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Wkh sdshu sursrvhv d fodvv ri Udqgrp Ixqfwlrqv zklfk wxuqv rxw wr prgho
wkh pxowlglphqvlrqdo vfhqhv +plfurvfrs|/ pdfurvfrs|/ ylghr vhtxhqfhv/ hwf1,
lq d sduwlfxoduo| dghtxdwh zd|1 Lq wkh wulsohw +
> �> S , wkdw gh�qhv d udqgrp
ixqfwlrq/ wkh �0dojheud �/ khuh/ lv wkdw lqwurgxfhg e| J1 Pdwkhurq lq klv wkhru|
ri wkh xsshu +ru orzhu, vhpl0frqwlqxrxv ixqfwlrqv iurp d wrsrorjlfdo vsdfh H
lqwr U1 Rq wkh rwkhu kdqg/ wkh vhw 
 ri wkh pdwkhpdwlfdo remhfwv lv wkh fodvv
O � ri wkh htxlfrqwlqxrxv ixqfwlrqv ri d jlyhq prgxoxv/ * vd|/ wkdw pds H/
vxssrvhg wr eh phwulf/ lqwr U ru �U� � 1 Iru d frpsuhkhqvlyh phpehu ri phwulfv
rq U/ fodvv O � lv d frpsdfw vxevhw ri wkh x1v1f1 ixqfwlrqv H $ U/ rq zklfk wkh
wrsrorj| uhgxfhv wr wkdw ri wkh srlqwzlvh frqyhujhqfh1 Lq dgglwlrq/ fodvv O � lv
forvhg xqghu wkh xvxdo glodwlrqv/ hurvlrqv dqg pruskrorjlfdo �owhuv/ dv zhoo dv
iru frqyroxwlrqv j vxfk wkdw U mj +g{,m @ 41 H{dpsohv ri wkh vrxqgqhvv ri wkh
prgho duh jlyhq1

� W?|hL_�U|�L? @?_ hi4�?_iht
��� W?|hL_�U|�L?
Lq zkdw iroorzv/ wkh sxusrvh lv wr frqvwuxfw d fodvv ri udqgrp ixqfwlrqv wkdw
fruuhfwo| prgho wkh ixqfwlrqv lqyroyhg lq wkh ylvxdo zruog1 Wkhvh ixqfwlrqv/ dp0
eljxrxvo| fdoohg %lpdjhv%/ pd| eh vfdodu ru pxowlydoxhg +h1j1 juh| ru froru lp0
djhv,/ pd| frqfhuq surmhfwlrqv ru vhfwlrqv +h1j1 VHP yhuvxv rswlfdo plfurvfrs|,/
pd| lqyroyh prwlrq ru qrw/ hwf1

Vxfk lpdjhv duh dozd|v surfhvvhg e| phdqv ri �owhulqj/ vxsuhpxp dqg lq0
�pxp rshudwlrqv/ uhvfdolqj/ frqyroxwlrq/ hgjh fruuhfwlrq/ vxp dqg gl�huhqfh/
dqg vr rq1 Wkhuhiruh/ zkhq d pdwkhpdwlfdo vwdwxv lv sursrvhg wr prgho wkhp/
lw kdv wr �w vx�flhqwo| zlwk doo wkh pdsslqjv1 Iru h{dpsoh/ lv wkh prgho forvhg

4



xqghu vxsuhpxp/ xqghu frqyroxwlrqB Duh wkh prvw frpprq pdsslqjv frqwlq0
xrxv iru wkh wrsrorj| ri wkh prghoB Lv wkh gl�huhqfh ri wzr udqgrp ixqfwlrqv
d udqgrp ixqfwlrqB hwf1

Diwhu kdylqj uhplqghg dqg fulwlfl}hg wkh fodvvlfdo udqgrp prgho xvhg lq
Pdwkhpdwlfdo Pruskrorj|/ qdpho| wkdw ri wkh xsshu vhpl0frqwlqxrxv ixqfwlrqv/
zh zloo uhplqg wkh edvlf frqfhswv ri *0frqwlqxlw|1 Wkh vhfrqg sduw zloo wkhq eh
ghyrwhg wr wkh dojheudlf surshuwlhv ri *0frqwlqxlw|/ dqg wkh wklug sduw wr wkh
wrsrorjlfdo rqhv1 Ilqdoo|/ wkh vwrfkdvwlf yhuvlrq ri vxfk fodvvhv +sduw irxu, zloo
ehfrph vhoi0hylghqw1

��2 +i4�?_ih L? |�i �TTih�ti4��UL?|�?�L�t h@?_L4 u�?U�
|�L?t

Lq 4<9</ J1 Pdwkhurq h{whqghg klv udqgrp vhwv wkhru| wr wkh xsshu vhpl0
frqwlqxrxv ixqfwlrqv iurp dq O1F1G vsdfh H lqwr U e| frqvlghulqj wkhp/ yld
wkhlu vxejudskv/ dv forvhg vhwv lq H
U1 Lq wklv dssurdfk/ wkh idploo| F ri wkrvh
vhwv F 5 I �H 
U

