
Frqqhfwlrqv iru vhwv dqg ixqfwlrqv
Mhdq Vhuud

Fhqwuh gh Pruskrorjlh Pdwkìpdwltxh/
Hfroh ghv Plqhv gh Sdulv/ 68/ uxh Vdlqw0Krqruì/

::638 Irqwdlqheohdx +IUDQFH,
Pd| 4<<<

Devwudfw
Fodvvlfdoo|/ frqqhfwlylw| lv d wrsrorjlfdo qrwlrq iru vhwv/ riwhq lqwur0

gxfhg e| phdqv ri dufv1 Dq dojheudlf gh�qlwlrq/ fdoohg frqqhfwlrq/ kdv
ehhq sursrvhg e| Vhuud wr h{whqg wr frpsohwh vxs0jhqhudwhg odwwlfhv1 D
frqqhfwlrq wxuqv rxw wr eh fkdudfwhul}hg e| d idplo| ri rshqlqjv sdudphwul}hg
e| wkh vxs0jhqhudwruv/ zklfk sduwlwlrq hdfk hohphqw ri wkh odwwlfh lqwr
pd{lpdo frpsrqhqwv1 Vwduwlqj iurp d �uvw frqqhfwlrq vhyhudo rwkhuv pd|
eh ghvljqhg/ h1j1 e| dsso|lqj glodwlrqv1

Wkh suhvhqw sdshu dssolhv wklv wkhru| wr qxphulfdo ixqfwlrqv1 Hyhu|
frqqhfwlrq ohdgv wr vhjphqwlqj wkh vxssruw ri wkh ixqfwlrq xqghu vwxg|
lqwr uhjlrqv1 Lqvlgh hdfk uhjlrq/ wkh ixqfwlrq lv *0frqwlqxrxv/ iru d prg0
xoxv ri frqwlqxlw| * jlyhq d sulrul/ dqg fkdudfwhulvwlf ri wkh frqqhfwlrq1
Krzhyhu/ wkh vhjphqwdwlrq lv qrw xqltxh/ dqg pd| eh sduwlfxodul}hg e|
rwkhu frqvlghudwlrqv +vhoi gxdolw| > odujh/ ru orz/ qxpehu ri srlqw frp0
srqhqwv/ hwf1,1 Wkhvh yduldqwv duh lqwurgxfhg e| phdqv ri h{dpsohv iru
wkuhh gl�huhqw frqqhfwlrqv =  dw }rqhv/ mxpsv/ dqg vprrwk uhjlrqv1 Wkh|
wxuq rxw wr surylgh uhpdundeoh vhjphqwdwlrqv/ ghshqglqj rqo| rq d ihz
sdudphwhuv1

Lq wkh odvw vhfwlrq/vrph pruskrorjlfdo �owhuv edvhg rq  dw }rqh frq0
qhfwlrq/ duh ghvfulehg/ qdpho| rshqlqj e| uhfrqvwuxfwlrq/  dwwhqlqjv dqg
ohyhoolqjv1 Nh|zrugv = frqqhf0
wlylw|/ frpsohwh odwwlfh/ pdwkhpdwlfdo pruskrorj|/ frqqhfwhg rshudwru/
 dwwhqlqj/ ohyholqj/ judlq rshudwru/ vhjphqwdwlrq1

4 Wkh frqfhswv ri frqqhfwlylw|
414 Fodvvlfdo frqqhfwlylw| dqg lpdjh dqdo|vlv
Lq pdwkhpdwlfv/ wkh frqfhsw ri frqqhfwlylw| lv irupdol}hg lq wkh iudphzrun
ri wrsrorjlfdo vsdfhv dqg lv lqwurgxfhg lq wzr gl�huhqw zd|v1 Iluvw/ d vhw lv
vdlg wr eh frqqhfwhg zkhq rqh fdqqrw sduwlwlrq lw lqwr wzr qrq hpsw| forvhg
+ru rshq, vhwv ^ FKR99`1 Wklv gh�qlwlrq pdnhv suhflvh wkh lqwxlwlyh lghd wkdw
^3> 4`^ ^5> 6` frqvlvwv ri wzr slhfhv/ zkloh ^3> 4` frqvlvwv ri rqo| rqh1 Exw wklv �uvw
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dssurdfk/ ehfdxvh lw lv yhu| jhqhudo/ grhv qrw ghulyh dq| dgydqwdjh iurp wkh
srvvleoh uhjxodulw| ri vrph vsdfhv/ vxfk dv wkh Hxfolghdq rqhv1 Lq vxfk fdvhv/
wkh qrwlrq ri dufzlvh frqqhfwlylw| wxuqv rxw wr eh pruh frqyhqlhqw1 Dffruglqj
wr wklv qrwlrq/ d vhw D lv frqqhfwhg zkhq/ iru hyhu| d> e 5 D/ wkhuh h{lvwv d
frqwlqxrxv pdsslqj # iurp ^3> 4` lqwr D vxfk wkdw #+3, @ d dqg #+4, @ e1
Dufzlvh frqqhfwlylw| lv pruh uhvwulfwlyh wkdq wkh jhqhudo rqh > krzhyhu/ lq U � /
dq| rshq vhw zklfk lv frqqhfwhg lq wkh jhqhudo vhqvh lv dovr dufzlvh frqqhfwhg1

D edvlf uhvxow jryhuqv wkh phdqlqj ri frqqhfwlylw| > qdpho|/ wkh xqlrq ri
frqqhfwhg vhwv zkrvh lqwhuvhfwlrq lv qrw hpsw| lv vwloo frqqhfwhg =

iD � frqqhfwhgj dqg i_D � 9@ Ûj , i^D � frqqhfwhgj +4,
Lq lpdjh dqdo|vlv/ rqh riwhq gh�qhv gljlwdo frqqhfwlylwlhv edvhg rq wkh Hx0

folghdq qrwlrq ri dufzlvh frqqhfwlylw|/ e| lqwurgxflqj vrph hohphqwdu| dufv
ehwzhhq qhljkerulqj sl{hov1 Wklv uhvxowv lq wkh fodvvlfdo 70 dqg ;0vtxduh frqqhf0
wlylwlhv/ dv zhoo dv wkh kh{djrqdo rqh/ ru wkh fxerfwdkhgulf rqh lq 60G vsdfhv1
Gxulqj wkh vhyhqwlhv/ wkhvh frqqhfwlylwlhv kdyh ehhq h{whqvlyho| xvhg wr ghvljq
wklqqlqj dqg wklfnhqlqj rshudwlrqv ^ URV:3` ^ GLJ:;` ^ VHU;5`1

Lv vxfk d wrsrorjlfdo dssurdfk wr frqqhfwlylw| zhoo dgdswhg wr lpdjh dqdo|0
vlvB Zh fdq dujxh wkdw

d2 hdfk wrsrorj|/ khqfh hdfk phwulf/ lpsrvhv d xqltxh frqqhfwlylw|/ vr wkdw
e| fkdqjlqj wkh xqlw glvf lq wkh gljlwdo sodqh +vtxduh/ kh{djrq ru gldprqg, zh
rewdlq wkuhh gl�huhqw frqqhfwlylwlhv1 Krzhyhu/ wkh| doo vxssrvh wr uhsuhvhqw d
vdph dqg xqltxh Hxfolghdq frqfhsw >

e2 Wkh sodqh vhfwlrqlqj ri 60G vhwv/ ru wkh wlph vdpsolqj lq lpdjh vhtxhqfhv/
whqg wr glvfrqqhfw remhfwv/ ru wudmhfwrulhv1 Wrsrorjlfdo frqqhfwlylw|/ ru lwv glj0
lwdo dydwduv/ grhv qrw khos yhu| pxfk wr uhfrqqhfw wkhp rq vhfwlrqv >

f2 Lq dssolhg vflhqfhv/ d �jrrg� gh�qlwlrq vkrxog eh rshudwlqj/ l1h1 vkrxog
lqwurgxfh vshfl�f rshudwlrqv iru lpdjh surfhvvlqj/ vxfk dv vhjphqwdwlrqv dqg
�owhulqjv1 Wkh fulwhulrq ri �frqqhfwlylw| suhvhuydwlrq�/ xvhg lq wklqqlqjv pd|
eh txrwhg khuh/ exw lw lv d sdvvlyh rqh dqg fdqqrw e| lwvhoi fkdudfwhul}h dq|
frqqhfwlylw| >

g2 Wkh zkroh fodvvlfdo dssurdfk +l1h1 glvfuhwh dqg pruh jhqhudo fdvhv, krogv
rq vhwv1 Lq Lpdjh Dqdo|vlv/ zh dovr ghdo zlwk qxphulfdo dqg yhfwru ixqfwlrqv/
wr zklfk d frqyhqlhqw dssurdfk vkrxog dovr dsso|1

415 Wkh qrwlrq ri d frqqhfwlrq
Wkh suhylrxv wkuhh fulwlflvpv ohg J1 Pdwkhurq dqg M1 Vhuud wr sursrvh d qhz
dssurdfk wr frqqhfwlylw|/ lq 4<;; ^ VHU;;` zkhuh wkh| wdnh qrw +4, dv d frqvh0
txhqfh/ exw dv d vwduwlqj srlqw1
Gh�qlwlrq 4 +J1 Pdwkhurq dqg M1 Vhuud, Ohw H eh dq duelwudu| qrq hpsw|
vsdfh1 Zh fdoo frqqhfwhg fodvv ru frqqhfwlrq F dq| idplo| lq S+H, vxfk wkdw

+r, Û 5 F
+l, iru doo { 5 H/ i{j 5 F
+ll, iru hdfk idplo| iF � j lq F/ _ F � 9@ lpsolhv ^F � 5 F1
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Edvhg rq wklv gh�qlwlrq/ dq| vhw F ri wkh frqqhfwhg fodvv lv vdlg wr eh
frqqhfwhg1 Lq dgglwlrq/ wkh hpsw| vhw dv zhoo dv wkh vlqjohwrqv i{j> { 5 H duh
dozd|v frqqhfwhg1

Dv zh fdq vhh/ vxfk d gh�qlwlrq grhv qrw lqyroyh dq| wrsrorjlfdo edfnjurxqg1
Wkh fodvvlfdo qrwlrqv +h1j1 frqqhfwlylw| edvhg rq gljlwdo ru Hxfolghdq dufv, duh
lqghhg sduwlfxodu fdvhv/ exw wkh hpskdvlv lv sxw rq dqrwkhu dvshfw/ wkdw lqglfdwhv
wkh iroorzlqj wkhruhp +^ VHU;;`/ Fkds1 5, =
Wkhruhp 5 Wkh gdwxp ri d frqqhfwhg fodvv F rq S+H, lv htxlydohqw wr wkh
idplo| i� � > { 5 Hj ri rshqlqjv vxfk wkdw

+lll, iru doo { 5 H/ zh kdyh � � +{, @ i{j
+ly, iru doo D � H/ {> | 5 H/ � � +D, dqg � � +D, duh htxdo ru glvmrlqw
+y, iru doo D � H/ dqg doo { 5 H/ zh kdyh { @5 D , � � +D, @ Û=
Lq dgglwlrq/ hdfk � � / dv dq rshqlqj rq S+H,/ lv dq lqfuhdvlqj/ dqwl0h{whqvlyh

dqg lghpsrwhqw rsudwru1 Ilj14d looxvwudwhv Wkhruhp 5 = wkh vhw D xqghu vwxg|
lv vkrzq lq jud|/ dqg lwv frqqhfwhg frpsrqhqw � � +D, dw srlqw { / dovr fdoohg
�judlq�/ dsshduv lq zklwh1 Pdq| rwkhu frqqhfwlrqv frxog kdyh ehhq gh�qhg rq
wkh vdph vsdfh/ vxfk dv

+d, Frqqhfwlrqv edvhg rq h{whqvlyh glodwlrqv +Wkhruhp 43 ,/ ru rq forvlqjv
+Sursrvlwlrq 44,1 Erwk ri wkhp dfw e| foxvwhulqj wkh judlqv gh�qhg e| d suhylrxv
frqqhfwlrq1 Dq h{dpsoh ri frqqhfwlrq e| glodwlrq lv jlyhq lq �j15d dqg e/ dqg
d frqqhfwlrq e| forvlqj +exw iru qxphulfdo ixqfwlrqv, lv suhvhqwhg lq �j143 >

+e, Jlyhq d sduwlwlrq ri wkh vsdfh/ doo wkh vxevhwv ri hdfk fodvv ri wkh sduwlwlrq
jhqhudwh d frqqhfwhg fodvv ^ VHU;;`1 Wklv whfkqltxh lv xvhg iru rewdlqlqj wkh
�vprrwk sdwk frqqhfwlrq� lq vhfwlrq 8/ dqg lv looxvwudwhg e| �j1;d dqg e >

+f, Lq ^ URQ<;`/ Fk1 Urqvh vwduwv iurp d �uvw frqqhfwlrq lq S �U � � dqg
sursrvhv d qhz frqqhfwhg fodvv jhqhudwhg e| wkh srlqwv dqg wkh frqqhfwhg vhwv
rshqhg e| d glvf E1 Li { 5 [�E/ wkhq � � +[, lv wkh lqlwldo frqqhfwhg frpsrqhqw
ri [�E frqwdlqlqj {/ dqg zkhq srlqw { 5 [q[�E / wkhq � � +[, @ {1 D gljlwdo
yhuvlrq ri wklv vr fdoohg �frqqhfwlrq e| rshqlqj� lv vkrzq lq �j145d ehorz/ lq
S �] � � / zlwk E wkh vtxduh ri vlgh wzr1

Wkh uhdghu zloo �qg d qxpehu ri rwkhu lqvwuxfwlyh frqqhfwlrqv lq ^ URQ<;`dqg
lq ^ KHL<:`1 Klvwrulfdoo| vshdnlqj/ wkh qxpehu ri dssolfdwlrqv ru ri wkhruhwlfdo
ghyhorsphqwv zklfk zdv vxjjhvwhg +dqg shuplwwhg, e| Wkhruhp 5 gxulqj wkh
qlqhwlhv lv frqvlghudeoh1 Wkh uhihuhqfhv ^ SDU<5` ^ VHU<6` ^ YLQ<6` ^ PDU<7`
^ PH\<7` ^ FUH<8` ^ EUH<9`/ dprqj rwkhuv/ vkrz wkdw lw kdv rshqhg wkh zd|
wr dq remhfw0rulhqwhg dssurdfk iru vhjphqwdwlrq/ frpsuhvvlrq dqg xqghuvwdqg0
lqj ri vwloo dqg prylqj lpdjhv1 Wkh| dovr vkrz krz iuxlwixo duh wkh h{fhswlrqdo
surshuwlhv ri wkh frqqhfwhg �owhuv1

Exw wkhuh lv d sdudgr{ lq wkdw1 Rq wkh rqh kdqg frqqhfwhg �owhulqj kdv
suryhg lwv h!flhqf| lq dssolfdwlrqv zklfk krog rq juh| ru froru lpdjhv/ exw rq
wkh rwkhu kdqg/ wkh xqghuo|lqj d{lrpdwlfv iru frqqhfwlylw| +l1h1 Gh�qlwlrq 4
deryh,/ lv vwulfwo| elqdu|1 Dq dowhuqdwlyh +dqg htxlydohqw, d{lrpdwlfv kdv ehhq
sursrvhg e| Fk1 Urqvh ^ URQ<;` > lw frqwdlqv/ dv d sduwlfxodu fdvh/ dqrwkhu rqh
e| U1P1 Kdudolfn dqg O1J1 Vkdslur ^ KDU<5` > krzhyhu/ erwk dssurdfkhv duh
vwloo vhw0rulhqwhg1
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Dq h{whqvlrq iurp vhwv wr wkh jhqhudo iudphzrun ri frpsohwh odwwlfhv kdv
ehhq sursrvhg e| M1 Vhuud ^ VHU<;d`1 Wkh urxqgderxw zd| zklfk jrhv iurp
vhwv wr ixqfwlrqv yld frpsohwh odwwlfhv lv xqghuvwdqgdeoh = rqh ri wkh wdvnv
zdv wr jhqhudol}h fruuhfwo| wkh uroh ri wkh srlqwv ri wkh vhw fdvh/ dqg wkh vxs
jhqhudwruv/ zklfk uhsodfh wkh srlqwv/ duh qrw/ lq wxuq/ pruh jhqhudol}hg zkhq
zh jr iurp ixqfwlrqv wr frpsohwh odwwlfhv1

Wkh suhvhqw sdshu dlpv dw vwxg|lqj frqqhfwlrqv rq qxphulfdo ixqfwlrqv1
Vxfk d jrdo pd| dssurdfk iurp wzr srlqwv ri ylhz1 Zh fdq hqwhu wkh vfrsh
ri wkh d{lrpdwlfv ghyhorshg iru frpsohwh odwwlfhv dqg vshfli| lw iru qxphulfdo
ixqfwlrqv1 Wklv zloo eh sursrvhg lq vhfwlrq 71 Dowhuqdwlyho|/ zh fdq frqvlghu
wkdw wkh deryh qrwlrq ri d vhw frqqhfwlrq lv srzhuixo hqrxjk/ dv lw lv/ wr |lhog
frqyhqlhqw vhjphqwdwlrqv +vhfwlrq 8, dqg �owhuv +vhfwlrqv 9 wr ;, rq qxphulfdo
ixqfwlrqv1 Exw ehiruh h{sorulqj erwk zd|v/ zh uhplqg eulh |/ lq wkh vhfrqg
vhfwlrq/ wkh odwwlfh qrwlrqv qhhghg lq wkh iroorzlqj dqg/ lq wkh wklug rqh/ zh
vxppdul}h wkh pdmru uhvxowv frqfhuqlqj frqqhfwlrqv rq frpsohwh odwwlfhv1

Doo surriv lqyroyhg lq vhfwlrqv 6 dqg 7 fdq eh irxqg lq ^ VHU<;d`/ h{fhsw
wkdw ri sursrvlwlrq 44/ zklfk lv qhz1

5 Uhplqghu rq odwwlfhv
D frpprq ihdwxuh wr vhwv dqg qxphulfdo ixqfwlrqv lv wkdw erwk vdwlvi| wkh
dojheudlf vwuxfwxuh ri d frpsohwh odwwlfh1 Uhfdoo wkdw d frpsohwh odwwlfh O lv
d sduwo| rughuhg vhw lq zklfk hyhu| idplo| id � = l 5 Lj ri hohphqwv dgplwv d
ohdvw xsshu erxqg Zd � fdoohg vxsuhpxp ri wkh d � *v dqg d juhdwhvw orzhu erxqg
Yd � fdoohg lq�pxp ri wkh d � *v1 Erwk erxqgv ehorqj wr O1 Lq sduwlfxodu/ wkh
vxsuhpxp ri doo hohphqwv ri O lv fdoohg wkh xqlw dqg zloo eh ghqrwhg e| p > wkh
lq�pxp ri doo hohphqwv ri O lv fdoohg wkh }hur dqg zloo eh ghqrwhg e| 31

Lq wklv sdshu/ wkh whup �odwwlfh� dozd|v phdqv �frpsohwh odwwlfh� dqg lv gh0
qrwhg e| wkh jhqhulf v|pero O1 Wkh hohphqwv ri O duh ghqrwhg e| vpdoo ohwwhuv/
vxfk dv {> |> d> e=== / zkhuhdv fdslwdo ohwwhuv vxfk dv [> \> D> E> === / ghqrwh vxe0
vhwv ri O/ l1h1 hohphqwv ri S+O,1 Vxfk d qrwdwlrq/ yhu| sudfwlfdo lq wkh jhqhudo
fdvh/ lv ohvv vxlwdeoh iru S+H, odwwlfhv1 Lq wkhvh fdvhv/ wkh wzr ohyhov ri H dqg
S+H, duh xvxdoo| glvwlqjxlvkhg e| xvlqj vpdoo ohwwhuv iru hohphqwv ri H dqg
fdslwdo rqhv iru vxevhwv ri H1 Wkhuhiruh/ lq wklv fdvh rqo|/ zh vkdoo lqwurgxfh
ohwwhu F wr ghqrwh d frqqhfwlrq lq S+H,1 Khuh duh qrz d ihz fodvvlfdo gh�qlwlrqv1

0 D qrq }hur hohphqw d ri odwwlfh O lv dq dwrp li { � d lpsolhv { @ 3 ru
{ @ d1 Iru h{dpsoh/ zkhq O @ S +H,/ wkh srlqwv ri H duh dwrpv lq S +H,1

0 Dq hohphqw d 5 O/ d 9@ 3 lv vdlg wr eh fr0sulph zkhq d � { Z | lpsolhv
d � { ru d � | lq d qrq h{foxvlyh pdqqhu1

0 D vxevhw [ � O lv fdoohg d vxs0jhqhudwru zkhq hyhu| hohphqw d 5 O lv wkh
vxsuhpxp ri wkh hohphqwv ri [ wkdw lw pdmrudwhv =

d @ b i{ 5 [> { � dj =
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Odwwlfh O lv vdlg wr eh dwrplf +uhvs1 fr0sulph, zkhq lw lv jhqhudwhg e| d fodvv
ri dwrpv +uhvs1 fr0sulph,1

