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Devwudfw
D sdqho ri vhyhudo uhfhqw vwxglhv rq frorxu surfhvvlqj dw FPP lv suhvhqwhg/ dqg uh0

ihuuhg wr J1 Pdwkhurq dfwlylwlhv1 D �uvw vhfwlrq lqwurgxfhv qhz uhsuhvhqwdwlrqv ri wkh
wulsohw %oxplqdqfh/ vdwxudwlrq/ kxh% wkdw duh frqvlvwhqw zlwk d ihz edvlf txdqwl}dwlrq
suhuhtxlvlwhv1 Rqh ri wkhvh uhsuhvhqwdwlrqv/ zklfk ghulyhv iurp wkh O � qrup/ surgxfhv
doljqphqwv lq oxplqdqfh2vdwxudwlrq klvwrjudpv1 D sk|vlfdo prgho ri oljkw sursdjdwlrq
surylghv dq lqwhusuhwdwlrq ri vxfk doljqphqwv1 Wkh qh{w vhfwlrq vwduwv iurp wkh sduwlf0
xodu uroh ri wkh vdwxudwlrq/ zklfk edodqfhv wkh rssrvlwlrq ehwzhhq oxplqdqfh dqg kxh/
dqg xvhv lw wr frpelqh wkh vhjphqwdwlrqv ri wkh wkuhh frpsrqhqwv lqwr v|qwkhwlf frorxu
vhjphqwdwlrqv1 D qhz vhfwlrq ghdov zlwk pdwkhpdwlfdo pruskrorj| dssolhg wr lpdjh gdwd
glvwulexwhg rq wkh xqlw flufoh/ vxfk dv wkh kxh1 Lw lv iroorzhg e| dqrwkhu vhfwlrq zkhuh wkh
txhvwlrq ri frorxu lpdjhv lqwhusrodwlrq lv wuhdwhg e| phdqv ri Kdxvgru� jhrghvlfv1 Wkh
odvw vhfwlrq sursrvhv d pruskrorjlfdo dssurdfk wr pxowlyduldwh dqdo|vlv ri khwhurjhqhrxv
gdwd/ dqg dssolhv lw wr wkh vhjphqwdwlrq ri frorxu lpdjhv frghg e| sdohwwhv1

Nh| zrugv = frorxu/ vhjphqwdwlrq/ vdwxudwlrq/ qrupv/ oljkw sursdjdwlrq/ xqlw flufoh/
lqwhusrodwlrq/ pxowlyduldwh dqdo|vlv

4 Lqwurgxfwlrq
Gxulqj klv orqj dqg iuxlwixo fduhhu/ Jhrujhv Pdwkhurq qhyhu wdfnohg wkh wzr wkhphv ri vhj0
phqwdwlrq dqg frorxu surfhvvlqj ri lpdjhv1 Dw wkh ehjlqqlqj ri wkh qlqhwlhv/ zkhq L zdv
hqwhulqj wkh �uvw wkhph yld frqqhfwhg �owhuv/ L dvnhg klp zk| kh kdg dyrlghg wkhp1 Kh wrog
ph wkdw kh frxog qrw wdnh xs zrunlqj rq doo srvvleoh sureohpv/ dqg diwhu d vlohqfh/ dgghg
zlwk klv pduyhoorxv wdfwixo vploh= �ehvlghv/ L jxhvv lw lv douhdg| ohiw wr |rx�1

Lqghhg/ J1 Pdwkhurq zdv sduwo| uljkw1 Wkh zrun rq frqqhfwhg �owhuv frqwdlqhg wkh vhhg
ri d pruskrorjlfdo wkhru| ri vhjphqwdwlrq wkdw durvh whq |hduv odwhu ^64`1 Exw e| wklv wlph/
p| nqrzohgjh derxw frorxu surfhvvlqj zdv mxvw d pdwwhu ri wzr lghdv1 Iluvw/ rqh uhsuhvhqwv
frorxu e| wkuhh juh| lpdjhv/ lq UJE ru KOV prghv/ vhfrqg/ wkh frpsuhvvhg elw vwuhdpv ri
juh| wrqh lpdjhv kdyh wr eh pxowlsolhg e| wzr +dqg qrw e| wkuhh, zkhq sdvvlqj wr frorxu1
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L hqwhuhg wkh �hog ri frorxu surfhvvlqj txlwh dfflghqwdoo|1 Lq 4<<</ Doodq Kdqexu|/ zkr
zdv rqh ri p| Skg vwxghqwv/ zdv ghyhorslqj d phwkrgrorj| iru dq dxwrpdwlf fodvvl�fdwlrq ri
slhfhv ri zrrgv dffruglqj wr wkhlu wh{wxuhv +yhlqv/ nqrwv/ 111,1 Wkh gluhfwlrqdo ihdwxuhv zhuh/
ri frxuvh/ suhsrqghudqw dqg ohg xv wr hoderudwh pruskrorjlfdo wrrov iru flufxodu gdwd ^44`1
Qrz/ lq lpdjhu|/ wkh wzr pdmru vlwxdwlrqv zkhuh vxfk gdwd dsshdu/ duh rulhqwdwlrqv dqg kxhv1
Wkhuhiruh/ zh ghflghg wr wu| dovr rxu dojrulwkpv rq frorxu uhsuhvhqwdwlrqv lqyroylqj kxh/ l1h1
rq wkh wzr KVY dqg KOV v|vwhpv1 Lw udslgo| ohg xv wr d fulwlfdo dqdo|vlv ri erwk v|vwhpv/ dqg
wr sursrvh pruh frqvlvwhqw rqhv ^63`^48`1 Lq wkh phdqwlph/ D1 Kdqexu| ghihqghg klv wkhvlv
dqg ohiw wkh Fhqwuh gh Pruskrorjlh Pdwkìpdwltxh +FPP/ lq eulhi, lq 53351 L fduulhg rq wkh
dssurdfk zlwk Mhvxv Dqjxor/ dqrwkhu Skg vwxghqw dw FPP/ zkrvh wkhvlv vxemhfw glg qrw
uhdoo| lqyroyh frorxu surfhvvlqj/ exw zkr zdv hqwkxvldvwlf derxw wkh txhvwlrq1 Wrjhwkhu/ zh
vwduwhg iurp wkh qhz frorxu v|vwhpv dqg glvfryhuhg wkdw/ lq wkh 60G klvwrjudpv jhqhudwhg e|
wkh O � uhsuhvhqwdwlrqv/ wkh sl{hov ri dq duelwudu| lpdjh xvhg wr suhvhqw vshfl�f doljqphqwv1
Zkdw glg lw phdq B

Wkh qhz uhsuhvhqwdwlrqv kdg sduwlfxoduo| prgl�hg wkh gh�qlwlrq ri wkh vdwxudwlrq sdudp0
hwhu/ doorzlqj xv wr shufhlyh klv phdqlqj pruh fohduo|1 Zlwk M1 Dqjxor/ zh ghflghg wr h{sorlw
wklv sdudphwhu wr edodqfh oxplqdqfh yhuvxv kxh/ zkhq vhjphqwlqj frorxu lpdjhv ^5`1

Wklv wkuhdg ri lghdv lv qrw wkh rqo| rqh zh ghyhorshg gxulqj wkhvh uhfhqw |hduv1 Vlqfh
L zdv wkurzq lqwr frorxu sureohpv/ lw zdv dq h{fhoohqw rssruwxqlw| wr kdyh d orrn dw UJE
uhsuhvhqwdwlrqv dqg wr wkrvh edvhg xsrq sdohwwhv1 L ghyhorshg wkh �uvw wkhph mrlqwo| zlwk
Pduflq Lzdqrzvnl ^45`/ dqg wkh vhfrqg zlwk Pdulxvf} Po|qduf}xn ^5<`/ erwk srolvk Skg
vwxghqwv dw FPP1

Wkh wh{w zklfk iroorzv vxuyh|v wkhvh vwxglhv rq frorxu lpdjh surfhvvlqj1 L vkdoo wu| dqg
vkrz krz p| zd| ri wklqnlqj zdv shuydghg e| J1 Pdwkhurq*v rqh> dqg vlqfh Pdwkhurq xvhg
wr vd| wkdw wkh shgdjrjlfdo rughu pxvw eh wkh uhyhuvh ri wkdw ri wkh glvfryhu|/ zh zloo ehjlq
e| wkh prvw uhfhqw ghyhorsphqwv1

5 Wkh 60G srodu uhsuhvhqwdwlrqv ri wkh frorxu
514 Oljkw lqwhqvlwlhv dqg jdppd fruuhfwlrq
Frqvlghu d whohylvlrq uhfhlyhu1 Lw xvhv wkuhh gl�huhqw frorxu uhsuhvhqwdwlrqv1 Rq wkh rqh vlgh/
wkh lqsxw Khuw}ldq vljqdo lv frghg dv rqh juh| lpdjh soxv wzr rwkhu rqhv/ dvvrfldwhg wr juhhq0
uhg dqg eoxh0|hoorz frqwudvwv +l1h1 rqh oxplqdqfh dqg wzr fkurplqdqfhv,1 Rq wkh rwkhu vlgh/
wkh lpdjh rq wkh prqlwru lv rewdlqhg iurp wkuhh hohfwulfdo vljqdov/ zklfk h{flwh wkuhh od|huv ri
juhhq/ uhg dqg eoxh skrwr0uhfhlyhuv1 Wkhvh wzr uhsuhvhqwdwlrqv duh txlwh gl�huhqw/ dowkrxjk
whfkqlfdoo| vrxqg iru wkhlu uhvshfwlyh sxusrvhv1 Krzhyhu/ wkh pdqxidfwxuhuv wdnh qrqh ri
wkhp iru wkh xvhu*v lqwhuidfh/ dqg suhihu kxpdq dgmxvwphqwv edvhg rq oljkw +oxplqdqfh,/
frqwudvw +vdwxudwlrq,/ dqg/ lq fdvh ri dq rog uhfhlyhu/ iurp kxh1 Khqfh/ wklv odvw wulsohw wxuqv
rxw wr eh wkh vlpsohvw rqh iru kxpdq ylvlrq1

Zkdw duh wkh uhodwlrqvklsv ehwzhhq wkhvh ydulrxv uhsuhvhqwdwlrqvB Gr wkh whfkqrorjlfdo
vwhsv prgli| wkh lqlwldo oljkw wkdw hqwhuv d ghylfhB Frorxu lpdjh surfhvvlqj uhvwv rq d ihz
edvlf rshudwlrqv +dgglwlrq/ frpsdulvrq/11, dqg surshuwlhv +lqfuhdvlqjqhvv/ glvwdqfhv11,1 Kdyh
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wkhvh wrrov d sk|vlfdo phdqlqjB Lq frorxu lpdjhu| wkh edvlf qrwlrq lv wkh vshfwudo srzhu
glvwulexwlrq +VSG, ri wkh oljkw udgldwlqj iurp ru lqflghqw rq d vxuidfh1 Wklv lqwhqvlw| kdv
wkh glphqvlrq ri dq hqhuj| shu xqlw duhd/ vxfk dv zdww shu p � 1 Zkhq wkh oljkw duulyhv
dw d skrwr0uhfhlyhu/ wklv vhqvru �owhuv wkh lqwhqvlwlhv ri hdfk iuhtxhqf| e| zhljkwlqj wkhp
dffruglqj wr �{hg ydoxhv1 Wkh vxp ri wkh uhvxowlqj lqwhqvlwlhv jhqhudwhv d vljqdo wkdw h{klelwv
d fhuwdlq �frorxu�1 Wkh FLH +Frpplvvlrq Lqwhuqdwlrqdoh gh o*Hfodludjh,/ lq lwv Uhf :3</
kdv vwdqgdugl}hg wkh zhljkwv zklfk |lhog wkh wulsohw U ����� >J �������E ���	� ^;`1 Dv hqhujlhv/ wkh
lqwhqvlwlhv duh dgglwlyh/ vr wkdw doo frorxuv dffhvvleoh iurp dq UJE edvlv duh rewdlq e| vxpv
ri wkh sulpdu| frorxuv U>J> dqg E dqg e| pxowlsolfdwlrqv e| qrq qhjdwlyh frqvwdqwv1

Wkh h{sorudwlrq ri wkh vshfwuxp lv orzhu erxqghg e| U @ J @ E @ 3 +}hur hqhuj|,
kljkhu erxqghg e| d pd{lpxp uhg U � / juhhq J � dqg eoxh E � wkdw duh jlyhq e| wkh frqwh{w
+looxplqdwlrq/ whfkqrorjlfdo olplwv ri wkh vhqvruv/ ru ri wkh h|h/ hwf1, lq zklfk zh zrun1
Jhqhudoo|/ hdfk whfkqrorj| �{hv wkh wkuhh erxqgv/ zklfk wkhuhiruh gh�qh wkh uhihuhqfh zklwh/
dqg wkhq lqwurgxfhv wkh uhgxfhg yduldeohv

u @ U
U �

> j @ J
J �

> e @ E
E �

= +4,

Wkh gljlwdo vhqvlwlyh od|huv ri fdphudv wudqvirup wkh oljkw lqwhqvlwlhv lqwr yrowdjhv> frq0
yhuvho|/ wkh fdwkrglf wxehv +FUW, dqg wkh  dw vfuhhqv wkdw glvsod| lpdjhv uhwxuq skrwrqv
iurp wkh hohfwulfdo fxuuhqw1 Qrz/ wkhlu uhvsrqvh lv qrw olqhdu/ exw d srzhu ixqfwlrq ri wkh
lqsxw yrowdjh zkrvh h{srqhqw �/ +jdppd,/ ydulhv durxqg 5=8 dffruglqj wr wkh whfkqrorjlhv1
Li zh zdqw wkh oljkw lqwhqvlwlhv ri wkh FUW wr eh sursruwlrqdo wr wkrvh ri wkh vfhqh lwvhoi/ wkh
jdppd h�hfw kdv wr eh frpshqvdwhg1 Lq ylghr v|vwhpv/ wklv jdppd fruuhfwlrq lv xqlyhuvdoo|
dw wkh fdphud1 Wkh Uhf1 :3< ri FLH sursrvhv wkh iroorzlqj fruuhfwlrq ixqfwlrq

u 
 @ 7=8u u � 3=34;
u 
 @ 4=3<<u ��� ��
 � 3=3<< u A 3=34; +5,

wkdw zh zulwh khuh iru wkh uhgxfhg uhg lqwhqvlw| u/ dqg zkhuh4@� @ 3=781 Wkh vdph wudqvihu
ixqfwlrq lv dssolhg wr erwk juhhq dqg eoxh edqgv1

