
Pruskrorjlfdo ghvfulswlrqv xvlqj
wkuhh0glphqvlrqdo zdyhiurqwv

Mhdq Vhuud
Dxjxvw 5;/ 5335

Devwudfw
Wkh suhvhqw vwxg| ghdov zlwk wkh dqdo|vlv ri wkuhh0glphqvlrqdo el0

qdu| remhfwv zkrvh vwuxfwxuh lv qrw reylrxv qru jhqhudoo| fohduo| ylvleoh1
Rxu dssurdfk lv looxvwudwhg wkurxjk wkuhh h{dpsohv wdnhq iurp elrorjlfdo
plfurvfrs|1 Lq rqh ri rxu h{dpsohv/ zh qhhg wr h{wudfw wkh rvwhrf|whv
frqwdlqhg lq vl{w| frqirfdo vhfwlrqv1 Wkh fhoov duh qrw qxphurxv/ exw duh
fkdudfwhul}hg e| orqj eudqfkhv/ khqfh wkh| zloo eh vhsdudwhg xvlqj d gl0
uhfwlrqdo zdyhiurqw1

Wkh wzr rwkhu remhfwv duh pruh frpsoh{ dqg zloo eh dqdo|vhg e| phdqv
ri d vskhulfdo zdyhiurqw1 Lq wkh �uvw fdvh/ d nlgqh| ri d udw hpeu|r/ wkh
wlvvxh jurzv olnh d wuhh/ zkhuh zh zdqw wr ghwhfw wkh eudqfkhv/ wkhlu h{0
wuhplwlhv/ dqg wkhlu vsdwldo duudqjhphqw1 Wkh zdyhiurqw phwkrg hqdeohv
xv wr gh�qh suhflvho| eudqfkhv dqg h{wuhplwlhv/ dqg jlyhv  h{leoh dojr0
ulwkpv1

Wkh odvw h{dpsoh ghdov zlwk wkh hpeu|rqlf jurzwk ri wkh fklfnhq vklq0
erqh1 Wkh fhqwudo sduw ri wkh erqh +ru vkdiw, lv vwuxfwxuhg dv d vhulhv ri
qhvwhg f|olqghuv iroorzlqj wkh vdph d{lv/ dqg frqqhfwhg e| pruh ru ohvv
orqj eulgjhv1 Xvlqj zdyhiurqwv/ zh vkrz wkdw lv srvvleoh wr vhsdudwh wkh
f|olqghuv dqg wr h{wudfw/ dqg frxqw/ wkh eulgjhv wkdw frqqhfw wkhp1

Rxu suhvhqwdwlrq lv frpsohwhg zlwk pruh wkhruhwlfdo uhvxowv/ vkrzlqj
wkh frqqhfwlrqv ehwzhhq jhrghv|/ phwulfv dqg frqqhfwlylw|1

4 H{shulphqwdo frqwh{w = wkuhh0glphqvlrqdo pl0
furvfrs|

Wkh dssurdfk zh suhvhqw khuh zdv eruq iurp h{shulhqfh/ pruh suhflvho| iurp
wzr vhsdudwh lvvxhv lq wkuhh0glphqvlrqdo rswlfdo plfurvfrs| zklfk zhuh uhfhqwo|
suhvhqwhg wr ph1
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Iljxuh 4= d, Nlgqh| xqghu vwxg| +vxsuhpxp ri wkh vhfwlrqv,> e, rwkhu nlgqh|
vshflphq1

414 4vw lvvxh = wkh nlgqh|
Lq Iheuxdu| 4<<</ Gu1 Mrkq EHUWUDP � � qhskurorjlvw dqg vhuylqj Fkdlupdq
ri wkh Lqwhuqdwlrqdo Vrflhw| iru Vwhuhrorj|/ vshqw wzr gd|v dw wkh FPP/ gxulqj
zklfk kh suhvhqwhg klv fxuuhqw zrun1 Wkh vxemhfw ri klv uhvhdufk lv wkh hpeu|0
rqlf ghyhorsphqw ri wkh nlgqh| vwxglhg lq dqlpdov vxfk dv wkh udw1 Kh wdnhv
dgydqwdjh ri wkh surshuw| ri hpeu|rqlf nlgqh| wr ghyhors lq ylwur/ zklfk hq0
deohv klp wr vwxg| wkh rujdq hyroxwlrq e| frqirfdo plfurvfrs| zlwkrxw dqlpdo
ghvwuxfwlrq1^4`1

Gu1 Ehuwudp sursrvhg wr zrun zlwk d vwxghqw iurp wkh Hfroh ghv Plqhv/
surylghg klv gdwd frxog eh surfhvvhg txdqwlwdwlyho|1 Kh dvnhg pruh vshfl�fdoo|
rxu rslqlrq rq wzr vhwv ri gljlwdo vhfwlrqv1 D suholplqdu| vwxg|/ fduulhg rxw
gxulqj klv vwd|/ jdyh surplvlqj uhvxowv dqg vkrzhg wkdw lw zdv srvvleoh wr el0
qdul}h dqg iroorz wkh wuhh iurp rqh vhfwlrq wr dqrwkhu lq hdfk ri wkh wzr vhulhv1
Khqfh wkh ghflvlrq wr odxqfk dq lqwhuqvkls ^6` +Jdeulho IULFRXW/ 6ug |hdu/
533325334,/ zklfk lv fxuuhqwo| xqghu zd|1

Zh fdq vhh lq �jxuh+4, dq lpdjh ri hdfk nlgqh| diwhu elqdul}dwlrq/ vkrzlqj
wkdw wkh vwuxfwxuh ghyhorsv lq wkh irup ri d wuhh1 Wkh h{shfwhg pruskrorjlfdo
ghvfulswlrq jrhv idu eh|rqg wkh suholplqdu| vwxg|1 Lw ehduv rq wkh jhrphwu| ri
wkh wuhh/ dqg lqyroyhv wzr remhfwv =

0 h{wuhplwlhv = zkhuh duh wkh| orfdwhg B krz duh wkh| duudqjhg lq vsdfh B
0 eudqfkhv = zkhuh duh wkh| orfdwhg B dffruglqj wr zklfk klhudufk| dqg

ohqjwk B
Frqirfdo plfurvfrs| uhvxowv lq d kljko| dqlvrwurslf vdpsoh1 Hdfk vhulhv

frqwdlqv 5< vhfwlrqv 63 � wklfn > lq zklfk wkh rulhqwdwlrq lv urxjko| shushqglfxodu
wr wkh wuxqn1

Rq hdfk vhfwlrq/ wkh sl{hov duh duudqjhg dffruglqj wr d vtxduh julg/ zkrvh
vsdflqj lv derxw 7�1 Wkh gljlwdo yroxph hohphqw +yr{ho, orrnv olnh d f|olqghu
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zlwk d vtxduh edvh/ zklfk lv vhyhq wlphv dv kljk dv lw lv zlgh1 Hdfk eudqfk
h{wuhplw| lv vxuurxqghg e| qhskurqv/ zkrvh qxpehu lv lqglfdwlyh ri wkh ixwxuh
fdsdflw| ri wkh ixoo|0jurzq nlgqh|1 Wkh qhskurqv/ zklfk fdqqrw eh vhhq khuh/
zloo ehfrph ylvleoh wkurxjk d grxeoh vwdlqlqj1 Wkhq/ zh zloo kdyh wr vwxg| wkh
uhodwlrqvkls ehwzhhq wkh vkdsh ri wkh wuhh dqg wkh qxpehu ri qhskurqv lw fdq
uhfhlyh1

415 5qg lvvxh = wkh vklqerqh
Gu1 Vwdxe ? dqg hqjlqhhu P1 Phqgmhol ? vwxg| wkh pruskrjhqhvlv ri orqj erqhv/
dqg zrun rq wkh vklqerqhv ri fklfnhq hpeu|rv1 Gu1 Vwdxe ghvljqhg d g|qdplf
prgho ri wkh orqj fhqwudo }rqh +vkdiw,/ zkhuh wkh frpsdfw ixwxuh erqh dsshduv
dv d vhulhv ri qhvwhg fr0d{ldo f|olqghuv^47`+vhh �jxuh5,

Wkh h{shulphqw frqgxfwhg e| P1 Phqgmhol kdv frqvlvwhg lq volflqj wkh vklq0
erqh vkdiw/ shushqglfxoduo| wr lwv d{lv/ lqwr d vhulhv ri d kxqguhg vhpl0wklq
vhfwlrqv/ urxjko| olnh volflqj d vdxvdjh1 Wkhlu frpsxwhu uhjlvwudwlrq surgxfhg
d pdwul{ ri gdwd xqghu wkh irup ri d qhduo| lvrwurslf fxelf julg zkrvh vwhs lv
forvh wr wkh � dqg zkrvh vl}h lv dssur{lpdwho| 633 { 633 { 4331

Xqolnh wkh suhylrxv h{dpsoh/ wkh sulpdu| gl!fxow| khuh lv wr ghwhfw wkh
remhfw xqghu vwxg|1 Wkh qhvwhg f|olqghuv duh qrw gluhfwo| ylvleoh/ dqg rqh kdv
qr lghd ri wkh qxpehu ri jdsv dqg krohv wkh| pd| frqwdlq1 Krzhyhu/ wkh erqh
lpdjh lv yluwxdoo| elqdu|1 Ilqdoo|/ dv lq wkh suhfhglqj h{dpsoh/ wkh vsdfh lv
�rulhqwhg� iurp d pdunhu = khuh wkh fhqwudo pduurz vsdfh > wkhuh/ wkh frqwdfw
}rqh ehwzhhq wkh nlgqh| dqg wkh jhodwlqh +erwwrp ri wkh wuhh,1

Lv lw srvvleoh wr vhjphqw wkh frqfhqwulf f|olqghuv ri wkh erqh/ dqg wr ghvfuleh
wkhp lq txdqwlwdwlyh whupv +wklfnqhvv/ srurvlw|/ frqwdfwv ehwzhhq f|olqghuv/ hwf
111,B

5 Phwkrg = zdyhiurqwv
514 Fkrtxhw*v wkhruhp
Zkhq d vwrqh lv wkurzq lqwr d odnh dqg jhqhudwhv d glvwxuedqfh/ d zdyh vwulqj lv
ehlqj fuhdwhg dqg vsuhdgv rxw zkloh jrlqj durxqg wkh srvvleoh revwdfohv/ xqwlo
wkh prvw uhprwh srlqwv iurp wkh plggoh1 Wkh zdyhiurqw/ flufxodu lq wkh fdvh ri
d odfn ri erughuv/ odsv wkh lvodqgv dqg wkh odnh frqwrxuv dqg �qdoo| fryhuv wkhp
frpsohwho|+6,1

Lq rughu wr h{wudfw frqqhfwhg remhfwv vhohfwhg e| pdunhuv/ I1 Ph|hu^<` dqg
M1F1 Nohlq ^9` zhuh wkh �uvw rqhv wr wudqvihu wkhvh qrwlrqv wr pdwkhpdwlfdo
pruskrorj|/ dqg wkh yhu| �uvw irupdol}dwlrq/ qdphg �jhrghvlf phwulfv� zdv
hvwdeolvkhg e| F1 Odqwxhmrxo dqg V1 Ehxfkhu ^:`1 Lqghhg/ lq �jxuh 6/ wkh }rqh
ri wkh uhihuhqfh vhw ]/ vzhsw ehwzhhq lqvwdqwv 3 hw � e| wkh zdyhiurqw eruq
iurp srlqw { dw wkh ruljlqdo lqvwdqw lv d glvn E @ +{,/ vpdoohu wkdq wkh Hxfolghdq