0 D vxevhw O � ri O lv fdoohg d vxe0odwwlfh li lw lv forvhg xqghu b dqg a dqg
frqwdlqv 3 dqg p

0 D odwwlfh O lv frpsohphqwhg zkhq iru hyhu| d 5 O/ wkhuh h{lvwv rqh e dw
ohdvw vxfk wkdw dZ e @ p dqg dY e @ 31
Glvwulexwlylw|

Vhyhudo xvhixo surshuwlhv lqyroyh glvwulexwlylw|/ ru udwkhu/ glvwulexwlylwlhv1
Uhfdoo wkdw d odwwlfh O lv glvwulexwlyh li

{a
�

|b }
�

@
�

{a |
�
b

�

{a }
�

{b
�

|a }
�

@
�

{b |
�
a

�

{b }
�

iru doo {/ |/ } 5 O1 Wkh wzr htxdolwlhv duh htxlydohqw1 Zkhq wkh froohfwlrq ri
hohphqwv ehwzhhq sduhqwkhvhv lv doorzhg wr h{whqg wr lq�qlw|/ l1h1 zkhq

{Y +Z | � > l 5 L, @ Z i+{Y | � , > l 5 Lj +lq�qlwh Z 0glvwulexwlylw|,
{Z +Y | � > l 5 L, @ Y i+{Z | � , > l 5 Lj +lq�qlwh Y 0glvwulexwlylw|,

iru dq| vxevhw i| � = l 5 Lj � O dqg iru { 5 O/ wkhq odwwlfh O lv lq�qlwh glvwulex0
wlyh1

Edvlf rshudwruv
Dq rshudwru # = O $ O lv vdlg wr eh d pruskrorjlfdo �owhu rq O zkhq lw lv

lqfuhdvlqj =
d> e 5 O> d � e , #+D, � #+E,

dqg lghpsrwhqw =
#+#+d,, @ #+d,=

Lq sduwlfxodu/ d �owhu * wkdw lv h{whqvlyh/ l1h1
d � *+d,> d 5 O

lv fdoohg d forvlqj1 Gxdoo|/ d �owhu � wkdw lv dqwl0h{whqvlyh/ l1h1 =
�+d, � d> d � O

lv fdoohg dq rshqlqj1
Dq rshudwru � = O $ O wkdw frppxwhv xqghu vxsuhpxp lv fdoohg d glodwlrq/

l1h1
�+bd � , @ b�+d � ,> l 5 L

H{dpsohv
Wkhuh duh qxphurxv odwwlfhv dvvrfldwhg zlwk lpdjh surfhvvlqj1 D vhulhv ri

wkhp zloo eh lqwurgxfhg lq vhfwlrq 7/ lq dvvrfldwlrq zlwk frqqhfwlrqv iru qxphu0
lfdo ixqfwlrqv1 Khuh/ zh mxvw uhfdoo wkh wkuhh xvxdo rqhv/ zklfk duh ri lqwhuhvw iru
wkh suhvhqw vwxg|/ qdpho| vhwv/ ixqfwlrqv dqg sduwlwlrqv1
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+4, Frqvlghu wkh odwwlfh S+H, ri wkh vxevhwv ri dq duelwudu| vhw H1 Wkh srlqwv
ri H duh dwrpv/ fr0sulphv dqg vxs0jhqhudwruv ri S+H,1 Wkh odwwlfh S+H, lv dovr
frpsohphqwhg/ dqg wrwdoo| glvwulexwlyh = lw dffxpxodwhv doo qlfh ihdwxuhv1

+5, Odwwlfh ri doo ixqfwlrqv i = H $ O iurp dq duelwudu| vsdfh H lqwr d
odwwlfh O1 Wkh sxovh ixqfwlrqv ru sxovhv =

� l ��� � +|, @ w li | @ {
l �	� � +|, @ 3 li { 9@ | +5,

dvvrfldwhg zlwk hdfk { 5 H dqg w 5 O duh vxs0jhqhudwlqj fr0sulphv exw qrw
dwrpv +h{fhsw zkhq O @ i3> 4j, > wklv odwwlfh lv lq�qlwh glvwulexwlyh/ exw qrw
frpsohphqwhg1

+6, Jlyhq dq duelwudu| vhw H/ d sduwlwlrq G ri H lv d pdsslqj G = H $ S+H,
vxfk wkdw/ iru doo {> | 5 H/ zh kdyh

{ 5 G+{,
li G+{, _G+|, 9@ Û wkhq G+{, @ G+|,
Wkh vhw G+{, lv fdoohg wkh fodvv ri srlqw {1 Wkh idplo| G ri doo sduwlwlrqv

G irup d frpsohwh odwwlfh ^ VHU;;`1 D sduwlwlrq G lv vpdoohu wkdq sduwlwlrq G �

zkhq/ iru dq| srlqw { zh kdyh G+{, � G � +{,1 Wkh lq�pxp ri d idplo| iG � j lv
rewdlqhg e| wdnlqj dw hdfk srlqw { wkh lqwhuvhfwlrq ri wkh fodvvhv wkdw frqwdlq {/
l1h1 G+{, @ _G � +{,1 Wkh vxsuhpxp ri wkh G � *v lv wkh vpdoohvw sduwlwlrq G iru
zklfk hdfk fodvv ri hdfk G � lv frqwdlqhg lq d fodvv ri G +Ilj14e,1 Lq sduwlfxodu
wkh frduvhvw sduwlwlrq kdv vhw H lwvhoi dv d xqltxh frpsrqhqw/ dqg wkh �qhu rqh
lv wkh sxoyhul}dwlrq ri doo srlqwv ri H lqwr gl�huhqw frpsrqhqwv1

Odwwlfh G ri wkh sduwlwlrqv lv qrw glvwulexwlyh dqg grhv qrw dgplw fr0sulphv1

6 Frqqhfwlrqv rq odwwlfhv
Zh zloo qrz lqwurgxfh wkh qrwlrq ri d frqqhfwlrq rq odwwlfh O1 Zh suhylrxvo|
revhuyhg wkdw +4,/ zklfk lv d frqvhtxhqfh ri wkh wrsrorjlfdo gh�qlwlrq ri frqqhf0
wlylw|/ grhv qrw lqyroyh wrsrorj| e| lwvhoi/ exw h{foxvlyho| xqlrqv dqg lqwhuvhf0
wlrqv1 Khqfh/ e| uhsodflqj xqlrqv dqg lqwhuvhfwlrqv e| vxs dqg lqi uhvshfwlyho|
zh fdq wu| dqg vwduw iurp +4, wr gh�qh d frqqhfwlylw| frqfhsw rq odwwlfhv1 Lq
dgglwlrq/ dqrwkhu lghd kdv wr eh d{lrpdwl}hg/ qdpho| wkdw dq| odwwlfh hohphqw
fdq eh ghfrpsrvhg lqwr frqqhfwhg frpsrqhqwv +mxvw dv iru wkh vhwzlvh fdvh,1
Wklv uhvxowv lq wkh iroorzlqj gh�qlwlrq1
Gh�qlwlrq 6 Ohw O eh d odwwlfh1 D fodvv F � O lv vdlg wr eh frqqhfwhg/ ru wr
gh�qh d frqqhfwlrq/ zkhq

+r, 3 5 F
+l, F lv vxs0jhqhudwlqj= ;d 5 O> d @ Z+f = f � d> f 5 F,
+ll, F lv frqglwlrqdoo| forvhg xqghu vxsuhpxp

[ � F > a[ 9@ 3 , b[ 5 F +6,
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Jhqhudoo|/ fodvv F lv qhlwkhu forvhg xqghu Zru Y1 Krzhyhu/ li F � vwdqgv iru
wkh vxefodvv ri F wkdw frqwdlqv wkh pdmrudqwv ri d jlyhq { 5 Fq i3j > l1h1

F � @ if = { � f> f 5 Fj
wkhq/ wkh vxsuhpxp ri hdfk qrq hpsw| idplo| ri hohphqwv ri F � lv djdlq lq F
ehfdxvh ri +ll,1 Lq rwkhu zrugv/ wkh fodvv F � ^ i3j/ forvhg xqghu vxsuhpxp/
fkdudfwhul}hv wkh lqyduldqw vhwv ri d xqltxh rshqlqj � � / zklfk lv fdoohg wkh
frqqhfwhg rshqlqj ri ruljlq { +�j14d,= Iru doo { 5 Fq i3j/ zh kdyh

� � +d, @ b if = f 5 F> { � f � dj d 5 O= +7,
Zh wkhq vd| wkdw � � +d, lv wkh frqqhfwhg frpsrqhqw ri d pdunhg e| {/ dqg

wkdw { +zklfk lv lwvhoi d frqqhfwhg frpsrqhqw, lv fdoohg d pdunhu1 Fohduo| iru
{> | 5 Fq i3j vxfk wkdw { � |/ zh kdyh F � � F � / khqfh � � � � � 1

Lqghhg/ wkh idplo| ri rshqlqjv i� � > { 5 Fq i3jj/ lqgxfhg e| wkh frqqhfwhg
fodvv F fkdudfwhul}hv lw/ dv vkrzq e| wkh iroorzlqj nh| wkhruhp1
Wkhruhp 7 Ohw F eh d vxs0jhqhudwru lq d odwwlfh O1 Fodvv F lv d frqqhfwlrq li
dqg rqo| li lw frlqflghv zlwk wkh lqyduldqw hohphqwv ri d idplo| i� � > { 5 Fq i3jj
ri rshqlqjv vxfk wkdw
+lll, iru doo { 5 Fq i3j > zh kdyh � � +{, @ { /
+ly, iru doo d 5 O> {> | 5 Fq i3j > � � +d, dqg � � +d, duh htxdo ru glvmrlqw/ l1h1

� � +d,Y� � +d, 9@ 3 , � � +d, @ � � +d, /
+y, iru doo d 5 O dqg iru doo { 5 Fq i3j/ zh kdyh { 9� d , � � +d, @ 31

614 Sduwlwlrqlqj
D qxpehu ri dwwudfwlyh surshuwlhv ri wkh frqqhfwhg fodvvhv frph iurp wkhlu
delolw| wr sduwlwlrq/ ru wr vhjphqw/ hdfk hohphqw ri O lqwr lwv frpsrqhqwv1

Zh kdyh suhylrxvo| gh�qhg sduwlwlrqv iru vhwv1 Wkh dssurdfk h{whqgv wr wkh
qrwlrq ri d sduwlwlrq G 
 iru dq duelwudu| hohphqw d ri odwwlfh O1 Ghqrwh P 
 wkh
idplo| ri wkh plqrudqwv ri hohphqw d

P 
 @ i{ = { 5 O> { � dj
Wkhq d sduwlwlrq ri hohphqw d lv d pdsslqj G 
 iurp F _P 
 lqwr P 
 vxfk

wkdw
+l, iru doo { 5 F _P 
 = { � G 
 +{, � d
+ll, iru doo {> | 5 F _P 
 = G 
 +{, @ G 
 +|, ru G 
 +{, aG 
 +|, @ 3
G 
 +{, lv fdoohg wkh fodvv ri wkh sduwlwlrq ri ruljlq {1 Wkh wzr nh| iroorzlqj

uhvxowv kljkoljkw wkh sduwlwlrqlqj h�hfw ri d frqqhfwlrq F rq doo hohphqwv ri
odwwlfh O1
Wkhruhp 8 Ohw F eh d frqqhfwlrq rq O1 Iru hdfk d 5 O wkh idplo| G 
 ri wkh
pd{lpdo frqqhfwhg hohphqwv lq F _P 
 d sduwlwlrq ri d/ zkrvh fodvvhv duh wkh
frqqhfwhg frpsrqhqwv ri d1 Wklv sduwlwlrq lv lqfuhdvlqj lq wkdw li d � d � / wkhq
dq| frqqhfwhg frpsrqhqw ri d lv pdmrudwhg e| d frqqhfwhg frpsrqhqw ri d � 1

:



Sursrvlwlrq 9 Li odwwlfh O lv lq�qlwh Z0glvwulexwlyh/ dqg li F dqg F � duh wzr
frqqhfwlrqv rq O zlwk F � F � / wkhq iru doo hohphqwv | 5 O/ hyhu| F � 0frpsrqhqw
ri | lv wkh vxsuhpxp ri doo F0frpsrqhqwv ri | wkdw lw pdmrudwhv1

615 Fdqrqlf pdunhuv
Wkh jhqhudol}dwlrq zh kdyh mxvw ghyhorshg dyrlgv wr idyrxu dq| vxs0jhqhudwlqj
fodvv lq odwwlfh O1 Lqghhg/ wkh odwwlfh ri wkh rshq vhwv lq U � / iru h{dpsoh/ pd| eh
vxs0jhqhudwhg e| wkh rshq vtxduh/ ru/ dv zhoo/ e| wkh rshq glvfv/ dowkrxjk wkh
lqwhuvhfwlrq ri wkhvh wzr fodvvhv lv hpsw|1 Lq wklv vhqvh/ vxfk d fdvh gl�huv iurp
wkh vhw vlwxdwlrq zkhuh wkh srlqwv ehorqj wr doo vxs0jhqhudwlqj fodvvhv1 Qrz wkh
pdmru dssolfdwlrq zh kdyh lq plqg khuh frqfhuqv ixqfwlrq odwwlfhv +juh| wrqh/
froru/ htxl0frqwlqxrxv/ hwf1,/ zkhuh rqh fdq dvvxph wkdw d edvlf vxs0jhqhudwru
fodvv ehorqjv wr doo frqqhfwlrqv1 Lw zloo eh/ iru h{dpsoh/ wkh fodvv ri wkh sxovhv
iru wkh qxphulfdo ixqfwlrqv1

Wklv flufxpvwdqfh vxjjhvwv wr voljkwo| uhgxfh wkh jhqhudolw| ri wkh suhylrxv
dssurdfk e| fkrrvlqj d vxs0jhqhudwlqj fodvv V lq O/ zlwk 3 @5 V/ dqg e| uhsodflqj
dvvxpswlrq +l, lq Gh�qlwlrq 6 e| wkh iroorzlqj rqh=

dvvxpswlrq +yl,= F frqwdlqv wkh vxs0jhqhudwru V1 +8,
Wkh vxs0jhqhudwru V/ zklfk grhv qrw qhhg wr eh lwvhoi d frqqhfwlrq/ zloo eh

fdoohg fdqrqlf1 E| vr grlqj/ zh uhvwulfw wkh srvvleoh frqqhfwlrqv rq O wr wkrvh
wkdw frqwdlq V rqo|1 Lq uhwxuq/ wkh frqqhfwhg rshqlqjv duh ehwwhu vshfl�hg/ dqg
wkh idplo| ri doo frqqhfwlrqv rq O kdv pruh vwuxfwxuh1 Iluvw/ wkh fdqrqlf pdunhuv
V duh vx!flhqw wr odeho doo rshqlqjv/ iru doo frqqhfwlrqv rq O1 Lqghhg zh fdq
vwdwh wkh iroorzlqj uhvxow1
Sursrvlwlrq : Jlyhq d fdqrqlf vxs0jhqhudwru V/ hyhu| frqqhfwlrq F rq O
frqvlvwv lq wkh lqyduldqw hohphqwv ri wkh rshqlqjv � � > v 5 V/ vxfk wkdw

� � +d, @ b i{ 5 F> v � { � dj v 5 V d 5 O
Vhfrqg/ rqh fdq gh�qh d qhz frqqhfwlrq F e| vshfli|lqj doo � � iru { 5 V/

kdylqj wkh uhtxluhg surshuwlhv1 Wklug/ wkh fodvv ri doo frqqhfwlrqv rq O wxuqv
rxw wr irup d frpsohwh odwwlfh> pruh suhflvho|/ zh kdyh
Sursrvlwlrq ; Wkh vhw ri doo frqqhfwlrqv rq O lv forvhg xqghu lqwhuvhfwlrq > lw
lv wkxv d frpsohwh odwwlfh > lq wklv odwwlfh wkh lq�pxp ri d idplo| iF � > l 5 Lj ri
frqqhfwlrqv lv jlyhq e| wkh lqwhuvhfwlrq _F � zkhuhdv wkh vxsuhpxp lv jlyhq e|
wkh ohdvw frqqhfwlrq frqwdlqlqj wkh xqlrq ^F � =

616 Vhfrqg jhqhudwlrq frqqhfwlrq
Rshudwlrqv vxfk dv glodwlrqv ru forvlqjv fdq eh xvhg wr uhprgho frqqhfwhg
fodvvhv1 Vwduwlqj iurp d �uvw fodvv F/ ri frqqhfwhg rshqlqjv i� � > { 5 Fj/ zh
pd| xvh d foxvwhulqj dssurdfk wr gh�qh d qhz frqqhfwlrq1 Khuh/ wkh �uvw uhvxow
zh fdq txrwh lv wkh iroorzlqj ^ VHU<;d`1
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Sursrvlwlrq < Ohw F eh d frqqhfwlrq rq odwwlfh O/ dqg � = O $ O eh dq
h{whqvlyh glodwlrq wkdw suhvhuyhv F +l1h1 � +F, � F,1 Wkhq wkh lqyhuvh lpdjh
F � @ � �� +F, ri F xqghu � lv d frqqhfwlrq rq O/ zklfk lv odujhu wkdq F +l1h1
F � F � ,1

Wkh sursrvlwlrq lv douhdg| lqvwuxfwlyh/ exw lw grhv qrw jlyh dq| lqirupdwlrq
derxw wkh uhodwlrqv ehwzhhq wkh frqqhfwhg frpsrqhqw ri vrph d 5 O dqg lwv
lpdjh � +d,1 Wr dfklhyh wklv/ zh qhhg dq dvvxpswlrq ri glvwulexwlylw| ryhu O/
zklfk wkhq doorzv wr vwdwh wkh iroorzlqj wkhruhp1

Wkhruhp 43 Ohw F eh d frqqhfwlrq rq dq lq�qlwh Z0glvwulexwlyh odwwlfh O/ dqg
� = O $ O eh dq h{whqvlyh glodwlrq wkdw suhvhuyhv F1 Wkhq wkh F0frpsrqhqw ri
� +d, > d 5 O/ duh h{dfwo| wkh lpdjhv � +| � , ri wkh F � 0frpsrqhqwv | � ri d/ zkhuh
F � lv wkh frqqhfwlrq F � @ � �� +F,1

Li � � vwdqgv iru wkh frqqhfwhg rshqlqj dvvrfldwhg zlwk frqqhfwlrq F dqg
� �� iru wkdw dvvrfldwhg zlwk F � / zh kdyh

� �� +d, @ � � � +d,ad zkhq { � d > � �� +d, @ 3 rwkhuzlvh1
H{dpsohv

Wkh frqqhfwhg rshqlqjv � �� ri wkhruhp 43 qrw rqo| jlyh wkh wkhruhwlfdo dffhvv
wr wkhlu frqqhfwlrq/ exw dovr surylgh wkh dfwxdo dojrulwkp zklfk h{wudfwv wkh
frpsrqhqwv ri d jlyhq d1

Lq sudfwlfh/ wkh rshqlqjv � �� fkdudfwhul}h wkh foxvwhuv ri remhfwv zklfk olh
d jlyhq glvwdqfh g dsduw +�j15d dqg 5e,1 Frqvhtxhqwo|/ vxfk dq dssurdfk dovr
surylghv d phdqv iru h{wudfwlqj wkh remhfwv zklfk duh lvrodwhg1 Lpdjlqh/ iru
h{dpsoh/ wkdw zh zdqw wr ghwhfw wkh sduwlfohv +ru frpsrqhqwv, lq vhw[ ri +�j15d,
zkrvh glvwdqfhv wr wkhlu qhljkerxuv duh � 5g1 Wkh wzr slhfhv ri lqirupdwlrq zh
qhhg iru wklv sureohp duh wkh glodwh [ �gE ri vhw [/ dqg wkh vnhohwrq vnl}+[,
e| }rqhv ri lq xhqfh/ zklfk lv pdgh ri doo srlqwv wkdw kdyh wkh vdph glvwdqfh wr
dw ohdvw wzr sduwlfohv ri [1 Li \  ghqrwhv d sduwlfoh ri [ � gE zklfk lqwhuvhfwv
vnl}+[,/ wkhq \  _[ lv d foxvwhu ri sduwlfohv1 Li \ � lv d sduwlfoh ri [�gE zklfk
grhv qrw lqwhuvhfw vnl}+[,/ wkhq [ _ \ � lv d sduwlfoh zkrvh doo qhljkerxuv duh
dw ohdvw glvwdqfh 5g dsduw1 Ilj15f vkrzv wkh vhw ri vxfk lvrodwhg remhfwv dprqj
wkrvh ri �j15d1