Ilj1 4/ gudzq iurp ^57` ghslfwv wkh judsk ri Uho1+5,1 Wkh yduldwlrq grpdlq ^3> 4` lv wkh
vdph iru wkh uhgxfhg lqwhqvlwlhv +u, dv iru wkh ylghr frorxuv +u 
 ,/ zklfk lpsolhv wkdw wkh zklwh
srlqw U � J � E � lv ohiw lqyduldqw1 Wkh olqhdu ehjlqqlqj lq Uho1+5, plqlpl}hv wkh h�hfw ri wkh
vhqvru qrlvh1 Dq lghdo prqlwru vkrxog lqyhuw wkh wudqvirup Uho1+5,1 Lqghhg/ wkh| jhqhudoo|
kdyh qhlwkhu olqhdu vhjphqw/ qru jdppd h{srqhqw htxdo wr423/78 ^57`1

Iljxuh +4, vkrzv wkdw iru u forvhg wr4/ wkh judsk orrnv olnh d vwudljkw olqh1 Pruh suhflvho|/
wkh olplwhg h{sdqvlrq

+4� x, ����� @ 4� x
� . � +x, +6,

iru vpdoo x/ ohdgv xv wr uhsodfh wkh vhfrqg htxdwlrq +5, e|
u* � @ +3=88 . 3=78u,4=3<<� 3=3<< +7,

l1h1/ qxphulfdoo|
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Iljxuh 4= Jdppd fruuhfwlrq ixqfwlrq1

u 3=< 3=; 3=: 3=9 3=8
u* 3=<7< 3=;<8 3=;6: 3=::7 3=:38
u* � 3=<83 3=<34 3=;84 3=;35 3=:86
��� ����� �
��� 3=4( 3=9( 4=7( 5=;( 7=;(

Lq frpsdulvrq zlwk wkh qrlvh ri wkh ylghr v|vwhpv/ zh fdq frqvlghu wkh dssur{lpdwlrq u* �
lv shuihfw iru u � 3=; dqg h{fhoohqw iru 3=9 � u � 3=;1

515 Frorxu Yhfwru Vsdfhv
Wkhlu olqhdulw| surylgh wkh lqwhqvlwlhv u> j> e zlwk wkh vwuxfwxuh ri d 6 glphqvlrqv yhfwru vsdfh/
ru udwkhu ri wkh sduw H zklfk lv olplwhg wr wkh xqlw fxeh ^3> 4`� ^3> 4`� ^3> 4` ri U � 1 Iru frorxu
lpdjh surfhvvlqj sxusrvhv/ lw zrxog eh zlvh wr jr edfn iurp wkh ylghr edqgv +u 
 > j 
 > e 
 , wr wkh
uhgxfhg lqwhqvlwlhv +u> j> e, e| wkh lqyhuvh wudqvirup ri Uho1+5,1 Zkhq vwduwlqj iurp wkh xvxdo
6�; elwv +u 
 > j 
 > e 
 , lpdjhv/ wkh ehvw vkrxog suredeo| eh wr frgh lq 6�49 elwv iru frpsxwdwlrq
+ru lq  rdwlqj yduldeohv,1 Exw dv d pdwwhu ri idfw/ shrsoh nhhsv wkh +u 
 > j 
 > e 
 , ylghr vsdfh/
zklfk lv lpsolflwo| prghoohg dv d sduw ri d yhfwru vsdfh/ iurp zklfk rqh exlogv dulwkphwlf
phdqv/ surmhfwlrqv/ klvwrjudpv/ Irxulhu wudqvirupv/ hwf1/ zklfk riwhq jlyhv vljql�fdqw uhvxowv1

Zkdw duh wkh uhdo frqvhtxhqfhv ri wkh jdppd fruuhfwlrq Uho1+5, rq wkh surfhvvlqj ri
frorxu gdwdB Irupdoo| vshdnlqj/ rqh fdq dozd|v frqvlghu wkh xqlw ylghr fxeh +u 
 > j 
 > e 
 , dv
d sduw/ H 
 vd|/ ri d 60glphqvlrqv yhfwru vsdfh1 Wklv doorzv xv wr irupxodwh rshudwlrqv/ exw
wkhlu sk|vlfdo lqwhusuhwdwlrqv ghpdqg zh frph edfn wr wkh lqwhqvlwlhv +u> j> e,1

Ilj1 5 ghslfwv wkh xqlw fxeh H 
 1 Wkh yhfwru �{ 
 / ri frruglqdwhv +u 
 > j 
 > e 
 , fdq dovr eh
ghfrpsrvhg lqwr wzr ruwkrjrqdo yhfwruv �f 
 dqg �o 
 ri wkh fkurpdwlf sodqh dqg wkh d0fkurpdwlf
+ru jud|, d{lv uhvshfwlyho|1 Wkh odwwhu lv wkh pdlq gldjrqdo ri wkh fxeh jrlqj wkurxjk wkh
ruljlq R dqg wkh fkurpdwlf sodqh lv shushqglfxodu wr wkh jud| d{lv lq R1 Wkh wzr yhfwruv �f 
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Iljxuh 5= Fkurpdwlf sodqh dqg d0fkurpdwlf d{lv1

dqg �o 
 kdyh wkh iroorzlqj frruglqdwhv
6�f 
 @ +5u 
 � j 
 � e 
 > 5j 
 � e 
 � u 
 > 5e 
 � u 
 � j 
 ,
6�o 
 @ +u 
 . j 
 . e 
 > u 
 . j 
 . e 
 > u 
 . j 
 . e 
 , +8,

Frqvlghu wkh uhg edqg u 
 +}, ryhu d }rqh ] lq d frorxu lpdjh1 Zkdw phdqlqj fdq zh jlyh
wr wkh dyhudjh uhg lq ] B Dv zh mxvw vdz/ wkh rqo| dyhudjh wkdw kdv d sk|vlfdo phdqlqj lv wkh
txdqwlw| �u @ �

�

U +u 
 +},, � g}/ zklfk qhhgv wr eh fruuhfwhg lqwr �u ����� iru glvsod| sxusrvhv +iru
wkh prphqw zh qhjohfw wkh frqvwdqwv 4/3<< dqg 3/3<< lq Uho1+5,,1 Rq wkh rwkhu kdqg/ wkh
xvxdo vhjphqwdwlrqv dlp wr vsolw wkh vsdfh lqwr uhjlrqv ] zkhuh wkh frorxu lv qhduo| frqvwdqw1
Wkhq dw hdfk srlqw } 5 ]/ zh fdq dssur{lpdwh u+}, e| wkh olplwhg h{sdqvlrq

u+}, @ u 
 +},� @ u 
 �
�

4� u 
 � u 
 +},
u 


��
@ u 
 �

�

4� �
�u 
 � u 
 +},

u 

�

. %+u 
 ,
�

zkhuh �u 
 @ �
�

U

� u 
 +},g}1 Xqghu dyhudjlqj lq ]/ wkh frh!flhqw ri wkh � whup lq wkh uljkw
phpehu ehfrphv }hur/ vr wkdw

+�u, ��� � @ �u 
 .�� �u 
 � +9,
Wkhuhiruh/ wkh dulwkphwlf phdq ri wkh ylghr uhg u 
 htxdov/ dw wkh vhfrqg rughu/ wkh phdq

ri wkh uhg lqwhqvlw| u iroorzhg e| wkh jdppd fruuhfwlrq1 Wkh uhvxow uhpdlqv wuxh zkhq wkh
frh!flhqwv ri Uho1+5, duh dgghg/ zkhq wkh wkh dyhudjh lv zhljkwhg/ dqg dovr iru wkh gdun
}rqhv ] zkhuh wkh �uvw Uho1+5, dssolhv1 Lw h{whqgv wr wkh juhhqv dqg eoxhv1 Uho1+9, wxuqv rxw
wr eh d wkhruhwlfdo mxvwl�fdwlrq ri wkh %prvdlf% edvhg lpdjh vhjphqwdwlrqv +h1j1 zdwhuidoo
dojrulwkp,1

516 Euljkwqhvv
Iurp wkh srlqw ri ylhz ri sk|vlfv/ euljkwqhvv lv qrwklqj exw wkh lqwhjudo ri wkh srzhu vshfwuxp/
l1h1/ khuh/ wkh vxp ri wkh wkuhh frpsrqhqwv u/ j/ dqg e/ wkdw vwdqg iru wklv vshfwuxp1 Iru
frorulphwulf sxusrvhv/ wklv vxp kdv wr eh zhljkwhg uhodwlyho| wr wkh vshfwudo vhqvlwlylw| ri wkh
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h|h1 Wkh FLH Uhf1 :3< gh�qhv d zklwh srlqw dqg wkuhh zhljkwlqj ixqfwlrqv ri wkh vshfwuxp
zklfk ohdg wr wkh yduldeohv U ����� >J ����� dqg E ����� / wkhq wr wkh oxplqdqfh

\ ����� @ 3=545U ���	� . 3=:48J ���	� . 3=3:5E ����� +:,
dqg wr wkh oxplqdqfh \ � ri wkh dvvrfldwhg zklwh srlqw1 Wkh wkuhh frh!flhqwv ri Uho1+:,
duh uhodwhg wr wkh euljkwqhvv vhqvlwlylw| ri wkh kxpdq ylvlrq dqg kdyh ehhq hvwlpdwhg e|
frorulphwulf phdvxuhphqwv rq d frpsuhkhqvlyh srsxodwlrq1 Wkh oxplqdqfh \ ���	� / dv d olqhdu
ixqfwlrq ri lqwhqvlwlhv/ lv dq hqhuj| +zdwwv@p � ,1

Kxpdq ylvlrq uhvsrqgv wr lqwhqvlwlhv lq d orjdulwkplf zd|/ dffruglqj wr odzv ri wkh w|sh
gl@l @ frqvwdqw1 Mxvw dv zh wrrn lqwr dffrxqw wkh vshfwudo vhqvlwlylw| ri wkh h|h/ zh vkrxog qrw
ljqruh lwv hqhujhwlf vhqvlwlylw|1 Qrz/ e| dq dpd}lqj frlqflghqfh ylvlrq uhvsrqvh wr lqwhqvlw|
lv forvhg wr wkh jdppd fruuhfwlrq ri Uho1+5, = iru h{dpsoh/ zkhq wkh oxplqdqfh ri d vrxufh
lv uhgxfhg wr 53(/ wkh h|h shufhlyhv dq lqwhqvlw| uhgxfwlrq ri 83( rqo|1 Wkhuhiruh/ iroorzlqj
pdq| dxwkruv/ zh fdq frqvlghu wkh wudqvirupv

u 
 @ u ����� j 
 @ j ��� � e 
 @ e ����� +;,
iru � * 5=5 dv jhqhudwlqj shufhswxdo lqwhqvlwlhv 1 Iru h{dpsoh/ wkh Uhf1 EW 9340H sursrvhv
wkh oxpd | 
� � � dv d shufhswxdo euljkwqhvv phdvxuhphqw

| 
� � � @ 3=5<<u 
 . 3=8;:j 
 . 3=477e 
 = +<,
Krzhyhu/ wklv oxpd/ dv hvwdeolvkhg iurp ylghr ydoxhv kdv qrw dq hqhuj| glphqvlrq/ dqg qrw
dq| pruh wkh ghulylqj dgglwlylw| surshuwlhv1 Wkh FLH iroorzv wkh vdph gluhfwlrq/ exw gh�qhv
wkh oljkwqhvv o � e| wdnlqj d voljkwo| gl�huhqw h{srqhqw

o � @ 449+\ ���	�
\ � , ��� � � 49 \ � 3=33;<\ � =

Dv uhjdugv wkh rshudwlrqv ri vhjphqwdwlrq lq lpdjh surfhvvlqj/ wkh vlwxdwlrq lv gl�huhqw1
Wkh| gr qrw krog rq d shufhlyhg euljkwqhvv/ exw rq wkdw ri wkh remhfw xqghu vwxg|1 Lq
plfurvfrs|/ wkh klvwrorjlfdo vwdlqlqjv xvxdoo| udqjh iurp eoxh wr ylrohw> wkh vshfwuxp ri d
vxqvhw/ ru wkdw ri d kxpdq idfh kdyh qrwklqj wr gr zlwk wkh zhljkwv jlyhq wr u/ j/ dqg e lq
Uho1+:, ru +<,1 Wkxv lq wkh devhqfh ri d sulrul lqirupdwlrq rq wkh vshfwud ri wkh remhfwv xqghu
vwxg|/ wkh sxusrvh ri vhjphqwdwlrq ohdgv xv wr wdnh dv euljkwqhvv d v|pphwulfdo ixqfwlrq ri
sulpdu| frorxuv1

Dv uhjdugv wkh shufhlyhg hqhujlhv qrz/ frqvlghu/ lq wkh lqwhqvlw| vsdfh H/ d yhfwru { zkrvh
gluhfwlrq lv jlyhq e| { � @ u � / j � / e � exw zkrvh lqwhqvlw| ydulhv/ l1h1

{ @ +�u � > �j � > �e � , � 5 ^3> � ����� `
Wkh srlqw { ghvfulehv wkh vhjphqw V zklfk ehjlqv lq R/ jrhv wkurxjk +u � > j � > e � , dqg hqgv

rq wkh hgjh ri fxeh H1 Lq wkh ylghr vsdfh H 
 wkhuh fruuhvsrqgv wr { wkh srlqw { 
 =
{ 
 @

�

+�u � , ��� � > +�j � , ��� � > +�e � , ��� � � @ � ��� � { 
 � +43,

9



zlwk { 
 � @ u ��� �
� / j ��� �

� / e ��� �
� 1 Vlploduo|/ wkh srlqw { 
 ghvfulehv d vhjphqw V 
 lq H 
 1 Zkhq {

ydulhv/ li zh zdqw lwv shufhswxdo euljkwqhvv wr vhhp dgglwlyh/ wkhq Uho1+43, lpsolhv wkdw wkh
fruuhvsrqglqj euljkwqhvv ri { 
 lv d olqhdu ixqfwlrq ri wkh wkuhh sulpdu| frpsrqhqwv1 Ilqdoo|/
vlqfh wklv %lpdjh surfhvvlqj euljkwqhvv% kdv wr ydu| iurp 3 wr 4/ dv u dqg u 
 gr/ wkh rqo|
srvvlelolw| lv wr wdnh iru lw wkh dulwkphwlf phdq p
 ri wkh sulpdu| frorxuv =

p 
 @ 4
6+u


 . j 
 . e 
 ,= +44,

Sxw � 
 @ � ��� � 1 Wkh wzr h{suhvvlrqv
mp+{ � ,�p+{ � ,m @ m� � � � � mp +{ � ,

�

�p 
 +{ 
 � ,�p 
 +{
 � ,�� @
�

�

�� ��� �
� � � ��� ��

�

�

�p 
 �{ 
 � �

wxuq rxw wr eh gl�huhqw glvwdqfhv lq vhjphqwv V dqg V 
 uhvshfwlyho|1 Wkh h{srqhqw 4@�
surylghv wkh vhfrqg rqh zlwk d phdqlqj ri shufhswxdo krprjhqhlw|1 Exw lpdjh surfhvvlqj lv
pruh ghpdqglqj/ dv zh pxvw eh deoh wr h{suhvv wkdw d frorxu srlqw H 
 +ru pruh jhqhudoo|
d vhw ri srlqwv, jhwv forvhu wr dqrwkhu hyhq zkhq wkhvh wzr srlqwv duh qrw doljqhg zlwk wkh
ruljlq1 Qrz/ wkh phdq +44, lv qrwklqj exw wkh uhvwulfwlrq wr wkh fxeh H 
 ri wkh O � qrup/
zklfk lv gh�qhg lq wkh zkroh vsdfh U � +l1h1 iru u 
 > j 
 > k 
 5 ^�4>.4`, e| wdnlqj � @ 4 lq wkh
uhodwlrq

q �{ 
 � @ ��

�u 
 +{,�� � . �

�j 
 +{,�� � . �

�e 
 +{,�� � � ��� � � � 4 +45,
+Wklv Uho1+45, lqwurgxfhv lqghhg d idplo| ri qrupv dv vrrq dv � � 41 Iru � @ 5/ zh rewdlq
wkh Hxfolghdq qrup O � / dqg iru � @ 4/ wkh %pd{% qrup,1 Lq d yhfwru vsdfh Y / dq| qrup q
jhqhudwhv d glvwdqfh g � +vhh ^<`/ vhfwlrq YLL0407, e| wkh uhodwlrq

g �

�{ 
 � > { 
 � � @ q �{ 
 � � { 
 � � { 
 � > { 
 � 5 Y +46,
Wkhuhiruh O � lv d glvwdqfh/ dv zhoo/ ri frxuvh/ dv lwv uhvwulfwlrq wr wkh xqlw fxeh H 
 1