?�A ��,*��/2������$-/> B"� B/0 #��C� �/>�7C� #=���/D��C����*E3"�$-F��� #=HG6I6J & A ��/2$ ,.��$ =0$-K#/0 
G6L�� A ����$-='G6M�;�:�N#: 1 ��/2$ =
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Iljxuh 5= Wzr krul}rqwdo vhfwlrqv ri d vklqerqh hslsk|vlv

Iljxuh 6= d, Jhrghvlf glvf > e, Jhrghvlf glvwdqfh ixqfwlrq lq wzr glphqvlrqv
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glvn zlwk d udglxv � dqg frpsohwho| frqwdlqg lq ]1 Zkhq wkh uhihuhqfh vhw ]
lv frpsdfw/ wkh lqgxfhg phwulfv iE @ +{,> { 5 ]j vdwlvi| wkh iroorzlqj wkhruhp/
iurp J1 Fkrtxhw +^5`/wkhruhp 4409,
Wkhruhp 4 Ohw H eh d phwulf frpsdfw vsdfh dqg ohw D hw E eh wzr glvmrlqw
forvhg vxevhwv ri H1 Li wkhuh h{lvw uhfwl�deoh fxuyhv zlwk h{wuhplwlhv lq D dqg E
uhvshfwlyho|/ dqg li � vwdqgv iru wkh orzhu olplw ri wkhlu ohqjwkv/ wkhq wkhuh h{lvwv
d vlpsoh duf zkrvh ohqjwk lv � dqg zkrvh h{wuhplwlhv olh lq D dqg E uhvshfwlyho|1

Lq zkdw iroorzv/ zh zloo dozd|v vxssrvh wkdw uhihuhqfh vhwv ] duh frpsdfw/
dqg wkdw iru dq| srlqwv {> | vhohfwhg lq d vdph frqqhfwhg frpsrqhqw ]/ wkhuh lv
d uhfwl�deoh sdwk zlwk d ohqjwk olplwhg e| d � O
P#Q +]> {, dqg olqnlqj wkhvh wzr
srlqwv1 Wklv kdsshqv/ sduwlfxoduo|/ zkhq lq U R / wkh vhw ] lv wkh wrsrorjlfdo
forvxuh ri d erxqghg rshq vhw1 Uhfwl�deoh dufv/ dv d suhfdxwlrq/ duh phdqw wr
h{foxgh frpsdfw vhwv vxfk dv/ iru lqvwdqfh/ d vsludo zklfk zlqgv lqgh�qlwho|
durxqg d flufoh1

515 Wkh xowlpdwh hohphqwv ri wkh zdyhiurqwv
Wklv vhfwlrq wdnhv xs F1 Odqwxhmrxo*v dqg V1 Ehxfkhu*v uhvxowv ^:`/ exw suhvhqwv
wkhp gl�huhqwo|1 Zkhq xvlqj jhrghvlfv/ lw ehfrphv srvvleoh wr dvvrfldwh dq|
srlqw { 5 ]>] 5 U R / zlwk wkh srlqw ru srlqwv | 5 ] zklfk duh wkh ixuwkhvw
dzd| iurp {1 Lqghhg/ ohw

S
E +�> {, eh wkh jhrghvlf rshq edoo ri udglxv � dqg fhqwuh

{> dqg � T eh wkh xsshu olplw ri wkh � vxfk wkdw
S
E +�> {, eh vwulfwo| frqwdlqhg lq

]1 Dv wkh qrq hpsw| frpsdfw vhwv
�

]q SE +�> {, > � ? � T
�

ghfuhdvh dqg wkdw U R
lv d vhsdudwhg vsdfh/ wkh lqwhuvhfwlrq

_U*V @�W
�

] q S
E +�> {,

�

+4,

lv lwvhoi d qrq hpsw| frpsdfw vhw/ zkrvh srlqwv duh doo dw wkh pd{lpxp glvwdqfh
� T iurp {1 Wklv lqwhuvhfwlrq lv qdphg �jhrghvlf xowlpdwh hurghg vhw�/ dqgS
E +� T > {, lv wkh �jhrghvlf xowlpdwh glodwhg vhw� ri srlqw {=

Wkh h{lvwhqfh ri h{wuhph srlqwv pd| dovr eh frqvlghuhg lq d uhjlrqdo iudph0
zrun/ dqg qrw d joredo rqh dq|pruh1 Zh pxvw vxssrvh wkdw/ ] dqg { ehlqj
jlyhq/ lw lv srvvleoh wr �qg d � +]> {, � � T +]> {, vxfk wkdw hdfk frqqhfwhg frp0
srqhqw ri ] q S

E +�> {, > � 9 � 9 � T ghfuhdvhv zlwkrxw vxeglylglqj1 Wkhq/ wkh
suhylrxv dqdo|vlv vkrxog vlpso| eh dssolhg wr vhwv

N X _ �

] q S
E +�> {,

�

� 9 � 9 � T

zkhuh wkh N X > l 5 L uhihuv wr wkh frqqhfwhg frpsrqhqwv ri ] q S
E +�> {,1 Wkhuh0

iruh/ zh rewdlq wkh iduwkhvw frqqhfwhg frpsrqhqwv iurp srlqw {/ vxfk dv/ iru
lqvwdqfh/ wkh �qjhuv wlsv iru { wdnhq durxqg wkh plggoh ri wkh zulvw1
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Iljxuh 7= Fxeh0rfwdkhgurq

Erwk dojrulwkp idplolhv derxw jhrghvlfv fruuhvsrqg wr erwk rxu srlqwv ri
ylhz1 Lqydvlrq e| jhrghvlf edoov ohg wr doo wkh sduwlfohv uhfrqvwuxfwlrq yduldqwv
+ghohwlrq ri wkh judlqv furvvlqj wkh �hog erughu/ kroh �oolqj/ lqglylgxdo dqdo|vlv/
hwf 111, dqg wkh vhdufk iru h{wuhph uhvlgxhv ohg wr wkh xowlpdwh hurghg srlqwv/ wr
wkh remhfwv olplwv dqg wr wkh ohqjwk ri d frqqhfwhg frpsrqhqw + dv d vxsuhpxp
ri wkh glvwdqfhv ehwzhhq sdluv ri h{wuhph srlqwv,1

516 Gljlwl}dwlrq
Wkh gljlwl}dwlrq ri jhrghvlf rshudwlrqv pd| fdxvh huuruv/ exw olplwhg rqhv >
lqghhg/ lw lv dgylvdeoh wr fkrrvh/ dv d flufoh ru xqlw vskhuh/ wkh forvhvw vkdshv wr
wkhlu Hxfolghdq krprorjxhv1 Wkhuhiruh/ lq 5G wkh kh{djrq/ zkrvh vl{ yhuwlfhv
duh htxlglvwdqw iurp wkh fhqwhu lv ehwwhu wkdq wkh vtxduh/ dqg/ iru wkh vdph
uhdvrq/ wkh fxeh0rfwdkhgurq lv ehwwhu wkdq wkh fxeh lq 6G1

Wklv ] Y edoo lv yhu| hdv| wr exlog/ zkhq d qxphulfdo gdwd qhwzrun lq vtxduh
julg lv dydlodeoh^46`1 Lw vx!fhv wr vkliw doo hyhq sodqhv e| kdoi d gldjrqdo ri wkh
xqlw fxeh +dq| gldjrqdo/ exw dozd|v wkh vdph rqh,1 Lq sudfwlfh/ gdwd duh ri
frxuvh qrw pryhg/ exw rqo| vwuxfwxulqj hohphqwv1 Iru h{dpsoh/ wkh vxevwlwxwh
iru wkh 46 yhuwlfhv ri wkh uhjxodu fxeh0rfwdkhgurq +7, lv fdofxodwhg e| glodwlqj
wkh fhqwudo srlqw dffruglqj wr wkh vwdjjhuhg xqlw fxeh0rfwdkhgurq suhvhqwhg lq
�jxuh+8,1 Lw uhtxluhv wkuhh vxffhvvlyh sodqhv dqg gl�huv zkhwkhu wkh fhqwhu olhv
lq dq hyhq sodqh ru lq dq rgg rqh1

Wkh zdyhiurqw hpdqdwlqj iurp wklv fhqwudo srlqw vwduwv zlwk wkh srlqw 45
qhljkerxuv > zkhq wkh lqwhusodqh htxdov d@s5 +d @ vtxduh julg vsdflqj ri wkh
krul}rqwdo sodqhv,/ wkh vwuxfwxuh ehfrphv frpsohwo| lvrwurslf dqg wkh 45 qhljk0
erxuv duh htxlglvwdqw iurp wkh fhqwhu1 Wklv zloo eh rxu dvvxpswlrq +vhfwlrq 8,
derxw wkh vklqerqh/ exw wklv k|srwkhvlv lv qrw hvvhqwldo/ dqg/ lq dq| fdvh/ fdqqrw
eh yhqwxuhg iru wkh vwxg| derxw hpeu|rqlf nlgqh|v +vhfwlrq 6,
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Iljxuh 8= Vwdjjhuhg vxffhvvlyh sodqhv/ iru vlpxodwlqj d fxeh0rfwdkhgurq rq d
fxelf julg

Wkh vzlwfk iurp wkh xqlw edoo F+{, ri ] Y +rfwdkhgurq/ sulvp ru fxeh, wr lwv
jhrghvlf yhuvlrq E Z +{, lqvlgh d pdvn ] lv

E Z +{, @ F +{, _ ]
dqg wkh jhrghvlf edoo E U +{, ri wkh vl}h lv rewdlqhg e| q lwhudwlrqv ri wkh

suhylrxv rqh =
E R +{, @ E Z ^E R\[ Z +{,` _ ]

Wkh fruuhvsrqglqj zdyhiurqw/ ru jhrghvlf vskhuh htxdov
I R +{, @ E R ] Z +{, qE R +{,

517 Zdyhiurqwv dqg wuhh gldjudpv
Ohw ] eh d frpsdfw vhw lq U R dqg { 5 ]/ eh d srlqw lq ]1 Zh sursrvh wr vwxg|
wkh hyroxwlrq ri wkh frqqhfwhg frpsrqhqwv qxpehu ri wkh zdyhiurqw I +�> {,
zkhq/ dv � lqfuhdvhv/ wkh frpsdfw vsdfh ] lv vzhsw1 Wkh wzr w|shv ri eudqfklqj/
glylvlrq ru frq xhqfh/ vxssrvhgo| uhpdlq lq �qlwh qxpehu zkhq � 5 ^3> � OBP3Q `/
vr wkdw iru dq| eudqfklqj dw � @ � T ? � OBP3Q > lw lv dozd|v srvvleoh wr �qg dq rshq
lqwhuydo `� Z�^ � _ ^ frqwdlqlqj � T / dqg lqvlgh zklfk wkhuh duh qr rwkhu eudqfklqj1
Wkh qxpehu ri eudqfkhv zklfk pd| jdwkhu lq � T lv vxssrvhg wr eh �qlwh1 Ilqdoo|/
dv wkh eudqfklqj pd| wdnh wkh wzr gxdo vkdshv +glylvlrq ru frq xhqfh, zkhq �
lqfuhdvhv/ lw lv frqyhqwlrqdoo| djuhhg lq wkh surri ehorz wkdw wkh sdvvdjh � Z $ � _
fruuhvsrqgv wr d glylvlrq

Wkhuhiruh/ zh duh ohg wr wkh vlwxdwlrq ghvfulehg lq �jxuh +9,/ zkhuh srlqw
{ lv lq eodfn/ wkh edoo