Rwkhu w|shv ri glodwlrq pd| dovr eh xvhixo1 Wr looxvwudwh wklv srlqw/ zh frq0
vlghu d vhtxhqfh ri vl{w| vxffhvvlyh rswlfdo vhfwlrqv ri dq rvwhrf|wh/ lq frqirfdo
plfurvfrs| +nlqgo| surylghg e| Gu1 Y1 Krzdug Olyhusrro,1 Wkh zkroh yroxph
frqwdlqv wkuhh fhoov orfdwhg dw gl�huhqw ghswkv/ wkdw rqh zlvkhv wr h{wudfw1 Ilj16d
lv d ;0elw lpdjh ri vhfwlrq q � 48 ri wkh vhulhv1 D kljk wkuhvkrog +ohyho 533/ lq d
udqjh ri 589, hdvlo| h{wudfwv wkh rvwhrf|whv ri wkh vhfwlrq/ exw dovr d qxpehu
ri duwlidfwv1 Exw zh kdyh dqrwkhu lqgluhfw slhfh ri lqirupdwlrq = frqirfdo pl0
furvfrs| jhqhudwhv d vruw ri kdor durxqg wkh wklfn remhfwv1 Lqghhg e| vhohfwlqj
zlwk d orz wkuhvkrog +93,/ zh h{wudfw wkh kdor dqg zh wdnh wkh xqlrq ] ri doo
kdorv iru wkh lpdjhv ri wkh vhulhv1 Vhw ] lv suhvhqwhg lq Ilj16e1 Ilqdoo|/ dq rv0
whrf|wh lv uhfrjql}hg dv d frqqhfwhg frpsrqhqw � �� zkhq wkh lqlwldo 60G vhw lv
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wkh kljk wkuhvkroghg vhtxhqfh/ dqg zkhq wkh glodwlrq lv uhvwulfwhg lqvlgh pdvn
]1 D shuvshfwlyh ylhz ri wkh uhvxow lv jlyhq e| Ilj16f1

617 Foxvwhulqj e| forvlqjv
Glodwlrqv duh qrw wkh rqo| srvvleoh rshudwruv wr surylgh vhfrqg jhqhudwlrq frq0
qhfwlrqv1 Zh fdq xvh dovr forvlqjv/ dv wkh iroorzlqj uhvxow vkrzv1
Sursrvlwlrq 44 Dvvxph wkdw d jlyhq forvlqj * rq d odwwlfh O suhvhuyhv wkh
frqqhfwlrq F/ l1h1

*+3, @ 3 dqg *+F, � F +9,
Wkhq wkh lqyhuvh lpdjh F � ri F xqghu * lv dovr d frqqhfwlrq rq O/ zklfk

lv odujhu wkdq F1

Surri1 E| gh�qlwlrq
d � 5 F � / * +d � , 5 F

Ohw d �� 5 F � > l 5 L/ zlwk Yd �� 9@ 31 Zh kdyh wr suryh wkdw Zd �� 5 F � 1 E|
h{whqvlylw| ri */ zh kdyh

* +d �� , � d �� � ad �� 9@ 3 khqfh b* +d �� , 5 F >
dqg e| lqfoxvlrq +9,/ zh kdyh * +Z* +d �� ,, 5 F1 Qrz

b* +d �� , � d �� , *
�
b* +d �� ,

�

� *
�
bd ��

�

+lqfuhdvlqjqhvv,
dqg

*
�
b d ��

�

� b* +d �� , , *
�
bd ��

�

@ **
�
b d ��

�

� *
�
b* +d �� ,

�

+lghpsrwhqfh,

khqfh *
�
bd ��

�

@ *
�
b* +d �� ,

�

5 F/ l1h1 b d �� 5 F �

Wkh wzr rwkhu d{lrpv iru d frqqhfwlrq duh fohduo| vdwlv�hg/ khqfh F � lv d
frqqhfwlrq1

Wklv uhvxow lv uhodwhg wr Sursrvlwlrq < iru glodwlrqv/ exw xqolnh wkdw glod0
wlrq fdvh/ zh kdyh khuh qr htxlydohqw ri Wkhruhp 43 khuh1 Qrwh dovr wkdw iru
dq| glodwlrq � rq O zh kdyh �+3, @ 3/ vr wkdw wkh uhodwlrq +9, ri frqqhfwlrq
suhvhuydwlrq lv wkh vdph dv wkdw lqwurgxfhg lq Sursrvlwlrq <1 Dq dssolfdwlrq
ri Sursrvlwlrq 44 lv surylghg lq vhfwlrq 9 ehorz/ dqg looxvwudwhg e| �j1431 Wkh
sursrvlwlrq lv dssolhg wr wkh odwwlfh ri wkh zhljkwhg sduwlwlrqv e|  dw }rqhv1
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7 Frqqhfwlrqv rq odwwlfhv ri qxphulfdo ixqfwlrqv
Lq wklv vhfwlrq/ zh orrn iru lqwhuhvwlqj frqqhfwlrqv lq wkh lpsruwdqw fdvh ri
qxphulfdo ixqfwlrqv iurp d vsdfh H lqwr d wrwdoo| rughuhg vhw O1 Zh dvvxph
wkh odwwhu hlwkhu �qlwh/ ru lvrprusklf wr U ru wr ] +h1j1 ^3> 4`/ ^3>.4`/ hwf1,1
Frqfhuqlqj wkh grpdlq vsdfh H/ zh dvvxph wkdw lw lv phwulf/ zlwk glvwdqfh
ixqfwlrq g/ dqg wkdw S+H, lv htxlsshg zlwk frqqhfwlrq F1 Wkhvh gh�qlwlrq dqg
surshuwlhv frqfhuqlqj O dqg H duh dvvxphg wr eh ydolg wkurxjkrxw wklv hqwluh
vhfwlrq1

714 Qxphulfdo odwwlfhv ri qxphulfdo ixqfwlrqv
Wkh vhw O � ri doo pdsslqjv i iurp H lqwr O/ surylghg zlwk wkh surgxfw rughu =

i � j l� i+{, � j+{, iru doo { 5 H>
ehfrphv lq wxuq d frpsohwh odwwlfh/ zkhuh wkh vxs dqg wkh lqi duh gh�qhg e|
wkh uhodwlrqv

+b i � , +{, @ b i � +{, +a i � , +{, @ a i � +{, +:,
+zh nhhs wkh vdph v|perov iru rughulqj/ vxsuhpxp dqg lq�qxp lq erwk odwwlfhv
O dqg O � ,1 Wkh vxssruw ri d ixqfwlrq lv wkh vhw ri srlqwv { zkhuh i+{, A 31 Wkh
vxssruw ri ixqfwlrq zklfk lv lghqwlfdoo| }hur lv wkh hpsw| vhw> wkdw ri d sxovh lv
uhgxfhg wr rqh srlqw1

Zh duh riwhq pruh lqwhuhvwhg lq vxeodwwlfhv ri O � / udwkhu wkdq lq O � lwvhoi1
D vxeodwwlfh O � � O � lv d vhw ri ixqfwlrqv zklfk lv forvhg xqghu Z dqg Y ri O �
dqg zklfk frqwdlqv wkh }hur dqg wkh xqlw1 Iru h{dpsoh/ wkh Olsvfklw} ixqfwlrqv
O � ri prgxoh n/ zklfk duh gh�qhg e|

i 5 O � / mi +{,� i +|,m � ng +{> |, ; {> | 5 H =
wxuq rxw wr jhqhudwh d frpsohwh vxeodwwlfh ri O � 1 Pruh jhqhudoo|/ li zh uhsodfh
ng+{> |, e| �+g+{> |,, lq wkh deryh lqhtxdolw|/ zkhuh ixqfwlrq � = U � $ U � lv
frqwlqxrxv dw wkh ruljlq/ zh gholqhdwh wkh fodvv ri wkh vr0fdoohg ��0frqwlqxrxv
ixqfwlrqv� ^ FKR99`1 Iru hdfk �/ wkh fodvv ri wkh �0frqwlqxrxv ixqfwlrqv frqvwl0
wxwhv d frpsohwh vxe0odwwlfh ri O � / l1h1 d odwwlfh zkhuh Z dqg Y duh qrwklqj
exw wkh qxphulfdo vxsuhpxp dqg lq�pxp dw hdfk srlqw1 Lw kdv ehhq suryhg
+xqghu udwkhu jhqhudo frqglwlrqv,/ wkdw xvxdo rshudwruv/ vxfk dv glodwlrqv/ rshq0
lqjv/ pruskrorjlfdo �owhuv/ hwf1 pds hyhu| �0frqwlqxrxv odwwlfh lqwr dqrwkhu rqh
^ VHU<5e`/ dqg wkdw Z dqg Y duh frqwlqxrxv rshudwruv ^ PDW<9`1 Pruhryhu/
hyhu| ixqfwlrq odwwlfh zkhuh Z dqg Y duh jhqhudwhg e| wkh qxphulfdo rqhv lv
lq�qlwh glvwulexwlyh1 Khqfhiruwk/ zh uhihu wr vxfk odwwlfhv ri qxphulfdo ixqfwlrqv
dv qxphulfdo odwwlfhv1

715 Wzr vwudljkwiruzdug frqqhfwlrqv
Wr gh�qh d frqqhfwlrq rq O � / wkh �uvw vwudljkwiruzdug dssurdfk frqvlvwv lq
h{whqglqj wr O � wkh frqqhfwlylw| dvvrfldwhg zlwk H/ e| wdnlqj dv frqqhfwhg
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ixqfwlrqv +lq O � , wkrvh zlwk frqqhfwhg vxssruw +lq H,1 Wklv fodvv frpsulvhv
ixqfwlrq i @ 3 dqg wkh sxovhv/ dqg vdwlv�hv d{lrp +ll,1 Exw lw lv udwkhu frduvh= iru
h{dpsoh/ li H @ U � dqg li ixqfwlrq i vwdqgv iru wkh ydoxhv ri d juh| wrqh
skrwrjudsk ri d odqgvfdsh/ lw lv olnho| wr dwwulexwh ixqfwlrq i d vlqjoh frpsrqhqw
prvw ri wkh wlph1 Lq dgglwlrq/ wkh frqqhfwhg frpsrqhqwv i� � +[ � +i,, > w 5 Oj/
ri wkh krul}rqwdo furvv0vhfwlrqv [ � +i, ri i dw ohyho w jhqhudwh/ dv w ydulhv/ d
ixqfwlrq zklfk frpsohwho| gl�huv iurp wkh frqqhfwhg frpsrqhqw ri i dw srlqw
{1

Wkh vhfrqg vwudljkwiruzdug dssurdfk wdnhv dv d frqqhfwhg fodvv doo sxovhv
dorqj zlwk wkh ixqfwlrq i @ 3= Wkh wkuhh d{lrpv ri d frqqhfwlrq duh reylrxvo|
vdwlv�hg lq wklv fdvh1 Wkhq/ iru dq| sxovh orfdwhg dw srlqw { dqg ri lqwhqvlw|
w � i+{,/ wkh dvvrfldwhg frqqhfwhg frpsrqhqw ri i lv wkh sxovh dw { zlwk
lqwhqvlw| i+{,1 Dowkrxjk/ pdwkhpdwlfdoow| vshdnlqj/ erwk fdvhv fruuhvsrqg wr
frqqhfwlrqv/ wkh| odfn wkh surshuw| ri ehlqj d vkdsh dqg ihdwxuh ghvfulswru1

716 Qxphulfdo ixqfwlrqv dv zhljkwhg sduwlwlrqv
Vxfk d gudzedfn frphv iurp wkh xqghuo|lqj odwwlfh O � / zklfk lv wrr srru/ dqg
grhv qrw doorz wr h{suhvv vwuxfwxudo sduwlwlrqv ri wkh juh| wrqh ixqfwlrqv1 Rq
wkh rwkhu kdqg/ sduwlwlrqv glylgh wkh vsdfh/ exw/ e| wkhpvhoyhv/ wkh| gr qrw
vd| dq|wklqj derxw srvvleoh sdudphwhuv/ ru qxphulfdo hqwlwlhv/ zklfk pd| eh
dvvrfldwhg zlwk wkhlu fodvvhv1 Wr ryhufrph wklv vkruwfrplqj/ zh zloo lqwurgxfh
qrz wkh qrwlrqv ri d zhljkwhg vhw dqg ri d zhljkwhg sduwlwlrq/ lq wkh iudphzrun
ri dq duelwudu|/ exw �{hg/ qxphulfdo vxeodwwlfh ri O � 1

Jlyhq d prgxoxv �/ dvvrfldwh/ zlwk hyhu| sdlu +G> j, 5 S+H, � J � / wkh
uhvwulfwlrq j � ri d �0ixqfwlrq j wr vhw G/ jlyhq e|

j � +x, @ j +x, zkhq x 5 G
j � +x, @ 3 rwkhzlvh

Wkxv/ wkh xvxdo lqglfdwru ixqfwlrq ri d vhw G lv uhsodfhg e| wkh qrq frqvwdqw
zhljkw j1 Wkh qxphulfdo ixqfwlrq j � pd| eh frqvlghuhg dv d zhljkwhg vhw1 Iru
h{dpsoh/ li zh wdnh iru J � wkh fodvv ri wkh frqvwdqw ixqfwlrq/ zklfk fruuhvsrqgv
wr � � 3/ wkhq hdfk zhljkwhg vhw j � lv qrwklqj exw wkh f|olqghu ri edvh G dqg
ri khljkw wkh zhljkw ri j � 1 Li zh wdnh iru fodvv J � wkh n0Olsvfklw} ixqfwlrqv/
hdfk zhljkwhg vhw j � wxuqv rxw wr eh wkh uhvwulfwlrq ri d n0Olsvfklw} ixqfwlrq
wr vhw G1 Dv wkh grxeohw +G> j, vsdqv S+H,�J � / wkh vhw jhqhudwhg e| wkh j � *v
lv ghqrwhg e| S � +H,1
Sursrvlwlrq 45 Wkh vhw S � +H, irupv d frpsohwh odwwlfh iru wkh qxphulfdo ru0
ghulqj � > lq wklv odwwlfh/ wkh vxsuhpxp w +j � , � ri idplo| i+j � , � j > l 5 L/
lv wkh vpdoohvw xsshu erxqg ri Z +j � , � lq J � dqg wkh lq�pxp lv jlyhq e|
x +j � , � @ +Y j � , � ��� 1

Ilj17 looxvwudwhv wkh sursrvlwlrq1 Wzr f|olqghuv +�j17d,/ dqg wzr Olsvfklw}
ixqfwlrqv +�j17e, duh uhsuhvhqwhg lq grwwhg olqhv1 Wkhlu lq�pd lq S � duh jlyhq
e| wkhlu qxphulfdo lq�pd ryhu wkh lqwhuvhfwlrq ri wkh vxssruwv +gdvk }rqhv,/
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zkhuhdv wkhlu vxsuhpd lq S � duh wkh vpdoohvw f|olqgulf/ ru Olsvfklw}/ h{whqvlrqv
ri wkh ixqfwlrqv/ uhvwulfwhg wr wkh xqlrqv ri wkh vxssruwv1

Wkh qrwlrq ri d zhljkwhg sduwlwlrq ghulyhv iurp wkdw ri d zhljkwhg vhw mxvw
dv d xvxdo sduwlwlrq ghulyhv iurp wkdw ri d vhw1
Gh�qlwlrq 46 D zhljkwhg sduwlwlrq zlwk frqqhfwhg fodvvhv { $ +j � , � lv d
pdsslqj � iurp H lqwr S � +H, vxfk wkdw

+l, ;{ 5 H> { 5 G +{,
+ll, ;{> | 5 H> hlwkhu +j � , � ru +j � , � Y +j � , � @ 3
+lll, ;{ 5 H fodvv G+{, lv frqqhfwhg vhw ri H
Wkh vxe0pdsslqj { $ G+{, lv d sduwlwlrq G lq wkh xvxdo vhqvh/ dqg i @

Z i +j � , � > { 5 Hj lv d qxphulfdo ixqfwlrq1 Wkhuhiruh/ rqh fdq uhsuhvhqw wkh
zhljkwhg sduwlwlrq � dv d sdlu +G> i, zklfk ghwhuplqhv � frpsohwho|1 Krzhyhu/
dq| ixqfwlrq i = H $ O dgplwv vhyhudo uhsuhvhqwdwlrqv dvZ +j � , � 1 Iru h{dpsoh/
iru � @ 3/ dq| vxevhw ri wkh  dw }rqh ri i wkdw frqwdlqv d jlyhq srlqw { pd|
vhuyh dv fodvv G+{, mrlqwo| zlwk wkh frqvwdqw ixqfwlrq j @ i+{,1

E| frqvlghulqj wkh qxphulfdo ixqfwlrqv xqghu vwxg| dv zhljkwhg sduwlwlrqv/
zh zloo eh deoh wr surylgh wkhp zlwk frqqhfwlrqv zklfk duh ghvfulswlyh1 Exw �uvw
ri doo/ zh pxvw eh vxuh wkdw wkh zhljkwhg sduwlwlrqv �w lqwr hqwhu wkh frqyhqlhqw
iudphzrun iru frqqhfwlrqv/ l1h1 wkdw wkh| vdwlvi| d frpsohwh odwwlfh vwuxfwxuh1
Lqghhg/ zh kdyh wkh iroorzlqj uhvxow^ VHU<;d`
Sursrvlwlrq 47 Ohw J � eh wkh odwwlfh ri �0frqwlqxrxv qxphulfdo ixqfwlrqv H $
O dqg O wkh fodvv ri wkh zhljkwhg sduwlwlrqv zlwk frqqhfwhg fodvvhv ri H/ ri edvh
J � 1 Wkhq O lv d frpsohwh odwwlfh iru wkh surgxfw rughulqj

+i>G, y +i � > G � , / i � i � lq O �
G � G � lq G

Lq wklv odwwlfh/ wkh lq�pxp x+i � > G � , ri d idplo| ii � > G � > l 5 Lj lv jlyhq e| wkh
grxeohw �Y i � �lq O � � >YG � +lq G,� 1 Wkh vxsuhpxp w+i � > G � , dgplwv ZG � iru
sduwlwlrq/ dqg lq hdfk fodvv +ZG � , +{,/ lv htxdo wr wkh vpdoohvw ixqfwlrq ri odwwlfh
J � zklfk lv deryh wkh i � lqyroyhg lq +ZG � , +{,1

+Hdv| surri,1 Khuh/ wkh lq�pxp aG � ri d idplo| ri sduwlwlrqv ri H zlwk
frqqhfwhg fodvvhv lv wkh sduwlwlrq zkrvh fodvv dw srlqw { 5 H lv wkh frqqhfwhg
frpsrqhqw ri _G � +{, wkdw frqwdlqv srlqw {1

Lq rughu wr exlog frqqhfwlrqv rq wkh zhljkwhg sduwlwlrqv odwwlfh O/ d frqyh0
qlhqw fodvv lv surylghg e| wkh vr0fdoohg J0f|olqghuv1
Gh�qlwlrq 48 Ohw J eh d qxphulfdo odwwlfh ri O � / dqg F d frqqhfwhg fodvv rq
S+H,1 Iru dq| \ 5 F dqg j 5 J/ wkh zhljkwhg sduwlwlrq ri ixqfwlrq

k ��� � +|, @ j+|, zkhq | 5 \
k ��� � +|, @ 3 zkhq qrw

dqg ri sduwlwlrq fodvvhv \ dqg i}j +iru } 5 \ � , gh�qhv wkh J0f|olqghu ri
frqqhfwhg edvh \ dqg ri ydoxhv j1
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Lq sduwlfxodu/ wkh sxovhv/ htxlsshg zlwk wkh plqlpxp sduwlwlrq g/ duh J0
f|olqghuv/ iru doo odwwlfhv J1

Frqvlghu qrz wkh vxsuhpxp lq O ri d idplo| ik � @ k � � � � � > l 5 Lj ri J0
f|olqghuv/ zkrvh lq�pxp lv qrw }hur1 Vlqfh _\ � lv qrw hpsw| ^\ � lv frqqhfwhg1
Qrz wkh sduwlwlrq zkrvh fodvvhv duh ^\ � dqg doo wkh srlqwv ri +^\ � , � / lv qrwk0
lqj exw ZG � � 1 E| dgmrlqlqj wkh ixqfwlrq htxdo wr wkh vpdoohu J0erxqg ri wkh
k � rq ^\ � / dqg htxdo wr 3 hovhzkhuh/ zh rewdlq wkh vxsuhpxp lq O ri wkh k � 1
Wklv zhljkwhg sduwlwlrq lv lwvhoi d J0f|olqghu dqg vlqfh wkh J0f|olqghuv irup d
vxs0jhqhudwlqj idplo| +wkh| frqwdlq wkh sxovh f|olqghuv,/ khqfh zh pd| vwdwh1
Wkhruhp 49 Ohw J eh d qxphulfdo vxeodwwlfh ri O � 1 Wkh fodvv F � ri wkh J0
f|olqghuv/ wrjhwkhu zlwk ixqfwlrq 3/ frqvwlwxwhv d frqqhfwlrq rq odwwlfh O1