Wkxv/ iru � @ 4/ erwk euljkwqhvv p 
 +{ 
 , dqg glvwdqfh g +{ 
 � > { 
 � , @ p 
 +m{ 
 � � { 
 � m, lq H 


ghulyh iurp d xqltxh frqfhsw1 Wklv odwwhu uhodwlrq lv lpsruwdqw/ dv lq vhjphqwdwlrq d qxpehu
ri dojrulwkpv zklfk zhuh hvwdeolvkhg iru qxphulfdo ixqfwlrqv h{whqg wr yhfwru ixqfwlrqv zkhq
d glvwdqfh lv surylghg +h1j1 zdwhuvkhg,1

517 Vdwxudwlrq
Wkh FLH zdv pruh lqwhuhvwhg lq ydulrxv irupxodwlrqv ri wkh euljkwqhvv +oxplqdqfh/ oljkwqhvv
111, wkdq lq vdwxudwlrq/ wkdw lw gh�qhv dv %wkh frorxuixoqhvv ri dq duhd mxgjhg lq sursruwlrq
wr lwv euljkwqhvv%1 Lq rwkhu zrugv/ lw lv wkh frqfhuq ri wkh sduw ri xqlirup vshfwuxp +l1h1 ri
jud|, lq d frorxu vshfwuxp/ vr wkdw dq| pd{lpdo prqrfkurpdwlf frorxu kdv d xqlw vdwxudwlrq
dqg vr wkdw dq| wulsohw u @ j @ e kdv d }hur vdwxudwlrq1

Lqwxlwlyho|/ zkdw wkh FLH phdqv khuh lv fohdu/ exw lwv gh�qlwlrq ri wkh vdwxudwlrq ohqgv
lwvhoi wr ydulrxv lqwhusuhwdwlrqv1 Iurp d jlyhq srlqw { 5 H> rqh fdq gudz vhyhudo sdwkv
dorqj zklfk wkh frorxu ghqvlw| ydulhv lq sursruwlrq wr euljkwqhvv1 Iru h{dpsoh/ lq Ilj1 5/

:



vxssrvhg wr uhsuhvhqw fxeh H/ zh fdq wdnh wkh shushqglfxodu {f wr wkh fkurpdwlf sodqh/ ru
wkh shushqglfxodu {o wr wkh jud| d{lv/ ru djdlq wkh d{lv R{/ hwf11 Zklfk sdwk wr fkrrvhB

Lqghhg/ wkhvh dpeljxlwlhv ydqlvk dv vrrq dv zh vhw wkh frqwh{w lq wkh fkurpdwlf sodqh1
Wkh fxeh H lv surmhfwhg dffruglqj wr Kh{djrq K fhqwhuhg lq R1 Frqvlghu d srlqw { � 5 H/
ri surmhfwlrq f � lq K/ dqg vxfk wkdw f � 9@ R1 Iroorzlqj wkh FLH/ zh gh�qh dv d vdwxudwlrq
dq| qrq qhjdwlyh ixqfwlrq dorqj wkh d{lv Rf � wkdw lqfuhdvhv iurp R> lq R/ lw htxdov }hur
+sxuh jud|, dqg kdv lwv pd{lpxp ydoxh zkhq wkh hgjh ri Kh{djrq K lv uhdfkhg/ lq f �����
vd| +vdwxudwhg frorxu,1 Wkh kxh uhpdlqv frqvwdqw dorqj wkh vhjphqw ^3> f ��� � `/ dqg wkh kxh
ri wkh rssrvlwh vhjphqw ^3> �f ����� ` lv vdlg wr eh frpsohphqwdu| ri wkdw ri vhjphqw ^3> f � � � `1
Iru d srlqw f 5 ^3> f � � � `/ zh kdyh f @ �f � / 3 � � � 41 Wkxv/ jlyhq f � 5 K/ wkh vdwxudwlrq
v +f, @ v +�f � , lv d ixqfwlrq ri � rqo|/ dqg wklv ixqfwlrq lv lqfuhdvlqj1

Zh kdyh wr jr edfn wr wkh 60G fxeh H/ dv srlqw f � / surmhfwlrq ri { � / lv mxvw dq lqwhuphgldu|
vwhs +pruhryhu f � @5 H,=Wkh vdwxudwlrq v +{ � , ri srlqw { � 5 H lv wkhq gh�qhg e|

v +{ � , @ v +f � ,
Qrwh wkdw zkhq d srlqw { 5 H pryhv dzd| iurp wkh fkurpdwlf sodqh dorqj wkh shushqglfxodu
f � { � wr wklv sodqh/ lwv jud| sursruwlrq lqfuhdvhv/ exw lwv vdwxudwlrq v +{, grhv qrw fkdqjh= lw
lv lqghhg d pdwwhu ri fkurpdwlvp dqg qrw ri hqhuj| ri wkh oljkw lqwhqvlw|1

Dv srlqw f ghvfulehv wkh udglxv ^3> �f � � � ` zklfk lv dw wkh rssrvlwh ri ^3> f ����� ` lq wkh fkurpdwlf
sodqh/ zh kdyh

f 5 ^3> �f ����� ` +, f @ �f � �+�f ����� , � � � 3
zkhuh � lqglfdwhv wkh sursruwlrqdolw| udwlr/ qrz qhjdwlyh/ ehwzhhq f dqg �f � 1 Wklv sxuho|
yhfwru htxlydohqfh dgplwv d sk|vlfdo lqwhusuhwdwlrq li zh h{whqg wkh gh�qlwlrq ri wkh vdwxudwlrq
wr doo gldphwhuv G +f � , @ ^3> f ��� � ` ^ ^3> �f ����� ` > f � 5 K/ ri wkh kh{djrq K +vdwxudwlrq zdv
suhylrxvo| lqwurgxfhg iru udgll rqo|,1 Wklv fdq eh grqh e| sxwwlqj f 5 G +f � ,/ v +f, @
v +�f � , @ v +m�m f � , = Wzr rssrvlwh srlqwv kdyh wkh vdph vdwxudwlrq/ dqg pruh jhqhudoo| li
f � 5 ^3> f � � � ` dqg f � 5 ^3> �f � � � `/ wkhq f � . f � @ +� � . � � , f � / zlwk � � � 3 dqg � � � 3= Dv v lv
lqfuhdvlqj zh kdyh

f � 5 ^3> f ����� ` > f � 5 ^3> �f ����� ` @, v +f � . f � , � v +f � , . v +f � , = +47,
Zkhq f � @ f ����� dqg f � @ �f ����� zh �qg lq sduwlfxodu Qhzwrq*v glvf h{shulphqw/ uhgxfhg wr
wzr frpsohphqwdu| frorxuv1

Zkhq frqvlghulqj wkh vdwxudwlrq lq wkh ylghr fxeh H 
 / wkh frqglwlrqv ri lqfuhdvlqjqhvv ri
v 
 dorqj wkh udgll +qrz ri K 
 , dqg ri lwv qxoolw| rq wkh jud| d{lv duh vwloo ydolg1 Wkh| pxvw eh
frpsohwhg e| wkh wzr uhtxluhphqwv ri lpdjh surfhvvlqj/ qdpho| wkh v|pphwu| z1u1w1 u 
 > j 
 > e 

dqg wkh idfw wkdw v 
 +{ 
 � � { 
 � , pxvw eh d glvwdqfh lq H 
 1

Zh vdz wkdw wkh phdq p 
 / lq Uho1+44,/ zdv wkh O � qrup h{suhvvhg lq wkh xqlw fxeh H 
 /
dqg wkdw 6p 
 +{ 
 , zdv erwk wkh qrup ri { 
 dqg ri lwv surmhfwlrq o 
 rq wkh jud| d{lv/ l1h1

O �
�{ 
 � @ O �

�o 
 � @ 6p 
 �{ 
 �

;



Lw lv whpswlqj wr nhhs wkh vdph qrup iru wkh kh{djrq K 
 ri wkh fkurpdwlf sodqh1 E| xvlqj
Uho1+8, zh �qg

v 
 �{ 
 � @ O �
�f 
 � @ 4

6
��

�5u 
 � j 
 � e 
 ��. �

�5j 
 � e 
 � u 
 ��. �

�5e 
 � u 
 � j 
 ��� = +48,
E| v|pphwu|/ v 
 +{ 
 , ghshqgv rq wkh wkuhh ixqfwlrqvpd{ 
 @ pd{+u 
 > j 
 > e> 
 ,/plq 
 @ plq+u 
 > j 
 > e> 
 ,/
dqg phg 
 @ phgldqh+u 
 > j 
 > e> 
 , rqo|/ zklfk jlyhv

v 
 @
;

?

=

�
� +pd{ 
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 , li p 
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�
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 , li p 
 � phg 


+49,

Rq fdq �qg lq ^63` wkh ghulydwlrq |lhoglqj v 
 / dqg wkdw ri wkh iroorzlqj h{suhvvlrq k 
 ri wkh
kxh +zklfk dyrlgv wr eulqj wuljrqrphwulf whupv lqwr sod|, /

k 
 @ �
6
�

�. 4
5 � +�4, � pd{ 
 .plq 
 � 5phg 


5v 

�

+4:,
zlwk � htxdov

3 li u A j � e 4 li j � u A e 5 li j A e � u
6 li e � j A u 7 li e A u � j 8 li u � e A j=

Wkh kxh k 
 / dv d frruglqdwh rq wkh xqlw flufoh/ lv gh�qhg prgxor 5�1 Wkh ydoxh k 
 @ 3 lq
Ht1+4:, fruuhvsrqgv wr wkh uhg1 Iru v 
 @ 3/ frorxu srlqw olhv rq wkh jud| d{lv/ vr wkdw lwv kxh
lv phdqlqjohvv1 Wkh lqyhuvh irupxodh duh jlyhq lq ^48`/ dqg wkh ghwdlohg surriv pd| eh irxqg
lq ^63`1

Wkh uhodwlrqv +48, dqg +46, hqwdlo wkdw v +f 
 � � f 
 � , @ O � +f 
 � � f 
 � , lv d glvwdqfh lq wkh
fkurpdwlf sodqh/ zklfk wkhuhiruh eulqjv lqwr sod| erwk vdwxudwlrq dqg kxh1 Rq wkh rwkhu
kdqg/ dv O � lv d qrup/ Uho1+47, ehfrphv wuxh iru doo wulsohwv f 
 � > f 
 � dqg f 
 � . f 
 � wkdw duh rq d
vdph gldphwhu ri K 
 1 Uhpdun wkdw khuh wkh O � qrup lv wkh frqfhuq ri wkh surmhfwlrqv f 
 / wkh
qrup ri wkh yhfwruv { 
 wkhpvhoyhv ehlqj wkhlu dulwkphwlf phdq1 Ilqdoo|/ wkh deryh frpphqwv
dsso| dovr wr wkh Hxfolghdq qrup dqg wr wkh pd{0plq/ zklfk erwk lqgxfh glvwdqfhv lq wkh
fkurpdwlf kh{djrq K 
 1

Zkhq sdvvlqj iurp wkh ylghr yduldeohv wr wkh lqwhqvlwlhv/ d �uvw uhvxow lv rewdlqhg e|
revhuylqj wkdw wkh dyhudjlqj ri wkh vdwxudwlrq v 
 iroorzv wkh vdph odz wkdq wkdw ri wkh
euljkwqhvv p
 / qdpho| Uho1+9,/ lq wkh }rqhv ] zkhuh wkh frorxu ydulhv zhdno|1 Pruhryhu/ wkh
pdsslqj { 
 � @ +u 
� > j 
� > e 
 � , $ { � @ �u 
 �� > j 
 �� > e 
 �� � vkrzv wkdw { 
 @ �{ 
 � ehfrphv { @ �� { � / khqfh

v 
 +{ 
 , @ O �
�f 
 � @ �O �

�f 
 � � @ �v 
 +{ 
 � , / v+{, @ O � +f, @ �� O � +f � , @ �v+{ � ,=
Lq rwkhu zrugv/ wkh O � qrup lv lqfuhdvlqj rq wkh udgll/ dqg lv }hur iru wkh jud|v/ rq erwk
fkurpdwlf kh{djrqv K ri wkh lqwhqvlwlhv dqg K 
 ri wkh ylghr yduldeohv1 Wkxv lw uhsuhvhqwv d
vdwxudwlrq lq erwk vsdfhv1 Lw vhhpv gl!fxow wr jr ixuwkhu/ dv wzr srlqwv { 
 � > { 
 � 5 H 
 zkrvh
surmhfwlrqv f 
 � dqg f 
 � olh rq d vdph udglxv ri K 
 pd| kdyh krprorj srlqwv { � dqg { � 5 H
zkrvh surmhfwlrqv duh qrw dozd|v doljqhg zlwk R1