S
E +� T > {, lq oljkw juh|/ lwv frpsohphqw N +� T , lq ] lq

gdun juh|/ dqg zkhuh wkh zklwh zdyhiurqw lqglfdwhv wkh suhflvh prphqw ri wkh
eudqfklqj1 Vr/ wkh frpsdfw vhw

N +�, @ ] q S
E +�> {,

kdv d xqltxh frqqhfwhg frpsrqhqw/ zkhq � ? � T > dqg pruh zkhq � A � T 1
Lq rughu wr ghwhuplqh zkdw kdsshqv zkhq � @ � T / zh �uvw revhuyh wkdw iru
frpsdfw vhwv/ zh kdyh _iN +�, > � ? � T j @ N +� T , =
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Iljxuh 9= H{dpsoh ri eudqfklqj

Wkh frpsdfw N+� T , lv frpsrvhg ri rqo| rqh frqqhfwhg frpsrqhqw1 Rwkhu0
zlvh/ wkh| zrxog eh vhsdudwhg e| d plqlpxp glvwdqfh g > exw wklv lv lqfrpsdwleoh
zlwk wkh idfw wkdw/ iru dq| glodwlrq ri vl}h %/ zlwk 3 ? % ? g/ wkh jhrghvlf glodwh
ri N+� T , ehfrphv frqqhfwhg1 Wkhuhiruh/ wkh iurqw I +� T > {, lwvhoi lv frqqhfwhg/
dv rwkhuzlvh/ wr vzlwfk iurp rqh ri lwv frpsrqhqwv wr dqrwkhu rqh/ lw zrxog
eh qhfhvvdu| wr furvv d N+�, zlwk � A � T / exw wkhvh N+�, duh qrw frqqhfwhg
dq|pruh1

Zkhq ] kdv vhyhudo eudqfklqjv/ wkh vdph ghvfulswlrq dssolhv iru hdfk eudqfk/
xszdugv ru grzqzdugv iurp wkh sursdjdwlrq iurp srlqw {/ zklfk frqvhtxhqwo|
sduwlwlrqv wkh vhw ] lqwr d vhulhv ri vxffhvvlyh slhfhv1

Wkh fdvh ri wkh [ eudqfklqj kdv dovr wr eh frqvlghuhg1 Lw rffxuv zkhq dw
ohdvw wzr eudqfkhv vwrs dw wkh fulwlfdo iurqw/ dqg dw ohdvw wzr ri wkhp vwduw iurp
wkhuh1 Lq wklv fdvh/ wkh lqwhuphgldu| frqqhfwhg uhjlrq lv uhgxfhg wr wkh iurqw
lq � T / iru/ li lw zdv odujhu/ zh zrxog frph edfn wr wkh suhylrxv fdvh> dqg li wkh
iurqw zdv qrw wdnhq lqwr dffrxw/ zh zrxog qr orqjhu kdyh d fulwlfdo hohphqw/
exw rqo| vhsdudwhg eudqfkhv1 E| jdwkhulqj wkhvh uhvxowv/ zh fdq vwdwh =
Sursrvlwlrq 5 Ohw ] eh d frpsdfw ri U R 1 Li/ iru dq| srlqw { 5 ]> wkh zdyhiurqw
I +�> {, hpdqdwlqj iurp { dgplwv d �qlwh qxpehu ri frqqhfwhg frpsrqhqwv/
zlwk d �qlwh yduldwlrq/ wkhq/ dv udglxv � ydulhv/ I +�> {, sduwlwlrqv ] lqwr d
�qlwh qxpehu ri frqqhfwhg vhfwlrqv/ fruuhvsrqglqj wr rshq lqwhuydov ri �/ dqg
vhsdudwhg e| frqqhfwhg frpsrqhqwv ri wkh iurqw zklfk duh orfdwhg dw wkh fulwlfdo
srlqwv ri wkh eudqfklqjv1

Fohduo|/ wkh pdsslqj { $ S +{, zklfk dvvrfldwhv zlwk dq| srlqw { 5 ] wkh
wuhh gldjudp fkdudfwhul}hg e| wkh sursrvlwlrq/ ghshqgv rq wkh fkrlfh ri srlqw {/
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hyhq li/ zkhq frqvlghulqj wkh frpprq phdqlqj ri d wuhh/ wkh sduwlwlrq uhpdlqv
doprvw wkh vdph iru doo wkh srlqwv vhohfwhg orz hqrxjk lq wkh wuxqn1 Ehvlghv/ lq
wklv fdvh/ wkh wuhh pd| eh gh�qhg dv d sduwlwlrq iru zklfk wkhuh lv qr frq xhqfh
iru d vxlwdeo| vhohfwhg ruljlq { +l1h1 lq wkh wuxqn,1

Qrwh wkdw zh duh wdonlqj derxw frqqhfwlylw| khuh/ dqg qrw derxw krprwrs|=
lq U

Y sduwlfxoduo|/ wkh vhfwlrqv pd| vkrz forvhg sruhv ru wrulf krohv1

6 Xvh ri wkh wuhh gldjudp iru hpeu|rqlf nlgqh|v
Lq rughu wr looxvwudwh wkh deryh pdwwhu/ zh sursrvh wr vhjphqw wkh �uvw rqh ri
wkh wzr nlgqh|v ri41 Wkh dqdo|vlv frqwdlqv irxu vwhsv =

42 vhw frqvwuxfwlrq iurp wkh lqlwldo gdwd >
52 jhrghvlf glvwdqfh ixqfwlrq ri d pdunhu lq wkh vhw>
62 h{wuhplwlhv>
72 eudqfkhv1

614 Elqdul}dwlrq
Wklv vlpsoh rshudwlrq rqo| uhtxluhv d wkuhvkroglqj ehwzhhq 93 dqg 588/ iroorzhg
zlwk wkh �oo0lq ri wkh el0glphqvlrqdo lqwhuqdo sruhv1 Vwloo/ wkh pdlq frqqhfwhg
frpsrqhqw kdv wr eh h{wudfwhg1 Lq rughu wr gr wklv/ zh wdnh dv pdunhu { rqh
srlqw dw wkh ehjlqqlqj ri wkh wuxqn1 Wkh uhfrqvwuxfwlrq vkrzv wkdw wkh nlgqh|
wuhh gldjudp lv eurnhq durxqg wkh plggoh lq wzr vhsdudwhg sduwv1 Wklv lv fdxvhg
e| wkh lqdffxudf| ri frqirfdo plfurvfrs|1 Lq rughu wr sxw lw uljkw/ erwk sduwv
kdyh ehhq uhfrqqhfwhg e| d vpdoo forvlqj/ dv vkrzq lq �jxuh+:d,1
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Iljxuh ;= Jhrghvlf glvwdqfh ixqfwlrq iurp wkh dqfkrudjh srlqw +qhjdwlyh ylhz
ri wkh vxsuhpxp ri wkh vhfwlrqv,

615 jhrghvlf glvwdqfh ixqfwlrq
Wkh jhrghvlf glvwdqfh ixqfwlrq vwduwv iurp pdunhu { dw wkh edvh ri wkh nlgqh|
dqg surjuhvvhv lqvlgh wkh wuhh dffruglqj wr xqlw fxeh0rfwdkhgud +vhh �jxuh +;,,

616 H{wuhplwlhv
Wkh h{wuhplwlhv duh qrwklqj exw wkh uhjlrq pd{lpd ri wkh suhylrxv jhrghvlf
ixqfwlrq1 Wkhvh xowlpdwh hurghg srlqwv duh vkrzq rq �jxuh+<d,/ zkhuh orwv ri
txlwh xqvljql�fdqw exw yhu| vpdoo uhdo pd{lpd fdq ehhq revhuyhg1 Wkh| duh
uhpryhg e| d vpdoo vxuidfh rshqlqj +�jxuh+<,e,1 Zkhq xvlqj wklv dojrulwkp lq
urxwlqh/ zh zrxog ehwwhu vwduw zlwk d uhjxodul}dwlrq ri wkh vhw xqghu vwxg| e|
phdqv ri dq lvrwurslf wulglphqvlrqdo rshqlqj ri vl}h 4 ru 5/ surylglqj wkdw lw
grhv qrw euhdn wkh frqqhfwlylw|1

617 Eudqfklqjv
Wkh h{wudfwlrq ri eudqfklqjv/ zklfk lv frqfhswxdoo| vlpsoh/ pd| ohdg qhyhuwkh0
ohvv wr d frqvhtxhqw frpsxwlqj wlph1 Frqvlghulqj wkh txlwh ylvleoh vwuxfwxuh ri
wkh surmhfwhg wuhh/ wkh dojrulwkp xvhg ehorz lv voljkwo| ohvv suhflvh/ exw idvwhu
dq hdvlhu wr lpsohphqw1

Lq d �uvw vwhs/ elglphqvlrqdo eudqfklqjv rq wkh wuhh surmhfwlrq duh lqyhvwl0
jdwhg/ wkhq/ zh jhw edfn wr wkh 6G vsdfh e| exloglqj yhuwlfdo f|olqghuv zkrvh
edvhv duh orfdwhg dw wkh 5G eudqfklqjv/ dqg voljkwo| glodwhg +vl}h 5,1 Ilqdoo|/ zh
wdnh wkh lqwhuvhfwlrq ehwzhhq wkhvh f|olqghuv dqg wkh 6G wuhh1 Wkh rshudwlrq
ohdgv wr �jxuh+43,1
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Iljxuh 43= Surmhfwlrq ri wkh 6G eudqfklqjv
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618 Uhvxowv

Lq doo/ vwduwlqj iurp wkh frqqhfwhg nlgqh| wuhh/ zh jrw wr lwv vhjphqwdwlrq lqwr
glvmrlqw eudqfkhv vhsdudwhg e| wklq eudqfklqjv1 Vrph eudqfkhv frqwdlq rqh
ru pruh/ ri wkh wuhh h{wuhplwlhv1 Iurp vxfk d vhjphqwdwlrq/ lw ehrphv qrz
srvvleohwr uhsodfh wkh remhfw xqghu vwxg| e| d �wuhh� lq wkh phdqlqj ri judsk
wkhru|/ zkhuh wkh hgjhv fdq eh zhljkwhg jhrphwulfdo fkdudfwhulvwlfv +yroxph/
ohqjwk/ orfdwlrq ri lwv fhqwhu/ srvvleoh hqg srlqwv 111 hwf,1

7 Hxohu0Srlqfduì qxpehu dqg vsdfh judskv
Klvwrulfdoo|/ wkh Hxohu0Srlqfduì frqvwdqw +lq eulhi=HSF, dsshduhg lq wzr voljkwo|
gl�huhqw grpdlqv ri pdwkhpdwlfv1 Iluvwo|/ wkhuh zdv Hxohu*v uhdvrqlqj derxw
wkh uhodwlrqv ehwzhhq wkh sro|khgurqv yhuwlfhv/ hgjhv dqg idfhv/ zklfk zdv iru0
pdol}hg lq whupv ri sodqdu judskv e| Fdxfk|1 Wklv zd| ri wklqnlqj ohdgv wr
frxqwlqj dojrulwkpv/ zklfk duh edvhg rq wkh hohphqwdu| hgjhv/ vtxduhv dqg
wuldqjohv +lq wkh kh{djrqdo julg,1 Lw h{whqgv wr ydulrxv fxelf/ fxeh0rfwdkhgurq
dqg ukrper0grghfdkhgurq ri U Y / zlwkrxw dq| sduwlfxodu wkhruhwlfdo gl!fxow|/
exw zlwk d jurzlqj khdylqhvv ri wkh hohphqwdu| rshudwlrqv wr eh fduulhg rxw1

