH D VHW� [ DQG \ WZR SRLQWV RI ;� :H GHILQH WKH JHRGHVLF GLVWDQFH G;�[�\�

EHWZHHQ [ DQG \ DV WKH OHQJWK RI WKH VKRUWHVW SDWK �LI DQ\� LQFOXGHG LQ ; ZKLFK OLQNV [ DQG \ �

7KH VHW ; LV RIWHQ FDOOHG WKH JHRGHVLF VSDFH�

$ JHRGHVLF EDOO %;�[�U� RI FHQWHU [ DQG UDGLXV U LV PDGH RI DOO WKH SRLQWV \ RI ; DW D

JHRGHVLF GLVWDQFH G;�[�\� OHVV WKDQ RU HTXDO WR U�

%;
�[� U� = \ F ; � G;�[� \� > U

��� *HRGHVLF PD[LPDO EDOOV

,Q WKH (XFOLGHDQ VSDFH� ZKHQ D EDOO %� ZLWK UDGLXV U� LV LQFOXGHG LQ D EDOO %� RI UDGLXV U��

ZH REYLRXVO\ KDYH U� ≤ U�� ,Q D JHRGHVLF VSDFH� WKLV UHODWLRQVKLS LV QRW WUXH DV LOOXVWUDWHG LQ

)LJXUH ��� 7KH JHRGHVLF EDOO FHQWHUHG LQ \ RI UDGLXV U FRQWDLQV WKH JHRGHVLF EDOO FHQWHUHG LQ ]

RI UDGLXV U
 ! U�

)LJXUH ��� *HRGHVLF PD[LPDO EDOOV

/HW ; EH D JHRGHVLF VSDFH DQG < D VHW LQFOXGHG LQ ;� $ JHRGHVLF EDOO %;�[�U� RI UDGLXV

U FHQWHUHG DW SRLQW [ DQG LQFOXGHG LQ < LV VDLG WR EH D JHRGHVLF PD[LPDO EDOO RI < LI DQG RQO\ LI

WKHUH H[LVWV QR RWKHU JHRGHVLF EDOO %;�\�U
� LQFOXGHG LQ <� ZLWK U
 ! U� VXFK WKDW�

�%;
�\� U¶� T %;

�[� U�

7KLV GHILQLWLRQ PHDQV WKDW� LQ D JHRGHVLF VSDFH� D PD[LPDO EDOO PD\ EH LQFOXGHG LQ

DQRWKHU JHRGHVLF EDOO SURYLGHG WKDW WKH UDGLXV RI WKH ODWWHU EDOO LV OHVV WKDQ WKH UDGLXV RI WKH

IRUPHU�

)LQDOO\� WKH JHRGHVLF VNHOHWRQ RI < E\ JHRGHVLF PD[LPDO EDOOV FDQ EH GHILQHG DV WKH VHW

RI DOO WKH FHQWHUV RI WKH JHRGHVLF PD[LPDO EDOOV RI <�

��� *HRGHVLF WUDQVIRUPDWLRQV

6RPH EDVLF JHRGHVLF WUDQVIRUPDWLRQV FDQ EH GHILQHG LQ D JHRGHVLF VSDFH ;� 7KHVH

WUDQVIRUPDWLRQV XVH JHRGHVLF EDOOV DV VWUXFWXULQJ HOHPHQWV� 7KH JHRGHVLF HURVLRQ DQG GLODWLRQ

RI D VHW < ⊂ ; E\ D JHRGHVLF EDOO %; RI UDGLXV U DUH JLYHQ E\ >�@�
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DQG�
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7KH JHRGHVLF HURVLRQ DQG GLODWLRQ ZLWK DQ HOHPHQWDU\ EDOO %; RI UDGLXV � FDQ EH

REWDLQHG ZLWK WKH (XFOLGHDQ RSHUDWRUV� :H KDYH�

(;�<� = >�< �;F �� %@ �;

';�<� = �<�%� �;

% LV WKH HOHPHQWDU\ EDOO LQ WKH (XFOLGHDQ VSDFH�

*HRGHVLF KLW�RU�PLVV WUDQVIRUPDWLRQV FDQ DOVR EH GHILQHG� %XW� LQ WKLV FDVH� WKH

VWUXFWXULQJ HOHPHQW 7 �7� �7�� LV GHILQHG LQ WHUPV RI JHRGHVLF GLVWDQFH DQG EDOOV� )RU H[DPSOH�

WKH IROORZLQJ VWUXFWXULQJ HOHPHQW 7 �7� �7�� LV DOORZHG�

7� = %;�\� U� �� G;�\� [� > O�
7� = %;�]� U� �� G;�]� [� > O�

7KH SRLQW [ LV LWV RULJLQ�

7KH JHRGHVLF KLW�RU�PLVV WUDQVIRUPDWLRQ LV JLYHQ E\�

+07;�<�7� = (;�<�7� � � (;�;�<� 7� �

ZLWK�
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7KH JHRGHVLF WKLQQLQJ LV JLYHQ E\�

7KLQ;�<�7� = <�+07;�<�7�

��� *HRGHVLF VNHOHWRQ E\ WKLQQLQJV

7KH JHRGHVLF PD[LPDO EDOO VNHOHWRQ RI D VHW < LQ D JHRGHVLF VSDFH ; FDQ EH EXLOW E\

DGGLQJ WKH UHVLGXHV RI WKH VXFFHVVLYH JHRGHVLF HURVLRQV RI <� :H KDYH �)LJXUH ��D��
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L
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ZLWK�
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7KLV VNHOHWRQ PD\ DOVR EH REWDLQHG E\ VXFFHVVLYH JHRGHVLF WKLQQLQJV ZLWK D VWUXFWXULQJ

HOHPHQW 7 �7� �7�� JLYHQ E\ �LQ WKH GLJLWDO FDVH��

7� = %;�\� ��� G;�[� \� > �

�[ LV WKH RULJLQ RI 7�7� = \ � G;�[� \� > �

:H KDYH�
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7KLQ;�<�7�
Q = OLP

QG �
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ZLWK�
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'; DQG (; DUH UHVSHFWLYHO\ WKH HOHPHQWDU\ JHRGHVLF GLODWLRQ DQG HURVLRQ�

%\ XVLQJ WKH GHILQLWLRQ RI WKHVH HOHPHQWDU\ WUDQVIRUPDWLRQV LQ WHUPV RI (XFOLGHDQ

RSHUDWRUV �VHH DERYH�� ZH ILQG�

7KLQ;�<�7� = < � �
D�EF%

>�=� %D � � �=
F
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ZLWK �= = < �;F

7KLV WKLQQLQJ DOPRVW FRUUHVSRQGV WR WKH WKLQQLQJ RI = E\ WKH IDPLO\ 7 RI VWUXFWXULQJ

HOHPHQWV� 7KH RQO\ GLIIHUHQFH IRU WKH JHRGHVLF QRQ FRQQHFWHG VNHOHWRQ LV WKH WHUP ��;� /D�

��� &RQQHFWHG JHRGHVLF VNHOHWRQ

)URP WKLV QRQ FRQQHFWHG JHRGHVLF VNHOHWRQ� WKH GHVLJQ RI D FRQQHFWHG YHUVLRQ LV

SRVVLEOH E\ VHOHFWLQJ DPRQJ WKH IDPLO\ 7 RI VWUXFWXULQJ HOHPHQWV WKRVH ZKLFK SUHVHUYH

��



KRPRWRS\� ,Q SDUWLFXODU� LQ WKH FDVH RI WKH KH[DJRQDO JULG RU RI WKH VTXDUH ��FRQQHFWHG JULG�

ZH VDZ WKDW 7� LV UHGXFHG WR RQH SRLQW VR WKDW WKH SUHFHGLQJ IRUPXOD EHFRPHV�

7KLQ;�<�7� = < � �
DF%
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F

EHFDXVH WKH RQO\ /E XVHG LV /D�

,Q WKLV FDVH� WKH VHOHFWHG WKLQQLQJ H[DFWO\ FRUUHVSRQGV WR WKH WKLQQLQJ RI E\�< �;F �

WKH IDPLO\ 7

 RI VWUXFWXULQJ HOHPHQWV ZKLFK SUHVHUYH WKH FRQQHFWLRQV RI WKH VHFRQG NLQG LQ WKH

(XFOLGHDQ FRQQHFWHG VNHOHWRQ�

{ 7

 � ∩ ; ZLWK 7

  ^�%D�/D�� ∀D∈%`7KLQ;�<�7� = �< �;F�

:H KDYH QRZ WR WDNH LQWR DFFRXQW WKH UHVLGXHV RI WKH JHRGHVLF RSHQLQJ� 7KH DOJRULWKP

IRU WKH FRQQHFWHG VNHOHWRQ 6F;�<� ILQDOO\ LV �)LJXUH ��E��

�� <�  <

�� &DOFXODWLRQ RI =L  �<L ∪ ;F�� 7



�� 5HVLGXHV 5L RI <L E\ JHRGHVLF RSHQLQJ�

5 L = < L�>���<L �;
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�� 6XSSUHVVLRQ RI WKH SRLQWV RI =L DGMDFHQW WR WKH UHVLGXHV�

�LQ WKH FDVH RI WKH KH[DJRQDO JULG�= L = = L��5 L � %�

�� &DOFXODWLRQ RI <L��  <L � =L

�� ,I <L�� DQG <L DUH GLIIHUHQW� UHWXUQ WR ���� RWKHUZLVH 6F;�<�  <L��

)LJXUH ��� 1RQ FRQQHFWHG �D� DQG FRQQHFWHG �E� JHRGHVLF VNHOHWRQV

��� &RQQHFWLQJ WKH PD[LPDO EDOO (XFOLGHDQ VNHOHWRQ E\ PHDQV RI JHRGHVLF

WKLQQLQJV

7KLV JHRGHVLF FRQQHFWHG VNHOHWRQ FDQ EH XVHG IRU FRQQHFWLQJ WKH PD[LPDO EDOOV

VNHOHWRQ� /HW ; EH D VHW LQ =�� :H FDQ ILUVW FDOFXODWH LWV PD[LPDO EDOO VNHOHWRQ 6�;�� 7KHQ� WKLV

VNHOHWRQ FDQ EH VXEWUDFWHG IURP ;� 7KH UHVXOWLQJ VHW < LV�

< = ;�6�;�

7KHQ� WKH JHRGHVLF FRQQHFWHG VNHOHWRQ RI < LV SHUIRUPHG� 7KH JHRGHVLF VSDFH XVHG LV

=��6�;� DQG LV GHQRWHG =� )LQDOO\� WKH PD[LPDO EDOO VNHOHWRQ 6�;� LV DGGHG WR WKH UHVXOW WR

SURGXFH D FRQQHFWHG VNHOHWRQ 6F�;� FRQWDLQLQJ WKH PD[LPDO EDOO VNHOHWRQ�

ZLWK =  =� ∩ >6�;�@F6F
�;� = 6F=�;�6�;�� � 6�;�

+RZHYHU� WKLV SURFHGXUH LV UDUHO\ XVHG LQ SUDFWLFH EHFDXVH LW ILUVW UHTXLUHV WR FRPSXWH

WKH PD[LPDO EDOO VNHOHWRQ ZKLFK PDNHV LW WRR ORQJ� 0RUHRYHU� WKH HUURUV LQWURGXFHG LQ WKH

(XFOLGHDQ FRQQHFWHG VNHOHWRQ DUH QRW YHU\ LPSRUWDQW �LQ PDQ\ FDVHV� DFWXDOO\� WKH FRQQHFWHG

VNHOHWRQ FRQWDLQV WKH PD[LPDO EDOOV VNHOHWRQ��
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&RQFOXVLRQ

7KH GHILQLWLRQ RI JRRG VNHOHWRQL]DWLRQ DOJRULWKPV LV QRW D VLPSOH WDVN� :H KDYH VHHQ

WKDW WKH PDNLQJ RI D FRQQHFWHG VNHOHWRQ SUHVHUYLQJ WKH JRRG SURSHUWLHV RI WKH PD[LPDO EDOO

VNHOHWRQ LV QRW REYLRXV� 8VLQJ XQLRQ WKLQQLQJV ZLWK D IDPLO\ RI VWUXFWXULQJ HOHPHQWV ZKLFK

SUHVHUYH KRPRWRS\ GRHV SURGXFH D XQLTXH VNHOHWRQ EXW WKLV VNHOHWRQ XQIRUWXQDWHO\ GRHV QRW

FRQWDLQ WKH FHQWHUV RI WKH PD[LPDO EDOOV� +RZHYHU� ZH KDYH SURYHG WKDW WKHVH FHQWHUV DUH

DOZD\V DGMDFHQW WR WKLV FRQQHFWHG VNHOHWRQ�� 7KLV LV ZK\ WKH FRPSXWDWLRQ� E\ PHDQV RI

JHRGHVLF WKLQQLQJV� RI D FRQQHFWHG VNHOHWRQ SDVVLQJ WKURXJK WKH PD[LPDO EDOOV VNHOHWRQ LV QRW

XVHG LQ SUDFWLFH�

2QH PD\ ZRQGHU ZKHWKHU LI WKH �VNHOHWRQV� XVLQJ VHTXHQWLDO WKLQQLQJV ZRXOG QRW EH

VXIILFLHQW� ,Q IDFW� LW LV QRW WKH FDVH EHFDXVH WKH UHVXOWLQJ WUDQVIRUP LV RIWHQ ELDVHG� 7KLV ELDV

DOVR DSSHDUV LQ WKH VNHOHWRQ E\ ]RQHV RI LQIOXHQFH DQG LQ WKH ZDWHUVKHG WUDQVIRUPDWLRQ� ERWK

WUDQVIRUPDWLRQV EHLQJ EXLOW ZLWK FRQQHFWHG VNHOHWRQV DUH YHU\ XVHIXO LQ ELQDU\ DQG JUD\ WRQH

LPDJH VHJPHQWDWLRQV�

7KH VNHOHWRQ WUDQVIRUPDWLRQ LV QRW YHU\ UREXVW� HYHQ ZKHQ WKH LQLWLDO VHW LV UHJXODU�

7KHUHIRUH WKH VNHOHWRQ RI D VHW LV QRW D JRRG VKDSH GHVFULSWRU� %XW WKH VPRRWK VNHOHWRQ

GHILQHG E\ UHGXFLQJ WKH VWUXFWXULQJ HOHPHQWV IDPLO\ RI WKH FRQQHFWHG VNHOHWRQ� RIWHQ SURYLGHV D

EHWWHU UHVXOW� 7KLV LV RQH RI WKH YDOXDEOH FRQVHTXHQFHV RI WKLV DQDO\VLV RI WKH FRQQHFWHG

VNHOHWRQV LQ GLJLWDO VSDFHV�
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