<



518 Wzr rwkhu qrupv
Krz wr exlog srodu uhsuhvhqwdwlrqv zklfk eh qrw frqwudglfwru| zlwk wkh suhylrxv uhtxluh0
phqwvB Ehvlghv wkh O � qrup/ zh fdq wklqn ri wzr rqhv1 Iluvwo|/ wkh Hxfolghdq qrup O � 1 Lq
sudfwlfdo lpdjh surfhvvlqj/ lw wxuqv wr eh ohvv frqyhqlhqw wkdq wkh O � qrup/ zklfk vxlwv sdu0
wlfxoduo| zhoo wr olqhdu dqg pruskrorjlfdo rshudwlrqv/ dqg surylghv qlfh lqyhuvhv1 Lq dgglwlrq/
wkh dvvrfldwhg 50G klvwrjudpv duh udwkhu xqfohdu +vhh Ilj1 7,1

Dqrwkhu srvvlelolw| lv wr fruuhfw wkh fodvvlfdo KOV v|vwhp ^49`/ e| uhsodflqj lwv vdwxudwlrq
e| pd{+u> j> e,�plq+u> j> e,1 Lq wkh zkroh vsdfh/ wkh txdqwlw| pd{ � plq lv d vhpl0qrup
rqo|= wzr glvwlqfw yhfwruv f dqg f 
 / zkrvh gl�huhqfh f 0 f 
 lv d jud| kdyh wkh vdph pd{�plq
^48`1 Krzhyhu/ lq wkh fkurpdwlf sodqh/ pd{�plq ehfrphv d qrup1 Lw fdq eh xvhg iru wkh
vdwxudwlrq lq sdudooho zlwk p 
 iru wkh euljkwqhvv1 Wklv lv zkdw zh zloo gr ehorz hdfk wlph
pd{�plq qrup lv lqwurgxfhg1

Ilqdoo|/ wkh qrup dqg glvwdqfh edvhg dssurdfk suhvhqwv wkh vljql�fdqw dgydqwdjh wkdw
lw vhsdudwhv wkh yduldeohv = wzr srlqwv { 
 � dqg { 
 � 5 H 
 zklfk kdyh wkh vdph surmhfwlrq rq
wkh fkurpdwlf sodqh +uhvs1 rq wkh jud| d{lv, kdyh wkh vdph vdwxudwlrq +uhvs1 wkh vdph
euljkwqhvv,1 Krzhyhu/ wkh odvw surshuw|/ rq euljkwqhvv/ ydqlvkhv zkhq wkh wkuhh edqgv duh
jlyhq gl�huhqw zhljkwv lq wkh phdqv p ru p 
 1

519 Wkh fodvvlfdo srodu uhsuhvhqwdwlrqv
Hyhq wkrxjk wkh wudqvirupdwlrq iurp UJE wr kxh/ vdwxudwlrq dqg euljkwqhvv frruglqdwhv
lv vlpso| d wudqvirupdwlrq iurp d uhfwdqjxodu frorxu frruglqdwh v|vwhp +UJE, wr d wkuhh0
glphqvlrqdo srodu +f|olqgulfdo, frruglqdwh v|vwhp/ rqh lv idfhg zlwk d ehzloghulqj duud| ri
vxfk wudqvirupdwlrqv ghvfulehg lq wkh olwhudwxuh +KVL/ KVE/KVY/ KOV/ hwf1 ,1 Prvw ri wkhp
gdwh iurp wkh hqg ri wkh vhyhqwlhv ^66`/ dqg zhuh frqfhlyhg qhlwkhu iru surfhvvlqj sxusrvhv/
qru iru wkh fxuuhqw frpsxwlqj idflolwlhv1 Wklv uhvxowv lq d frqixvlqj fkrlfh ehwzhhq prghov
zklfk hvvhqwldoo| doo r�hu wkh vdph uhsuhvhqwdwlrq1 Wkh prvw srsxodu rqh lv wkh KOV wulsohw
ri V|vwhp +4;,/ zklfk dsshduv lq pdq| vriwzduh sdfndjhv1 Wkh frpphqwv zklfk iroorz krog
rq wklv sduwlfxodu prgho/ exw wkh| dsso| wr wkh rwkhu rqhv1 Wkh KOV wulsohw ghulyhv iurp
UJE e| wkh iroorzlqj v|vwhp
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+4;,

Rqh hdvlo| fkhfnv wkdw wkh KOV h{suhvvlrqv gr qrw suhvhuyh wkh deryh uhtxluhphqwv ri
olqhdulw| +iru wkh euljkwqhvv,/ ri lqfuhdvlqjqhvv +iru wkh vdwxudwlrq, dqg ri yduldeohv vhsdudwlrq1
Wkh KOV oxplqdqfh erwk UJE wulsohwv +4@5> 4@5> 3, dqg +3> 4@5> 4@5, htxdov 4@7/ zkhuhdv wkdw
ri wkhlu phdq htxdov 6@;/ l1h1 lw lv oljkwhu wkdq erwk whupv ri wkh phdq1 Wkh KOV vdwxudwlrqv ri
wkh UJE wulsohwv +7@9> 4@9> 4@9, dqg +5@9> 6@9> 6@9, htxdov 6@8 dqg 4@8 uhvshfwlyho|/ zkhuhdv
wkdw ri wkhlu vxp lv 4= lw lv mxvw Qhzwrq*v h{shulphqw ghqldo$ Ilqdoo| wkh lqghshqghqfh

43



Iljxuh 6= Wzr whvw lpdjhv1

surshuw| lv qr pruh vdwlv�hg1 Wdnh wkh wzr UJE wulsohwv +4@5> 4@5> 3, dqg +6@7> 6@7> 4@7,1
Rqh sdvvhv iurp wkh �uvw wr wkh vhfrqg e| dgglqj wkh jud| u 
 @ j 
 @ e 
 @ 4@71 Khqfh erwk
wulsohwv kdyh wkh vdph surmhfwlrq rq wkh fkurpdwlf sodqh1 Krzhyhu/ wkh KOV vdwxudwlrq ri
wkh �uvw rqh htxdov 4 dqg wkdw ri wkh vhfrqg 4@5=

6 50G klvwrjudpv dqg olqhduo| uhjlrqdol}hg vshfwud
Lq sudfwlfh/ lv lw uhdoo| zruwk ghyldwlqj iurp ehdwhq wudfnv/ dqg ohqjwkhqlqj wkh srodu wulsohwv
olvwB Zkdw iruB Zh pd| dqvzhu wkh txhvwlrq e| frpsdulqj wkh oxplqdqfh2vdwxudwlrq el0
glphqvlrqdo klvwrjudpv iru KOV v|vwhp dqg iru O � / O � dqg pd{ �plq qrupv1 M1 Dqjxor
dqg M1 Vhuud glg vr rq d gr}hq lpdjhv ^6` ^7`1 Wzr ri wkhp duh ghslfwhg ehorz/ lq Ilj161

614 El0glphqvlrqdo klvwrjudpv
Lq wkh �uvw lpdjh/ zh revhuyh vwurqj uh hfwlrqv rq wkh uxeehu ulqj/ dqg ydulrxv w|shv ri
vkdgrzv1 Wkh fruuhvsrqglqj klvwrjudpv duh uhsruwhg lq Ilj17/ zlwk oxplqdqfh rq wkh { d{lv
dqg vdwxudwlrq rq | d{lv1 Qr lqirupdwlrq fdq eh gudzq iurp KOV klvwrjudp/ vrph vwuxfwxuhv
ehjlq wr dsshdu lq O � dqg pd{�plq qrupv/ exw wkh prvw ylvleoh rqhv frph iurp O � qrup1

E| frplqj edfn wr wkh lpdjhv/ zh fdq orfdol}h wkh sl{hov zklfk jlyh doljqphqwv/ dv
ghslfwhg lq Ilj181 Wkh| fruuhvsrqg wr wkuhh w|shv ri duhdv =

� vkdgrzv zlwk vwhdg| kxh/
� judgxdwhg vkdglqj rq d sodqh/
� uh hfwlrqv zlwk d sduwldo vdwxudwlrq1

Frqvlghu qrz wkh pruh frpsoh{ lpdjh ri �Dqd Eodqfr�/ lq Ilj16e1 Lw lqfoxghv ydulrxv
vrxufhv oljkw +whohylvlrq prqlwru/ doskd0qxphulfdo lqfuxvwdwlrqv,/ dqg wkh oljkw gl�xvhg e| wkh
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Iljxuh 7= El0glphqvlrqdo klvwrjudpv ri wkh %uxeehu ulqj% lpdjh1 Wkh {0d{lv fruuhvsrqgv wkh
oxplqdqfh dqg wkh |0d{lv wr wkh vdwxudwlrq1

Iljxuh 8= ]rqhv ri %Uxeehu ulqj% dvvrfldwhg zlwk doljqphqwv1 Wkh ohiw wzr lpdjhv vkrz
wkh vxssruwv ri wkh doljqphqwv ghwhfwhg lq Ilj17 iru wkh O � qrup/ dqg wkh uljkw wzr lpdjhv
lqglfdwh wkh orfdwlrqv ri wkh doljqhg sl{hov lq wkh vsdfh ri wkh lqlwldo slfwxuh1
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Iljxuh 9= +d, dqg +e, wkh wzr klvwrjudpv ri %Dqd Eodqfr%/ lq wkh oxplqdqfh2vdwxudwlrq dqg
wkh oxplqdqfh2kxh sodqh uhvshfwlyho|/ erwk lq O � qrup1

edfnjurxqg lv slhfhzlvh xqlirup ryhu wkh vsdfh1 Krzhyhu/ wkhuh duh vwloo doljqphqwv/ zklfk
gr qrw dozd|v jr wkurxjk srlqwv +3> 3,/ ru +4> 3,/ dqg duh vrphwlphv sdudooho1 Lq wkh oxp@kxh
sodqh ri wkh O � qrup uhsuhvhqwdwlrq/ vhyhudo krul}rqwdo olqhv +frqvwdqw kxh, duh orfdwhg dw
gl�huhqw kxh ohyhov/ dqg dowhuqdwh zlwk horqjdwhg forxgv ri srlqwv +Ilj19e,1

Doo lq doo/ zh gudz iurp wkh deryh klvwrjudpv irxu pdlq lqirupdwlrqv1
41 Lq wkh oxp@vdw klvwrjudp/ wkhuh lv qr dffxpxodwlrq ri sl{hov dw srlqw +4/3,1 Lw phdqv

wkdw wkh vhqvruv zh xvh duh qrw sk|vlfdoo| vdwxudwhg/ zklfk pdnh uhdolvwlf wkh sursrvhg
olqhdu dssurdfk>

51 Vwloo lq wkh oxp@vdw klvwrjudp/ vrph zhoo gudzq doljqphqwv fdq eh h{wudsrodwhg wr
srlqw +3/3, ru srlqw +4/3,1 Wkh rwkhuv duh sdudoohov wr wkh �uvw rqhv>

61 Krzhyhu/ prvw ri wkh sl{hov irup forxgv lq erwk oxp@vdw dqg oxp@kxh klvwrjudpv duh
qrw doljqhg dw doo/ zkhwkhu wkh prgho grhv qrw dsso|/ ru wkh krprjhqhrxv }rqhv duh wrr
vpdoo>

71 Lq wkh oxp@kxh klvwrjudp/ prvw riwhq wkh doljqhg sl{hov h{klelw d +txdvl, frqvwdqw
kxh/ l1h1 gudz krul}rqwdo olqhv1 Exw vrphwlphv/ wkhvh %olqhv% wxuq rxw wr eh d qduurz
krul}rqwdo vwulsh1

Vxfk fkdudfwhulvwlf vwuxfwxuhv/ vxfk glvwlqfw olqhv vxjjhvw zh vhhn d sk|vlfdo h{sodqdwlrq
ri wkh skhqrphqrq1 Wklv lv zkdw zh zloo gr qrz1 Exw ehvlghv dq| sk|vlfdo prgho/ d �uvw
srlqw lv zruwk wr eh qrwlfhg= wkh rqo| qrup wkdw hqdeohv xv wkh h{wudfwlrq ri uh hfwlrq duhdv/
ri vkdgrzv dqg judgdwlrqv lv O � 1 Qr rwkhu srodu prgho uhvxowv lq vxfk dq dfklhyhphqw1

615 Olqhduo| uhjlrqdol}hg vshfwud +OU prgho,
Li zh dvvxph wkdw wkh doljqphqwv duh d surshuw| ri wkh vshfwuxp/ dqg qrw dq duwhidfw gxh
wr vrph sduwlfxodu uhsuhvhqwdwlrq/ zh kdyh wr h{suhvv wkh vshfwuxp lq vxfk d zd| wkdw wkh
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vhtxhqfh
+vshfwuxp, $ +u 
 j 
 e 
 , $ +p 
 v 
 k 
 , $ +p 
 @ �v 
 . �,

eh wuxh +lq wkh doljqphqwv, zkdwhyhu wkh zhljkwv jhqhudwlqj u> j dqg e duh/ dqg dovr zkdwhyhu
wkh vshfwuxp lwvhoi lv1 Frqvlghu d }rqh ] ri wkh vsdfh zkrvh doo sl{hov |lhog dq doljqphqw lq
wkh O � klvwrjudp1 Ghqrwh e| vs +�> }, wkh vshfwuxp ri wkh oljkw lqwhqvlw| dw srlqw } 5 ]1 Zh
zloo vd| wkdw wklv vshfwuxp lv olqhduo| uhjlrqdol}hg lq ] zkhq iru hdfk srlqw } 5 ] rqh fdq
ghfrpsrvh vs +�> }, lqwr wkh vxp ri d �uvw vshfwuxp vs � +�,/ lqghshqghqw ri srlqw }/ dqg ri d
vhfrqg rqh/ $+},vs � +�,/ zklfk sursruwlrqdoo| ydulhv lq ] iurp rqh srlqw wr dqrwkhu1 Iru doo
} 5 ]/ zh kdyh

vs +�> }, @ vs � +�, . $+},vs � +�, +4<,
zkhuh $ +}, lv d qxphulfdo ixqfwlrq zklfk ghshqgv rq } rqo|/ dqg zkhuh vs � dqg vs � duh wzr
�{hg vshfwud1

Lq wkh vshfwuxp vs +�> },/ wkrxjk vs � xvxdoo| fruuhvsrqgv wr gl�xvh oljkw dqg vs � wr
vshfxodu rqh/ zh gr qrw qhhg wr glvwlqjxlvk ehwzhhq wkh hplwwhg dqg uh hfwhg frpsrqhqwv ri
wkh oljkw1 Lw fdq eh wkh frqfhuq ri wkh oljkw wudqvplwwhg wkurxjk d qhw fxuwdlq/ iru h{dpsoh/ ru
ri wkdw ri d WY prqlwru> exw lw fdq dovr frph iurp sdvvlyh uh hfwdqfh/ vxfk dv wkrvh ghvfulehg
e| Vkdihu*v gl0fkurpdwlf prgho ^65`/ ru e| Rehlq*v prgho ri jorvvlqhvv ^55`1 Exw xqolnh wkhvh
wzr prghov/ wkh whup $+},vs � pd| dovr uhsuhvhqw dq devruswlrq/ zkhq lw lv qhjdwlyh1 Vlploduo|/
zh gr qrw qhhg wr glvwlqjxlvk ehwzhhq gl�xvh dqg vshfxodu oljkwv1 Wkh whup vs � pd| ghvfuleh
d gl�xvh vrxufh ryhu wkh }rqh ]/ dv zhoo dv d frqvwdqw vshfxodu uh hfwlrq vwhpplqj iurp wkh
vdph }rqh1 Exw deryh doo/ wkh hpskdvlv lv sxw khuh rq wkh vsdfh yduldwlrq ri wkh vshfwuxp1
Lw lv lqwurgxfhg e| wkh zhljkw $+},> wkdw ghshqgv rq srlqw }/ exw qrw rq vshfwuxp vs � 1 Wklv
zhljkw pd| eulqj lqwr sod| frvlqhv/ zkhq wkh dqjoh ri wkh lqflghqw ehdp ydulhv/ ru wkh qrupdo
wr d jorvv| vxuidfh/ hwf111