Ilj17 vkrzv wzr h{dpsohv ri vxsuhpd dqg ri lq�pd ri frqqhfwhg J0f|olqghuv/
edvhg rq frqvwdqw ixqfwlrqv dqg rq Olsvfklw} ixqfwlrqv uhvshfwlyho|1 Qrwh wkdw
wkh vpdoohvw hohphqw ri O/ qdpho| wkh zhljkwhg sduwlwlrq zkrvh doo fodvvhv duh
uhgxfhg wr srlqwv/ dqg ixqfwlrq frqvwdqw plqxv lq�qlw|/ lv lwvhoi d J0f|olqghu
zkrvh edvh lv d srlqw dqg kdylqj plqxv lq�qlw| rq lw1 Qrwh dovr wkdw wkh wkhruhp
grhv qrw h{whqg wr zhljkwhg sduwlwlrqv zlwk srvvleo| qrw frqqhfwhg fodvvhv1 Vxfk
fodvvhv frxog qrw eh jhqhudwhg e| wkh J0f|olqghuv ri Gh�qlwlrq 481

717 Wzr h{dpsohv ri frqqhfwlrqv
Dv sduwlfxodu fdvhv ri wkh dssurdfk ghyhorshg khuh zh rewdlq wkh wzr vwudljkw0
iruzdug frqqhfwlrqv suhvhqwhg dw wkh ehjlqqlqj ri wkh vhfwlrq1 Krzhyhu/ wklv
dssurdfk rshqv wkh zd| wr d qxpehu ri rwkhu frqqhfwlrqv/ zklfk wxuq rxw wr eh
h{wuhpho| shuwlqhqw ghvfulswruv iru lpdjhv1 Wzr ri wkhp duh suhvhqwhg ehorz>
wkh dvvrfldwhg prgxol � duh gudzq lq �j181
Iodw }rqh frqqhfwlrqv

Wdnh iru � wkh ixqfwlrq � � 31 Fodvv J � lv wkhq wkdw ri wkh frqvwdqw ixqfwlrqv/
iru zklfk wkh iroorzlqj uhvxow krogv1
Sursrvlwlrq 4: Zkhq wkh qxphulfdo odwwlfh J lv wkh fodvv ri wkh frqvwdqw ixqf0
wlrqv iurp H lqwr O/ wkhq wkh dvvrfldwhg frqqhfwlrq rq O lv iruphg e| wkh }hur
ixqfwlrq dqg wkh f|olqghuv +vwulfwr vhqvx, ri frqqhfwhg edvhv/ l1h1 e| ixqfwlrqv

k � � � +w, @ w zkhq | 5 F
k � � � +w, @ 3 zkhq qrw

w 5 O/ F 5 F1
Wkh rshudwlrqv w dqg x rq wkh odwwlfh O dvvrfldwhg zlwk wkh frqvwdqw ixqf0

wlrqv duh looxvwudwhg lq �j1 7d / zklfk vkrzv wkh w vxsuhpxp ri wzr f|olqghuv1
Zh vdz wkdw jlyhq prgxoh �/ wkhuh lv jhqhudoo| dq lq�qlw| ri yduldqwv iru

prghoolqj d qxphulfdo ixqfwlrq i dv d zhljkwhg sduwlwlrq1 Krzhyhu/ lq wkh  dw
}rqh fdvh +l1h1 � � 3,/ wkh fodvv ri wkhvh yduldqwv lv forvhg xqghu wkh vxsuhpxp
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lq O1 Wkh fruuhvsrqglqj qrq zhljkwhg sduwlwlrq G  lv wkh odujhvw sduwlwlrq ri
H zkhuh i lv frqvwdqw lq hdfk fodvv1

Ilj143 ghvfulehv wkh dfwlrq ri d forvlqj * = O $ O / zkhq O lv wkh odwwlfh
ri zhljkwhg sduwlwlrqv e|  dw }rqhv1 Wkh hyroxwlrq ri rqh lqglylgxdo frqqhfwhg
frpsrqhqw lv lqglfdwhg e| d gdun frqwrxu +frpphqwv duh jlyhq lq vhfwlrq 914,1
Lq sudfwlfh/ wkh  dw }rqhv frqqhfwlrq |lhogv vljql�fdqw uhvxowv zkhq wkh lpdjhv
xqghu vwxg| h{klelw odujh }rqhv zlwk xqlirup juh| wrqhv1 Lw lv w|slfdoo| qrw wkh
fdvh iru idfhv/ iru h{dpsoh/ vlqfh wkh yduldwlrq ri wkh vnlq rulhqwdwlrq fuhdwhv d
frqwlqxrxv judgdwlrq ri wkh juh| wrqhv1 Lqghhg/ lq wkh fdvh ri �j19d/ wkhuh duh
447/84<  dw }rqhv iru d wrwdo dprxqw ri 49:/757 sl{hov lq wkh skrwrjudsk1
Mxps frqqhfwlrq

Vxfk d frxqwhu h{dpsoh vkrzv wkdw wkh uhtxluhphqw ri d vwulfw  dwqhvv lv wrr
ghpdqglqj/ dqg vkrxog eh uhod{hg1 Zh vkdoo zhdnhq lw e| wdnlqj iru fodvv J ri
wkh qxphulfdo �0frqwlqxrxv ixqfwlrqv zkrvh prgxoxv uhdfkhv udqjh k dw d �qlwh
glvwdqfh g � / dv vkrzq lq Ilj18e1 Hdfk ixqfwlrq lq J ydulhv ehwzhhq wzr erxqgv
zklfk duh k dsduw1 Wkhuhiruh/ e| dsso|lqj edvh J wr d qxphulfdo ixqfwlrq i /
zh rewdlq d vhjphqwdwlrq ri i lqwr frqqhfwhg }rqhv zkhuh wkh juh|  xfwxdwlrq
lv � k1 Ilj19 looxvwudwhv vxfk d �mxps frqqhfwlrq� lq wkh gljlwdo iudphzrun e|
wdnlqj g � @ 4 dqg k @ 43 +ehwzhhq wzr qhljkerxu srlqwv/ wkh ixqfwlrq fdqqrw
mxps e| pruh wkdq 43 ohyhov,1 Dv d pdwwhu ri idfw/ wklv h{dpsoh ghdov zlwk d
froru lpdjh1 Lq wkh 6G Hxfolghdq vsdfh ri uhg/ juhhq dqg eoxh d{hv/ wkh �jud|�
dw srlqw ^uhg+{,/ juhhq+{,/ eoxh+{,` kdv ehhq gh�qhg e| wkh glvwdqfh iurp wklv
srlqw wr wkh ruljlq1 Diwhu vhjphqwdwlrq ri wkh jud| lpdjh dffruglqj wr wkh mxps
frqqhfwlrq/ wkh wkuhh froruv duh dyhudjhg lq hdfk fodvv/ vr wkdw wkh �qdo uhvxow
lv vwloo d froru lpdjh1

Xqolnh wkh fdvh ri  dw }rqh frqqhfwlrq/ wkhuh duh qr orqjhu odujhvw vhjphq0
wdwlrqv1 Wklv lv qrw qhfhvvdulo| d glvdgydqwdjh/ vlqfh zh fdq sod| zlwk gl�hu0
hqw sduwlwlrqv1 Iru h{dpsoh/ zh fdq h{wudfw wkh odujhvw frqqhfwhg }rqh ] +{ � ,/
durxqg hdfk plqlpxp i +{ � ,/ zkhuh mi +{,� i +{ � ,m � k/ { 5 ] +{ � ,/ dqg
lwhudwh wklv surfhgxuh1 E| wdnlqj wkh xqlrq ri wkh ] +{ � ,*v zkhq { � vsdqv doo
plqlpd ri wkh ixqfwlrq/ zh h{wudfw d elqdu| yhuvlrq ri wkh judlqv1 Wkh iroorzlqj
h{dpsoh looxvwudwhv wkh xvh ri vxfk d wudqvirupdwlrq1 Ilj1 :d uhsuhvhqwv doxplqh
judlqv/ Ilj1:e wkh sduwlwlrq ri wkh vsdfh xqghu mxps frqqhfwlrq/ dqg Ilj1:f wkh
vxshusrvlwlrq ri lwv vnhohwrq e| }rqhv ri lq xhqfh dqg wkh lqlwldo lpdjh1

8 Lqgxfhg elqdu| frqqhfwlrqv
Vprrwk sdwk frqqhfwlrq

Lq wklv vhfwlrq/ zh lqyhvwljdwh wkh dffhvv wr vhjphqwdwlrq ri qxphulfdo ixqf0
wlrqv i = H $ O zkhq d frqqhfwlrq F lv gh�qhg rq S+H, rqo|1 Wklv dssurdfk lv
pruh olplwhg wkdq wkh suhylrxv rqh/ exw lw kdv wkh wzrirog dgydqwdjh ri ehlqj
vlpsohu/ dqg ri ohdglqj wr udwkhu srzhuixo uhvxowv1

Lqghhg/ li rxu fxuuhqw jrdo lv wr vhjphqw d xqltxh ixqfwlrq i = H $ O/ lw
ehfrphv fxpehuvrph wr frqvlghu lw dv d yduldeoh hohphqw ri wkh odwwlfh O � 1 Wkh
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txhvwlrq vkrxog uhirupxodwhg dv iroorzv = �lv wkhuh d odujhvw sduwlwlrq ri vsdfh
H lqwr frqqhfwhg fodvvhv vxfk wkdw ixqfwlrq i vdwlv�hv d jlyhq fulwhulrq lqvlgh
hdfk fodvv B

Iru h{dpsoh/ wkh deryh vhjphqwdwlrq ri i e|  dw }rqhv pd| dowhuqdwlyho| eh
suhvhqwhg lq wklv qhz iudphzrun1 Jlyhq srlqw { 5 H/ ghqrwh e| ] � wkh vxefodvv
ri wkrvh hohphqwv ri F wkdw frqwdlqv srlqw i{j/ dqg ryhu hyhu| hohphqw ri zklfk
ixqfwlrq i lv frqvwdqw/ l1h1

] � @ i{ 5 ] � F> | 5 ] , i+{, @ i+|,j =
Fodvv ] � lv forvhg xqghu xqlrq/ vr wkdw lwv vxsuhpxp

] � @ ^i] 5 ] � j
lv wkh odujhvw frqqhfwhg frpsrqhqw frqwdlqlqj srlqw { dqg rq zklfk ixqfwlrq i lv
frqvwdqw1 Frqvhtxhqwo|/ wkh pdsslqj { $ ]+{, lv wkh odujhvw sduwlwlrq ri vsdfh
H lqwr  dw }rqhv ri i / dqg ixuwkhu/ idplo| i] � ^ >j gh�qhv wkh lqyduldqw vhwv ri
d frqqhfwhg rshqlqj dw srlqw {1 Wklv phdqv wkdw dq| vhw \ � H lv sduwlwlrqhg
lqwr wkh fodvvhv ]+{,_ \ / dv { vsdqv H1 E| vr grlqj/ zh kdyh jhqhudwhg d qhz
frqqhfwlrq rq H/ e| frpelqlqj wkh lqlwldo rqh zlwk vrph ihdwxuhv ri ixqfwlrq i 1

Xqiruwxqdwho|/ wkh whfkqltxh zh xvhg khuh grhv qrw qhfhvvdulo| h{whqg wr
rwkhu w|shv ri �0frqwlqxrxv ixqfwlrqv1 Iru h{dpsoh/ li zh uhsodfh wkh prgxoxv
� � 3 + dw }rqhv frqqhfwlrq, e| wkdw ri d erxqghg yduldwlrq/ vkrzq lq �j18e
+mxps frqqhfwlrq,/ zh duh qr orqjhu deoh wr gh�qh d odujhvw frqqhfwhg frpsr0
qhqw frqwdlqlqj srlqw { dqg rq zklfk ixqfwlrq i lv �0frqwlqxrxv = fodvv ] � lv
qr orqjhu forvhg xqghu xqlrq1

Krzhyhu/ wkhuh h{lvw rwkhu fulwhuld/ zklfk ixo�oo forvxuh xqghu xqlrq/ dqg
ri juhdw lqwhuhvw1 Surylgh/ iru h{dpsoh/ S+U ! , zlwk wkh dufzlvh frqqhfwlrq1
Frqvlghu dq duelwudu|/ exw �{hg/ ixqfwlrq i 5 O "$#&%('	) dqg wkh fodvv F pdgh ri

0 l, doo vlqjohwrqv soxv wkh hpsw| vhw >
0 ll, dqg doo rshq frqqhfwhg vhwv \ ri S+U ! , vxfk wkdw ixqfwlrq i lv n0

Olsvfklw}/ iru wkh lqgxfhg dufzlvh phwulf/ dorqj doo sdwkv lqfoxghg lq vhw \ +lq
sudfwlfh/ wklv phwulf lv riwhq fdoohg �jhrghvlf phwulf�,1

Lw lv hdv| wr vhh wkdw fodvv F gh�qhv d vhfrqg frqqhfwlrq rq S+U ! ,> zkhuh
wkh yduldwlrq ri i ryhu hdfk vhw ri fodvv ll, lv �vprrwk� lq wkh n0Olsvfklw} vhqvh1

Lq ] � > wkh lpsohphqwdwlrq ri wklv �vprrwk sdwk� fulwhulrq lv sduwlfxoduo|
hdv|1 Li K � vwdqgv iru wkh xqlw glvf dw srlqw { +�yh/ vhyhq/ ru qlqh srlqwv,/ wkhq
wkh sduwlwlrq kdv iru qrq srlqw fodvvhv wkh dufzlvh frqqhfwhg frpsrqhqwv ri doo
vhwv [ vxfk wkdw

[ @ ^�{ 5 ] � >bimi+{,� i+|,m > | 5 K � j � n� =
Dq h{dpsoh ri vprrwk sdwk frqqhfwlrq lv jlyhq lq �j;1 Ilj1;d uhsuhvhqwv

dq hohfwurq plfurjudsk ri frqfuhwh pdgh ri wkuhh skdvhv = d zklwh rqh dqg
wzr juh| rqhv1 Wkh klvwrjudpv ri wkh wzr juh| skdvhv duh doprvw lghqwlfdo/ exw
rqh lv pruh frqwlqxrxv wkdq wkh rwkhu1 E| vhjphqwlqj �j1;d dffruglqj wr wkh
vprrwk sdwk frqqhfwlrq/ zlwk d vorsh n @ 9/ zh rewdlq d fruuhfw suh0h{wudfwlrq/

49



zklfk kdv wr eh dphqghg e| vrph �owhulqj1 Iru wkh vdph lpdjh/ wkh ehvw mxps
frqqhfwlrq lv rewdlqhg e| wdnlqj d udqjh k @ 48/ dqg |lhogv wkh udwkhu srru
uhvxow ghslfwhg lq �j1;f1

9 D ihz frqqhfwhg �owhuv
Wkh ghyhorsphqw ri frqqhfwhg �owhulqj/ iru wkh sdvw whq |hduv/ kdv ehhq gluhfwo|
uhodwhg wr lqgh{lqj dqg frglqj1 Uhihuhqfhv ^ SDU<7`/ ^ PDU<9`/ ^ VDO<9`/
dprqj rwkhuv/ vkrz wkdw frqqhfwhg �owhuv kdyh rshqhg wkh zd| wr dq remhfw0
rulhqwhg dssurdfk iru frpsuhvvlrq dqg xqghuvwdqglqj ri vwloo dqg prylqj lpdjhv1

Rxu sxusrvh khuh lv qrw wr surylgh dq h{kdxvwlyh olvw ri uhohydqw dssolfdwlrqv/
qru wr uhsurgxfh h{lvwlqj wkhrulhv1 Zh mxvw zrxog olnh wr uhodwh wkhvh rshudwlrqv
wr wkh suhylrxvo| gh�qhg frqqhfwlrqv/ dqg wr frpsohwh wkhp zlwk vrph dggl0
wlrqdo surshuwlhv/ lq wkh fdvh ri ohyholqj1 Zh zloo uhvwulfw wklv ryhuylhz wr wkh  dw
qxphulfdo �owhuv1 D surirxqg wkhruhp gxh wr K1 Khlmpdqv vd|v wkdw wkhuh h{lvwv
d xqltxh elqdu| rshudwru wkdw doorzv xv wr frqvwuxfw wkh juh| wrqh rqh/ yld wkh
furvv vhfwlrqv +vhh ehorz/ vhfw1 81516,1 Pruhryhu  dw �owhuv duh e| idu wkh prvw
frpprqo| xvhg/ dqg wkh vhw irupdolvp doorzv hdv| jhrphwulfdo lqwhusuhwdwlrqv1

Wkurxjkrxw vhfwlrq 9 wr ;/ H lv dq duelwudu| vhw/ dqg S+H, lv dvvxphg wr
eh htxlsshg zlwk frqqhfwlrq F1 Iru hyhu| vhw D 5 S+H,/ wkh wzr idplolhv ri
wkh frqqhfwhg frpsrqhqwv ri D +wkh �judlqv�, dqg ri D � +wkh �sruhv�, |lhog
d sduwlwlrq ri wkh xqghuo|lqj vsdfh H1 Dq rshudwlrq # = S+H, $ S+H, lv
vdlg wr eh frqqhfwhg zkhq wkh sduwlwlrq dvvrfldwhg zlwk #+D, lv frduvhu wkdw
wkdw ri D ^ VHU<6`1 Fohduo|/ dq rshudwru wkdw wdnhv wkh frpsohphqw ri d vhw/ ru
uhpryhv vrph judlqv/ ru �oov sruhv/ lv d frqqhfwhg rshudwru1 Wkh pdmru fodvv ri
pdsslqjv zh kdyh lq plqg duh wkh pruskrorjlfdo �owhuv/ dv gh�qhg lq vhfwlrq 5/
zkhq lq dgglwlrq wkh| duh frqqhfwhg/ dqg sduwlfxoduo| wkh vwurqj rqhv dqg wkh
judqxorphwulhv1 Ohw xv eulh | uhfdoo wkhvh odvw wzr frqfhswv1

D judqxorphwu| lv d idplo| i� � > g A 3j ri ghfuhdvlqj rshqlqjv +l1h1 g �
g � , � � � � �+* , dqg dq dqwl0judqxorphwu| lv d idplo| i* � > g A 3j ri lqfuhdvlqj
forvlqjv/ erwk ghshqglqj rq d srvlwlyh sdudphwhu1 Hyhu| judqxorphwu| dqg
hyhu| dqwl0judqxorphwu| vdwlvi| d vhpl0jrxs vwuxfwxuh ri odz

# ! # , @ # , # ! @ # , li s � q +;,
D pruskrorjlfdo �owhu # lv vdlg wr eh vwurqj li lw vdwlv�hv wkh iroorzlqj

urexvwqhvv frqglwlrq
#+D, _D � #+E, � #+D, ^D , #+E, @ #+D,

iru D>E � H1 Lq sduwlfxodu/ rshqlqjv dqg forvlqjv duh vwurqj �owhuv1
Vhw rshqlqj e| uhfrqvwuxfwlrq dqg vrph ghulydwlyhv
D frpsuhkhqvlyh fodvv ri frqqhfwhg �owhuv ghulyhv iurp wkh fodvvlfdo rshqlqj

e| uhfrqvwuxfwlrq1 Lwv gh�qlwlrq dsshduv lq ^ VHU;;`/ fk1:1;1 Vljql�fdqw vwxg0
lhv zklfk xvh wklv qrwlrq pd| eh irxqg lq wkh olwhudwxuh/ vxfk dv ^ VHU<6`
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+frqqhfwhg rshudwruv,/ ^ YLQ<6` +duhd fulwhuld,/ ^ PH\<7`/ +vsdqqlqj wuhhv,/
^ FUH<8`/ +frqqhfwhg �owhuv,^ KHL<:`/ +judlq rsudwruv,1

Dq rshqlqj e| uhfrqvwuxfwlrq lv rewdlqhg e| vwduwlqj iurp dq lqfuhdvlqj
elqdu| fulwhulrq � +h1j1 �wkh duhd ri D lv � 43�,/ wr zklfk rqh dvvrfldwhv wkh
wulyldo rshqlqj