Wkh vhfrqg zd|/ Srlqfduì*v/ dqg Kdgzljhu*v odwhu rq/ olqnv wkh vxffhvvlyh
gh�qlwlrqv ri HSF wkdqnv wr dq lqgxfwlrq kroglqj rq wkh glphqvlrqv ri wkh
vsdfh ^8`1 Zkhq wudqvsrvhg wr d gljlwdo julg/ wklv dssurdfk lv olplwhg wr fxelf
+ru wr sdudoohohslshglf, julgv/ exw/ lq uhwxuq/ ohdgv wr d pxfk vlpsohu dqg idvwhu
h{suhvvlrq wkdq wkh judskv rqh1 Wkxv/ iru d erxqghg gljlwdo vhw D/ zh kdyh =

Lq ] Z / y Z +D, @ Q +yhuwlfhv,�Q +hgjhv, @ Q +�,�Q +�,
Lq ] _ / iru wkh vtxduh julg =

y _ +D, @ Q +yhuwlfhv,�Q +hgjhv, .Q +idfhv,
@ Q +�,�Q +�,�Q +m, .Q +�,

Vwloo lq ] _ / li zh djuhh rq fdoolqj Q Z +D, wkh vxp ri wkh frqvwdqwv y Z ri wkh
krul}rqwdo vhfwlrqv ri D/ zh fdq vhh wkdw

y _ +D, @ � Z +D,� � Z +D� m, >
zkhuh D� m vwdqgv iru wkh Plqnrzvnl vxevwudfwlrq ri D e| wkh xqlw yhuwlfdo
vhjphqw1

Lq ]
Y / wklv lv wkh vdph/ dqg Hxohu*v qxpehu y Y +D, gh�qhg dv

y Y +D, @ Q +yhuwlfhv,�Q +hgjhv, .Q +idfhv, 0 Q +eorfnv,
lv h{suhvvhg e| wkh vdph lqfuhphqw dv ehiruh/ iru

y Y +D, @ y _ +D,� y _ +D� m, +5,
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Iljxuh 44= Hxohu0Srlqfduì Frqvwdqw lq U
Y

zkhq y _ +D, lv wkh vxp ri Hxohu elglphqvlrqdo qxpehuv ri wkh krul}rqwdo vhfwlrqv
ri D/ dqg zkhuh � vwdqgv iru kh Plqnrzvnl vxevwudfwlrq ri D e| wkh xqlw yhuwlfdo
vhjphqw +htxdwlrq +5, fdq hdvlo| eh h{whqghg wr U R e| uhfxuuhqfh,1 Frqvwdqw
y Y lv lqghshqghqw ri wkh fkrlfh ri wkh �yhuwlfdo� gluhfwlrq1

Iurp dq h{shulphqwdo srlqw ri ylhz/ wkh htxdwlrq +5, lv yhu| frqyhqlhqw/ iru
lq lpdjh surfhvvlqj v|vwhpv/ Hxohu elglphqvlrqdo frqvwdqwv duh jhqhudoo| udslg
wr jhw dqg wkh xqlw olqhdu hurvlrq ehwzhhq wzr frqvhfxwlyh sodqhv lv d vlpsoh
rshudwlrq wrr1 Lw lv wklv htxdwlrq +5, wkdw kdv ehhq lpsohphqwhg lq wkh vklqerqh
h{dpsoh ehorz1

Ilqdoo|/ uhphpehu wkdw wkh HSF ri d vlpso| frqqhfwhg remhfw +l1h1 krphr0
prusklf wr d fxeh, htxdov 4/ wkdw ri d wruxv +w|slfdoo|/ d grqxw, htxdov 3/ dqg
wkdw ri vskhulfdo furzq +vxfk dv d irrwedoo, htxdov 51 Pruhryhu/ wkh frqvwdqw y
lv F0dgglwlyh/ zklfk phdqv wkdw

y +D, . y +D ` , @ y +D ^D ` , . y +D _D ` , >
dq htxdwlrq wkdw doorzv rqh wr uhgxfh frpsoh{ �jxuhv wr wkh prvw vlpsoh rqhv1
Wkxv/ wkh HFSF ri odpsvkdgh slhufhg e| 4333 slq krohv htxdov 04333=

8 Vkdiw ri fklfnhq hpeu|r vklqerqhv
814 Sxusrvh
Wkh erqh }rqh xqghu vwxg| lv vlwxdwhg lq wkh fhqwudo sduw ri d fklfnhq hpeu|r
vklqerqh/ zkrvh d{lv gh�qhv wkh yhuwlfdo1Wkh h{shulphqwdo gdwd irup d vhulhv ri
<; uhfwdqjxodu volfhv ri 653 { 643 sl{hov hdfk1 Wkh xqlirup juh| ri wkh vklqerqh
skdvh doorzlqj dq hdv| wkuhvkrog +vhh45d,/ wkh wzr sureohpv wr eh vroyhg duh
wkhq wkh iroorzlqj =

42 Lpsohphqwlqj dqg fkhfnlqj Gu Vwdxe*v prgho/ wkdw lv wr vd| vzlwfklqj
iurp wkh prgho ri qhvwhg f|olqghuv wr dq h�hfwlyh vhjphqwdwlrq ri wkh erqh
lqwr qhvwhg vwuxfwxuhv wkdqnv wr vrph frqyhqlhqw txdqwlwdwlyh fulwhulrq +wr eh
irxqg,>

52 Rqfh wkh vhjphqwdwlrq lv dfklhyhg/ h{wudfwlqj pruh vshfl�fdoo| wkh eulgjhv
wkdw olqn wzr vxffhvvlyh f|olqghuv/ dqg fdofxodwlqj wkh krprwrs| ri erwk eulgjhv
dqg f|olqghuv1
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815 Dojrulwkp
Iru wkh vdnh ri shgdjrj|/ zh zrun/ rq wkh rqh kdqg/ rq doo <; volfhv/ dqg rq wkh
rwkhu kdqg/ rq wkh �uvw 47 rqhv rqo|1 Zh fdoo �erqh� wkh �uvw �oh/ dqg �erqh4�
wkh vhfrqg rqh1 Wkdqnv wr uhgxfhg wklfnqhvv �oh erqh4/ vrph vwuxfwxuhv duh
pdgh pruh hdvlo| ylvleoh> pruhryhu/ wkh frpsdulvrq ehwzhhq wkh zdyhiurqwv ri
erqh dqg erqh4 zloo lqirup xv derxw wkh uhsuhvhqwdwlylw| ri vdpsoh erqh41

Li wkh qhvwhg f|olqghuv prgho lv fruuhfw/ wkh zdyhiurqw vwhpplqj iurp wkh
fhqwudo phgxood }rqh dqg shqhwudwlqj lqwr wkh erqh vkrxog sursdjdwh pruh
udslgo| zkhq lw  rrgv d f|olqgulfdo furzq wkdq zkhq lw furvvhv wkh qduurz
lvwkpxvhv wkdw olqn wkh furzqv dowrjhwkhu1 Wkhuhiruh/ zh kdyh wr =
0 jhqhudwh d uhohydqw fhqwudo pdunhu P>
0 sorw wkh fxuyh ri wkh zdyhiurqw vxuidfh I +�>P, yhuvxv glvwdqfh �/ zklfk
vkrxog vkrz rvfloodwlrqv zlwk pruh ru ohvv shulrglf plqlpd >
0 ghfrpsrvh wkh jhrghvlf zdyh lqwr vhfwlrqv olplwhg e| plqlpd ydoxhv +erqh
vhjphqwdwlrq,>
0 h{wudfw wkh zdyhiurqw dw hdfk plqlpxp/ zklfk zloo uhvxow lqwr eulgjhv>
0 fdofxodwh Hxohu frqvwdqw iru eulgjh vhwv/ dqg f|olqghuv>

111 doo rshudwlrqv wkdw zloo qrz eh h{hfxwhg1

816 Uhvxowv
Wkh fhqwudo pdunhu P lv rewdlqhg e| zrunlqj rqh vhfwlrq diwhu wkh rwkhu/ dqg
e| h{wudfwlqj wkh fhqwudo sruh diwhu rshqlqj +dojrulwkp erqh4,/ vhh45e

Wkh phdvxuhphqw yduldwlrq ri wkh zdyhiurqw vxuidfh/ iru erwk �ohv erqh dqg
erqh4 lv sorwwhg lq �jxuh+46,1 Wkhlu plqlpd duh dssur{lpdwho| rq wkh vdph
deflvvdh/ iru lqvwdqfh 49 lqvwhdg ri 46 ru 9 lqvwhdg ri 8/ zklfk lv dq dxvslflrxv
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Iljxuh 46= Sorw ri wkh zdyhiurqw vxuidfh yhuvxv wkh sursdjdwlrq vwhsv

vwduw1
Erqh dqg erqh4 vhjphqwdwlrqv/ fduulhg rxw iurp wkh iroorzlqj plqlpd de0

flvvdh
9> 55> 77> 1111111111111111111111111111111111111 iru erqh
8> 4;> 57> 74> 98> 11111111111111111111111111 iru erqh4

ohdg wr wkh uhvxowv vkrzq lq �jxuh +47,1
Lq rughu wr h{wudfw wkh eudqfklqjv ehwzhhq f|olqghuv/ d vwurqjhu dqg sduwldoo|

idovh k|srwkhvlv kdv wr eh pdgh= wkh zdyhiurqwv fruuhvsrqglqj wr hdfk plqlpxp
ri wkh sorw duh vxssrvhg wr eh h{foxvlyho| orfdwhg lq wkhvh qduurzv1 Edvhg rq
wklv dssur{lpdwlrq/ wkh eulgjhv ehwzhhq f|olqghuv q S l dqg l.4 pdwfk zlwk wkh
vhw gl�huhqfh ehwzhhq wkh p . 4 dqg p vl}hg0jhrghvlf glodwhv/ zkhuh p lv wkh
deflvvd ri d plqlpxp1 Wkh frqwdfw }rqhv ehwzhhq wkh �uvw wzr f|olqghuv/ iru
erwk �ohv erqh dqg erqh4duh glvsod|hg rq �jxuh +48,1

Zh qrz wuhdw wkh odvw srlqw/ derxw frxqwlqjv rq wkh ydulrxv h{wudfwhg vhwv1
Dv rqh fdq qrwh rq wkh iroorzlqj wdeoh/ wkh erqh lv txlwh slhufhg dqg eurnhq1

Uhjlrq Hxohu Srlqfduì qxpehu
lqlwldo erqh

frqqhfwhg frpsrqhqw/ dgmdfhqw wr wkh pdunhu
eulgjhv ehwzhhq wkh �uvw wzr f|olqghuv
vdph eulgjhv/ iroorzhg e| d xqlw glodwlrq

erqh erqh4
0 4 869 0 56:
0 4 ;;8 0 5:8
4 77: 538
65 43
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Iljxuh 47= 6G vhjphqwdwlrqv ri wzr volfhv1

Iljxuh 48= Shuvshfwlyh ylhzv ri wkh glodwhg eulgjhv/ iru �erqh� dqg �erqh 4�
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Eurnhq/ iru zkhq uhgxflqj wkh remhfw wr lwv sduw dgmdfhqw wr wkh fhqwudo
pdunhu/ dw ohdvw 4;;8 0 4 869 @ 67< vpdoo lvrodwhg sduwv duh uhpryhg +h{shul0
phqwdo duwlidfwvB,1 Slhufhg/ iru wklv pdlq frqqhfwhg frpsrqhqw kdv 4;;8 krohv/ li
lw lv dgplwwhg wkdw lw grhv qrw frqwdlqv lqwhuqdo forvhg sruhv +wklv vhhpv uhdolvwlf
zkhq zh frqvlghu wkh wklfnqhvvhv,1