Wkh wkuhh vshfwud vs/ vs � dqg vs � duh nqrzq rqo| wkurxjk wkh zhljkwlqj ixqfwlrqv wkdw
jhqhudwh d +U>J>E, wulsohw1 Zh xvh khuh wkh qrwdwlrq +U>J>E, lq d fdqrqlfdo pdqqhu/ l1h1
lw pd| ghvljqdwh wkh +[>\>], frruglqdwhv ri wkh FLH/ ru wkh shufhswxdo v|vwhp +O>P>V,
^68`/ dv zhoo dv wkh +\>X> Y , dqg +\> L>T, WY vwdqgdugv1 Lq doo fdvhv lw lv d pdwwhu ri vfdodu
surgxfwv ri wkh vshfwud e| vxfk ru vxfk iuhtxhqf| zhljkw1 Lq sduwlfxodu/ wkh zklwh frorxu
jlyhq e| u @ j @ e @ 4 fdq eh rewdlqhg iurp d vshfwuxp zklfk lv idu iurp ehlqj xqlirup1
Zh zulwh

u +}, @
]

vs +�> }, �+�,g� @
]

^vs � +�, . $+},vs � +�,` � +�,g� @ u � . u � $ +}, +53,

j +}, @
]

vs +�> }," +�, g� @ j � . j � $ +}, +54,
dqg

e +}, @
]

v +�> },# +�,g� @ e � . e � $ +}, +55,
zkhuh �/ " dqg # duh wkh wkuhh zhljkwlqj ixqfwlrqv wkdw jhqhudwh wkh sulpdu| frorxuv u/ j
dqg e1
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Dv vs � dqg vs � duh srzhu vshfwud/ wkh| lqgxfh lqwhqvlwlhv u/ j/ dqg e1 Qrz/ lq wkh deryh
klvwrjudpv/ wkh O � qrup dssolhv wr wkh ylghr yduldeohv u 
 @ u ����� / j 
 @ j ��� � / dqg e 
 @ e ����� +li
zh qhjohfw wkh ehkdylrxu qhdu wkh ruljlq,1 Wkhq zh gudz iurp Uho1+53,

u 
 +}, @ ^u +},` ��� � @ ^u � . $ +}, u � ` ��� � >
zlwk vlplodu ghulydwlrqv iru wkh ylghr juhhq dqg eoxh edqgv1

Lv wkh olqhduo| uhjlrqdol}hg prgho deoh wr h{sodlq wkh doljqphqwv lq ylghr klvwrjudpv/
ghvslwh wkh jdppd fruuhfwlrqB Iru wkh vdnh ri vlpsolflw|/ zh zloo wdfnoh wklv txhvwlrq e|
�{lqj wkh rughu ri wkh ylghr edqgv dv u 
 � j 
 � e 
 / dqg p
 � j 
 1 Wkhq zh kdyh

6p 
 +}, @ u 
 +}, . j 
 +}, . e 
 +},
5v 
 +}, @ 5u 
 +},� j 
 +},� e 
 +},

Doljqphqwv zlwk wkh gdun srlqw
Lq wkh oxplqdqfh@vdwxudwlrq klvwrjudpv lq O � qrup/ vhyhudo doljqphqwv duh lq wkh surorqjd0
wlrq ri wkh srlqw +3> 3,/ ri }hur oxplqdqfh dqg vdwxudwlrq1 Wkh vkdgrz uhjlrqv ri wkh �uxeehu
ulqj� lpdjh looxvwudwh wklv vlwxdwlrq1

Vxssrvh wkdw/ lq wkh uhodwlrq +4<, zklfk gh�qhv wkh OU vshfwuxp/ wkh whup vs � +�> }, lv
lghqwlfdoo| }hur1 Wkhq u+}, uhgxfhv wr $+},u � / zklfk jlyhv

u 
 +}, @ u ����� @ $ ����� u ��� �
� @ $ ��� � +},u 
 � >

zlwk vlplodu ghulydwlrqv iru wzr rwkhu edqgv1 Wkhuhiruh zh kdyh
6p 
 +}, @ $ ��� � +},

k

u �����
� . j ��� �

� . e �����
�

l

@ 6$ ��� � +},p 

�

dqg
5v 
 +}, @ 5u 
 +},� j 
 +},� e 
 +}, @ $ ��� � +},

k

5u ��� �
� � j ��� �

� � e ��� �
�

l

khqfh p 
 +},v 
 � @ p 

� v 
 +},1 Lq wkh vsdfh H ri wkh lqwhqvlwlhv/ zh �qg lq wkh vdph zd| wkdw

p+},v � @ p � v+},1 Wkhuhiruh wkh qxoolw| ri wkh frqvwdqw vshfwuxp vs � +�, hqwdlov wkdw erwk
p 
 dqg v 
 rq wkh rqh kdqg/ dqg p dqg v rq wkh rwkhu rqh/ duh sursruwlrqdo1 Hdfk ylghr
doljqphqw lqglfdwhv d }rqh zkhuh wkh lqwhqvlwlhv vshfwuxp ydulhv sursruwlrqdoo| iurp rqh
srlqw wr dqrwkhu1

Doljqphqwv zlwk wkh zklwh srlqw
Wkh �uxeehu ulqj� lpdjh jhqhudwhv dovr dq doljqphqw dorqj d olqh jrlqj wkurxjk wkh srlqw
+4> 3,/ l1h1 wkh srlqw zlwk pd{lpxp oxplqdqfh dqg }hur vdwxudwlrq1 Wkdw vxjjhvwv wr vxssrvh
wkh vshfwuxp vs � +�> }, frqvwdqw dqg htxdo wr 4/ dqg lq dgglwlrq wkdw wkh wkuhh froruv u � > j � > e �

duh qrw lghqwlfdo +li qrw/ wkh vdwxudwlrq v 
 vkrxog eh }hur,1 Zh kdyh
u+}, @ 4 . $+},u � +56,
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dqg wkh wzr vlvwhu uhodwlrqv iru j+}, dqg e+},1 Xqghu jdppd fruuhfwlrq/ u+}, ehfrphv
u 
 +}, @ +4 . $+},u � , ��� � =

Qrz/ wr vd| wkdw wkh doljqphqw lv forvhg wr d srlqw ri pd{lpxp oxplqdqfh frphv grzq
wr vd|lqj wkdw u � / j � / dqg e � duh vpdoo zlwk uhvshfw wr 4/ ru djdlq wkdw

u 
 +}, @ 4 . $+},
� u � . %+u � ,> +57,

khqfh p 
 +}, @ 4. �
� � �
� p � dqg v 
 +}, @ �

� � �
� ^5u � �j � � e � `1 Zh revhuyh wkdw wkh wzr frqglwlrqv

u � � 3 dqg u 
 � � 4/ mrlqwo| zlwk Uho1+57, lpso| wkdw wkh frh!flhqw $+}, lv qhjdwlyh1 Pruhryhu/
dv wkh wkuhh frorxuv u � > j � > e � duh glvwlqfw/ wkh frqglwlrq v 
 +}, � 3 lpsolhv lq wxuq wkdw wkh
txdqwlw| 5u � � j � � e � lv vwulfwo| qhjdwlyh1 E| sxwwlqj � � @ �+5u � � j � � e � , A 3 +� � lv qrw
wkh vdwxudwlrq dw srlqw } � ,/ zh rewdlq wkh iroorzlqj olqhdu uhodwlrq zlwk srvlwlyh frh!flhqwv

p 
 +}, @ 4� p �

� �
v 
 +},= +58,

Dv lq wkh suhylrxv fdvh/ exw zlwkrxw dssur{lpdwlrqv/ wkh phdq p+}, dqg wkh vdwxudwlrq
v+}, ri wkh lqwhqvlwlhv duh olqnhg e| wkh vdph htxdwlrq +58,= lw lv d gluhfw frqvhtxhqfh ri
Ht1+56,1 Djdlq/ erwk ylghr dqg lqwhqvlw| klvwrjudpv fduu| wkh vdph lqirupdwlrq/ dqg lqglfdwh
wkh }rqhv ri doprvw zklwh uh hfwlrqv1
Doljqphqwv zlwk d jud| srlqw
Wkhuh dsshduv lq vrph lpdjhv/ dv �DqdEodqfr�/ vhulhv ri sdudooho doljqphqwv1 Wkhlu vxssruwv
jr wkurxjk srlqwv ri +txdvl, }hur vdwxudwlrq exw wkhlu oxplqdqfh lv vwulfwo| frpsulvhg ehwzhhq
3 dqg 41 Wkh lqwhusuhwdwlrq zh mxvw jdyh iru wkh fdvh ri uh hfwlrqv h{whqgv wr vxfk d vlwxdwlrq1
Lw lv vwloo dvvxphg wkdw u � @ j � @ e � / exw zlwk 3 ? u � � 4/ dqg wkdw wkh whupv $+},u � / $+},j � /
dqg $+},e � duh vpdoo zlwk uhvshfw wr u � 1 Wkhq zh kdyh/

u 
 +}, @ +u � . $+},u � , ��� � @ u ��� �
� . u ����� � �

�
$+},
� u � >

dqg wkh wzr vlvwhu uhodwlrqv iru j 
 dqg e 
 1 Khqfh
p 
 +}, @ u �����

� . u ��� � � �
�

$+},
� p � >

v 
 +}, @ �u ����� � �
�

$+},
� � � >

vr wkdw/ �qdoo|
p 
 +}, @ u ��� �

� � p �

� �
v 
 +},=

Zkhq wkh frorxu frpsrqhqw +u � > j � > e � , uhpdlqv xqfkdqjhg/ exw wkdw wkh jud| frpsrqhqw
+u � > j � > e � , wdnhv vxffhvvlyho| ydulrxv ydoxhv/ wkhq hdfk ri wkhp lqgxfhv dq doljqphqw ri wkh
vdph vorsh ������ 1 Wkh surshuw| h{whqgv wr wkh klvwrjudpv ri wkh lqwhqvlwlhv wkhpvhoyhv1 Ilqdoo|/
zh ghulyh iurp Ht1+4:, wkdw/ lq wkh wkuhh fdvhv/ wkh kxh uhpdlqv frqvwdqw lq hdfk ri wkhvh
}rqhv1
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7 Vdwxudwlrq zhljkwhg vhjphqwdwlrqv
Wkh prvw udglfdo fkdqjh ehwzhhq wkh fodvvlfdo KOV v|vwhp dqg wkrvh edvhg rq qrupv krogv
rq wkh vdwxudwlrq htxdwlrq1 Lq v|vwhp +4;,/ zkhq plq+u> j> e, @ 3/ +zlwk o � 3=8, ru zkhq
pd{+u> j> e, @ 4 +zlwk o � 3=8,/ wkhq wkh vdwxudwlrq htxdov 41 Qrz iru kxpdq ylvlrq/ wkh
prvw vljql�fdqw sdudphwhu lv wkh kxh lq kljk vdwxudwhg duhdv/ dqg lw wxuqv wr oxplqdqfh zkhq
vdwxudwlrq ghfuhdvhv1 Dq| shuvrq zkrvh uhdfwlrq wr frorxuv lv qrupdo fdq hdvlo| fkhfn lw1 Lq
wkh gdunqhvv/ ru/ dw wkh rssrvlwh/ lq zklwh vfhqhv +h1j1 d odqgvfdsh ri vqrz| prxqwdlqv,/
wkh h|h judvsv wkh frqwrxuv e| vfuxwlql}lqj doo vpdoo juh| yduldwlrqv/ zkhuhdv zkhq wkh vfhqh
mx{wdsrvhv vsrwv ri vdwxudwhg frorxuv/ wkhq wkh h|h orfdol}hv wkh iurqwlhuv dw wkh fkdqjhv ri wkh
kxh1 Exw krz wr wudqvfuleh txdqwlwdwlyho| vxfk d uhpdun e| d vdwxudwlrq ixqfwlrq wkdw wdnhv
lwv pd{lpd suhflvho| zkhq wkh frorxuv orrvh wkhlu vdwxudwlrq/ dv wkh fodvvlfdo KOV v|vwhp
grhvB

Wkh qrupv edvhg uhsuhvhqwdwlrqv fruuhfw wklv gudzedfn/ vr wkdw wkhlu vdwxudwlrqv pd|
vhuyh wr vsolw wkh vsdfh lqwr kxh0grplqdqw yhuvxv juh|0grplqdqw uhjlrqv1 Wklv yhu| frqyh0
qlhqw nh| wr hqwhulqj wkh vhjphqwdwlrq ri frorxu lpdjhv zdv lqlwldoo| sursrvhg e| F1Ghpduw|
dqg V1Ehxfkhu ^43`1 Wkh| lqwurgxfh wkh ixqfwlrq pd{�plq rq wkh lpdjh xqghu vwxg|/ dqg
wkuhvkrog lw dw d ohyho v � wkdw ghshqgv rq wkh frqwh{w1 Wkhq wkh| dgrsw wkh KVY uhsuhvhqwd0
wlrq/ exw wkh| uhsodfh lwv vdwxudwlrq e| 4 lq wkh uhjlrqv deryh v � dqg e| 3 hovhzkhuh1 Wkhlu
grzqvwuhdp vhjphqwdwlrqv ehfrph hdvlhu dqg pruh urexvw1

Krzhyhu/ wkh| glg qrw wdnh wkh soxqjh ri d qhz uhsuhvhqwdwlrq/ dqg wkh| zrunhg dw
wkh sl{ho ohyho/ zklfk lv qrw wkh prvw lqirupdwlyh1 Lq rughu wr jr ixuwkhu lq wkh vdph zd|
ri wklqnlqj/ M1 Dqjxor dqg M1 Vhuud sursrvh/ lq ^5`/ wkh iroorzlqj wzr vwhsv vhjphqwdwlrq
surfhgxuh=

41 wr vhsdudwho| vhjphqw wkh oxplqdqfh/ wkh vdwxudwlrq dqg wkh kxh lq d fruuhfw Qhzwrqldq
uhsuhvhqwdwlrq>