� - +D, @ D zkhq D vdwlv�hv wkh fulwhulrq
� - +D, @ > rwkhuzlvh

Wkh fruuhvsrqglqj rshqlqj e| uhfrqvwuxfwlrq � lv wkhq jhqhudwhg e| dsso|lqj
wkh fulwhulrq wr doo judlqv +ru frqqhfwhg frpsrqhqwv, � � +D, ri D/ lqghshqghqwo|
ri rqh dqrwkhu/ dqg e| wdnlqj wkh xqlrq ri wkh uhvxowv =

�+D, @ ^i� - � � +D,> { 5 Hj
Wkh forvlqj e| uhfrqvwuxfwlrq * +iru wkh vdph fulwhulrq, lv wkh gxdo ri � iru

wkh frpsohphqw/ l1h1 li ~ vwdqgv iru wkh frpsohphqw rshudwru/ wkhq
* @ ~�~ =

Iru h{dpsoh/ lq S+U � ,> li zh ohw � wr eh wkh duhd fulwhulrq phqwlrqhg deryh/
wkdw lv �+D, @ 4 li wkh duhd ri D lv odujhu wkdq d jlyhq wkuhvkrog V dqg 3
rwkhuzlvh/ wkhq �+D, htxdov wkh xqlrq ri judlqv ri D zkrvh duhd lv � V> dqg
*+D, lv wkh xqlrq ri D dqg doo lwv sruhv zkrvh duhd lv � V1 Vlploduo|/ li fulwhulrq
� lv h{suhvvhg e| �lqwhuvhfwlqj d jlyhq pdunhu vhw P�/ wkhq �+D, lv wkh xqlrq
ri wkh judlqv wkdw klw P / zkhuhdv *+D, lv frpsrvhg ri D dqg ri doo sruhv wkdw
plvv P 1

Frqvlghu qrz d idplo| i� � > l 5 Lj ri rshqlqjv e| uhfrqvwuxfwlrq dvvrfldwhg
zlwk fulwhuld i� � j1 Fohduo|/ wkhlu lq�pxp � @ _� � lv vwloo dq rshqlqj/ zkhuh d
judlq ri D pxvw ixoo�oo doo fulwhuld � � wr eh uhwdlqhg1 Vlqfh/ rq wkh rwkhu kdqg/
wkh vxsuhpxp ri dq| froohfwlrq ri rshqlqjv lv dovr dq rshqlqj/ zh pd| vwdwh
wkh iroorzlqj uhvxow=
Sursrvlwlrq 4; Lq wkh odwwlfh ri wkh lqfuhdvlqj dqg dqwl0h{whqvlyh rshudwruv
iurp S+H, lqwr lwvhoi/ wkh rshqlqjv dqg wkh forvlqjv e| uhfrqvwuxfwlrq frqvwlwxwh
d frpsohwh vxe0odwwlfh1 E| gxdolw|/ wkh vdph uhvxow krogv iru wkh forvlqjv e|
uhfrqvwuxfwlrq1

Dvvxph qrz wkdw zh kdyh d ghfuhdvlqj vhtxhqfh ri fulwhuld i� � > l � 4j/ wkdw
lv

� � �  � � � > l � 4
wklv fdq eh lqwhusuhwhg e| vd|lqj wkdw wkh fulwhuld duh lqfuhdvlqjo| uhvwulfwlyh1 Lw
lv reylrxv wkdw wkh fruuhvsrqglqj vhtxhqfh ri rshqlqjv � � lv ghfuhdvlqj dv zhoo =

� � �  � � � > l � 4
Lq rwkhu zrugv/ wkh idplo| i� � j lv d judqxorphwu|/ fdoohg judqxorphwu| e| uhfrq0
vwuxfwlrq1 Wzr wkhruhpv jryhuq wkh vshfl�f surshuwlhv zh rewdlq lq wkdw fdvh1
Wkh �uvw rqh lv gxh wr M1 Fuhvsr hw do1 ^ FUH<8`1
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Wkhruhp 4< Ohw i� � > l � 4j dqg i* � > l � 4j/ eh uhvshfwlyho| d judqxorphwu|
dqg dq dqwl0judqxorphwu| e| uhfrqvwuxfwlrq/ dqg gh�qh

� ! @ ai* � � � > 4 � l � qj dqg � .! @ bi� � * � > 4 � l � qj
Wkh rshudwruv � ! dqg � .! duh vwurqj �owhuv/ dqg vdwlvi|� ! � , @ �, dqg � .! � ., @ � ., iru s � q1

Dowkrxjk wkh idplolhv i� ! j dqg i� .! j duh erwk rughuhg/ wkh| gr qrw vdwlvi|
wkh vhpl0jurxs uhodwlrqvkls ; +qdpho| wkh vwurqjhu �owhu lpsrvhv lwv odz,1 Wr
dfklhyh wklv/ zh pxvw lqwurgxfh wkh vr fdoohg dowhuqdwlqj vhtxhqwldo �owhuv1

� ! @ * ! � ! === * � � � === *  �  dqg � ! @ � ! * ! === � � * � === �  * 0/
Wkh iroorzlqj uhvxow krogv

Wkhruhp 53 Ohw i� � > l � 4j dqg i* � > l � 4j/ eh d judqxorphwu| dqg dq dqwl0
judqxorphwu| e| uhfrqvwuxfwlrq1 Wkhq wkh dowhuqdwlqj vhtxhqwldo �owhuv � ! dqg
� ! ri sulplwlyhv i� � j dqg i* � j/ jhqhudwh/ dv q ydulhv/ d vhpl0jurxs ri odz wkh
uhodwlrqvkls +;, 1

Zkhq wklv wkhruhp dsshduhg/ lq ^ VHU<6`/ lw zdv dovr vwdwhg/ lq dgglwlrq
wkdw wkh � ! *v dqg � ! *v zhuh vwurqj �owhuv1 Lw kdv ehhq vkrzq lq ^ KHL<:` wkdw
wklv lv wuxh xqghu wkh dvvxpswlrq ri �qlwh sdwkv frqqhfwlqj hdfk sdlu ri srlqwv
lq dq| frqqhfwhg frpsrqhqw1 Qrwh wkdw wklv frqglwlrq lv ixo�oohg e| doo xvxdo
frqqhfwlrqv/ dqg e| wkrvh wkh| lqgxfh e| glodwlrq ru e| forvlqj1

Dq|zd|/ Wkhruhp 54 wxuqv rxw wr eh d fhqwudo sloodu lq frpsuhvvlrq vfkhphv
edvhg rq pruskrorjlfdo rshudwruv1 Lw doorzv wr exlog s|udplgv ri �owhuv zkhuh
wkh dgglwlrqdo lqirupdwlrq wr jhw �qhu ohyhov lv frqfhqwudwhg lq wkh  dw }rqhv
^ VDO<5` dqg zkhuh wkh qrq0}hur judglhqwv pd| rqo| eh uhgxfhg wr }hur ru nhsw
xqfkdqjhg1 Dq h{dpsoh ri vxfk d ehkdylrxu lv suhvhqwhg lq Ilj1<1 Dowkrxjk
wkh dojrulwkp grhv qrw zrun ohyho e| ohyho/ hdfk furvv vhfwlrq ri wkh juh| wrqh
lpdjh uhvxowv lq d vhw zklfk lv surfhvvhg e| dq dowhuqdwlqj vhtxhqwldo �owhu e|
uhfrqvwuxfwlrq/ dffruglqj wr uho1+4<, ehorz1 Wkh xqghuo|lqj elqdu| fulwhulrq lv
wkh vl}h ri wkh glvf lqvfuledeoh lq hdfk judlq1

Vlploduo|/ dq| vhw forvlqj e| uhfrqvwuxfwlrq * fdq eh h{whqghg wr qxphulfdo
ixqfwlrqv1 Pruhryhu/ lq vxfk d fdvh * wxuqv rxw wr forvh qrw rqo| wkh qxphulfdo
ixqfwlrqv/ exw dovr wkh sduwlwlrqv lqgxfhg e| wkh  dw }rqhv ri wkh ixqfwlrqv1 Lq
rwkhu zrugv/ * lv d forvlqj rq wkh odwwlfh O ri wkh zhljkwhg sduwlwlrqv e|  dw
}rqhv1 Wkhq/ dffruglqj wr Sursrvlwlrq 44/ forvlqj * jhqhudwhv d qhz frqqhfwlrq
ri foxvwhulqj w|sh1 Wklv dssurdfk lv looxvwudwhg lq �j143 zklfk wuhdwv d yruwh{ ri
forxgv ryhu wkh Dwodqwlf Rfhdq1 Iru d pruh h!flhqw h�hfw/ rqo| wkh irxu kljkhu
elwv ri wkh lqlwldo lpdjh kdyh ehhq surfhvvhg/ dqg wkh forvlqj xvhg khuh lv wkh gxdo
yhuvlrq ri wkh uhfrqvwuxfwlrq iurp wkh hurvlrq e| d glvf ri vl}h 451 Xqghu forvlqj/
wkh vn| lv vhjphqwhg lqwr pruh uhjxodu/ khqfh pruh uhsuhvhqwdwlyh/ forxgv wkdq
wkrvh ri wkh lqlwldo lpdjh1
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: Vhw  dwwhqlqj dqg ohyholqj
Iodwwhqlqjv dqg ohyholqj kdyh ehhq lqwurgxfhg e| I1 Ph|hu dv juh| wrqh frq0
qhfwhg rshudwruv rq gljlwdo vsdfhv^ PH\<;d`/ ^ PH\<;e`vhh dovr ^PH\<<` dqg
^PDU<<`1 Ph|hu fkrrvhv wkh frqqhfwlrq gh�qhg e| wkh fodvvlfdo duf0frqqhfwlylw|
rq gljlwdo julgv1 Lq ^ PDW<:`/ J1 Pdwkhurq sursrvhv d jhqhudol}dwlrq wr wkh
ixqfwlrqv i = H $ W / zkhq H lv dq duelwudu| vsdfh +khqfh/ zlwkrxw d sulrul
frqqhfwlrq,1 Lq klv dssurdfk/ wkh frqqhfwlrq duulyhv dv d �qdo uhvxow/ dqg lv
jhqhudwhg e| dq h{whqvlyh glodwlrq1

Lq erwk dssurdfkhv/ ohyholqj/ dqg  dwwhqlqjv +zkhq wkh odwwhu duh lqfuhdvlqj,/
wxuq rxw wr eh  dw rshudwruv/ l1h1 wkdw wuhdw hdfk juh| ohyho lqghshqghqwo| ri wkh
rwkhuv1 Wklv flufxpvwdqfh vxjjhvwv wr wu| dqg jhqhudol}h I1 Ph|hu*v dssurdfk
e| irfxvlqj rq vhw  dwwhqlqjv dqg ohyholqj/ exw uh0lqwhusuhwhg lq wkh iudphzrun
ri dq duelwudu| vhw frqqhfwlrq F1 Zh zloo hqwhu wklv zd| ri wklqnlqj e| wdnlqj
rqh ri wkh fkdudfwhulvwlf surshuwlhv ri wkh  dwwhqlqjv +Wkhruhp : lq ^ PH\<;d`,
dv wkhlu gh�qlwlrq1

Lqghshqghqwo| ri Ph|hu dqg Pdwkhurq dssurdfk/ K1Khlmpdqv kdv lqwurgxfhg
dqg vwxglhg wkh fodvv ri wkh �judlq rshudwruv� lq^ KHL<:`1 Iodwwhqlqjv dqg ohy0
holqj/ lq wkh vhqvh ri gh�qlwlrqv 55 dqg 63 ehorz/ duh sduwlfxodu judlq rshudwruv1
Krzhyhu/ iru uhdvrqv zklfk zloo eh glvfxvhg lq vhfwlrq :16/ zh suhihu wr uhvwulfw
rxuvhoyhv wr rshqlqjv dqg forvlqjv zklfk duh edvhg rq pdunhuv +iru h{dpsoh/ zh
zloo qrw dffhsw ru uhmhfw d sduwlfoh dffruglqj wr lwv duhd,1
Gh�qlwlrq 54 +54, Ohw H eh dq duelwudu| vhw/ dqg F eh d frqqhfwlrq rq S+H,1
Ohw � eh dq rshqlqj dqg * d forvlqj/ erwk e| pdunhu uhfrqvwuxfwlrq/ iurp S+H,
lqwr lwvhoi1 Wkh rshudwru � = S+H, $ S+H,/ jlyhq e|

� @ � ^ �~ _ *� @ * _ �~ ^ �� +<,
lv fdoohg wkh  dwwhqlqj ri sulplwlyhv � dqg *1 Khuh ~ vwdqgv iru wkh frpsohphqw
rshudwlrq rq S+H,1

Wkh vhw �+D, vdwlv�hv wkh uhodwlrqv
D _ �+D, @ D _ �+D,
D � _ �+D, @ D � _ *+D, ++, D ^ �+D, @ D ^ *+D,, +43,

l1h1 �+D, dfwv dv dq rshqlqj/ dqg lqvlgh D � dv d forvlqj1 V|vwhp +43, dovr uhodwhv
wr wkh dfwlylw| odwwlfh/ zkhuh d pdsslqj # rq S+H, lv vdlg wr eh ohvv dfwlyh wkdq
# � / zkhq # � +D, fkdqjhv pruh srlqwv ri D wkdq #+D,> ;D 5 S+H,/ +vhh fkdswhu
; lq ^ VHU;;`,1 Li Lg vwdqgv iru wkh lghqwlw| rshudwru/ wkh dfwlylw| rughulqj lv dv
iroorzv Lg _ # � Lg _ # �

Lg ^ # � Lg ^ # �

dqg rqh qrwhv # � # � 1 Wkh dfwlylw| rughulqj jlyhv ulvh wr d frpsohwh odwwlfh
vwuxfwxuh/ zkhuh wkh vxsuhpxp dqg wkh lq�pxp ri d idplo| i# � > l 5 Lj duh
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jlyhq e|
j# � @ �~ _ +^# � ,� ^ ^_# � `
i# � @ ^Lg _ +^# � ,` ^ ^_# � ` =

Zkhq dsso|lqj wklv v|vwhp wr wkh idplo| i�> *j ri wkh wzr  dwwhqlqj sulpl0
wlyhv/ zh gudz iurp +<, wkdw

� j * @ � � i * @ Lg =
Dq lqwhuhvwlqj vlwxdwlrq rffxuv zkhq � dqg * duh gxdo xqghu frpsohphqw

l =h=zkhq * @ ~�~1 Wkhq zh kdyh
~�~ @ ~ ��~ ^ �Lg _ *~�� @ * _ ~ �Lg _ *~� @ �>

zklfk phdqv wkdw � lv vhoi 0gxdo zlwk uhvshfw wr wkh frpsohphqw1
Sursrvlwlrq 55 Dq|  dwwhqlqj � = S+H, $ S+H, lv wkh dfwlylw| vxsuhpxp ri
lwv wzr sulplwlyhv � dqg *1 Zkhq wkhvh sulplwlyhv duh gxdo iurp hdfk rwkhu/
wkhq wkh fruuhvsrqglqj  dwwhqlqj lv vhoi0gxdo1

:14 Pdunhuv edvhg  dwwhqlqjv
Zkhq zh hvwdeolvkhg Sursrvlwlrq 55/ zh glg qrw xvh wkh uhfrqvwuxfwlrq vwuxfwxuh
ri rshudwlrqv � dqg *1 Krzhyhu/ vlqfh lw zloo eh gluhfwo| lqyroyhg lq zkdw iroorzv/
zh qrz jlyh h{solflw h{suhvvlrqv iru � dqg *> edvhg rq pdunhuv P dqg Q �

uhvshfwlyho|/ l =h=
�+D, @ � 1 +D, @ ^i� � +D, > { 5 H > � � +D, _P 9@ >j +44,
* � +D, @ ^* 243 +D,` � @ ^i� � +D � , > { 5 H > � � +D � , _Q � 9@ >j

Wkhuhiruh/ rshqlqj � 1 +D, lv wkh xqlrq ri wkrvh judlqv ri D wkdw klw pdunhu P /
dqg wkh frpsohphqw ri forvlqj * 2 3 +D, lv wkh xqlrq ri wkrvh sruhv ri D wkdw klw
pdunhu Q � / khqfh

D � _ * 2 3 +D, @ ^i� � +D � , > { 5 H > � � +D � , � Qj +45,
vr wkdw

�+D, @ � 1 +D, ^ ^D � _ * 2 3 +D,`
Wkhuhiruh �+D, lv wkh xqlrq ri doo judlqv ri D wkdw lqwhuvhfw pdunhu P dqg ri
doo sruhv wkdw duh lqfoxghg lq pdunhu Q=

Frqvlghu qrz d idplo| i� � / l 5 Lj ri  dwwhqlqjv zlwk pdunhuv iP � >Q �
� j 1

Zh kdyh
+^� � ,+D, @ i doo judlqv ri D wkdw klw ^P � j
+_� � ,+D, @ idoo judlqv ri D wkdw klw hdfk ri wkh P � j=

Vlploduo| iru wkh forvlqjv/ zh kdyh wkdw
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+_* � ,+D, @ iD dqg doo sruhv ri D lqfoxghg lq _Q � j
+^* � ,+D, @ iD dqg doo sruhv ri D lqfoxghg lq rqh ri wkh Q � j=

Qrz/ zh frqfoxgh iurp Sursrvlwlrq 4; wkdw wkh �uvw wzr rshudwruv duh rshq0
lqjv dqg wkdw wkh odvw wzr duh forvlqjv1 Khqfh/ zh pd| vwdwh
Sursrvlwlrq 56 Wkh fodvv ri  dwwhqlqjv � rq S +H, surylghg zlwk wkh dfwlylw|
rughulqj frqvwlwxwhv d frpsohwh odwwlfh1 Jlyhq wzr idplolhv ri sulplwlyhv i� � j
dqg i* � j> l 5 L> wkh lq�pxp dqg wkh vxsuhpxp ri wkh dvvrfldwhg  dwwhqlqjv
dgplw wkh iroorzlqj h{suhvvlrqv=

i� � @ +^� � , ^ ^~ _ +_* � ,`
j� � @ +_� � , ^ ^~ _ +^* � ,`=

Qrwh wkdw wkh rshqlqj _� � +uhvs1 wkh forvlqj ^* � , lqyroyhg khuh lv qr orqjhu
edvhg rq d vlqjoh pdunhu = hdfk judlq +uhvs1 hdfk sruh, lv vwloo mxgjhg lqglylg0
xdoo|/ exw zlwk uhvshfw wr vhyhudo pdunhuv1 Dv D/ P dqg Q ydu|/ �+D>P>Q,
lv d pdsslqj iurp ^S +H,` 5 lqwr S +H,1 Zh zloo qrz vhh xqghu zklfk frqglwlrq
wklv pdsslqj lv lqfuhdvlqj1 Sduw ri Wkhruhp 57 kdv douhdg| ehhq hvwdeolvkhg lq
^ KHL<:`/ qdpho| zkhq P dqg Q duh �{hg1 Exw iru h{whqglqj lqfuhdvlqjqhvv
iurp vhwv wr qxphulfdo ixqfwlrqv/ zh qhhg wr ydu| P dqg Q 1
Wkhruhp 57 Wkh  dwwhqlqj � = ^S +H,` 5 lqwr S +H, lv lqfuhdvlqj li dqg rqo| li
wkh wzr rshudqgv P dqg Q duh rughuhg e| Q � P 1

Surri1 Zh ehjlq zlwk wkh surri ri wkh �li� sduw1 Iluvwo|/ zh revhuyh wkdw/
jlyhq D/ zkhq P � P � dqg Q � Q � pruh judlqv ri D duh klw dqg pruh sruhv
ri D duh fryhuhg/ khqfh

�+D>P>Q, � �+D>P � > Q � , +46,
Frqvlghu qrz wkh yduldwlrq ri � dv d ixqfwlrq ri D rqo|/ dqg dvvxph wkdw

Q � P 1 Wkh �uvw whup lq +<,dq rshqlqj/ khqfh lqfuhdvlqj1 Dv iru wkh vhfrqg
rqh/ lw vx!fhv wr suryh wkdw/ zkhq D � D � / wkh lqfoxvlrq � � +D � , � Q lpsolhv
wkdw � � +D � , � �+D � >P>Q,1 Qrz/ iru hyhu| srlqw } 5 � � +D � , � Q / rqo| wzr
fdvhv pd| rffxu

l2 � 6 +D � � , 9@ >/ wkhq } ehorqjv wr d sruh ri D � � 1 Exw vlqfh D � � � D � / zh kdyh
� 6 +D � � , � � 6 +D � , @ � � +D � , � Q / khqfh } 5 � +D � >P>Q, >

ll2 � 6 +D � � , @ >/ wkhq } ehorqjv wr wkh judlq � 6 +D � , ri D � 1 Qrz } 5 Q � P /
khqfh � 6 +D � , _P 9@ > vr wkdw } 5 �+D � >P>Q,1