Wkh HSF ri wkh eulgjhv +477:, vhhpv txlwh kljk1 Lq idfw/ pruh wkdq d qxw
olqnlqj rqh f|olqghu wr wkh iroorzlqj rqh/ d mrlqw udwkhu orrnv olnh d exqgoh ri
�qh �ehuv1 Wklv lv wkh uhdvrq zk| dq hohphqwdu| glodwlrq +wkh 46 yr{hov ri wkh
xqlw fxeh0rfwdkhgurq eulqjv Hxohu0Srlqfduì qxpehu 4 77: grzq wr 651

9 Phwulfv dqg glodwlrq
Lq erwk h{dpsohv/ zh ghflghg wr vwduw iurp gljlwdo phwulfv/ wkrvh zkrvh edoov
duh wkh fxeh0rfwdkhgurq ri ] Y 1 Wkhq/ zh frqvlghuhg wkh fxeh0rfwdkhgud E Z +{,
fhqwhuhg lq {>5 ]

Y > dqg zlwk d vl}h 4 dv wkh vwuxfwxulqj hohphqwv/ dqg zh kdyh
xvhg wkhlu vxffhvvlyh lwhudwlrqv wr jhqhudwh wkh zdyhiurqwv1 Ilqdoo|/ zh kdyh
frqvlghuhg wkh zdyhiurqwv dv wkh vskhuhv lq d qhz phwulf/ qdphg jhrghvlfv/
wkdqnv wr wkh Fkrtxhw wkhruhp1

Phdqzkloh/ zh kdyh dssur{lpdwhg vhwv dqg Hxfolghdq rshudwruv zlwk �qlwh
uhsuhvhqwdwlrqv= qhlwkhu wkh nlgqh|/ qru d pdppdo erqh fdq eh uhgxfhg wr vrph
srlqwv rq d vtxduh odwwlfh1 Exw zh kdyh dovr vxuuhswlwlrxvo| uhsodfhg wkh phwulf
edoov zlwk d vhw ri glodwlrqv zkhq wlph fdph wr lpsohphqw wkh �uvw rqhv1 Duh
wkhvh wzr qrwlrqv htxlydohqw B Pruh jhqhudoo|/ wr zkdw h{whqw grhv d glodwlrq
idplo| i� @ > � A Rj rq d odwwlfh O jhqhudwh phwulfv rq O B Lv lw vx!flhqw wkdw
wkh � @ lqfuhdvh zlwk wkh srvlwlyh sdudphwhu � B Wklv lv zkdw zh duh jrlqj wr
vwxg| qrz1

Lq d �uvw vwhs/ zh zloo frpsduh wkh glodwlrqv wr hfduwv udwkhu wkdq wr glv0
wdqfhv1 Iluvw/ ehfdxvh lw lv pruh vlpsoh/ dqg vhfrqg ehfdxvh wkh qrwlrq ri dq
hfduw ehwwhu vxlwv wkh odwwlfh vwuxfwxuh1Iroorzlqj J1 Fkrtxhw +^5`/s1 94,
Gh�qlwlrq 6 Zh fdoo dq hfduw rq d vhw O dq| pdsslqj ri O 
 O lq U ] vxfk
wkdw

l@ +{ @ |, @, +h +{> |, @ 3,
ll@ h +{> |, @ h +|> {,
lll@ h +{> |, 9 h +{> }, . h +}> |,
Wkh wzr gl�huhqfhv zlwk wkh qrwlrq ri d glvwdqfh/ qdpho| wkdw wkh hfduw h

pd| htxdo .4 dqg wkdw wzr glvwlqfw srlqwv pd| kdyh d }hur hfduw/ duh hvvhqwldo
wr vwuxfwxuh wkh hfduwv lqwr frpsohwh odwwlfhv/ zklfk lv lpsrvvleoh wr gr zlwk
glvwdqfhv1 Dfwxdoo|/ ohw h +{> |, @ vxsiha +{> |, > m 5 Mj> zkhq wkh h a duh hfduwv1
Fohduo|/ pdsslqj h = O
 O $ U ] vdwlv�hv erwk d{lrpv l@ dqg ll@1

Rq wkh rwkhu kdqg/ zh kdyh iru dq| l
h X +{> |, 9 h X +{> }, . h X +}> |, 9 h +x> }, . h +}> |,
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wkdw lpsolhv
h +{> |, 9 h +{> }, . h +}> |,

Wkhuhiruh/ wkh vxsuhpxp ri hfduwv lv q hfduw1 Pruhryhu/ wkhuh lv d vpdoohu
hfduw h +{> |, @ 3> ;{> | > dv dq| vxs kdoi odwwlfh zlwk d plqlpdo hohphqw lv d
frpsohwh odwwlfh/ zh fdq vd|
Sursrvlwlrq 7 Wkh fodvv ri hfduwv h = O
O $ U ] rq d vsdfh O lv d frpsohwh
odwwlfh zkhuh wkh vxsuhpxp frlqflghv zlwk wkh qxphulfdo vxsuhpxp1

Wkh olqnv ehwzhhq hfduwv dqg glodwlrqv duh jryhuqhg e| wkh iroorzlqj uhvxow
Sursrvlwlrq 8 Ohw O eh d frpsohwh odwwlfh dqg i� @ > � A 3j eh d idplo| ri glod0
wlrqv iurp O lqwr lwvhoi/ ghshqglqj rq d srvlwlyh sdudphwhu �1 Wkh � @ jhqhudwh
dq hfduw rq O li dqg rqo| li

ly@ � @ A L + � @ lv h{whqvlyh iru dq| � A 3,
y@ � @ � b 9 � @ ] b �> � A 3 +6,

Wkhq/ wkh idplo| � @ lv lqfuhdvlqj lq � dqg wkh txdqwlw|
h +{> |, @ lqi � i{ 9 � @ +|, > | 9 � @ +{,j {> | 5 O +7,

gh�qhv dq hfduw rq wkh odwwlfh O1
Surri1 Wkh wzr d{lrpv ly@ hw y@ lpso| wkh lqfuhdvlqjqhvv ri wkh dssolfdwlrq

� $ � @ / dv/ iru dq| � dqg dq| �/ zh jhw
L 9 � @ @, � b 9 � b � @ 9 � b ] @ =

Ohw xv suryh wkdw wkh| dovr lpso| wkh wkuhh d{lrpv ri dq hfduw1 Dv { 9 � @ +{,
iru dq| � +d{lrp ly@,> wkh txdqwlw| h +{> {, @ 3 iru doo { +d{lrp l@, > wkh
d{lrp ll@ uhvxowv iurp wkh v|pphwu| ri wkh lqhtxdolw| 61 Lq rughu wr yhuli|
wkh wuldqjxodu lqhtxdolw| lll@/ ohw xv frqvlghu wkuhh hohphqwv {> |> } ri O zlwk
� Z @ h +|> }, > � _ @ h +}> {, > � Y @ h+{> |,=

Li � Z ru � Y @ 4/ wkhq � _ 9 � Z . � Y 1 Li qrw/ iurp wkh lqhtxdolwlhv
{ 9 � @ Y ]dc +|, dqg | 9 � @ Y ]dc +{,

iru dq| % A 3/ dqg iurp
| 9 � @ Z ]'c +}, dqg } 9 � @ Z ]'c +|,

zh gudz e| dssolfdwlrq ri d{lrp y@ wkdw
{ 9 � @ Y ]dc � @ Z ]'c +}, 9 � @ Z ] @ Y ] _ c +},

dqg vlploduo| wkdw } 9 � @ Z ] @ Y ] _ c +{,1 Wkhuhiruh/
� _ 9 � Z . � Y . 5%
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iru dq| % A 3/ zklfk lpsolhv wkh wuldqjxodu lqhtxdolw|1
Frqyhuvho|/ vwduw iurp dq hfduw h rq O ri forvhg edoov � @

� @ +{, @ i| = h +{> |, 9 �j +8,
D{lrp l@ lpsolhv wkdw wkh � @ duh h{whqvlyh +d{lrp ly@,1 Lq rughu wr suryh

d{lrp y@ qrwh wkdw iru dq| hohphqw } 9 � @ � b +{,/ wkhuh lv dq hohphqw | 9 � b +{,
zlwk } 9 � @ +|,/ l1h1

h +{> |, 9 � dqg h +|> }, 9 �
zklfk lpsolhv/ e| wuldqjxodu lqhtxdolw| lll@

h +{> }, 9 h +{> |, . h +|> }, 9 �. �
wkhuhiruh } 9 � @ ] b +{, dqg �qdoo|

� @ � b +{, @ b i} = } 9 � @ � b +{,j 9 � @ ] b +{,
zklfk lv d{lrp y@

Lw uhvxowv iurp wkh sursrvlwlrq wkdw erwk htxdwlrqv 7 dqg 8 mrlqlqj hfduw dqg
glodwlrq duh htxlydohqw dqg uhflsurfdo1

914 Glvwdqfhv
Zkhq frqvlghulqj glvwdqfhv/ wklqjv ehfrph d elw pruh frpsolfdwhg1 Iluvwo|/ zh
kdyh wr olplw rxuvhoyhv wr wkrvh idplolhv ri hohphqwv ri O
O zklfk dgplw �qlwh
hfduwv +d fodvv zklfk grhv qrw qhhg wr eh d vxe0odwwlfh ri O,/ dqg/ ixuwkhupruh/
wkh h{whqvlylw| d{lrp ly@ lv qrw hqrxjk wr jxdudqwhh d{lrp l3@

l3@ +{ @ |, +, +g +{> |, @ 3, +9,
Iru lqvwdqfh/ li zh frqvlghu wkh idplo|

� @ +{, @ i{> { e > | e j � A 3
� e +{, @ i{j

zkhuh { e dqg | e duh wzr �{hg dqg glvwlqfw hohphqwv ri O/ wkhq sursrvlwlrq8
dssolhv = zh gr kdyh dq hfduw/ exw qr glvwdqfh/ iru h +{ e > | e , @ 3 zkhuhdv { e 9@ | e 1
Wkh vlpsoh h{whqvlylw| ly@ kdv wr eh uhsodfhg e| wkh d{lrp ly3@ ri prqrwrqrxv
frqyhujhqfh=

ly3@ � & 3 @, � @ & L
zklfk lv d orw pruh vhyhuh +lw phdqv wkdw wkh � @ lqfuhdvh zlwk � dqg wkdw
L @ Y i� @ > � A 3j,1 Zkhq wklv frqglwlrq lv vdwlv�hg/ wkhq g +{> |, @ 3 lpsolhv/
dffruglqj wr wkh htxdwlrq 7 wkdw

{ 9
a i� @ +|, > � A 3j @ |

dqg/ dv zhoo/ wkdw | 9 {1 Frqyhuvho|/ wkh frxqwhu0h{dpsoh mxvw suhvhqwhg zlwk
+{ e > | e , suryhv wkdw wkh frqglwlrq lv qhfhvvdu|1 Wkhuhiruh/ zh fdq vwdwh=
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Sursrvlwlrq 9 Ohw i� @ > � A 3j eh d idplo| ri glodwlrqv ri odwwlfh O lqwr lwvhoi1
Wkh � @ jhqhudwh d phwulfv li dqg rqo| li

ly3@� & 3 lpsolhv � @ & L
y@� @ � b 9 � @ ] b

dqg li lwv grpdlq lv uhvwulfwhg wr wkh fodvvhv O* ri hohphqwv ri O vxfk wkdw/ iru
dq| {> | 5 O ` zh jhw

g +{> |, @ lqi i� = { 9 � @ +|, > | 9 � @ +{,j ? 4 +:,
zkhq g lv wkh hfduw lqgxfhg rq O
 O e| wkh � @ 1