51 wr frpelqh wkh rewdlqhg sduwlwlrqv ri wkh oxplqdqfh dqg ri wkh kxh e| phdqv ri wkdw
ri wkh vdwxudwlrq= wkh odwhu lv wdnhq dv d fulwhulrq iru fkrrvlqj dw hdfk sodfh hlwkhu wkh
oxplqdqfh fodvv/ ru wkh kxh rqh1

Wkh wkuhh edqgv ri wkh %sduurwv% lpdjh ri Ilj146/ lq O � uhsuhvhqwdwlrq/ duh ghslfwhg
lq Ilj1:+d0f,1 Hdfk edqg lv vhjphqwhg e| wkh mxps frqqhfwlrq dojrulwkp ^64` +rqh jurxsv
lq vdph fodvvhv doo srlqwv { zkhuh i+{, gl�huv e| ohvv wkdq n ri dq h{wuhpxp lq wkh vdph
frqqhfwhg frpsrqhqw/ wkhvh fodvvhv duh wkhq zlwkgudzq iurp wkh lpdjh/ dqg rqh lwhudwhv,1
Wkh phwkrg ghshqgv rqo| rq wkh mxps srvlwlyh ydoxh n1

Dv wkh sdudphwhu n lqfuhdvhv/ wkh ryhu0vhjphqwdwlrqv uhgxfh/ exw lq frpshqvdwlrq khw0
hurjhqhrxv uhjlrqv dsshdu1 D vdwlvidfwru| edodqfh vhhpv wr eh uhdfkhg iru n @ 53 +iru ;0elwv
lpdjhv,/ xs wr wkh �owhulqj ri d ihz yhu| vpdoo uhjlrqv1 Zh rewdlq wkh wzr vhjphqwdwlrqv
ghslfwhg lq Ilj1;1

714 V|qwkhwlf sduwlwlrq
Krz wr frpelqh wkh wzr sduwlwlrqv ri lpdjhv ;d dqg ;eB Wkh lghd frqvlvwv lq vsolwwlqj wkh
vdwxudwlrq lpdjh lqwr wzr vhwv [ � dqg [ �

� ri kljk dqg orz vdwxudwlrqv uhvshfwlyho|/ dqg lq
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Iljxuh := Uhsuhvhqwdwlrq ri wkh%Sduurwv% lpdjh 46 lq O � qrup = d, oxplqdqfh/ e, vdwxudwlrq/
f, kxh1

Iljxuh ;= Juh| vhjphqwdwlrqv ri wkh oxplqdqfh +d, dqg wkh kxh +e,1 Erwk duh ghslfwhg lq
idovh frorxu1
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Iljxuh <= d, Vhjphqwdwlrq ri wkh vdwxudwlrq +suhvhqwhg lq juh| wrqhv,> e,rswlpdo wkuhvkrog ri
d,> f, �qdo v|qwkhwlf sduwlwlrq/ vxshulpsrvhg wr wkh lqlwldo lpdjh1

dvvljqlqj wkh kxh sduwlwlrq wr wkh �uvw vhw/ dqg wkh oxplqdqfh rqh wr wkh vhfrqg1 D fodvv ri
wkh v|qwkhwlf sduwlwlrq lv hlwkhu wkh lqwhuvhfwlrq ri d oxplqdqfh fodvv zlwk wkh orz vdwxudwlrq
}rqh [ �

� / ru wkh lqwhuvhfwlrq ri d kxh fodvv zlwk wkh kljk vdwxudwlrq }rqh [ � 1 Li wkh fodvvhv ri
wkh oxplqdqfh/ wkh kxh/ dqg wkh v|qwkhwlf sduwlwlrq dw srlqw { duh ghqrwhg e| D � +{,/ D � +{,/
dqg D+{, uhvshfwlyho|/ zh kdyh

D+{, @ D � +{, _[ �

� zkhq { 5 [ �

� +59,
D+{, @ D � +{, _[ � zkhq { 5 [ � =

Wkh vlpsohvw zd| wr jhqhudwh wkh vhw [ � frqvlvwv/ ri frxuvh/ lq wkuhvkroglqj wkh vdwxud0
wlrq lpdjh1 Exw wklv ulvnv wr uhvxow lq dq luuhjxodu vhw [ � / zlwk krohv/ vpdoo sduwlfohv/ hwf1
Suhihudeo|/ rqh fdq vwduw iurp wkh prvdlf lpdjh ri wkh vdwxudwlrq surylghg e| wkh vdph vhj0
phqwdwlrq dojrulwkp dv iru wkh wkh kxh dqg wkh oxplqdqfh +Ilj1<d,1 Dq rswlpdo wkuhvkrog
rq wkh vdwxudwlrq klvwrjudp ghwhuplqhv wkh ydoxh iru wkh d0fkurpdwlf2fkurpdwlf vhsdudwlrq
+Ilj1<e,1 E| dsso|lqj Uho1+59, zh �qdoo| rewdlq wkh frpsrvlwh sduwlwlrq ghslfwhg lq Ilj1<f/
zklfk lv h{fhoohqw1

8 Wkh xqlw flufoh dqg wkh kxh
Wkh xqlw flufoh/ olnh wkh urxqg wdeoh ri Nlqj Duwkxu*v nqljkwv/ kdv qr rughu ri lpsruwdqfh/
dqg qr grplqdqw srvlwlrq1 Lq pdwkhpdwlfdo whupv/ wklv vljql�hv wkdw zh fdqqrw frqvwuxfw
d odwwlfh rq wkh xqlw flufoh/ xqohvv dvvljqlqj lw dq duelwudu| ruljlq1 Wklv lv d vhyhuh yhuglfw
djdlqvw pruskrorjlfdo wuhdwphqwv +l1h1 rshudwruv uho|lqj rq odwwlfhv, zkhq zh xvh wkhp rq
wkh xqlw flufoh1

Krzhyhu/ lv lw uhdoo| lpsrvvleoh wr e|sdvv wklv lqwhuglfwlrqB Li zh frqvlghu wkh vwdqgdug
pruskrorjlfdo rshudwruv/ wkuhh sdwkv dw ohdvw vhhp srvvleoh/ wkdw D1 Kdqexu| dqg L lqyhvwl0
jdwhg lq ^44`1 Rqo| kh �uvw sdwk lv suhvhqwhg khuh/ ehfdxvh lw zdv ghvljqhg lw e| wudqvsrvlqj
Pdwkhurq*v lghd ri zrunlqj rq lqfuhphqwv/ wkdw xqghuolhv wkh zkroh olqhdu jhrvwdwlvwlfv1 Kh
glg lw ehfdxvh wkh udqjh ri  xfwxdwlrqv ri wkh judghv/ lq vrph plqhudo ghsrvlwv/ vhhpv sudf0
wlfdoo| lq�qlwh/ dowkrxjk wkh lqfuhphqwv dw �qlwh glvwdqfhv uhpdlq �qlwh1 Lq wkh fdvh ri wkh
kxh/ zh duh qrw glvwxuehg e| wkh lq�qlw|/ exw e| wkh fkrlfh ri dq ruljlq/ zklfk duelwudulo|
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irufhv wkh uhgv wr eh wkh vpdoohvw ydoxhv dqg wkh sxusohv odujhvw rqhv +vhh iru h{dpsoh wkh
klvwrjudp ri Ilj144,1 Fdq zh wudqvihu wr wkh flufxodu fdvh wkh fodvv ri rshudwruv zklfk eulqj
lqwr sod| gl�huhqfhv rqo|/ vxfk dv judglhqwv/ wrs0kdwv/ phgldqv/ hwf1B

814 Flufxodu fhqwhuhg rshudwruv
Zh �{ dq ruljlq d � rq wkh xqlw flufoh F zlwk fhqwuh r e|/ iru h{dpsoh/ fkrrvlqj wkh wrsprvw
srlqw/ dqg lqglfdwh wkh srlqwv d � rq wkh flufoh e| wkhlu fxuylolqhdu frruglqdwh lq wkh wuljrqr0
phwulf vhqvh ehwzhhq 3 dqg 5� iurp d � 1 Jlyhq wzr srlqwv d dqg d 
 / zh xvh wkh qrwdwlrq d�d 

wr lqglfdwh wkh ydoxh ri wkh dfxwh dqjoh drd 
 / l1h1

d� d 
 @
� md� d 
 m li md� d 
 m � �

5� � md� d 
 m li md� d 
 m � � +5:,

Li wkh d � duh gljlwdo ydoxhv ehwzhhq 3 dqg 588 +iru h{dpsoh,/ wkh h{suhvvlrq �� �� ehfrphv
�� 45:�/ dqg �5�� ehfrphv �588�1 Krzhyhu/ zh frqwlqxh xvlqj wkh qrwdwlrq lq whupv ri �/
dv lw lv pruh hqoljkwhqlqj1 Uho1+5:, dsshduv lq ^56` dssolhg wr wkh wuhdwphqw ri wkh kxh edqg
ri frorxu lpdjhv1

815 Flufxodu kxh judglhqw
Zh nqrz wkdw lq wkh Hxfolghdq vsdfh U � / wr ghwhuplqh wkh prgxoxv ri wkh judglhqw/ dw srlqw
{/ ri d qxphulfdo gl�huhqwldeoh ixqfwlrq i / rqh frqvlghuv d vpdoo vskhuh V +{> u, fhqwhuhg
rq { zlwk udglxv u1 Wkhq rqh wdnhv wkh vxsuhpxp plqxv wkh lq�pxp ri wkh lqfuhphqwv
mi +{,� i +|,m/ zkhuh | ghvfulehv wkh vpdoo vskhuh V +{> u,/ l1h1

5j +{> u, @ ^bimi +{,� i +|,m > | 5 V +{> u,j`b ^aimi +{,� i +|,m > | 5 V +{> u,j` +5;,
Ilqdoo|/ rqh ghwhuplqhv wkh olplw ri wkh ixqfwlrq j +{> u, dv u whqgv wr }hur1 Wklv olplw h{lvwv
dv wkh ixqfwlrq i lv gl�huhqwldeoh lq {1 Lq wkh wzr0glphqvlrqdo gljlwdo fdvh/ lw lv vx!flhqw wr
dsso| Uho1+5;,/ wdnlqj iru V +{> u, wkh xqlw flufoh fhqwhuhg rq { +vtxduh ru kh{djrq,1 Wklv lv
wkh fodvvlf Ehxfkhu dojrulwkp iru wkh judglhqw1

Frqvlghu qrz dq lpdjh ri kxhv ru ri gluhfwlrqv/ l1h1 d ixqfwlrq k = H $ F/ zkhuh H lv
dq Hxfolghdq ru gljlwdo vsdfh/ dqg F lv wkh xqlw flufoh1 Dv wkh suhylrxv ghyhorsphqw rqo|
lqyroyhv lqfuhphqwv/ zh fdq wudqvsrvh Uho1+5;, wr wkh flufxodu ixqfwlrq k e| uhsodflqj doo wkh
mk +{,� k +|,m e| mk +{,� k +|,m1 Wklv wudqvsrvlwlrq wkhq gh�qhv wkh prgxoxv ri wkh judglhqw
ri wkh flufxodu glvwulexwlrq1 Iru h{dpsoh/ lq U � / N +{, lqglfdwhv wkh vhw ri qhljkerxuv dw
glvwdqfh rqh iurp srlqw {/ khqfh

5 mjudg km +{, @ ^bimk +{,� k +|,m > | 5 N +{,j`b ^aimk +{,� k +|,m > | 5 N +{,j` +5<,
Dv dq looxvwudwlrq/ frqvlghu wkh kxh frpsrqhqw ri Ilj143d/ vkrzq lq Ilj143e1 Wklv lpdjh

zdv fkrvhq dv lw lv prvwo| uhg lq frorxu/ dqg lq wkh dqjxodu kxh hqfrglqj/ wkh uhg kdv ydoxh
}hur1 Wklv phdqv wkdw sl{hov zklfk dsshdu uhg frxog kdyh orz kxh ydoxhv +iru h{dpsoh/ 3 �

wr 63 � , dqg kljk kxh ydoxhv +663 � wr 693 � ,1 D odujh glvfrqwlqxlw| lv wkhuhiruh ylvleoh lq wkh
kxh lpdjh/ zlwk uhg sl{hov dsshdulqj dw wkh h{wuhplwlhv ri wkh klvwrjudp +Ilj144,1 D fodvvlfdo
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Iljxuh 43= d, Shuh Vhuud*v Sdlqwlqj ri wkh Ylujhq +ghwdlo/ Vw Fxjdw Prqdvwhu|/ Edufhorqd,>
e, fruuhvsrqglqj lpdjh ri wkh kxh lq KOV v|vwhp +lpdjh vl}h 685� 667 sl{hov,1

Iljxuh 44= Klvwrjudp ri wkh kxh edqg1
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Iljxuh 45= d, Fodvvlfdo pruskrorjlfdo judglhqw rq wkh kxh edqg> e, Flufxodu fhqwhuhg judglhqw
rq wkh kxh edqg1 Wkh judglhqwv zhuh fdofxodwhg xvlqj d 6� 6 vwuxfwxulqj hohphqw

judglhqw rq wklv kxh edqg surgxfhv d odujh qxpehu ri vsxulrxv kljk0ydoxhg sl{hov/ dv vkrzq
lq Ilj145d1

Wkhvh kljk0ydoxhv duh suhvhqw hyhq wkrxjk wkh qhljkerxulqj sl{hov dsshdu yhu| vlplodu lq
frorxu/ dqg duh gxh wr wkh glvfrqwlqxlw| lq wkh kxh hqfrglqj1 D jrrg looxvwudwlrq ri wklv lv wkh
rxwhu sduw ri wkh kdor/ zklfk dsshduv vprrwk lq Ilj143d/ exw uhvxowv lq yhu| kljk judglhqwv lq
Ilj145d1 Wkh judglhqw fdofxodwhg xvlqj Ht1+5<,/ vkrzq lq Ilj145e/ ryhufrphv wklv sureohp1
Dv lwv udqjh lv uhodwlyho| vpdoo/ zh uhlqirufhg lwv frqwudvw iru wkh glvsod|/ dqg wkh wh{wxuh ri
wkh xqghuo|lqj fdqydv ehfrphv ylvleoh1 Qrwh wkdw li zh urwdwh wkh kxh edqg sl{ho ydoxhv e|
�/ wkh fodvvlfdo judglhqw zloo eh wkh vdph dv wkh dqjxodu judglhqw1 Wkh dqjxodu judglhqw lv/
krzhyhu/ lqyduldqw wr urwdwlrqv ri wkh sl{ho ydoxhv1