Ilqdoo|/ zh kdyh
D � D � > Q � P , �+D>P>Q, � �+D � >P>Q, +47,

Wkh �rqo| li� sduw pd| eh suryhg e| phdqv ri d frxqwhuh{dpsoh1 Lqghhg/ li
Q - P / wdnh iru vhw D d judlq wkdw plvvhv P dqg wkdw frqwdlqv d sruh lqfoxghg
lq Q> dqg wdnh iru D � wkh vdph judlq/ exw zlwkrxw lwv sruh +�j144d,1 Zh vhh
wkdw

D � D � > �+D>P>Q, � �+D � >P>Q,=
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Wkh surri lv wkhq dfklhyhg e| frpelqlqj uho1+46, dqg +47,1
Dq lqwhuhvwlqj ihdwxuh ri  dwwhqlqj frqfhuqv vhoi gxdolw|1 Lqghhg/  dwwhq0

lqjv kdyh ehhq lqwurgxfhg e| I1 Ph|hu zlwk wkh jrdo ri �qglqj vhoi gxdo frq0
qhfwhg rshudwruv1 Iluvwo|/ zh pd| frqvlghu wkh ehkdylrxu ri wkh wulsoh pdsslqj
+D>P>Q, $ �+D>P>Q, zkhq wdnlqj wkh frpsohphqwv1 Zh kdyh

^�+D � >P � >Q � ,` � @ ^� 173 +D � ,` � _ ^D _ ^� 2 +D,` � ` � @ * 173 +D, _ ^D � ^ � 2 +D,` >
khqfh

^�+D � >P � >Q � ,` � @ � 2 +D, ^ ^D � _ * 183 +D,` @ �+D>Q>P,
Wkhuhiruh vhoi gxdolw| ri �+D>P>Q, lv uhdfkhg li dqg rqo| li wkh wzr pdunhuv Q
dqgP duh lghqwlfdo +d uhvxow wkdw dovr iroorzv iurp sursrvlwlrq ;16 lq ^ KHL<:`,1
Vlqfh/ lq dgglwlrq/ frqglwlrq P � Q lpsolhv wkh lquhdvlqjqhvv ri �/ zh duulyh wr
wkh iroorzlqj uhvxow
Sursrvlwlrq 58 Wkh  dwwhqlqj +D>P>P, $ �+D>P>P, lv dq lqfuhdvlqj vhoi
gxdo pdsslqj iurp S+H,�S+H, lqwr S+H,1

Lq wklv dssurdfk/ zh lpsolflwho| vxssrvhg wkdw wkh gdwd ri D hqg ri P duh
lqghshqghqw slhfhv ri lqirupdwlrq1 Lq sudfwlfh/ lw riwhq rffxuv wkdw pdunhuP gh0
ulyhv iurp d suhylrxv wudqirupdwlrq ri D lwvhoi/ P @ �+D,/ vd|1 Wkhq wkh sursr0
vlwlrq vkrzv wkdw wkh  dwwhqlqj � = S+H, $ S+H, / zlwk � @ � +D>�+D,> �+D,,
lv vhoi0gxdo li dqg rqo| li wkh rshudwru � lv douhdg| vhoi gxdo1

Zh qrz frqvlghu wkh txhvwlrq ri lghpsrwhqfh iru  dwwhqlqjv1
Sursrvlwlrq 59 Jlyhq wzr vhwvP dqg Q lq S+H,/ zlwk Q � P / wkh  dwwhqlqj
D $ �+D>P>Q, @ � 17� 2 +D,> iurpS+H, lqwr lwvhoi/ lv lghpsrwhqw1

Surri1 Wkh vhw �+D>P>Q, frpsulvhv wkuhh w|shv ri frqqhfwhg frpsrqhqwv/
qdpho| vrph � � +D,/ vrph � 6 +D � , dqg xqlrqv ri vrph � � +D, dqg � 6 +D � ,1 E|
frqvwuxfwlrq/ frpsrqhqwv ri w|sh rqh dqg wkuhh lqwhuvhfw P / dqg vlqfh Q � P /
frpsrqhqwv ri w|sh wzr +zklfk duh lqfoxghg lq Q,/ gr lqwhuvhfw P 1 Wkhuhiruh
qrqh ri wkhp lv uhpryhg l1h1

�+D>P>Q, � �^+�+D>P>Q,>P>Q `=
Lq sduwlfxodu/ zh dovr kdyh �+D � > Q � >P � , � �^�+D � > Q � >P � ,> Q � >P � `/ khqfh

e| gxdolw|
�+D>P>Q, � �^�+D � > Q � >P � , � >P>Q ` @ ^+�+D>P>Q,>P>Q `

zklfk frqfoxghv wkh surri1
Wklv uhvxow lv wr eh uhodwhg zlwk Wkhruhp U05 lq^ PDW<:`1 Wkhuh/ Pdwkhurq

hvwdeolvkhv wkh lghpsrwhqfh ri vrph dv|pswrwlf rshudwru zklfk frlqflghv zlwk
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wkh  dwwhqlqj � zkhq wkh frqqhfwlrq F lv rewdlqhg dv wkh olplw xqghu lwhudwlrq
zlwk d jlyhq h{whqvlyh glodwlrq1

Lq wkh vdph zd|/ dv iru Sursrvlwlrq 59/ rqh dovr suryhv hdvlo| wkdw/ jlyhq D/
pdsslqj P $ �+D>P>P, @ � 9 +P, lv lghpsrwhqw1 Wkhuhiruh/ e| frpelqlqj
wkhvh uhvxowv zlwk Wkhruhp 57/ dqg e| sxwwlqj � 1:� 2 +D, @ �+D>P>Q, zh duulyh
wr wkh iroorzlqj uhvxow
Wkhruhp 5: Zkhq Q � P / wkh wzr  dwwhqlqjv D $ � 1:� 2 +D, dqg P $
� 9 +P, duh frqqhfwhg pruskrorjlfdo �owhuv iurp S+H, lqwr lwvhoi1

Vlqfh  dwwhqlqjv wxuq rxw wr eh pruskrorjlfdo �owhuv/ wkh iroorzlqj txhvwlrq
dulvhv1 Wkh  dwwhqlqjv kdyh ehhq lqwurgxfhg xvlqj rshqlqjv � 1 dqg forvlqjv
* 243 1 Qrz/ erwk surgxfwv � 1 * 2;3 dqg * 243 � 1 duh wkhpvhoyhv pruskrorjlfdo
�owhuv +dv surgxfwv ri rshqlqjv dqg forvlqjv, zklfk lq dgglwlrq vdwlvi| wkh lq0
foxvlrq � 1 * 2<3 � * 243 � 1 +dv �owhuv e| uhfrqvwuxfwlrq,1 Grhv wkhuh h{lvw dq|
uhodwlrqvkls ehwzhhq wkhvh wzr surgxfw �owhuv dqg wkh  dwwhqlqj � ri vdph sulp0
lwlyhv B Xqiruwxqdwho| wkh dqvzhu lv qhjdwlyh1 Wr pdnh lw fohdu wkdw/ wdnh/ iru
h{dpsoh/ D wr eh d vlqjoh judlq zlwk dq lqwhuqdo sruh E/ dqg wdnh P @ Q @ E
+�j144e,1 Fohduo|/ zh kdyh

* 1 3 +D, @ D ^P @, � 1 * 1 3 +D, @ D ^P>
exw � 1 +D, @ B @, * 1:3 � 1 +D, @ B

zkhuhdv �+D, @ P lv qhlwkhu � 1 * 183 +D, qru * 173 � 1 +D,1 Pruhryhu/ wkh h{0
dpsoh vkrzv wkdw �+D_�+D,, @ B dqg wkdw �+D^ �+D,, @ D^P 1 Wklv lpsolhv
wkdw � fdqqrw eh ghfrpsrvhg lqwr wkh surgxfw ri dq rshqlqj e| d forvlqj ru ylfh
yhuvd +Wkhruhp 9044/ fruroodu| 5 lq^ PDW;;f`,1 Ilqdoo|/ qrwh wkdw lq wkh h{dp0
soh ri �j144e wkh erxqgdu| ehwzhhq wkh judlq dqg lwv lqwhuqdo sruh lv suhvhuyhg/
exw qrw wkh vhqvh ri yduldwlrq +l1h1 judlq J ehfrphv d sruh zkhuhdv d sruh
dgmdfhqw wr J ehfrphv d judlq,1 Dv d pdwwhu ri idfw/ vxfk d � ls0 rs� h�hfw/ dv
zhoo dv rwkhu gudzedfnv/ duh gxh wr sdwkrorjlfdo fdvhv zkhq P frqwdlqv d sruh
ri D/ exw plvvhv wkh vxuurxqglqj judlq+v,1

Wkhuhiruh/ wr lpsuryh wkh vlwxdwlrq/ zh kdyh wr voljkwo| prgli| wkh pdunlqj
fulwhuld lqyroyhg lq � 1 dqg lq * 2;3 1

:15 Vhw ohyholqj
I1 Ph|hu ^ PH\<;e` gh�qhv d ohyholqj dv d  dwwhqlqj rq juh| wrqh ixqfwlrqv
zklfk suhvhuyh wkh vhqvh ri yduldwlrq rq hyhu| wzr qhljkerulqj sl{hov ri d gljlwdo
julg1 Zkhq wudqvsrvhg lq whupv ri vhw pdsslqjv dfwlqj lq wkh iudphzrun ri dq
duelwudu| frqqhfwlrq F/ wklv frqglwlrq frqfhuqv xqltxho| wkh sdluv +[>\ , ri vhwv
wkdw duh dgmdfhqw1
Gh�qlwlrq 5; Ohw F eh d frqqhfwlrq rq S+H,/ dqg ohw [>\ 5 S+H,1 Vhwv [
dqg \ duh vdlg wr eh dgmdfhqw zkhq [ ^ \ lv frqqhfwhg/ zkhuhdv [ dqg \ duh
glvmrlqw1
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Gh�qlwlrq 5< Jlyhq d frqqhfwhg frpsrqhqw D 5 F dqg d vhw P 5 S+H,/ rqh
vd|v wkdw D wrxfkhv P> dqg rqh zulwhv D n P zkhq hlwkhu D lqwhuvhfwv P ru
lv dgmdfhqw wr d vxevhw ri P= E| gxdolw|/ rqh vd|v wkdw D olhv lq P zkhq D grhv
qrw wrxfk P � > rqh zulwhv D m P ruD / P � =

Wkh gxdolw| xqghu frpsohphqw surylghv wkh wzr iroorzlqj htxlydohqfhv
D n P +, D % P � dqg D / P +, D m P �

Qrwh wkdw uhodwlrq D n P +D wrxfkhv P, lv ohvv ghpdqglqj wkdq D _P 9@B +D lqwhuvhfwv P,/ vlqfh lw dffhswv lq dgglwlrq wkdw D dqg P eh dgmdfhqw1
Vlploduo|/ D m P +D olhv lq P,/ lv pruh vhyhuh wkdq D � P / vlqfh qrqh ri wkh
judlqv ri D dqg ri P pxvw eh dgmdfhqw wr hdfk rwkhu1

Zkhq � � +D, 9@ � � +D, iru dq duelwudu| D 5 S+H,/ rqh fdqqrw kdyh � � +D, n
� � +D, vlqfh � � +D, lv wkh odujhvw hohphqw ri F lqfoxghg lq D1 Exw � � +D, pd|
qrw wrxfk vrph sruhv \ � ri D dqg/ qhyhuwkhohvv/ wrxfk wkhlu xqlrq ^\ � 1 Iru
h{dpsoh/ iru wkh frqqhfwlrq e| rshqlqj lqwurgxfhg lq vhfwlrq 415/ qrqh ri wkh
wzr srlqw sruhv ri wkh odwhudo jxoi/ lq �j145d/ lv dgmdfhqw wr vhw D/ zkhuhdv wkhlu
xqlrq wrxfkhv lw1 Wkh prvw srzhuixo frqqhfwlrqv duh wkrvh zklfk suhyhqw wklv
shuyhuvh h�hfw/ l1h1 zklfk ixoo�oo wkh iroorzlqj frqglwlrq
Frqglwlrq 63 D frqqhfwlrq F rq S+H, lv dgmdfhqf| suhyhqwlqj zkhq/ iru dq|
hohphqw P 5 S+H, dqg dq| idplo| iE � / l 5 Lj lq F / wr vd| wkdw P lv dgmdfhqw
wr qrqh ri wkh E � lv htxlydohqw wr vd|lqj wkdw P lv qrw dgmdfhqw wr ^E � 1

Ohw xv uhwxuq wr wkh  dwwhqlqjv �1 Uhsodfh rshqlqj � 1 / dv gh�qhg e| uhodwlrq
+44, e|

� 1 +D, @ ^i� � +D, > { 5 H > � � +D, - Pj
Rshudwru � 1 lv vwloo d pdunhu0edvhg rshqlqj e| uhfrqvwuxfwlrq1 Iru vdnh ri
gxdolw|/ zh kdyh wr surylgh * 2 3 zlwk d vlplodu vwuxfwxuh/ khqfh wr uhsodfh lw e|

k

* 2 3 +D,
l �

@ ^i� � +D � , > { 5 H > � � +D � , - Qj =
Wklv uhvxowv lq wkh iroorzlqj gh�qlwlrq ri d ohyholqj
Gh�qlwlrq 64 D  dwwhqlqj ri sulplwlyhv � 1 dqg * 2 3 >P>Q � H> lv fdoohg
ohyholqj �/ l=h=

� @ � 1 ^ +~ _ * 2 3 , = +48,
Wklv gh�qlwlrq uhfryhuv Ph|hu*v rqh/ lq wkh gljlwdo fdvh1 Qrwlfh wkdw lq wkh

vlwxdwlrq ri �j144e lw |lhogv �+D, @ D +qhlwkhu wkh judlq qru lwv lqwhuqdo sruh
duh prgl�hg,1 Pdsslqj � lv wkxv ohvv dfwlyh wkdq �1 Rqh fdq hdvlo| yhuli| wkdw/
pxwdwlv pxwdqglv/ Sursrvlwlrqv dqg Wkhruhpv 54 wr 5: duh vwloo ydolg iru ohyholqj1
Ixuwkhupruh/ Wkhruhp 5: lv vwuhqjwkhqhg e| Wkhruhp 66 ehorz/ dffruglqj wr
zklfk wkh ohyholqj � pd| eh zulwwhq dv wkh surgxfw ri � 1 e| * 2 3 frpsrvhg lq
dq duelwudu| rughu/ khqfh lv d vwurqj �owhu1
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Ohppd 65 Ohw F eh dq dgmdfhqf| suhyhqwlqj frqqhfwlrq rq S+H,/ ohw D>Q 5
S+H,/ dqg ohw \ eh d sruh ri D1 Li \ olhv lq Q / wkhq doo wkrvh judlqv ri D zklfk
duh dgmdfhqw wr \ lqwhuvhfw Q 1 E| gxdolw|/ li d judlq [ ri D grhv qrw wrxfk vhw
Q / wkhq qrqh ri wkh sruhv ri D dgmdfhqw wr [ lv lqfoxghg lq Q 1

Surri1 Frqvlghu d sruh \ ri D/ zlwk \ m Q / dqg d judlq [ ri D zklfk
lv dgmdfhqw wr \ 1 Wkh dvvxpswlrq ri dgmdfhqf| suhyhqwlrq lpsolhv wkdw wkhuh
h{lvwv dw ohdvw rqh srlqw { 5 [ zklfk lv dgmdfhqw wr \ > pruhryhu/ vlqfh Q �

lv qrw dgmdfhqw wr \ / +khqfh qrqh ri lwv srlqwv lv dgmdfhqw wr\ ,/ { ehorqjv
qhfhvvdulo| wr Q / l1h1 [ _Q 9@ >=

Qrz wdnh d judlq [ ri D wkdw grhv qrw wrxfk Q / l1h1 vxfk wkdw [ m Q � = Zh
gudz iurp wkh �uvw sduw ri wkh surri wkdw hyhu| sruh \ ri D wkdw lv dgmdfhqw wr
[ phhwv Q � / khqfh lv qrw lqfoxghg lq Q 1
Wkhruhp 66 Ohw F eh d frqqhfwlrq rq S+H,1 Jlyhq P>Q � H zlwk P � Q /
wkh ohyholqj � 1:� 2 = S+H, $ S+H, ri sulplwlyhv � 1 dqg * 2 3 lv d vwurqj
frqqhfwhg �owhu/ dqg dgplwv wkh grxeoh ghfrpsrvlwlrq

� @ � 1 * 2;3 @ * 243 � 1 +49,
li dqg rqo| li frqqhfwlrq F lv dgmdfhqf| suhyhqwlqj1

Surri1 Iru wkh �li� surri/ zh kdyh wr vkrz wkdw wkh wkuhh iroorzlqj rshud0
wlrqv duh lghqwlfdo=

l2 wr wdnh wkh xqlrq ri wkh sruhv \ ri D o|lqj lq Q dqg ri wkh judlqv [ ri
D wrxfklqj P >

ll2 wr wdnh wkh xqlrq D3 ri wkh judlqv ri D wrxfklqj P / dqg wr dgg wklv
xqlrq wr wkh sruhv ri D3 wkdw olh lq Q >

lll2 wr dgg wr D doo lwv sruhv o|lqj lq Q / dqg wr h{wudfw iurp wkh uhvxow wkh
xqlrq ri doo judlqv wrxfklqj P 1

Zh ehjlq e| vkrzlqj wkdw rshudwlrqv l2 dqg lll2 duh lghqwlfdo1 Fohduo|/ hyhu|
judlq ri l2 lv dovr d judlq ri lll21 Exw d judlq ri lll2 lv hlwkhu d judlq [ ri
D wkdw wrxfkhv P +khqfh lw ehorqjv wr xqlrq l2 , / ru wkh xqlrq ri d sruh \
ri D o|lqj lq Q dqg ri doo lwv dgmdfhqw judlqv [ � lq vhw D1 Wkhq dffruglqj wr
wkh ohppd/ hdfk ri wkhvh judlqv [ � lqwhuvhfwv vhw Q / dqg d iruwlrul vhw P / vlqfh
Q � P> dqg frqvhtxhqwo| ehorqjv wr wkh uhvxow ri rshudwlrq l2 1 Wkhuhiruh wkh
wzr surfhvvlqjv l2 dqg lll2 duh lghqwlfdo1 Wkh surri lv dfklhyhg e| revhuylqj
wkdw l2 lv d vhoi0gxdo surfhgxuh/ dqg wkdw ll2 dqg lll2 duh gxdo ri hdfk rwkhu1

Wkh �rqo| li� sduw pd| eh suryhg e| phdqv ri d frxqwhuh{dpsoh1 Htxls ] �
zlwk wkh frqqhfwlrq e| vtxduh rshqlqjv ri vl}h 5� 5/ dqg frqvlghu wkh vhw D ri] � uhsuhvhqwhg lq �j145d1 Wklv vhw lv frpsrvhg ri �yh judlqv/ qdpho| wzr 5�5
vtxduhv/ soxv wkuhh srlqwv1 Wkh pdunhu Q @ P lv frpsrvhg ri wkh wzr srlqwv
orfdwhg ehwzhhq wkh wzr vtxduhv ri D + wkh| duh vxuurxqghg e| d uhfwdqjoh lq
�j145d, 1 Zh kdyh * 2 3 � 1 @ � 1 9@ � 1 * 2 3 @ * 2 3 / dv vkrzq lq �j145e dqg
�j145f uhvshfwlyho|1 Khqfh d qrq dgmdfhqf| suhyhqwlqj frqqhfwlrq |lhogv d uhvxow
wkdw grhv qrw vdwlvi| uhodwlrq +49,1
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Uhodwlrq +49, fdq dowhuqdwlyho| eh rewdlqhg e| lqwurgxflqj wkh qrwlrq ri d
vwdeoh rshudwru ^FUH<6` dqg e| dsso|lqj sursrvlwlrq 4316 ri Khlmpdqv vwxg|
^ KHL<:`1 Rxu deryh dssurdfk irfxvhv rq d fkdudfwhulvwlf surshuw| ri wkh frq0
qhfwlrq lwvhoi/ dqg qrw ri vrph sduwlfxodu w|shv ri rshudwruv1 Wr frqfoxgh wklv
vhfwlrq/ zh h{dplqh vrph srvvleoh odzv ri yduldwlrq iru ohyholqj dqg  dwwhqlqjv1
Iluvw/ zh gudz iurp wkh grxeoh ghfrpsrvlwlrq ri d ohyholqj wkdw