Wkh Kdxvgru� hfduw rq S +U R ,/ zklfk ehfrphv d glvwdqfh zkhq uhvwulfwhg wr
wkh qrq0hpsw| frpsdfw vhwv ri U R shuihfwo| looxvwudwhv wkh glvwlqfwlrq ehwzhhq
sursrvlwlrqv8dqg91 Lq dgglwlrq lw vkrzv krz/ zkhq dssolhg wr d odwwlfh vxfk dvS+H,/ wkh Kdxvgru� w|sh htxdwlrq : ohdgv wr d hfduw rq H li uhvwulfwhg wr wkh
vlqjohwrqv ri S+H,1

Wkh edoo E @ +{, > zlwk d udglxv � dqg fhqwhuhg lq { lv hdvlo| h{suhvvhg li zh
lqwurgxfh wkh glodwlrq

f
� uhflsurfdo ri �/ dqg gh�qhg e| wkh htxlydohqfh

{ 9 � +|, +, | 9
f
� +{,

Zkhwkhu hfduw ru glvwdqfh duh frqfhuqhg/ frqvlghulqj wkh htxdwlrqv 7 dqg :/
zh jhw/

E @ +{, @ i| = g +{> |, 9 �j @
� ab\g6@ � b +{,

� a � ab\g6@
f
� b +{,

�

+;,
Zkhq � @ lv &0frqwlqxrxv iru dq| �/ wkh htxdwlrq lv uhgxfhg wr

E @ +{, @ � @ +{, a f
� @ +{,

Ilqdoo|/ li wkh glodwlrq lv v|pphwulfdo/ l1h1 lv htxdo wr lwv wudqvsrvh/ zh
�qdoo| jhw E @ @ � @ 1 Wklv lv wkh fdvh/ iru lqvwdqfh/ zkhq wkh � @ duh krprwkhwlf
ri d v|pphwulfdo frqyh{ vhw1 Lq S +U R ,/ J1Pdwkhurq ^;` suryhg wkdw li wkh � @
frppxwh xqghu wudqvodwlrqv/ dqg wkhuhiruh/ h{suhvv Plqnrzvnl dgglwlrqv/ wkh|
vdwlvi| dq dgglwlyh vhpljurxs ri d srvlwlyh sdudphwhu/ l1h1� @ � b @ � @ ] b li dqg
rqo| li wkh � @ duh krprwkhwlf dqg v|pphwulfdo frqyh{ vhwv +lw lv hdv| wr suryh
wkdw pdjql�fdwlrq lpsolhv � @ � b 4 � @ ] b / zklfk �qdoo| ohdgv wr wkh htxdolw|
� @ � b @ � @ ] b / exw wkh frqyhuvh sursrvlwlrq lv ohvv reylrxv,1

: Frqqhfwlylw|/ jhrghvlfv dqg vhpljurxs
Iru ehlqj deoh wr exlog zdyhiurqwv/ wkh gdwd ri d sulru phwulf lv d qhfhvvdu|
exw lqvx!flhqw frqglwlrq1 Zh pxvw dovr pdnh vxuh wkdw dq| srlqw ri wkh vsdfh
uhpdlqv dffhvvleoh iurp dq| rwkhu rqh e| d vhulhv ri duelwudu| vpdoo glodwlrqv/
qdpho|/ lq wkh gljlwdo fdvh/ ri wkh xqlw vl}h1 H{suhvvhg lq whupv ri glvwdqfh/ wklv
frqglwlrq ohdgv wr wkh frqfhsw ri d zhoo olqnhg phwulf vsdfh + ^5`/ s :9,1
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Gh�qlwlrq : d phwulf vsdfh H lv zhoo olqnhg li/ iru dq| sdlu +d/e, ri srlqwv lq
H dqg iru dq| % A 3/ wkhuh lv d �qlwh vhtxhqfh ri srlqwv lq H = d Z ===d R / zlwkd Z @ d dqg d R @ e vr wkdw g +d X > d X ] Z , � % iru dq| l ? q1

Vxfk d gh�qlwlrq doorzv rqh wr lqwhusuhw wkh frqqhfwlylw| qrwlrqv lq whupv ri
phwulfv1 Lq idfw =
Sursrvlwlrq ; Iru d frpsdfw phwulfdo vsdfh/ wkh surshuwlhv ri ehlqj frqqhfwhg
+lq wkh vhqvh ri wrsrorjlfdo frqqhfwlylw|,/ dqg ehlqj zhoo olqnhg duh htxlydohqw +
^5`/ s ::,

Sursrvlwlrq ; ydolgdwhv wkh jhrghvlf h{wudfwlrq surfhgxuhv ri frqqhfwhg frp0
srqhqwv dqg jlyhv d Hxfolghdq phdqlqj wr wkhvh gljlwdo dssurdfkhv +^44`/ s ;5,/
li dqg rqo| li wkh xqghuo|lqj phwulfv duh zhoo olqnhg1

Lqwxlwlyho|/ zh vhh wkdw qrq zhoo olqnhg phwulf frqwdlqv vrph nlqg ri yhuwlfdo
zdoov ri glvwdqfhv/ pruh ru ohvv orqj dqg wklfn/ dqg sodfhg lq wkh vsdfh1 Iru
lqvwdqfh/ lq wkh Hxfolghdq sodqh ri fr0ruglqdwhv ri { dqg |/ wkh vxp g ri wkh
Hxfolghdq glvwdqfh g Z / soxv wkh iroorzlqj hfduw g _

g _ ^+{> |, +{ ` > | ` ,` @ 3 li { dqg { ` ?3 ru li { dqg { ` � 3
g _ ^+{> |, +{ ` > | ` ,` @ 4 rwkhuzlvh

lv vwloo d glvwdqfh/ dv wkh vxp ri d glvwdqfh dqg ri d erxqghg hfduw/ exw lw grhv
qrw doorz rqh wr furvv wkh ruglqdwhv d{lv zlwk glodwlrqv vpdoohu wkdq 41

Fkrtxhw srsrvlwlrq q S ; olqnv wkh frqqhfwlylw| ri d frpsdfw vhw zlwk d phwulf
fkdudfwhulvwlf derxw sdwkv1 Krzhyhu/ lpdjh surfhvvlqj eulqjv lqwr sod| wkh gxdo
srlqw ri ylhz1 Lw xvhv wkh zdyhiurqwv zklfk hpdqdwh iurp wklv srlqw/ exw zlwkrxw
sd|lqj dwwhqwlrq wr wkh fruuhvsrqglqj udglxv1 Wkh iroorzlqj sursrvlwlrq doorzv
rqh wr sdvv iurp rqh srlqw ri ylhz wr wkh rwkhu =
Sursrvlwlrq < Ohw i� @ > � A 3j eh d idplo| ri v|pphwulfdo glodwlrqv iurp odwwlfhO lqwr lwvhoi/ zklfk jhqhudwh d phwulf rq O1 Wklv phwulf dgplwv jhrghvlfv li dq|
rqo| li wkh � @ vdwlvi| wkh vhpl jurxs ri odz

� @ ] b @ � @ � b �> � A 3 +<,
Surri1 Ohw xv vxssrvh wkdw wkh htxdwlrq < lv fruuhfw1 Wkhuhiruh/ frqvlghulqj

wkh &0frqwlqxlw| ri wkh � h dw wkh ruljlq/ zh jhw =
� @ � abji'@ � b @ ah g T � @ ] h @ ah g T � h � @ @ � @

Wkhuhiruh/ wkh htxdwlrq ; ri wkh edoo E @ +{, lv uhgxfhg wr

E @ +{, @ � @ +{, a k
� @ +{,

Dv/ pruhryhu/ i� @ +{, > { 5 Oj duh v|pphwulfdo/ wkh| ehfrph lghqwl�hg zlwk
wkh edoov E @ +{, ri wkh lqihuhg phwulfv1 Ohw wkhq {> | 5 O zlwk g +{> |, @ �. � >
iurp htxdwlrq < / zh jhw

| 5 � @ ] b +{, @ � b � @ +{, >
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wkhuhiruh/ wkhuh h{lvwv dq hohphqw } 5 O vxfk wkdw } � � @ +{, dqg | � � b +},/ ru/
frqvlghulqj wkh wuldqjxodu lqhtxdolw| ehwzhhq {/ | dqg } vxfk wkdw =

g +{> }, . g +}> |, � �. � @ g +{> |, � g +}> |, . g +}> |, =
Hohphqw } lv h{dfwo| dw wkh glvwdqfhv � iurp { dqg � iurp |1 Zkhq � dqg �

ydu|/ hohphqw } ghvfulehv wkh jhrghvlfv ehwzhhq { dqg |1
Frqyhuvho|/ ohw xv vxssrvh wkh h{lvwhqfh ri d jhrghvlf iurp { wr |/ dqg ohw

| � � @ ] b +{,1 Ohw xv frqvlghu dq hohphqw } rq wklv jhrghvlf/ lq wkh udwlr ri wkh
glvwdqfhv @@ ] b wr { dqg bU ] b wr |1 Dv g +{> |, � �. �/ wkh glvwdqfh iurp } wr {
vdwlv�hv wkh lqhtxdolw|

g +{> }, @ �
�. �g +{> |, � � ru } � � @ +{,

Vlploduo|/ zh kdyh } � � b +|,/ ru dv zhoo | � � b +},/ dqg e| frpsrvlwlrq
surgxfw | � � b � @ +{,/ vr wkdw � @ ] b � � @ � b / zklfk hqgv wkh surri1

Zkhq frplqj edfn wr Fkrtxhw sursrvlwlrq ;/ lw lv hqrxjk wr qrwh wkdw/ dv
wkh h{lvwhqfh ri jhrghvlfv lv d vwurqjhu fkdudfwhulvwlf wkdq d zhoo olqnlqj ri wkh
vsdfh/ glodwlrqv wkdw vdwlvi| wkh vhpljurxs < hqdeoh xv wr h{wudfw wkh frqqhfwhg
frpsrqhqwv +dv vrrq dv �qlwh glvwdqfhv rqo| duh lqyroyhg,1

Ixuwkhupruh/ lw lv hdv| wr qrwlfh wkdw/ zkhq wkh phwulf odwwlfh lv glvfuhwh/ wkh
zhoo olqnlqj frqglwlrq lv htxlydohqw wr wkh h{lvwhqfh ri jhrghvlfv1 Wkhuhiruh/ lq
wklv fdvh/ wkh vhpljurxs glodwlrqv < duh wkh rqo| rqhv wkdw fdq h{wudfw dufzlvh
frqqhfwhg frpsrqhqwv1

; jhrghvlfv dqg gljlwdo frqqhfwlrqv
Lq wkh suhylrxv vhfwlrqv/ zh h{soruhg ydulrxv phwulf vwuxfwxuhv e| frpsdu0
lqj wkhp zlwk wrsrorjlfdo frqqhfwlylw| +lq S+U R ,, ru dufzlvh frqqhfwlylw| +lqS+] R ,,= Krzhyhu/ lq pdwkhpdwlfdo pruskrorj|/ vhw frqqhfwlylw| lv uhsodfhg e|
wkh zlghu frqfhsw ri d frqqhfwlrq rq S+H,/ gh�qhg dv iroorzv ^44`1
Gh�qlwlrq 43 Jlyhq vsdfh H/ zh fdoo frqqhfwlrq rq S+H, dq| fodvv F � S+H,
wkdw vdwlv�hv wkh wkuhh iroorzlqj d{lrpv =

l2 F frqwdlqv wkh hpsw| vsdfh = > 5 F
ll2 F frqwdlqv wkh vlqjohwrqv = { 5 H , i{j 5 F
lll2 wkh xqlrq ri dq| idplo| ri hohphqwv ri F zlwk d qrq0hpsw| lqwhuvhfwlrq

vwloo ehorqjv wr F = iD X 5 Fj/ _D X 9@ > , ^D X 5 F
Dq| vhw D � H lv sduwlwlrqhg lqwr lwv frqqhfwhg frpsrqhqwv/ vr wkdw wkh|

wxuq rxw wr eh wkh lqyduldqwv ri d idplo| i� U > { 5 Hj ri srlqw frqqhfwhg rshqlqjv/
dv wkh| duh fdoohg/ vxfk wkdw iru doo i{> |j 5 H dqg dq| D � H/ zh kdyh