816 D xvh ri wkh flufxodu kxh judglhqw
Frqvlghu d frorxu ixqfwlrq i / dqg lwv O � qrup uhsuhvhqwdwlrq1 Wkh flufxodu judglhqw ri wkh
kxh ri i fdq eh lqvhuwhg lq d joredo judglhqw mjudg im zklfk wdnhv wkh wkuhh frpsrqhqwv ri i
lqwr dffrxqw1 Wkhuh duh qxpehu ri vxfk judglhqwv/ exw wkh deryh frpphqwv rq wkh vdwxudwlrq
lq O � qrup uhsuhvhqwdwlrq vxjjhvwv xv wr frqvwuxfw d edu|fhqwulf judglhqw/ zkhuh wkh O �

vdwxudwlrq edodqfhv wkh h�hfwv ri oxplqdqfh dqg kxh judglhqwv/ l1 h1
mjudg im @ v

v ����� � mjudg km. +4� v
v � � � ,� mjudg om = +63,

Lw lv zhoo nqrzq wkdw wkh zdwhuvkhg ri wkh judglhqw mjudg im ri d qxphulfdo ixqfwlrq i
surylghv xv zlwk wkh frqwrxuv ri i ^4<`1 Wklv surshuw| h{whqgv wr wkh yhfwru ixqfwlrqv ri wkh
vsdfh/ ehfdxvh wkhq wkh whup mjudg im lv vwloo d qxphulfdo ixqfwlrq/ zklfk lv vx!flhqw iru wkh
wkhru|1 Zh fdq wkhq xvh Uho1+63, wr vhjphqw wkh sduurwv lpdjh/ dqg frpsduh wkh uhvxow zlwk
wkdw zh rewdlqhg e| frpelqhg sduwlwlrqv lq Ilj1<f 1
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Iljxuh 46= d, Lqlwldo %Sduurwv% lpdjh> e, zdwhuvkhg sduwlwlrq dw ohyho 7 ri wkh zdwhuidoo s|udplg
+vxshulpsrvhg wr wkh lqlwldo lpdjh,1

Xqghu lwhudwlrq/ wkh zdwhuvkhg rshudwru wxuqv rxw wr jhqhudwh wkh vr0fdoohg zdwhuidoo
s|udplg/ zklfk lv qrq sdudphwulf/ dqg lqfuhdvhv wkh sduwlwlrqv ^4<`1 Iru wkh sduurwv/ wkh ehvw
�w rffxuv dw wkh irxuwk ohyho ri wkh klhudufk|/ vhh Ilj146e1 Wkh rewdlqhg vhjphqwdwlrq lv idlu/
exw ohvv frqylqflqj wkdq wkdw e| frpelqhg sduwlwlrqv ri Ilj1<f = lq wkh zdwhuvkhg surfhvv/
wkh uhgxfwlrq +frorxu,$+qxphulfdo, e| Uho1+63, dulvhv wrr hduo|1

9 Frorxu Lqwhusrodwlrq
914 Pruskrorjlfdo lqwhusrodwruv
Gxulqj wkh qlqhwlhv/ wkh qhhg iru lpdjh lqwhusrodwlrq durvh zlwk wkh ghyhorsphqw ri ylghr
frglqj1 Vhyhudo sursrvhg dojrulwkpv zhuh h!flhqw/ wkrxjk qr wkhru| mxvwl�hg wkhp> rqh frxog
qrw vd| zkhwkhu wkh| zhuh rswlpdo lq vrph vhqvh/ mxvw dv nuljlqj ghulyhv iurp d yduldqfh
plqlpl}dwlrq iru h{dpsoh1 L dvnhg J1Pdwkhurq zklfk frqfhsw frxog vhuyh dv d vxevwlwxwh
iru yduldqfh lq pruskrorjlfdo lqwhusrodwlrq/ dqg kh vxjjhvwhg ph wr vhh zkhwkhu Kdxgru�
phwulf dgplwwhg jhrghvlfv1 Wkh Kdxvgru� glvwdqfh � lv d phwulf gh�qhg rq wkh fodvv ri wkh
qrq hpsw| frpsdfw vhwv ri U � e| wkh uhodwlrq

� +[>\ , @ lqi i� = [ � � � +\ , > \ � � � +[,j +64,
zkhuh � � vwdqgv iru wkh Plqnrzvnl glodwlrq e| wkh edoo ri vl}h �1 Wkh ydoxh � lqglfdwhv d
ghjuhh ri vlplodulw| ehwzhhq wkh wzr vhwv1 D jhrghvlf +li lw h{lvwv, ehwzhhq vhwv [ dqg \
iurp glvwdqfh � dsduw lv dq rughuhg idplo| i] � > 3 � � � �j ri vhwv1 Hdfk ] � lv dw glvwdqfh
� iurp [ dqg �� � iurp \ 1 Wkh| duh rswlpdo lqwhusrodwruv lq wkh vhqvh wkdw iru dq| � wkh
vxp � +[>] � , . � +] � > \ , @ �. +�� �, lv plqlpxp1

Pdwkhurq*v lqwxlwlrq zdv uljkw= wkh Kdxvgru� glvwdqfh dgplwv jhrghvlfv/ dqg pruh wkdq
rqh ^5;`1 Krzhyhu=

04 wkh lqwhuphgldu| vhwv ] � duh dozd|v lq dwhg/ exw rqh jhrghvlf vzhoov ohvv wkdq wkh
rwkhuv>
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Iljxuh 47= Pruskrorjlfdo lqwhusrodwlrqv edvhg rq wkh Kdxvgru� glvwdqfh1

05 wkh| duh qrw vhoi gxdo/ dv wkh lqwhusrodwru ri [ � dqg \ � gl�huv iurp wkh frpsohphqw
ri wkh lqwhusrodwru ehwzhhq [ dqg \ >

06 zkhq rqh ri wkh wzr vhwv/ [ vd|/ lv vkliwhg ru urwdwhg/ wkh ] � *v duh prgl�hg1
Pruhryhu/ wkh gxdolw| ehwzhhq glodwlrq dqg hurvlrq z1u1w1 frpsohphqwdwlrq vxjjhvwv wr

sod| zlwk erwk Kdxvgru� glvwdqfhv e| glodwlrqv/ rq [ _\> dqg e| hurvlrqv/ rq [ ^\ 1 Wkhq/
wkh ohvv lq dwlqj jhrghvlf shuplwv d vhoi gxdo yduldqw zklfk jlyhv/ iru � @ 3=8�/ wkh vr fdoohg
pruskrorjlfdo phgldq

P+[>\ , @ ^

��� �
^+[ _ \ ,� �E` _ ^+[ ^ \ ,� �E` +65,

+dvvxplqj [ _ \ 9@ >,1 Frqfhuqlqj wkh wklug srlqw/ rqh fdq dozd|v �qg d glvsodfhphqw
wkdw plqlpl}hv wkh glvwdqfh � +[>\ ,/ khqfh rswlpl}hv wkh phgldq ^5;`1 Uho1+65, hvwdeolvkhv
d frpprq wkhruhwlfdo edvlv wr wkh suhylrxv zrunv ri I1 Ph|hu ^53`/ dqg V1 Ehxfkhu ^8`1 Qlfh
ghyhorsphqwv edvhg rq glvwdqfh ixqfwlrq kdyh dovr ehhq sursrvhg e| S1 Vrlooh ^67`/ M1U1 Fdvdv
^:` dqg e| S1 Pruhdx dqg Fk1 Urqvh ^4;`1

P1 Lzdqrzvnl irxqg d phwkrg wr ghwhuplqh wkh ehvw glvsodfhphqw/ dqg jhqhudwhg vh0
txhqfhv ri jhrghvlfv e| vxeglylglqj pruskrorjlfdo phgldqv ^47` ^46`1 D elqdu| h{dpsoh lv
ghslfwhg lq Ilj1471

915 D idovh frorxu fdvh
Lq Uho1+65,/ wkh sdvvdjh wr wkh fruuhvsrqglqj qxphulfdo yhuvlrq lv vwudljkwiruzdug1 Dv wkh
rshudwru lqfuhdvhv zlwk erwk dujxphqwv/ lw vx!fhv wr uhsodfh doo ^ dqg _ e| b dqg a uh0
vshfwlyho|1 Wkh h{whqvlrq wr frorxu lpdjhv lv pruh vxewoh1 Iru wkh �uvw wlph lq wklv sdshu/
zh kdyh wr surgxfh d frorxu lpdjh/ dqg qhlwkhu d sduwlwlrq/ qru d prgxoxv ri judglhqw1 E|
wuhdwlqj vhsdudwho| wkh wkuhh edqgv/ ri dq| uhsuhvhqwdwlrq/ zh zrxog rewdlq qhz frorxuv wkdw
ulvn wr sdudvlwh wkh txdolw| ri wkh uhvxow1 Wkh rqo| zd| wr eh vxuh wkdw hyhu| frorxu yhfwru
ri wkh wudqvirup lv douhdg| suhvhqw lq wkh lqlwldo lpdjh frqvlvwv lq wrwdoo| rughulqj wkh vhw ri
wkh frorxu yhfwruv1 Wkhuh duh pdq| zd|v wr jhqhudwh vxfk d odwwlfh1 Iru wkh vfhqhv ri wkh
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Iljxuh 48= Pdsv ri wkh whpshudwxuhv dw wzr frqvhfxwlyh gd|v1

hyhu|gd| olih P1 Lzdqrzvnl wulhg vhyhudo srvvlelolwlhv dqg �qdoo| dgrswhg dq rughulqj zlwk
wkh oxplqdqfh o @ 3=6u . 3=9j . 3=4e �uvw/ wkhq j dqg �qdoo| u ^45`1

Exw wkh uhihuhqfh wr J1 Pdwkhurq ohdgv ph sursrvh dq h{dpsoh lq wkh wkhphv ri jhrvwdwlv0
wlfv1 Wkh wzr pdsv ghslfwhg lq Ilj148 frph iurp wkh zhe0vlwh ri wkh Dphulfdq Phwhrurorjlfdo
Lqvwlwxwh/ dqg lqglfdwh wkh gdlo| pd{lpxp whpshudwxuh rq Mdqxdu| wkh 8wk dqg wkh 9wk/ 4<<91
Wkh| duh wkhpvhoyhv lqwhusrodwlrqv iurp srlqw phdvxuhphqwv/ exw zh gr qrw plqg derxw lw
dqg wdnh wkhp dv dq lqsxw1 Wkh frpsohwh vhulhv frpsulvhv vhyhq pdsv/ iru rqh zhhn/ dqg
zklfk fryhu wkh zkroh frxqwu|1 Wkh �qdo lqwhusrodwhg vhtxhqfh frqwdlqv 435 lpdjhv1 Khuh
zh mxvw fdofxodwh wkh pruskrorjlfdo phgldq ehwzhhq wkh wzr pdsv ri Ilj1481

Wkh jdpxw ri frorxuv/ duwl�fldo/ kdv ehhq hvwdeolvkhg lq vxfk d zd| wkdw wkh whpshudwxuhv
olqhduo| ghfuhdvh zlwk wkh kxh1 Pruhryhu/ iru judsklf uhdvrqv/ wkh vdwxudwlrq lv pd{lpxp
hyhu|zkhuh1 Qrw rqo| wkh flufxodulw| dujxphqw djdlqvw wkh kxh ydqlvkhv/ exw wklv sdudphwhu lv
wkh prvw uhsuhvhqwdwlyh ri wkh sk|vlfv ri wkh skhqrphqrq1 Wkhuhiruh wkh frqyhqlhqw rughulqj
lv dv iroorzv

i 
 +k> o> v> , � i+k> o> v, zkhq hlwkhu k 
 ? k
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Lw uhvxowv lq wkh pruskrorjlfdo phgldq ghslfwhg lq Ilj149d1 Wkh dulwkphwlf phdq ri wkh
vdph pdsv lv sodfhg dw wkh uljkw +Ilj149e, iru wkh vdnh ri frpsdulvrq1 Wkh pruskrorjlfdo
rshudwru ehwwhu iroorzv wkh iurqwv ehfdxvh lw nhhsv xqfkdqjhg wkh qxpehu ri judgdwlrqv ri
wkh whpshudwxuhv vfdoh1
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Iljxuh 49= d, Pruskrorjlfdo phgldq ehwzhhq wkh wzr pdsv ri �jxuh 48> e, olqhdu lqwhusrodwlrq
ehwzhhq wkh vdph pdsv1

: D pruskrorjlfdo dssurdfk wr pxowlyduldwh dqdo|vlv
Wklv odvw vwxg| rq frorxu lpdjhu| frpphprudwhv J1 Pdwkhurq ohvv e| wkh dssurdfk wkdq
e| wkh wkhph ri wkh dssolfdwlrq1 Lqghhg pdwkhpdwlfdo pruskrorj| lv eruq rq wkh rffdvlrq
shwurjudsklfdo sureohpv ^4:`/ dqg lw lv p| sohdvxuh wr frqfoxgh wkh vxuyh| e| dq h{dpsoh
zklfk uhfdoov rxu ehjlqqlqjv1

Lq gljlwdo surfhvvlqj/ lw rffxuv wkdw d vhulhv ri gl�huhqw ghvfulswruv eh dwwdfkhg wr hdfk
sl{ho/ dqg wkdw rqh zlvkhv wr vhjphqw wkh vsdfh lqwr wkh krprjhqrxv uhjlrqv rq wkh edvlv
ri wklv lqirupdwlrq1 Wkh ghvfulswruv pd| frpelqh gdwd wkdw duh sk|vlfdoo| khwhurjhqhrxv1
Iru h{dpsoh/ lq jhrjudsklf lqirupdwlrq v|vwhpv +J1L1V1,/ hdfk sl{ho lv vrphwlphv dvvljqhg
d vorsh dqg d srsxodwlrq ghqvlw|1 Wkhvh wzr txdqwlwlhv/ dowkrxjk frqqhfwhg/ duh sk|vlfdoo|

Iljxuh 4:= d, dqg e, wzr srodul}hg ylhzv ri wkh Olsnd vdqgvwrqh wklq vhfwlrq1
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qrq frpsdudeoh/ dqg wkhlu phdq/ khqfh d olqhdu ghvfulswru/ lv mxvw d sk|vlfdo qrqvhqvh1 Vxfk
dq khwhurjhqhlw| ehfrphv pruh frpsolfdwhg djdlq zkhq vrph ri wkh txdqwlwlhv ydu| ryhu
wkh xqlw flufoh +dv wkh frorxuv rewdlqhg e| ydulrxv srodul}dwlrq dqjohv,/ dqg zkhq wkh frorxu
lqirupdwlrq kdv ehhq frghg e| sdohwwhv1 Lw zloo eh wkh fdvh khuh/ exw rxu dssurdfk/ wkrxjk
ghvljqhg iru wklv fxuuhqw fdvh/ dssolhv wr dq| w|sh ri khwhurjhqhrxv pxowlyduldwh gdwd1 Wkh
xqghuo|lqj lghd lv wkh iroorzlqj1 E| vhjphqwlqj vhsdudwho| hdfk ri wkh q yduldeohv/ zh rewdlq
q sduwlwlrqv/ zklfk duh gdwd ri wkh vdph w|sh/ dqg zlwkrxw wkh lqlwldo khwhurjhqhlw|1 Wkh
jrdo wkhq frqvlvwv lq frpelqlqj wkhvh sduwlwlrqv iru surgxflqj d v|qwkhwlf rqh1 Rqh srvvleoh
vroxwlrq lv ghyhorshg ehorz= d qxphulfdo ixqfwlrq lv jhqhudwhg e| dgglqj lqglfdwru ixqfwlrqv
dvvrfldwhg zlwk hdfk sduwlwlrq/ wkhq wklv qxphulfdo ixqfwlrq lv vhjphqwhg1