P  � P �
, � 1>=?� 2$= =� 1A@B� 2C@ @ � 1A@+� 2C@ � 1D=?� 2�= @ � 1E@+� 2�= =

Q  � Q �
Exw li zh dovr uhtxluh wkh vhoi gxdolw| iru �> l1h1 P @ Q> wkhq wkh deryh

vhpl jurxs surshuw| uhgxfhv wr rqh hohphqw/ zklfk olplwv lwv lqwhuhvw1 Krzhyhu/
zh fdq wdnh wkh sureohp gl�huhqwo|/ dqg pruh uhdolvwlfdoo|/ e| pdnlqj P ydu|/
jlyhq D1 Iru vdnh ri vlpsolflw|/ zh wdnh P @ Q / dowkrxjk vhoi0gxdolw| lv qrw
uhtxluhg khuh1 Wkh uhohydqw irupdolvp wr ghyhors wkh srlqw lv wkdw ri wkh dfwlylw|
rughulqj iru vhwv +dqg qr orqjhu iru vhw pdsslqjv,^ PDW<:`1 Dv d pdwwhu ri idfw/
dq| �{hg vhw D jhqhudwhv dq rughulqj rq S+H, ghqrwhg e| � 9 =

P  � 9 P � li P  _D � P � _D dqg P  _D � � P � _D �

Iurp wklv rughulqj ghulyhv wkh vr0fdoohg D0dfwlylw| odwwlfh/ zkhuh wkh vxsuh0
pxp dqg wkh lq�pxp ri d idplo| iP � > l 5 Lj ri vhwv duh jlyhq e|

j 9 P � @ ^D � _ +^P � ,` ^ ^_P � `
i 9 P � @ ^D _ +^P � ,` ^ ^_P � `

D lwvhoi lv wkh ohdvw hohphqw/ dqg D � dv wkh juhdwhvw hohphqw +Qrwh wkdw wkhvh
frqfhswv duh yhu| vlplodu wr wkrvh suhvhqwhg hduolhu iru wkh rshudwru dfwlylw|
odwwlfh,1

JlyhqD/ frqvlghu wkh rshudwruvP $ � 9 +P, @ �+D>P, dqgP $ � 9 +P, @
�+D>P, iurp S+H, lqwr lwvhoi1 Wkhvh rshudwruv wxuq rxw wr eh rshqlqjv rq wkh
D0dfwlylw| odwwlfh1 Lqghhg/ dffruglqj wr uhodwlrqv +43,/ � 9 +P, frlqflghv zlwk
� 1 +D, +ru � 9 +P, zlwk � 1 +D,, rq D1 Khqfh/ lw vx!fhv wr uhgxfh D _ P iru
uhgxflqj D_� 9 +P,/ dqg vlploduo| wr lqfuhdvh D � _P iru hqodujlqj D � _� 9 +P,1
Lq rwkhu zrugv/ zh kdyh

P  � 9 P � , � 9 +P  , � 9 � 9 +P � , dqg � 9 +P  , � 9 � 9 +P � ,
l =h= � 9 dqg � 9 duh lqfuhdvlqj rq wkh D0dfwlylw| odwwlfh1 Wkh| duh dovr dqwl0
h{whqvlyh/ vlqfh zh fdq zulwh

D _P � D _ � 1 +D, @ D _ � 9 +P, � D _ � 1 +D, @ D _ � 9 +P,
dqg/ vlploduo|/ D � _P � D � _ � 9 +P, � D � _ � 9 +P,=

Htxlydohqwo|/ zh fdq zulwh
� 9 +P, � 9 P dqg � 9 +P, � 9 P=
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Wkh wklug dqg odvw d{lrp/ l1h1/ lghpsrwhqfh/ ghulyhv iurp Wkhruhp 5:1
D s|udplg/ dv gh�qhg lq ^ VHU<6`/ lv d idplo| i# F > � A 3j ri rshudwruv

iurp d vsdfh H lqwr d vsdfh I/ zklfk ghshqg rq d srvlwlyh sdudphwhu � vxfk
wkdw iru hdfk � � � A 3/ wkhuh h{lvwv d � � 3 zlwk # G # H @ # F + iru dq|
� � �/ wkh rshudwru # F fdq eh rewdlqhg hlwkhu gluhfwo|/ ru e| vwduwlqj iurp
# H dqg frpsrvlqj lw e| # G ,1 Lv lw srvvleoh wr jhqhudwh s|udplgv e| phdqv ri
vxfk rshqlqjv B Wkh dqvzhu lv |hv1 Frqvlghu wzr pdunhuv P  dqg P � zlwk
P  � 9 P � / dqg shuirup wkh rshqlqj � 1 � rq wkh uhvxow � 9 +P  , ri wkh vpdoohu
 dwwhqlqj1 Dv P  _D � P � _D/ wkh judlqv ri D wkdw duh lqwhuvhfwhg e| P � duh
h{dfwo| wkh judlqv ri � 9 +P  , lqwhuvhfwhg e| P � / vr wkdw

D _ � I+J # 1D= ) +P � , @ D _ � 1A@ ^� 9 +P  ,` @ D _ � 1E@ +D, @ D _ � 9 +P � ,=
E| gxdolw|/ zh fdq zulwh dovr

D � _ � I0J # 1>= ) +P � , @ D � _ � 9 +P � ,
l1h1/ �qdoo|

� I J # 1 = ) +P � , @ � 9 +P � ,=
Li zh vwduw zlwk wkh vwurqjhu  dwwhqlqj/ zh �qg vlploduo|

� I J # 1 @ ) +P  , @ � 9 +P � ,=
Vlqfh wkh dssurdfk lv dovr ydolg iru ohyholqj/ zh fdq frpelqh doo wkhvh uhvxowv lq
wkh iroorzlqj wkhruhp
Wkhruhp 67 Jlyhq vhw D/ wkh  dwwhqlqj P $ � 9 +P, dqg wkh ohyholqj P $
� 9 +P, iurp wkh D0dfwlylw| odwwlfh ri S+H, lqwr lwvhoi duh rshqlqjv1 Pruhryhu/
li P  � 9 P � zh kdyh

� I J # 1 = ) +P � , @ � I J # 1 @ ) +P  , @ � 9 +P � ,
� F J # 1 = ) +P � , @ � F J # 1 @ ) +P  , @ � 9 +P � ,1

Wklv odvw judqxorphwulf w|sh s|udplg lv vshfldoo| xvhixo lq sudfwlfh/ iru lw
doorzv xv wr judgh wkh dfwlylw| h�hfwv ri pdunhuv= lw phdqv wkdw zh fdq gluhfwo|
lpsohphqw d kljko| dfwlyh pdunhu/ ru/ htxlydohqwo|/ uhdfk lw e| lqwhuphgldu|
vwhsv1 Dq h{dpsoh lv jlyhq lq �j147d dqg e1 Qrwlfh wkdw wkh �uvw sduw ri wkh
wkhruhp kdv douhdg| ehhq hvwdeolvkhg e| Pdwkhurq +Wkhruhpv U05 dqg U07 lq
^ PDW<:`, iru  dwwhqlqjv/ dprqj ydulrxv rwkhu dojheudlf surshuwlhv1

:16 Glvfxvvlrq
Zh duh qrz lq d ehwwhu srvlwlrq wr frpsduh wkh Ph|hu0Pdwkhurq dssurdfk/
edvhg rq  dwwhqlqjv dqg ohyholqj/ zlwk wkh pruh jhqhudo judlq rshudwruv ri
Khlmpdqv/ zkhuh wkh elqdu| fulwhuld iru fkdqjlqj wkh vwdwxv ri d judlq ru d sruh
duh qrw d sulrul vxeplwwhg wr dq| frqglwlrq vxfk dv lqfuhdvlqjqhvv/ ru h{lvwhqfh
ri pdunhuv1
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Zkdw kdsshqv li zh dffhsw/ lq d  dwwhqlqj � @ � ^ �~ _ *�/ rshqlqjv dqg
forvlqjv e| uhfrqvwuxfwlrq lq wkh eurdg vhqvh ri vhfwlrq 9 B Wkhq � ghshqgv rq
wzr elqdu| lqfuhdvlqj fulwhuld/ p iru wkh rshqlqj dqg q iru wkh forvlqj/ vd|1 Wkh
frqvwudlqw iru lqfuhdvlqjqhvv ehfrphv wkh frqglwlrq wkdw wkh vxsuhpxp rip dqg
q lv lghqwlfdoo| rqh +sursrvlwlrq ;18 lq ^ KHL<:`,1 Wklv phdqv/ lq fdvh ri pdunhuv
P dqg Q � wkdw hyhu| vhw ri S+H, pxvw klw P ru Q � +zklfk lv wuxh l� Q � P,1
Exw vxfk d frqglwlrq lv kdugo| frpsdwleoh zlwk wkh duhd fulwhuld1 Iru h{dpsoh/
wdnh p+D, @ ^duhd+D, � d` dqg q+D, @ ^duhd+D, � e`/ wkhq wkh vxsuhpxp
p+D,bp+D, lv qrw lghqwlfdoo| rqh lq jhqhudo/ dqg li zh fkdqjh wkh vhqvh ri rqh
ri wkhvh wzr lqhtxdolwlhv/ zh qr orqjhu ghdo zlwk rshqlqjv +ru forvlqjv,1 Ilqdoo|/
pdunhuv edvhg rshudwlrqv vhhp wr surylgh wkh prvw frqyhqlhqw w|sh ri sulplwlyhv
iru lqfuhdvlqj  dwwhqlqjv1 Dprqj rwkhuv/ wkh| gluhfwo| |lhog wkh vhoi0gxdo rqhv1

Krzhyhu/ wkhuh h{lvw rwkhu zd|v wkdq  dwwhqlqjv wr rewdlq vhoi0gxdo frq0
qhfwhg �owhuv1 Zkhq � dqg * duh e| uhfrqvwuxfwlrq +lq wkh eurdg vhqvh,/ wkhq
�* dqg *� duh vwurqj �owhuv dqg �* � *�/ khqfh wkh fhqwhu � @ +Lg _ �*,^
*� lv lq wxuq d vwurqj �owhu zklfk ehfrphv vhoi0gxdo dv � dqg * duh gxdo ri rqh
dqrwkhu1 Krzhyhu/ h{shulhqfh vkrzv wkdw wklv rshudwru/ zklfk zdv wkh �uvw wr
eh ghyhorshg +fkdswhu :1; lq^ VHU;;`,/ grhv qrw doorz d zlgh udqjh ri dfwlylwlhv
^ VHU<6`1

; Ixqfwlrq  dwwhqlqjv dqg ohyholqjv
;14 Iurp vhwv wr ixqfwlrqv
Zh qrz uhwxuq wr wkh ixqfwlrq odwwlfh O � 1 Dq lqfuhdvlqj rshudwru � rq O � lv
vdlg wr eh  dw li wkhuh h{lvwv dq lqfuhdvlqj vhw rshudwru # vxfk wkdw

[+�+i,> w, @ _�+KL� # ^[+i> v,` +4:,

zkhuh [+i> w, vwdqgv iru wkh wkuhvkroglqj ri ixqfwlrq i dw ohyho w/ l1h1 =
[+i> w, @ i{ = { 5 H> i+{, � wj +4;,

K1 Khlmpdqv ^ KHL<4` kdv vkrzq wkdw hyhu| lqfuhdvlqj  dw ixqfwlrq rshudwru
� dgplwv d xqltxh vhw jhqhudwru #1 Pruhryhu/ zkhq wkh vhw jhqhudwru # lv
&0frqwlqxrxv/ wkhq +4:, wdnhv wkh vlpsoh irup ^ VHU;5`

[ ^�+i,> w` @ # ^[+i,> w` +4<,
Lq sduwlfxodu/ lq wkh �qlwh fdvhv ri gljlwdo lpdjhu|/ uhodwlrq +4;, lv vx!flhqw wr

fkdudfwhul}h wkh ixqfwlrq rshudwru � dvvrfldwhg zlwk dq lqfuhdvlqj vhw rshudwru
#1 Iurp wkhvh wzr uhodwlrqv/ dqg Wkhruhp 58/ zh gh�qh wkh qxphulfdo yhuvlrqv
� dqg � ri wkh lqfuhdvlqj  dwwhqlqjv dqg ohyholqjv xvlqj wkhlu furvv vhfwlrqv1Zh
vwduw zlwk wkh glvfuhwh fdvh1
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Gh�qlwlrq 68 Ohw i> j> k> eh wkuhh ixqfwlrqv iurp ] ! lqwr O/ dqg ohw j � k=
Wkh uhodwlrqv

[ ^�+i,> w` @ � ^[+i> w,` > [+j> w,> [+k> w,`
[ ^�+i,> w` @ � ^[+i> w,` > [+j> w,> [+k> w,`

gh�qh rqh dqg rqo| rqh  dwwhqlqj �+i, dv zhoo dv rqh dqg rqo| rqh ohyholqj
�+i, rq O M ' =

Li frqqhfwlrq F lv rewdlqhg xvlqj lwhudwlrqv ri dq hohphqwdu| glodwlrq �/ zlwk
dgmrlqw hurvlrq %/ wkhq d gljlwdo dojrulwkp iru �+i, dqg �+i, dv ixqfwlrqv ri i> j
dqg k kdv ehhq jlyhq e| Pdwkhurq lq wkh vhoi gxdo fdvh/ l1h1 iru j @ k ^ PDW<:`1
Dffruglqj wr wklv dojrulwkp/ wkh  dwwhqlqj �+i, dqg wkh ohyholqj �+i, wxuq rxw
wr eh wkh olplwv ri wkh uhfxuvlyh vhtxhqfh

j ! @ +i b %j ! �� , a �j ! �� @ +i a �j ! �� , b %j ! ��

zlwk j  @ +i a �+j a i, b %+j b i, iru  dwwhqlqjv
j  @ +i a �j, b %j iru ohyholqjv

Iru wkh vdph w|sh ri frqqhfwlrqv/ exw iru dq| sdlu +j> k, zlwk j � k> rqh fdq
rewdlq wkh ohyholqj e| dsso|lqj wkh ghfrpsrvlwlrq Wkhruhp 64/ dqg frpsxwlqj
wkh rshqlqj e| uhfrqvwuxfwlrq j N +i, dqg vxffhvvlyho| �+i, @ k N ^j N +i,`1 Wkh
�uvw rshudwlrq lv wkxv jlyhq e| wkh olplw ri wkh vhtxhqfh

j ! @ +i a �j ! �� , zlwk j  @ +i a �j,
dqg wkh vhfrqg rqh e|

k ! @ ^j N +i, b %k ! �� ` zlwk k  @ ^j N +i, b %k`
Wklv vhfrqg whfkqltxh lv xvxdoo| ehwwhu wkdq wkh suhylrxv rqh/ vlqfh wkh

wzr sulplwlyhv duh lpsohphqwhg e| idvw uhfxuvlyh dojrulwkpv lq prvw ri wkh
pruskrorjlfdo sdfndjhv1 Rqh fdq fkhfn qxphulfdoo| wkdw wkh wzr idfwruv k N
dqg j N gr frppxwh lq dojrulwkp �+i, @ k N ^j N +i,` +Wkhruhp 64,=

Ohw xv qrz frqvlghu wkh fdvh ri qrq glvfuhwh juh| wrqh ydoxhv1 Zh zloo
vxssrvh iru wkh vdnh ri vlpsolflw| wkdw H lv d vhsdudeoh wrsrorjlfdo vsdfh/ dqg
wkdw F lv d frqqhfwlrq vxfk wkdw iru hdfk { 5 H/ wkh frqqhfwhg � � rshqlqj lv
&0frqwlqxrxv rq wkh forvhg vhwv ri H/ dqg %0frqwlqxrxv rq wkh rshq vhwv ri H1
Li zh frqvlghu

0 dq xsshu vhpl frqwlqxrxv ixqfwlrq i = H $ O/
0 d pdunhu j zkrvh furvv vhfwlrqv [+j> w, duh frpsdfw/
0 dqg d vhfrqg pdunhu k vpdoohu ru htxdo wr j/

wkhq wkh gh�qlwlrq ri wkh glvfuhwh fdvh h{whqgv gluhfwo| +zlwkrxw wkhvh dvvxps0
wlrqv/ zh vkrxog kdyh wr frqvlghu wkh zkroh vwdfn ri vhfwlrqv,1
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;1414 Vhoi0gxdolw|
Doo surshuwlhv frqfhuqlqj vhoi0gxdolw|/ irxqg lq wkh elqdu| fdvh/ vxfk dv Sursrvl0
wlrq 59/ h{whqg gluhfwo| wr qxphulfdo fdvhv1 Li 3 dqgp vwdqg iru wkh wzr h{wuhph
erxqgv ri wkh juh| d{lv O/ zh kdyh iru h{dpsoh

p� �+p� i>p� j>p� j, @ �+i> j> j,
zklfk phdqv wkdw wkh ohyholqj i> j $ �+i> j, lv dozd|v d vhoi0gxdo pdsslqj +khuh
wkh frpsohphqw rshudwlrq lv uhsodfhg e| lwv ixqfwlrq dqdorjxh i $ p� i,= Lq
dgglwlrq/ li wkh pdunhu lv frpsxwhg zlwk d vhoi0gxdo rshudwru/ l1h1 j @ j+i,/
zkhuh wkh rshudwru j vdwlv�hv

p� j+p� i, @ j+i,
iru hyhu| i / wkhq wkh ohyholqj i $ �+i> j+i,> j+i,, lv vhoi0gxdo dqg zh kdyh

p� �^p� i> j+p� i,> j+p� i,` @ �^i> j+i,> j+i,,`
Wkh vdph frpphqwv dsso| wr  dwwhqlqjv dv zhoo1 Rshudwruv j/ vxfk dv frqyr0
oxwlrq/ ru phgldq rshudwruv gr surylgh vhoi0gxdo pdunhuv1 Wkh uhdghu zloo �qg
dqrwkhu surylghu ri vhoi0gxdolw| iru pdunhuv lq wkh h{dpsoh ri �j147d dqg 47e
ehorz1 Qrwlfh wkdw wkh deryh uhodwlrq ri vhoi0gxdolw| iru j lv glvwlqfw iurp wkdw
ri lqyduldqfh xqghu frpsohphqwdwlrq/ qdpho|

j+p� i, @ j+i,
Wklv odwwhu uhodwlrq lv vdwlv�hg e| hyhu| v|pphwulfdo ixqfwlrq ri wkh plqlpd

dqg ri wkh pd{lpd ri i / ru e| dq| ixqfwlrq ri wkh prgxoh ri lwv judglhqw/ iru
h{dpsoh1 Exw lw grhv qrw lpso| wkh jhqhudo vhoi0gxdolw| ri �+i> j> j,1
;1415 H{dpsohv
Lq sudfwlfh/ wkh uroh ri wkh pdunhu lv fuxfldo1 Lq �j146 wr 48/ wkuhh pdunhuv j duh
frpsduhg zkhq wkh sodqdu gljlwdo frqqhfwlrq lv wkdw ri wkh kh{djrqdo julg1 Iru
wkh wkuhh pdunhuv zh wdnh k @ j1 Wkh �uvw pdunhu j lv dq dowhuqdwlqj vhtxhqwldo
�owhu ri vl}h wzr ri i / vwduwlqj zlwk wkh rshqlqj +revhuyh wkdw lw lv qrw vhoi0gxdo,1
Wkh fruuhvsrqglqj ohyholqj lv suhvhqwhg lq �j146e1

Wkh vhfrqg sdlu ri pdunhuv lv rewdlqhg e| uhsodflqj i e| }hur rq wkh h{0
whqghg pd{lpd dqg plqlpd ri i / dqg e| ohdylqj i xqfkdqjhg hovhzkhuh1

Wr frpsxwh wkh h{whqghg pd{lpd ri i / zh wdnh wkh iroorzlqj vwhsv1 Shuirup
wkh rshqlqj e| uhfrqvwuxfwlrq � OQPSR +i, ri i iurp i � n/ zkhuh n lv d srvlwlyh
frqvwdqw1 Wkhq wkh pd{lpd ri � OTPUR +i, gh�qh wkh vr fdoohg h{whqghg pd{lpd ri
i / dqg wkrvh srlqwv { zkhuh i+{, � � OQPSR +i,+{, @ n gh�qh wkh +qrq h{whqghg,
pd{lpd ri i ri g|qdplfv A n > wkh h{whqghg plqlpd duh rewdlqhg e| gxdolw|1

Wkh fruuhvsrqglqj ohyholqjv duh vkrzq lq �j147d dqg 47e/ iru pdunhuv j 5 �
dqg j V � / ri g|qdplfv 63 dqg 93 uhvshfwlyho| +ryhu 589 juh| ohyhov,1