0 � U +{, @ i{j
0 � U +D, @ � l +D, ru rwkhuzlvh � U +D, _ � l +D, @ >
0 { @5 D , � U +D, @ >
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Frqyhuvho|/ wkh gdwd ri d idplo| ri rshqlqjv/ dvvrfldwhg wr hdfk srlqw ri H
dqg vdwlvi|lqj wkhvh wkuhh surshuwlhv lv wkh fkdudfwhulvwlf ri d xqltxh frqqhfwlrq
+^44`/ wkhruhp 51;,1

Wkh frqqhfwlrq frqfhsw lv wrr zlgh wr ohw xv krsh wkdw doo wkh suhylrxv uhvxowv
fdq eh h{whqghg1 Iru lqvwdqfh/ jlyhq d sduwlwlrq 7 ri H/ ri fodvvhv G+{,/ li zh
frqvlghu wkh frqqhfwlrq

F @ iG +{, _D> { 5 U R > D 5 S +U R ,j ^ >
dqg wkh Hxfolghdq glvwdqfh/ wkh h{lvwhqfh ri xowlpdwh hurghg srlqwv lv qrw vxuh
dv vrrq dv vrph fodvvhv G+{, duh wrsrorjlfdoo| rshq1 Wklv lv wkh uhdvrq zk| zh
zloo uhvwulfw rxuvhoyhv wr glvfuhwh phwulfv/ zkloh pdlqwdlqlqj lwv jhqhudolw| wr H/
dqg zh frqvlghu xqltxho| wkrvh glvwdqfhv wkdw pds H 
 H lqwr ] ] =

Wkh uhodwlrqvklsv ehwzhhq phwulfv dqg frqqhfwlrq pd| eh frqvlghuhg dv wzr
uhflsurfdo irupxodwlrqv/ ghshqglqj zkhwkhu lw lv zrqghuhg wr zkdw h{whqg d
phwulf lqgxfhv d frqqhfwlrq ru frqyhuvho|1Wkh dqvzhu wr wkh �uvw txhvwlrq lv
jlyhq e| wkh iroorzlqj sursrvlwlrq/ iurp Fk1 Urqvh dqg M1 Vhuud ^45`^43`1
Sursrvlwlrq 44 Ohw H eh dq duelwudu| vhw/ � = S +H, $ S +H, eh dq h{whqvlyh
dqg v|pphwulfdo glodwlrq/ dqg ohw { 5 H dqg D 5 S +H,1 Wkhq wkh olplw xqghu
lwhudwlrq

� U +D, @ ^q

+� +{, _D,
m
R
n
> q A 3

r

+43,
frqvlghuhg dv dq rshudwlrq rq D lv d srlqw frqqhfwhg rshqlqj1

Qrwh wkdw lw lv qrw qhfhvvdu| wr surylgh S +H, zlwk d frqqhfwlrq ehiruhkdqg1
Vr/ hyhq glvuhjduglqj dq| srvvleoh dufzlvh frqqhfwlylw|/ glodwlrqv e| xqlw edoov
ri U R / vxfk dv vtxduh/ fxeh/ kh{djrq/ hwf 111 gr jhqhudwh frqqhfwlrqv/ wkdw
wkh| xvh wr h{wudfw wkh frqqhfwhg frpsrqhqwv diwhuzdugv1 Exw sursrvlwlrq 44
jrhv ixuwkhu/ dv lw h{whqgv wklv fkdudfwhulvwlf wr dq| h{whqvlyh dqg v|pphwulfdo
glodwlrq1 �Glodwlrq� pd| hyhq eh uhsodfhg zlwk �lqfuhdvlqj rshudwlrq�1

Zh qrz orrn lqwr wkh frqyhuvh txhvwlrq/ dqg zrqghu krz d jlyhq frqqhfwlrqF rq S +H, pd| lqgxfh d phwulf1 Dvvrfldwh zlwk hyhu| srlqw { ri H/ wkh fodvvF +{, ri wkh frqqhfwhg frpsrqhqwv frqwdlqlqj { dqg zkrvh lqwhuvhfwlrq zlwk
dq| vhw D � H frqwdlqlqj { lv lwvhoi frqqhfwhg

F +{, @ iF = { 5 F 5 F> { 5 D � H , � U +D, _ F 5 Fq>j
Wklv fodvv lv qrw hpsw|/ dv lw frqwdlqv wkh vlqjohwrq i{j1 Dv lw lv reylrxvo|

vwdeoh iru wkh xqlrq/ lw dgplwv d pd{lpdo hohphqw � +{,1 Lq rughu wr pdwfk wkh
frqglwlrqv ri sursrvlwlrq 44/ zh kdyh wr pdnh � v|pphwulfdo/ wkdw lv wr vd|
uhsodfh lw zlwk

� +{, @ � +{, _ o
� +{, zkhuh

o
� +{, @ i| = { 5 � +|,j

Dv { 5 � +{,/ lw dovr ehorqjv wr
o
� +{, > dqg � +{,/ frqqhfwhg/ lv wkhuhiruh

dq hohphqw ri F +{,1 Wkh htxdwlrq 43/ dssolhg wr wkh glodwlrq e| d vwuxfwxulqj
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hohphqw � +{, wkhq ohdgv wr d qhz srlqw rshqlqj/ � pU vd|/ zklfk fkdudfwhul}hv d
qhz frqqhfwlrq F p 1 Dv � +{, 5 F +{,/ zh kdyh iru dq| vhw D frqwdlqlqj srlqw {

i{j � ^� +{, _D`
m
R
n � D

wkhuhiruh � pU +D, � � U +D,1 Krzhyhu/ wkh lqfoxvlrq pd| eh vwulfw1 Iru lq0
vwdqfh/ li zh wdnh iru H wkh frpsohwhg gljlwdo olqh/ iru F wkh duf frqqhfwlrq/
dqg iru D d frqqhfwhg vhw frqwdlqlqj d srlqw dw lq�qlw|/ wkhq vhw D uhpdlqv
lqdfhvvleoh wr dq| pdunhu zlwk �qlwh fr0ruglqdwhv1 Wr vxp xs/ zh fdq vwdwh wkh
iroorzlqj
Sursrvlwlrq 45 Dq| frqqhfwlrq F rq S +H, >zkhuh H lv dq duelwudu| vsdfh/
lqgxfhv rq S +H, d zlghu h{whqvlyh dqg v|pphwulfdo frqqhfwhg glodwlrq/ zklfk/
lq lwv wxuq +surs1 45,/ jhqhudwhv d qhz frqqhfwlrq F p / zklfk lv ohvv ulfk wkdqF1

Zh fdq vhh wklqjv gl�huhqwo|/ dqg qrwlfh wkdw F p lv wkh h{shulphqwdoo| dffhv0
vleoh vxevhw ri frqqhfwlrq F= Ehvlghv/ wkh frpsrqhqwv ri F p / ru ri F/ kdsshq wr
eh uhdfkhg iurp wkh �uvw glodwlrq vwhs ri �/ zkhq � m _ n @ �1 Iru lqvwdqfh/ li zh
frqvlghu wkh deryh0phqwlrqqhg frqqhfwlrq/ zklfk lv lqgxfhg e| wkh lqwhuvhfwlrq
ri wkh fodvvhv G+{, ri d �{hg sduwlwlrq P/ zh �qg iru dq| srlqw { 5 H

� +{, @
o
� +{, @ � +{, @ G +{, @ � m R n +{,

� pU +D, @ � U +D, @ D _G +{,
dqg li wzr srlqwv lq D duh wzr gl�huhqw fodvvhv ri wkh sduwlwlrq/ wkhlu hfduw lv
lq�qlwh1

< H{dpsohv ri gljlwdo jhrghvlf phwulfv
Iurp wkh suhylrxv vhfwlrqv/ lw lv fohdu wkdw wkh vhpljurxs vwuxfwxuh � q � b @ � @ ] b
lv xqdyrlgdeoh1 Exw iruwxqdwho|/ d qxpehu ri idplolhv i� @ j fdq eh exlow/ wkdw
fdq vdwlvi| lw1 Khuh duh d ihz/ lq wzr ru wkuhh glphqvlrqv1 Lw lv uhplqghg wkdw
lq wkh glvfuhwh vsdfhv/ wkh vhpljurxs < lv htxdo wr

� R @ +� Z , R
exw wkdw � Z +{, fdq fkdqjh lwv vkdsh iurp rqh srlqw wr dqrwkhu rqh1

Phwulfv ri uhjxodu odwwlfhv = wkrvh duh suhflvho| wkh rqhv zkhuh � Z +{, vkdsh
grhv qrw fkdqjh/ l1h1 zklfk duh wudqvodwlrq lqyduldqw rq d d uhjxodu julg/ vxfk
dv/

lq ] _ wkh v|pphwulfdo xqlw vtxduh ri < ru 8 srlqwv +gldprqgv,/ ru wkh : srlqw
kh{djrq1

lq ]
Y fxeh +5: srlqwv,/ wkh kh{djrqdo edvlv0f|olqghu +54 srlqwv, ru wkh fxeh0

rfwdkhgurq +46 srlqwv,/ wkh odvw rqh ehlqj wkh �qhvw dqg wkh prvw lvrwurslf1
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jhrghvlf phwulfv ri d �uvw pdvn = Lq sudfwlfh/ wkh suhylrxv phwulfv duh rqo|
xvhixo zkhq wkh vwxglhg remhfw lv frqwdlqhg lq d uhfwdqjxodu pdvn/ ] vd|/ zklfk
grhv qrw kdsshq yhu| riwhq1 Prvw ri wkh wlph/ rq wkh frqwudu|/ wkh pdvn kdv fxw
rxw d uhjlrq lq d zlghu �hog/ dqg/ lq rughu wr pdqdjh wklv erughu h�hfw/ � Z +{, lv
uhsodfhg e| � Z +{,_]1 Wkh vdph frqvwuxfwlrq lv fruuhfw zkhq ] lv dq duelwudu|
jlyhq vhw/ dv wkh h{dpsohv ri vhfwlrqv 6 dqg 8 kdyh vkrzq lw1 Ehvlghv/ lwhudwlqj
d �uvw jhrghvlf xvhg dv dq lqlwldo phwulf/ lq rughu wr exlog d vhfrqg rqh/ lv qrw
iruelghq1

Qrq xqlw glodwlrqv = Ohw xv frqvlghu qrz dv d xqlw edoo wkh glodwh � R ri vl}h
q ri wkh xqlw lvrwurslf glodwlrq ri wkh julg/ l1h1 wkh vtxduh 6 { 6/ ru wkh 46
yr{hov fxeh0rfwdkhgurq/ iru lqvwdqfh1 Wkh surfhgxuh frqvlvwv ri fkdqjlqj wkh
frqqhfwlrq/ e| uhsodflqj dufzlvh frqqhfwlylw| e| wkdw ri wkh � R 1 Lw phdqv wkdwwkh frpsrqhqw frqwdlqlqj d jlyhq srlqw { lv qrw d rqh slhfh remhfw dq|pruh/
exw d jurxs ri remhfwv zkrvh glodwh e| � R lv lq rqh slhfh1