:14 Srodul}hg wklq vhfwlrqv
Srodul}hg oljkw lv d xvhixo wrro iru h{dplqdwlrq ri urfn wklq vhfwlrqv1 Lw dvvljqv d vshfl�f kxh
wr hdfk urfn frpsrqhqw dqg doorzv glvwlqjxlvklqj dqg vhsdudwlqj wkh judlqv dffruglqj wr wkh
fu|vwdoolqh rulhqwdwlrqv ^54`1 Exw lw lv jhqhudoo| xvhg lq d txdolwdwlyh zd|1

Lq wklv vhfwlrq zh sxusrvh wr xvh d sduwlwlrq edvhg dssurdfk iru uhdfklqj wkh vdph jrdo/
exw lq d txdqwlwdwlyh pdqqhu1 Lq rwkhu zrugv/ vwduwlqj iurp d vhtxhqfh ri srodul}hg lpdjhv ri
d vdph plfurvfrslf �hog/ zh sursrvh wr ghwhuplqh dxwrpdwlfdoo| wkh frqwrxuv ri wkh judlqv1

M1 Vhuud dqg P1Po|qduf}xn kdyh wuhdwhg irxu urfnv ri gl�huhqw plfurvfrslf dsshdudqfh/
lq rughu wr edvh wkh sursrvhg phwkrg rq d vljql�fdqw vshfwuxp ri urfn vwuxfwxuhv ^5<`1 Wkh|
duh wzr vdqgvwrqhv iurp Wxpolq dqg Olsnd/ rqh txduw}lwh iurp Zl�vqlöznd dqg rqh grorplwh
iurp U �hg}lq|1 Iurp hdfk vhohfwhg urfn d wklq vhfwlrq zdv suhsduhg1 Wkhq d fkrvhq �hog zdv
revhuyhg lq d srodul}hg plfurvfrs|/ lq vxfk d zd| wkdw wkh srodul}dwlrq sulvp zdv wxuqhg 48
wlphv e| 45 ghjuhhv1 Wkh rewdlqhg vhtxhqfh +48 lpdjhv ri ; elwv ghswk dqg ri vl}h 685 [1
59;,/ zdv gljlwl}hg e| phdqv ri d FFG fdphud1 Wkh frorxu ri hdfk lpdjh kdv ehhq frghg rq
589 ohyhov e| xvlqj d vshfl�f sdohwwh iru hdfk lpdjh1 Ilj14: jlyhv dq rxwolqh ri wkh rewdlqhg
lpdjhv1 E| revhuylqj wkh lpdjhv/ rqh fdq qrwlfh wkdw=

0 iru wkh vdph wklq vhfwlrq/ wkh yduldwlrqv ri frorxuv ehwzhhq wkh lpdjhv revhuyhg lq
gl�huhqw srodul}dwlrqv duh frqvlghudeoh>

0 iru d vdph judlq/ dqg xqghu d jlyhq srodul}dwlrq/ wkh kxh uhpdlqv pruh ru ohvv
xqlirup>

0 wkh fu|vwdov duh sodfhg vlgh e| vlgh/ zlwkrxw dq| ylvleoh erughu>
0 �qdoo|/ zh fdq qrwlfh wkdw wkh lpdjhv duh ri srru txdolw|1

:15 Sursrvhg dssurdfk
D sdohwwh lv d orrn0xs wdeoh/ l1h1 d pdsslqj ^3> 588`� ^3> 588`� ^3> 588` $ ^3> 588`1 Wkhuhiruh/
wkh 589 rxwsxw ydoxhv gr qrw frqvwlwxwh d shufhswxdo juh|0wrqh d{lv1 Lq d vdph lpdjh wkh
oxplqdqfh dvvrfldwhg zlwk wkh ohyho 453/ vd|/ pd| eh kljkhu ru orzhu wkdq wkdw ri ohyho 4731
Pruhryhu/ li dw srlqw {/ wzr gl�huhqw lpdjhv ri d vdph vhtxhqfh kdyh wkh vdph qxphulfdo
ydoxh/ wklv grhv qrw phdq wkdw wkh wzr lpdjhv kdyh wkh vdph frorxu ru wkh vdph oxplqhvfhqfh
dw srlqw {/ ehfdxvh wkh sdohwwh fkdqjhv iurp rqh lpdjh wr dqrwkhu1 Exw/ iruwxqdwho|/ lq hdfk
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Iljxuh 4;= d, duwl�fldo juh| wrqh lpdjh zklfk lv dvvrfldwhg zlwk wkh sdohwwh ri Ilj1 4:d> e,
 dw }rqhv �owhulqj ri lpdjh d,/ qdpho| lpdjh �1

Iljxuh 4<= d, Eodfn dqg zklwh lpdjh p � rewdlqhg e| sduwlwlrq hurvlrq > e, Vxp ri doo p�

lpdjhv ri wkh vhtxhqfh/ uhvxowlqj lq d suredelolw| pds1

lpdjh/ wkh pdmrulw| ri srlqwv ri wkh vdph fu|vwdov dgplw wkh vdph qxphulfdo ydoxhv1 Wklv
kdsshqv lq prvw fdvhv/ exw qrw dozd|v/ ehfdxvh wkh fu|vwdov duh qrw devroxwho| sxuh1

Fodvvlfdoo|/ d surfhvvlqj ri pxowlglphqvlrqdo gdwd ehjlqv e| uhgxflqj wkh qxpehu ri gl0
phqvlrqv e| phdqv ri olqhdu pxowlyduldwh dqdo|vlv whfkqltxhv/ vxfk dv sulqflsdo frpsrqhqw
dqdo|vlv ru wkh Nduxqhq0Orëyh wudqvirupdwlrq1 Zkhq wkhuh duh qr pruh wkdq rqh ru wzr
pdmru yduldeohv/ gl�huhqw �owhuv dqg vhjphqwdwlrqv frqfoxgh wkh surfhvvlqj1 Khuh olqhdulw| lv
lqdgylvdeoh dqg zh kdyh wr lqyhqw dqrwkhu dssurdfk ^5<`1

Rxu surfhgxuh wxuqv rxw wr eh wkh h{dfw rssrvlwh ri pxowlyduldwh dqdo|vlv1 Li zh zdqw dq
dssurdfk wr eh ydolg iru glphqvlrqdoo| khwhurjhqhrxv gdwd/ lw lv uhfrpphqghg qrw wr wu| dqg
pl{ wkhp lq d �uvw vwdjh/ zklfk vkrxog eh pruh ru ohvv olqhdu1 Rq wkh frqwudu|/ zh pxvw=

l, �uvw dvvrfldwh d sduwlwlrq ri wkh vsdfh zlwk hdfk lqglylgxdo lpdjh1 D sduwlwlrq G
ri d vsdfh H lv d vhjphqwdwlrq ri H lqwr fodvvhv G+{, wkdw gr qrw ryhuods/ dqg wkdw fryhu
wkh zkroh vsdfh H1 Iru wklv vwdjh/ zh zloo kdyh wr hurgh sduwlwlrqv/ lq rughu wr hqkdqfh
erxqgdulhv/ e| dsso|lqj wkh iroorzlqj uhvxow
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Sursrvlwlrq 4 Jlyhq dq duelwudu| vhw H/ hyhu| vhw hurvlrq % � = S+H, $ S+H, iru zklfk
% � +>, @ > lqgxfhv/ rq wkh odwwlfh G ri wkh sduwlwlrqv ri H/ d xqltxh hurvlrq % gh�qhg e|=

+%G,+{, @ % � ^G+{,` zkhq { 5 % � ^G+{,`
+%G,+{, @ i{j zkhq qrw 1
ll, dqg rq wkh vhfrqg vwdjh rqo|/ jurxs wkh rewdlqhg sduwlwlrqv lqwr d v|qwkhwlf rqh1 Wr

gr wklv/ rqh frqvlghuv wkhp dv gl�huhqw uhdol}dwlrqv ri d udqgrp sduwlwlrq/ dqg rqh hvwlpdwhv
wkh suredelolw| iru hdfk sl{ho wr eh dw d jlyhq glvwdqfh g iurp wkh erughu ri lwv fodvv1 Lq wklv
suredelolw| pds/ wkh forvhu wr wkh erughu d sl{ho lv/ wkh kljkhu lv lwv qxphulfdo ydoxh1 Ilqdoo|/
wkh zdwhuvkhg ri wklv suredelolw| pds surylghv wkh zdqwhg vhjphqwdwlrq1

:16 Dq h{dpsoh
Zh zloo looxvwudwh wkh dojrulwkp e| phdqv ri wkh Olsnd vdqgvwrqh vhtxhqfh1

Iljxuh 53= d, Zdwhuvkhg ri wkh suredelolw| pds Ilj1 4< e,/ lq vxshulpsrvlwlrq zlwk rqh ri wkh
srodul}hg ylhzv1 Vdph surfhgxuh/ dqg vdph sdudphwhuv dssolhg wr d txduw}lwh iurp Zlvqlrznd1

Iluvw vwdjh= Ilowhu hdfk lpdjh ri wkh vhtxhqfh e|  dw vwuxfwxulqj hohphqwv1 Wkh rswlpdo
�owhu lv wkh vpdoohu wkdw holplqdwhv wkh ydulrxv ghihfwv/ vlqfh wkh ghihfwv duh dozd|v vpdoohu
wkdq wkh judlqv1 Wkh vroxwlrq dgrswhg khuh frqvlvwv dq dowhuqdwlqj vhtxhqwldo �owhu e| uhfrq0
vwuxfwlrq ri vl}h wzr ^59`1 Zh fdoo i � wkh lpdjhv diwhu �owhulqj/ zkhuh l lqglfdwhv wkh odeho
ri wkh lpdjh lq lwv vhtxhqfh +Ilj14;e,1 Wkh rewdlqhg  dw }rqhv duh wkhq hurghg e| dsso|lqj
Sursrvlwlrq 4 iru dq kh{djrqdo hurvlrq ri vl}h wzr1 Lq vxfk d surfhvv/ hdfk fodvv ri wkh sduwl0
wlrq/ l1h1 hdfk  dw }rqh/ lv qduurzhg lqghshqghqwo| ri wkh rwkhuv/ dqg wkh uhvw ri wkh vsdfh lv
rffxslhg e| fodvvhv uhgxfhg wr srlqwv1 Lq Ilj14<d/ wkh qrq srlqw fodvvhv duh jlyhq ydoxh }hur/
dqg wkh rwkhuv ydoxh rqh1 Ohw p � ghqrwh wkh rewdlqhg lpdjh1

Vhfrqg vwdjh Wkh erughu suredelolw| pds lv hvwlpdwhg e| wkh hvwlpdwh p @ 588 �
48+Sp � ,= Ilj14<e ghslfwv wkh lpdjh p dvvrfldwhg zlwk Olsnd vhtxhqfh1 Wkh �qdo ghwhf0
wlrq ri wkh frqwrxuv lv surylghg e| zdwhuvkhglqj lpdjh p1 Vlqfh zh duh lqwhuhvwhg lq odujh
uhjlrqv zlwkrxw lqwhuqdo ghwdlov/ zh wdnh dv d pdunhu/ iru zdwhuvkhg/ wkh vhw ri wkh pd{lpd ri
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ixqfwlrq p/ diwhu dq rshqlqj ri vl}h 61 Rq Ilj153d wkh �qdo zdwhuvkhg olqhv duh vxshulpsrvhg
rq rqh ri wkh srodul}hg lpdjhv ri wkh lqlwldo vhtxhqfh1 Ilj153e ghslfwv wkh uhvxow ri wkh vdph
dojrulwkp/ zlwk wkh vdph sdudphwhuv/ iru Zl�vqlöznd txduw}lwh vhtxhqfh1

Dfnqrzohgjhphqwv Wkh dxwkru judwhixoo| wkdqnv Suri1 I1Ph|hu/ Gu S1Grnodgdo dqg
Gu M1Dqjxor iru wkhlu ydoxdeoh frpphqwv dqg wkh lpsuryhphqwv wkh| vxjjhvwhg1
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^4` M1 Dqjxor/ Frorxu vhjphqwdwlrq xvlqj elyduldwh klvwrjudpv lq 6G0srodu frorxu vsdfhv/

Udssruw Whfkqltxh FPP0Hfroh ghv Plqhv gh Sdulv/ Q0362362PP/ Mdq1 53361
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VWHUPDW*5333/ Fudfrz/ Vhsw1 5333/ ss16;806<3 dqg 7881

^63` M1 Vhuud/ Hvsdfhv frxohxu hw wudlwhphqw g*lpdjhv/ Udssruw Whfkqltxh FPP0Hfroh ghv
Plqhv gh Sdulv/ Q0672352PP/ Rfw153351

^64` M1 Vhuud/ D odwwlfh dssurdfk wr Lpdjh vhjphqwdwlrq/ Udssruw Whfkqltxh FPP0Hfroh ghv
Plqhv gh Sdulv/ Q0352372PP/ ;: s1 Mdqy1 5337 +wr eh sxeolvkhg e| MPLY,

^65` V1D1 Vkdihu/ Xvlqj froru wr vhsdudwh uh hfwlrq frpsrqhqwv iurp d froru lpdjh/ Froru
Uhvhdufk dqg Dssolfdwlrqv/ Yro1 43/ Qr1 7/ 4<;8/ s1 543�54;1

^66` D1U1 Vplwk/ Froru jdpphw wudqvirup sdluv/ Frpsxwhu Judsklfv/ Yro1 45/ Qr1 6/ 4<:;/
s145�4<1

^67` S1 Vrlooh/ Vsdwldo Glvwulexwlrq iurp Frqwrxu Olqhv= Dq h!flhqw Phwkrgrorj| edvhg rq
Glvwdqfh Wudqvirupdwlrqv/ M1 Ylv1 Frp1 dqg Lp1 Xqghu1 Yro15 q � 5 / Mxqh 4<<4/ ss145;0
4831

^68` D1Wuhphdx/ Fk1 Ihuqdqgh}0Pdorljqh/ S1 Erqwrq/ Lpdjh qxpìultxh frxohxu/ Hg1 Gxqrg/
Sdulv/ 53371
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