Wkhvh wzr pdunhuv duh vhoi0gxdo e| frqvwuxfwlrq/ dqg vdwlvi| wkh frqglwlrq ri
dfwlylw| lqfuhdvlqjqhvv ri Wkhruhp 651 Wkhlu surjuhvvlyh ohyholqj dfwlrq dsshduv
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fohduo| zkhq frqiurqwlqj �j1 47d dqg 47e1 Qrwlfh wkh uhodwlyho| fruuhfw suhvhu0
ydwlrq ri vrph �qh ghwdlov vxfk dv exwwrqv/ h|hv/ h|heurzv/ �qjhuv/ hwf11 Wkhvh
ghwdlov duh suhvhuyhg ehfdxvh ri wkhlu kljk g|qdplfv1 Zh dovr srlqw rxw wkdw/
lq wkh fxuuhqw h{dpsoh/ wkhuh lv qr ylvxdo gl�huhqfh ehwzhhq wkhvh ohyholqjv dqg
wkh fruuhvsrqglqj  dwwhqlqjv1

Dowhuqdwlyho|/ zh frxog kdyh uhsodfhg j 5 � dqg j V � e| wkh vxsuhpd ri wkrvh
pd{lpd dqg plqlpd ri i zklfk kdyh g|qdplfv juhdwhu wkdq 63 dqg 93/ uh0
vshfwlyho|1 Wkh frqwudvwv zrxog kdyh ehhq ehwwhu surwhfwhg/ exw wkh vhoi0gxdolw|
zrxog kdyh ehhq orvw lq wklv fdvh1

Rqh fdq frpsduh wkh deryh wkuhh surfhvvlqjv e| frpsxwlqj wkh wrwdo duhd
rffxslhg e| wkh  dw }rqhv zklfk kdyh qrq hpsw| lqwhulruv1 Lq wkh lqlwldo lpdjh/
zklfk lv frpsrvhg ri 8;/573 sl{hov/ wkh duhd ri vxfk  dw }rqhv lv 57/89;1 Xqghu
wkh ohyholqj dfwlrq/ wkh| lqfuhdvh xs wr 74/9:3 > 74/954 dqg 76/4:6 sl{hov iru
lpdjhv 46e/ 47d dqg 47e/ uhvshfwlyho|1 Khqfh/ iru d vdph frpsuhvvlrq udwh lq
whupv ri  dw }rqhv/ wkh dvi pdunhu lv shufhswxdoo| zruvh/ vlqfh lw orvhv pruh �qh
vwuxfwxuhv1

Lq wkh wklug h{dpsoh/ wkh lqlwldo lpdjh kdv ehhq fruuxswhg e| Srlvvrq qrlvh
+�j148d,1 D jdxvvldq frqyroxwlrq uhgxfhv wkh qrlvh/ exw dovr vprrwkhv doo wudq0
vlwlrqv +�j148e,1 Krzhyhu/ li zh xvh wkh frqyroyhg lpdjh 48e dv d +vhoi0gxdo,
pdunhu dfwlqj e| ohyholqj rq wkh fruuxswhg lpdjh/ wklv vhfrqg rshudwlrq uhfryhuv
wkh lqlwldo vkdusqhvv ri wkh hgjhv/ zkloh nhhslqj grzq wkh qrlvh +�j148f,1

D odvw zrug1 Wkh dssurdfk zh kdyh iroorzhg lq wklv sdshu hpskd}lvhv wkh
lqfuhdvlqj rshudwruv1 Dowhuqdwlyho|/ zh frxog kdyh gursshg wklv frqglwlrq iurp
wkh  dwwhqlqj vwhs1 Wkhq/ vwduwlqj iurp dq| +elqdu|, judlq rshudwru/ rqh fdq
dozd|v h{whqg lw wr wkh qxphulfdo fdvh e| xvlqj htxdwlrq +49,1 D qxpehu ri
wkh deryh sursrvlwlrqv zrxog glvdsshdu/ exw wkh dojrulwkpv pd| suhvhqw vrph
sudfwlfdo lqwhuhvw1

Dfnqrzohgjphqwv = L zrxog olnh wr wkdqn Suri1 I1 Ph|hu iru wkh ydulrxv
glvfxvvlrqv zh kdg derxw  dwwhqlqjv dqg ohyholqjv1 L zrxog olnh wr wkdqn dovr
wkh uhylhzhuv ri wklv wh{w iru wkhlu ydoxdeoh frpphqwv rq wkh dssurdfk dgrswhg
khuh/ dqg Gu1 K1M1D1P1 Khlmpdqv/ iru doo klv shuwlqhqw olqjxlvwlf fruuhfwlrqv1
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^ GLJ:;` Gljdeho K1 dqg Odqwxhmrxo Fk1 Sudfwlfdo Phwdoorjudsk|1 Vshfldo Lv0

vxh1 M0O1 Fkhupdqw/ hg1/ 4<:;/ Qr ;1 ss1 ;80<<1
^ VHU;5` Vhuud M1 Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|1 Yro1 41 Orq0

grq= Dfdg1 Suhvv/ 4<;51
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^ PDW;;f` Pdwkhurq J1 Ilowhuv dqg Odwwlfhv/ fkdswhu 5 lq Lpdjh Dqdo|vlv dqg
Pdwkhpdwlfdo Pruskrorj|1 Yro1 51 Vhuud M1 hg1 Orqgrq= Dfdg1 Suhvv/
4<;;/ ss1 474048:1

^ VHU;;` Vhuud M1 Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|1 Yro1 51 Vhuud
M1 hg1 Orqgrq= Dfdg1 Suhvv/ 4<;;1

^ VHU<6` Vhuud M1 dqg Vdohpelhu S1 Frqqhfwhg rshudwruv dqg s|udplgv1 Lq
VSLH/ Yro1 5363/ Qrq olqhdu dojheud dqg pruskrorjlfdo lpdjh sur0
fhvvlqj/ Vdq Glhjr/ Mxo| 4<<6/ ss1 980:91

^ PH\<7` Ph|hu I1 Plqlpxp vsdqqlqj iruhvwv iru pruskrorjlfdo vhjphqwd0
wlrq1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg
vljqdo surfhvvlqj/ Vhuud M1 dqg Vrlooh S1 hgv1/ Noxzhu/ 4<<9/ ss::0;71

^FUH<6` Fuhvsr/ M1 Vhuud/ M1/ Vfkdihu/ U1Z1 Lpdjh vhjphqwdwlrq xvlqj frq0
qhfwhg �owhuv1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv Dssolfdwlrqv wr
Vljqdo Suhrfhvvlqj/ M1Vhuud dqg S1 Vdohpelhu/ Hgv1 Xqlyhuvlwdw Sr0
olwhfqlfd gh Fdwdoxq|d/ 4<<6/ ss1 8508:

^ EUH<9` Euhhq H1 dqg Mrqhv U1 Dq dwwulexwh0edvhg dssurdfk wr Pdwkhpdwl0
fdo Pruskrorj|1 LqPdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr
lpdjh dqg vljqdo Surfhvvlqj/ Pdudjrv S1 hw do1 hgv1/ Noxzhu/ 4<<9/
ss 7407;1

^ YLQ<6` Ylqfhqw O1 Pruskrorjlfdo jud|vfdoh uhfrqvwuxfwlrq lq lpdjh dqdo|vlv=
Dssolfdwlrqv dqg h!flhqw dojrulwkpv1 LHHH Wudqvdfwlrqv lq Lpdjh
Surfhvvlqj/ Dsulo 4<<6/ Yro1 5/ ss1 4:905341

^ SDU<5` Sdugãv K1/ Vhuud M1/ Wruuëv O1 Frqqhfwlylw| �owhuv iru lpdjh vh0
txhqfhv1 Lq VSLH/ Yro1 4:9</ 4<<5/ ss1 64;065<1

^ URQ<;` Urqvh F1 Vhw wkhruhwlfdo dojheudlf dssurdfkhv wr frqqhfwlylw| lq
frqwlqxrxv ru gljlwdo vsdfhv1 MPLY/ 4<<;/ Yro1 ; q � 4/ ss1 7408;1

^ PDU<7` Pdufrwhjxl E1 dqg Ph|hu I1 Pruskrorjlfdo vhjphqwdwlrq ri lpdjh
vhtxhqfhv1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lp0
djh surfhvvlqj/ Vhuud M1 dqg Vrlooh S1 hgv1/ Noxzhu/ 4<<7/ ss1 434043;1

^ FUH<8` Fuhvsr M1/ Vhuud M1/ Vfkdihu U1Z1 Wkhruhwlfdo dvshfwv ri pruskrorj0
lfdo �owhuv e| uhfrqvwuxfwlrq1 Vljqdo Surfhvvlqj/ 4<<8/ Yro1 7:/ Qr 5/
ss1 53405581

^ KDU<5` Kdudolfn U1P1 dqg Vkdslur O1J1 Frpsxwhu dqg urerw ylvlrq1 Yro1 L1
Dgglvrq Zhvoh|/ 4<<5/ ss1 4<404<;1

^ ELU;7` Elunkr� J1 Odwwlfh wkhru|1 Dphulfdq Pdwkhpdwlfdo Vrflhw|/ Suryl0
ghqfh/ 4<;71

^ PDW<9` Pdwkhurq J1 Ohv wuhloolv frpsdfwv1 Whfk1 uhs1 Q0562<32J/ Hfroh ghv
Plqhv gh Sdulv/ Sduw 4/ 4<<3/ sduw 5/ 4<<91
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^ VHU<5e` Vhuud M1 Htxlfrqwlqxrxv ixqfwlrqv/ d prgho iru pdwkhpdwlfdo pru0
skrorj|1 Lq VSLH/ Yro1 4:9</ Vdq Glhjr/ Mxo| 4<<5/ ss1 5850596

^ VHU<;d` Vhuud M1 Frqqhfwlylw| rq frpsohwh odwwlfhv1 Mrxuqdo ri Pdwkhpdwlfdo
Lpdjlqj dqg Ylvlrq </ +4<<;,/ ss 5640584

^ VDO<5` Vdohpelhu S1/ Vhuud M1 Pxowlvfdoh lpdjh vhjphqwdwlrq1 Lq VSLH/
Ylvxdo frppxqlfdwlrqv dqg lpdjh surfhvvlqj/ Ervwrq/ Yro1 4;4;/
Qryhpehu 4<<5/ ss1 95309641

^ PDU<9` Pdufrwhjxl E1 Vhjphqwdwlrq gh vìtxhqfhv g*lpdjhv hq yxh gx
frgdjh1 SkG wkhvlv/ Hfroh ghv Plqhv/ Dsulo 4<<91

^ SDU<7` Sdugdv P1 dqg Vdohpelhu S1 Mrlqw uhjlrq dqg prwlrq hvwlpdwlrq
zlwk pruskrorjlfdo wrrov1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv ds0
solfdwlrqv wr lpdjh surfhvvlqj/ Vhuud M1 dqg Vrlooh S1/ hgv1 Noxzhu/
4<<7/ ss1 <604331

^ VDO<9` Vdohpelhu S1 dqg Rolyhudv D1 Sudfwlfdo h{whqvlrqv ri frqqhfwhg rshu0
dwruv1 LqPdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg
vljqdo surfhvvlqj/ Pdudjrv S1 hw do1/ hgv1 Noxzhu/ 4<<9/ ss1 <:04431

^ KHL<4` Khlmpdqv/ P1M1D1P1 Wkhruhwlfdo dvshfwv ri jud|0ohyho pruskrorj|1
LHHH Wudqvdfwlrqv rq Sdwwhuq Dqdo|vlv dqg Pdfklqh Lqwhooljhqfh/
Yro 46/ 4<<4/ ss1 4;504<61

^ KHL<:` Khlmpdqv/ P1M1D1P1 Frqqhfwhg pruskrorjlfdo rshudwruv1 Whfk1 Uhs1
FZL Qr SQD0U<:3;/ Dsulo 4<<:1

^ PDW<:` Pdwkhurq J1 Ohv qlyhoohphqwv1 Whfk1 Uhs1 Hfroh ghv Plqhv gh Sdulv/
Qr Q03:2<:2PP/ Ihe1 4<<:1

^ PH\<;d` Ph|hu I1 Iurp frqqhfwhg rshudwruv wr ohyholqjv1 Lq Pdwkhpdwlfdo
Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg vljqdo surfhvvlqj/ K1
Khlmpdqv dqg M1 Urhuglqn hgv1/ Noxzhu/ 4<<;/ ss 4<404<;1

^ PH\<;e` Ph|hu I1 Wkh ohyholqjv1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssol0
fdwlrqv wr lpdjh dqg vljqdo surfhvvlqj/ K1 Khlmpdqv dqg M1 Urhuglqn
hgv1/ Noxzhu/ 4<<;/ ss 4<<05391

^PH\<<` Ph|hu I1 dqg Pdudjrv S1 Pruskrorjlfdo vfdoh0vsdfh uhsuhvhqwdwlrq
zlwk ohyholqjv1 Vfdoh0Vsdfh*<< V|psrvlxp/ Xq1 ri Frshqkdjhq/ Ghq0
pdun/ mxqh 4<<<1

^PDU<<` Pdudjrv S1 dqg Ph|hu I1 Qrqolqhdu SGHv dqg Qxphulfdo Dojr0
ulwkpv iru Prgholqj Ohyholqjv dqg Uhfrqvwuxfwlrq Ilowhuv1 Vfdoh0
Vsdfh*<< V|psrvlxp/ Xq1 ri Frshqkdjhq/ Ghqpdun/ mxqh 4<<<1

Iljxuhv
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x
γx(Α)

d, vhw D dqg � � +D, e, vxs ri wzr sduwlwlrqv
Iljxuh 4= d, odwwlfh S+H, ri wkh vhwv ri H/ dqg frqqhfwhg frpsrqhqw � � +D,

ri D dw srlqw {> e, dq h{dpsoh ri sduwlwlrq odwwlfh= wzr sduwlwlrqv dqg wkhlu
vxsuhpxp1

d, e, f,
�jxuh 5= d, lqlwldo vhw/ pdgh ri 5; judlqv>

e, iru wkh frqqhfwlrq dffruglqj wr d glvf glodwlrq +khuh ri udglxv
;, wkhuh duh 8 judlqv rqo|>

f, wkh lvrodwhg judlqv duh wkrvh zklfk duh wkh vdph lq d, dqg e,/
l1h1 zkrvh glodwh plvvhv wkh vnhohwrq e| }rqhv ri lq xhqfh ri vhw d,1
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d, Rvwhrf|whv e, pdvn f, 6G fhoov
Iljxuh 6= d, vhfwlrq q � 48 lq d vwdfn ri 93 plfurvfrslfdo frqirfdo vhfwlrqv1

Wkuhh rvwhrf|whv dsshdu>
e, pdvn rewdlqhg e| wkh xqlrq ri d orz wkuhvkroglqj ryhu wkh 93

vhfwlrqv >
f, uhfrqvwuxfwlrq ri d kljk wkuhvkrog ri wkh fhoov lqvlgh pdunhu e,

+ shushfwlyh ylhz,1

d, frqvwdqw zhljkwv e, Olsvfklw} ixqfwlrq zhljkwv
Iljxuh 7= vxsuhpd +frqwlqxrxv olqhv, dqg lq�pd +gdvkhg }rqhv,/ lq odwwlfh

S � >ri wzr zhljkwhg vhwv +grwwhg olqhv,1 Lq d,/ wkh zhljkwv duh frqvwdqw/ lq e,/
wkh| duh Olsvfklw} ixqfwlrqv1 Wkhvh zhljkhw vhwv jhqhudwh frqqhfwhg J0f|olqghuv/
lq wkh vhqvh ri Gh�qlwlrq 48/ zkhq wkh| duh frpelqhg zlwk wkh sduwlwlrqv wkh|
lqgxfh rq U 
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d,  dw }rqhv e, erxqghg yduldwlrq
�jxuh 8= wzr edvlf prgxol ri frqwlqxlw|/ zklfk dvvrfldwhg zlwk wkh wzr frq0

qhfwlrqv e|  dw }rqhv dqg e| erxqghg yduldwlrq +dovr fdoohg �mxps frqqhfwlrq
ri udqjh n �, uhvshfwlyho|1

d, Lqlwldo lpdjh e, Mxps frqqhfwlrq
Iljxuh 9= D mxps frqqhfwlrq ri udqjh 47 +ryhu 589 juh| wrqhv, rq lpdjh

d, |lhogv lpdjh e, zklfk frpsulvhv <7 uhjlrqv1 Hdfk ri wkhp lv uhsuhvhqwhg e|
lwv dyhudjh juh|1

d, Lqlwldo lpdjh e, Mxps frqqhfwlrq f, Ghulyhg VNL]
Iljxuh := d, rswlfdo plfurjudsk ri d srolvkhg vhfwlrq ri doxplqd> e, mxps

frqqhfwlrq ri udqjh 45 +lq gdun/ wkh srlqw frqqhfwhg frpsrqhqwv> lq zklwh/ hdfk
sduwlfoh uhsuhvhqwv wkh edvh ri d f|olqghu lq wkh mxps frqqhfwlrq,> f, vnhohwrq e|
}rqhv ri lq xhqfh ri wkh vhw surylghg e| lpdjh e,1
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d, Lqlwldo lpdjh e, Vprrwk frqqhfwlrq f, Mxps frqqhfwlrq
Iljxuh ; = d, Hohfwurq plfrjudsk ri d shwurjudsklf srolvkhg vhfwlrq> wkh wzr

skdvhv kdyh wkh vdph klvwrjudp/ exw rqh lv pruh xqlirup wkdq wkh rwkhu> e,
vprrwk sdwk frqqhfwlrq ri vorsh 9> f, mxps frqqhfwlrq ri udqjh 481 Lq e, dqg f,
wkh eodfnv duh wkh xqlrq ri doo frqqhfwhg frpsrqhqwv wkdw duh uhgxfhg wr srlqwv1

d, lqlwldo lpdjh e, DVI ri vl}h 7 f, DVI ri vl}h ;
Iljxuh < = Dq h{dpsoh ri d s|udplg ri frqqhfwhg dowhuqdwhg vhtxhqwldo

�owhuv1 Hdfk frqwrxu lv suhvhuyhg ru vxssuhvvhg/ exw qhyhu ghiruphg = wkh lqlwldo
sduwlwlrq lqfuhdvhv xqghu wkh vxffhvvlyh �owhuv/ zklfk duh vwurqj dqg irup d
vhpl0jurxs1

d, e,
Iljxuh 43 = d, Vdwhoolwh lpdjh ri wkh Dfruhv Lvodqgv duhd> e, frqqhfwhg forvlqj

e| uhfrqvwuxfwlrq ri d, 1 Dffruglqj wr sursrvlwlrq 44/ wkh frqqhfwhg forvlqj
jhqhudwhv d qhz frqqhfwlrq rq wkh odwwlfh ri wkh zhljkwhg sduwlwlrqv e|  dw }rqhv1
Lq rughu wr vkrz wklv h�hfw/ rqh frqqhfwhg frpsrqhqw kdv ehhq iroorzhg wkurxjk
wkh surfhvv +wkh forxg vxuurxqghg e| d gdun olqh,1
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M

N

A

x

M=N= γx(Αc)

A

d, e,
Iljxuh 44= d, Qrq lqfuhdvlqjqhvv ri � zkhq Q - P 1Wdnh iru D* julq D soxv

lwv sruh> wkhq D� D � zkhuhdv �+D � , � �+D,= e, Wdnh wkh lqwhuqdo sruh ri judlq
D dv P dqg Q/ wkhq �+D, htxdov wkh sruh zlwkrxw wkh judlq + ls0 rs h�hfw,1

d, e, f,
Iljxuh 45 = d, Lq eodfn= lqlwldo vhw D > lqvlgh wkh vpdoo uhfwdqjoh= pdunhu

P +pdgh ri wzr srlqwv,1 Iru wkh rshqlqj frqqhfwlrq e| d 5�5 vtxduh/ vhw D lv
frpsrvhg ri �yh judlqv/ qdpho| wkh wzr 5�5 vtxduhv dqg wkuhh srlqw frqqhfwhg
frpsrqhqwv >

e, Vhw * 243 � 1 +D, >
f, Vhw � 1 * 243 +D, > wkh gl�huhqfh ehwzhhq e, dqg f, frphv iurp

wkdw wkh rshqlqj frqqhfwlrq lv qrw dgmdfhqf| suhyhqwlqj1
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d, e,
Iljxuh 46 = d, Pdqhw* Mrxhxu gh �iuh +ghwdlo,>
e, ohyholqj ri d, e| wdnlqj dq DVI �owhu dv pdunhu1

d, e,
Iljxuh 47= Ohyholqjv ri slfwxuh 44d/ e| wdnlqj d pdunhu edvhg rq h{whqghg

h{wuhpd> wkh g|qdplfv lv htxdo wr 63 lq d, dqg 93 lq e,/ ryhu 589 jud| ohyhov1

d, e, f,
Iljxuh 48= d, lqlwldo lpdjh soxv Srlvvrq qrlvh>
e, frqyroxwlrq ri d, e| d glvf ri udglxv 8>
f, ohyholqj ri d, e| pdunhu e, +wkh qrlvh lv uhpryhg/ exw wkh frqwrxuv duh

wkrvh ri wkh lqlwldo lpdjh,1
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