Wklv qrq xqlw jhrghvlfv pd| vdyh frqvlghudeoh wlph lq 60glphqvlrqdo sur0
fhvvhv1 Vxssrvh iru h{dpsoh zh zdqw wr h{wudfw wkh dufzlvh frqqhfwhg frpsr0
qhqw D U dw srlqw { ri d jlyhq vhw D1 Zh fdq ehjlq e| hurglqj D e| � R / wkhquhfrqvwuxfw lw z1u1 wr wkh xqlw edoo � R / dqg hqglqj wkh surfhvv e| jhrghvlf gl0
odwlrqv dffruglqj wr wkh xqlw edoo � Z 1 Iru odujh gldphwhuv ri D frpsduhg wr q/
wkh frpsxwlqj wlph lv dv|pswrwlfdoo| glylghg e| q1

Vhfwlrqv dqg surmhfwlrqv = Dv zh kdyh vhhq ehiruh derxw wkh nlgqh| eudqfk0
lqjv/ wkh surmhfwlrq ri wkh vwdfn ri vhfwlrqv sloh surmhfwlrq qrupdoo| wr wkhlu
sodqh pd| eh xvhg dv d edvlv iru d wulglphqvlrqdo dqdo|vlv1 Frqvlghu iru h{dp0
soh d 60G vhw D +lq U _ ru lq ] _ ,/ ri frqqhfwhg frpsrqhqw � U +D, dw srlqw {=
Ohw D T dqg { T eh wkh surmhfwlrqv ri D dqg { uhvshfwlyho| rq d krul}rqwdo sodqh
vxevsdfh1Wkhq wkh yhuwlfdo f|olqghu ri edvlv wkh frqqhfwhg frpsrqhqw ri D T +lq
wkh 50G vhqvh, wkdw lqfoxghv { T frqwdlqv � U +D, = Vxfk d surshuw| doorzv dq hdv|
h{wudfwlrq ri � U +D,/ vshfldoo| zkhq wkh frqqhfwhg frpsrqhqwv ri D duh udwkhu
zhoo vhsdudwhg1Eh|rqg surmhfwlrq surfhgxuhv/ khuh djdlq/ lw lv qrw gl!fxow wr
�qg qrq xqlw glodwlrqv dqg wkh dffrpsdq|lqj frqqhfwlrqv1 Exw lq wklv fdvh/
rqo| yhuwlfdoo| doljqhg srlqwv fdq eh jdwkhuhg1

Wkh iroorzlqj h{dpsoh looxvwudwhv wklv surmhfwlrq whfkqltxh1Wkh vhtxhqfh xq0
ghu vwxg| frpsulvhv 8: ;0elw gljlwdo lpdjhv ri 845 { 845 sl{hov1 Wkh| frph iurp
d erqh wlvvxh/ h{dplqhg e| frqirfdo plfurvfrs|/ zlwk d rqh plfurq gljlwdo vsdf0
lqj1 Lq wklv vpdoo yroxph ri erqh/ zh fdq vhh wkuhh rvwhrf|whv zklfk duh orfdwhg
dw ydulrxv ghswkv1 Rq erwk volfhv ri 49/ wkh qxfohl dsshdu/ dv zhoo dv sruwlrqv
ri orqj �ehuv ri f|wrsodvp/ wkdw zh duh derxw wr vhjphqw1

E| wdnlqj wkh vxsuhpxp ri wkh 8: volfhv +4:d, dqg �owhulqj wkhp/ zh nhhs
wkh wkuhh odujhvw surmhfwlrqv rqo| +4:e, zkhuh wkh wkuhh glvmrlqw frqqhfwhg sur0
mhfwlrqv ri wkh rvwhrf|whv duh ylvleoh1 Frqvlghu wkh yhuwlfdo f|olqghuv zlwk wkhvh
surmhfwlrqv dv wkh edvhv/ dqg uhvwulfw hdfk ri 8: vhfwlrqv wr wkh lqvlgh ri wkh f|olq0
ghuv1 Wklv uhvxowv lq �jxuh4;/ wkdw vkrzv d shuvshfwlyh ylhz ri wkh h{wudfwhg
fhoov1
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Iljxuh 49= Vhfwlrqv qxpehuv 48 +d,/ dqg 68 +e,/ iurp d vwdfn ri 8: frqirfdo
vhfwlrqv ri rvwhrf|whv1

Iljxuh 4:= d, Wkuhvkrog yhuvlrq ri wkh vxsuhpxp > e, H{wudfwlrq ri wkh wkuhh
odujhvw remhfwv1
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Iljxuh 4;= Shuvshfwlyh ylhz ri wkh h{wudfwhg rhvwhrf|whv

Lq jhrghvlf whupv/ wkhvh rshudwlrqv duh htxlydohqw wr jhrghvlf glodwlrqv e| d
yhuwlfdo vhjphqw/ wdnhq dv wkh xqlw glodwlqj edoo1 Wklv vhjphqw vl}h lv qrw rqh/
exw derxw �iwhhq srlqwv +rwkhuzlvh/ wkh zkroh f|olqghu frxog qrw eh irxqg,1
Wkhq/ rqo| remhfwv zkrvh yhuwlfdo glodwh lv dufzlvh0frqqhfwhg duh frqvlghuhg
frqqhfwhg/ zklfk �qdoo| |lhogv wkh wkuhh odujhvw fhoov ri wkh vwdfn1

43 Frqfoxvlrq
Uhpdundeo|/ wkh vdph zdyhiurqw frqfhsw lq U R ru ] R doorzv rqh wr ghvfuleh =

0 wkh frqqhfwhg frpsrqhqwv/yld lwv vxuidfh phdvxuhphqw>
0 wkh erwwohqhfnv/ yld wkh plqlpd ri lwv yduldwlrq>
0 wkh eudqfkhv/ yld wkh yduldwlrq ri lwv frqqhfwlylw|>
0 dqg wkh h{wuhplwlhv/ yld wkurxjk lwv xowlpdwh orfdwlrqv>

dqg lwv dssolfdwlrq wr frpsoh{ 60G klvwrorjlf vwuxfwxuhv suryhv wkh rxwvwdqglqj
srzhu ri wklv wrro1

Iurp d wkhruhwlfdo srlqw ri ylhz/ wkh zdyhiurqw surshuwlhv eulgjh wkh wkuhh
frqfhswv ri frqqhfwlrq/ phwulfv dqg glodwlrq1 Dq dgglwlyh vhpl0jurxs ri glod0
wlrqv lv htxlydohqw wr d phwulf wkdw dgplwv jhrghvlfv/ dv zhoo dv wr wkh frpsdfw
frqqhfwhg frpsrqhqwv ri d frqqhfwlrq1 Wklv grxeoh htxlydohqfh rshqv wkh grru
wr dq d0sulrul lq�qlwh qxpehu ri srvvlelolwlhv > lq idfw/ lw vhhpv xs wr qrz wkdw
frqqhfwlrqv e| glodwlrq duh wkh rqo| rqhv wr kdyh suryhg wkhlu sudfwlfdo xvhixo0
qhvv1
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Dfnqrzohgjhphqw 46 Rq wkh rqh kdqg/ L wkdqn Gu M1 Ehuwudp/ dqg Gu Vwdxe
dqg P1 P1 Phqgmhol rq wkh rwkhu kdqg/ iru wkh glvfxvvlrqv zh kdg wrjhwkhu/ dqg
iru wkh gljlwdo gdwd wkh| nlqgo| jdyh ph1 L dovr wkdqn P1 Fk1 Ehuqdug iru klv
frpphqwv derxw vhtxhqwldo prqrwrqh frqyhujhqfh ri frqqhfwhg frpsdfw vhwv1 L
glg qrw xvh wkhp khuh/ exw wklv wdon khoshg ph lq wkh uhodxqfklqj ri wklv zulwlqj1
Ilqdoo|/ L wkdqn P1 J1 Iulfrxw = wkdqnv wr klv gl�huhqw srlqw ri ylhz derxw wkh
vwxg| ri nlgqh| wuhvv/ kh irufhg ph wr h{sodlq p| rzq srvlwlrq pruh fohduo|1

Uhihuhqfhv
^4` Fodun D1W1/ \rxqj U1M1 dqg Ehuwudp M1I1 Lq ylwur vwxglhv rq wkh urohv ri

wudqviruplqj jurzwk idfwru0ehwd4 lq udw phwdskuhqlf ghyhorsphqw/ Nlgqh|
Lqw 8< ss 497404986 +5334,1

^5` Fkrtxhw J1 Wrsrorjlh Pdvvrq Sdulv/ 4<991
^6` Iulfrxw J1 Nlgqh| dqg Vnhohwrql}dwlrq Lqw1 uhsruw FPP/ Hfroh ghv Plqhv

gh Sdulv qry 53331
^7` Iulfrxw J1/ Fxoohq0Pf Hzhq O1D1/ Kdushu L1D1/ Mhxolq G1/ Ehuwudp M1I1

D txdqwlwdwlyh phwkrg iru dqdo|vlqj 6G eudqfklqj lq hpeu|rqlf nlgqh|v=
ghyhorsphqw ri d whfkqltxh dqg suholplqdu| gdwd1 +wr eh suhvhqwhg dw
LVV*5334>Erughdx{/ Iudqfh vhsw1 5334,1

^8` Kdgzljhu K1 Yruvhoxqjhq xehu Lqkdow/ Rshu dfkh xqg Lvrshulphwulh1
Vsulqjhu/ Ehuolq/ 4<8:1

^9` Nohlq M0F1 Frqfhswlrq hw uìdolvdwlrq g*xqh xqlwì orjltxh srxu O*dqdo|vh
txdqwlwdwlyh g*lpdjhv1 Wkhvlv/ Xqlyhuvlw| ri Qdqf|/ 4<:91

^:` Odqwxhmrxo F1/ Ehxfkhu V1 Rq wkh xvh ri wkh jhrghvlf phwulf lq lpdjh dqdo0
|vlv1 M1 ri Plfurvfrs|1 Yro1 454/ 4<;4/ ss1 6<07<1

^;` Pdwkhurq J1 Udqgrp Vhwv dqg Lqwhjudo Jhrphwu|1Qhz \run= Zloh|/ 4<:81
^<` Ph|hu I1 Udssruw gh vwdjh qrwh lqwhuqh FPP/ +4<:9,1
^43` Urqvh Fk1/ Vhuud M1Jhrghv| dqg frqqhfwlylw| lq julgv +wr eh sxeolvkhg lq

Ixqgdphqwd Lqirupdwlfdh,1
^44` Vhuud M1 +hg1, Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|1 Yro1 51 = Wkh0

ruhwlfdo Dgydqfhv1 Dfdghplf Suhvv/ Orqgrq/ 4<;;1
^45` Vhuud M1 Frqqhfwlylw| rq frpsohwh odwwlfhv/ M1 ri Pdwk1 Lpdjlqj dqg Ylvlrq

</ 5640584 +4<<;,1
^46` Vhuud M1 Fxeh/ fxeh0rfwdkhgurq ru ukrpergrghfdkhgurq dv edvhv iru 60G

vkdsh ghvfulswlrqv�/ Dgydqfhv lq Ylvxdo Irup Dqdo|vlv/ F1 Dufhool dqg Do1
+hgv1, Zruog Vflhqwl�f 4<<:/ 835084<1
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^47` P1 Vwdxe* shuvrqqdo frppxqlfdwlrq1
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