� wkdw vdwlvi| wkh wzr frqglwlrqv
l2 F � H � �

ll2 ;{ 5 H>;w 5 U> +{> w, 5 F , i{j 
 ^�4> w` � F
lv lghqwl�hg zlwk wkh fodvv I ri wkh x1v1f1 ixqfwlrqv H $ U/ dqg lw lv suryhg

wr eh d frpsdfw idplo| lq I �H 
U
�1 Wkh wrsrorj| rq I lv rewdlqhg dv wkh

uhvwulfwlrq wr F ri wkh wrsrorj| rq I+H 
U,1 Frqvhtxhqwo|/ wkh rshq vhwv lq I
duh jhqhudwhg e| wkh sduwv ri I zkrvh hohphqwv i vdwlvi| wkh wzr frqglwlrqv=

[ � +J, @ vxs ii+{,> { 5 Jj A e dqg lqi �[ � +J, > J � N� ? d +4,
dv J vsdqv wkh rshq vhwv ri H/ dqg N lwv frpsdfw vhwv +d> e 5 U,1 Wklv uhvxowv
lq wkh iroorzlqj fulwhulrq ri frqyhujhqfh ^wkhruhp 61514 lq ^7``

Sursrvlwlrq 4 D vhtxhqfh i � frqyhujhv wrzdugv i lq I li dqg rqo| li lw vdwlv�hv
wkh wzr iroorzlqj frqglwlrqv= 42 iru doo { 5 H/ wkhuh h{lvwv d vhtxhqfh { � $ {
lq H vxfk wkdw wkh vhtxhqfh i � +{ � , $ i+{, lq U1 52 Li d vhtxhqfh { ��� frqyhujhv
wrzdugv { lq H/ wkhq wkh vhtxhqfh i ��� +{ ��� , vdwlv�hv olpi ��� +{ ��� , � i+{,1

Wkh qh{w vwhs frqvlvwv lq htxlsslqj I zlwk wkh �0dojheud jhqhudwhg e| lwv
wrsrorj|/ l1h1 e| wkh hyhqwv [ � +J, lqwurgxfhg lq uho1+4,1 Ilqdoo| d udqgrp x1v1f1
ixqfwlrq i lv gh�qhg e| surylglqj wkh phdvxudeoh vsdfh +I> �, zlwk d suredelolw|
S 1 Wkh frpsdfwqhvv ri vhw I hqvxuhv wkdw wkhuh dfwxdoo| h{lvw suredelolwlhv rq
�1

Mxvw dv d udqgrp yduldeoh lv fkdudfwhul}hg e| lwv glvwulexwlrq ixqfwlrq/ d udq0
grp ixqfwlrq i 5 +I> �> S , lv frpsohwho| ghwhuplqhg e| wkh mrlqw suredelolwlhv

Su ivxs ii +{, > { 5 E � j ? � � > === vxsii +{, > { 5 E � j ? � � j +5,
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iru hyhu| �qlwh vhtxhqfh E � ===E � ri frpsdfw vhwv lq H dqg ri uhdo ydoxhv � � ===� � 1
Irupxod +5, h{suhvvhv d jhqhudo wkhruhp rq udqgrp vhwv gxh wr J1 Fkrtxhw ^4`
dqg J1 Pdwkhurq ^8`/ zklfk lv lqwhusuhwhg khuh iru udqgrp ixqfwlrqv ^;`1

Glvfxvvlrq

Sulru wr wkh x1v1f1 prgho zh kdyh mxvw vnhwfkhg/ udqgrp ixqfwlrqv xvhg wr
eh ghvfulehg e| phdqv ri wkhlu vsdwldo odzv/ dq dssurdfk wkdw frxog qrw hqdeoh
wr frqvwuxfw prghov h{klelwlqj glvfrqwlqxlwlhv +yhuwlfdo fol�v/111, ru wr fdofxodwh
qrwlrqv vxfk dv dq dyhudjh qxpehu ri pd{lpd1 Wkh x1v1f1 udqgrp ixqfwlrqv
kdyh rshqhg wkh zd| wr vxfk srvvlelolwlhv1 Wkh uhdghu zloo �qg d vxevwdqwldo
sdqho ri prghov dqg ri dssolfdwlrqv lq ydulrxv zrunv shuiruphg dw wkh Fhqwuh
gh Pruskrorjlh Pdwk�hpdwltxh ^vhh lq sduwlfxodu wkh vwxglhv lq wklv �hog gxh wr
G1 Mhxolq ^6`/ M1 Vhuud ^43`/ I1 Suahwhx{ dqg P1 Vfkplww ^:``1

Wkhvh ixqfwlrqv dozd|v lqyroyh vrph glvv|pphwu| ehwzhhq iruhjurxqg dqg
edfnjurxqg +w|slfdoo|= vxsuhpd ri frpsdfw f|olqghuv/ ru sxovhv ri gl�huhqw
khljkwv orfdwhg dw Srlvvrq srlqwv,1 Pruhryhu lq lpdjh dqdo|vlv/ lw lv uduho|
wkh udz lpdjh zklfk lv wr eh prghoohg/ exw udwkhu vrph �owhuhg yhuvlrq/ ru
d uhvlgxdo/ l1h1 wkh gl�huhqfh ehwzhhq lqlwldo lpdjh dqg �owhuhg rqh1 Vlqfh wkh
xsshu/ ru orzhu/ vhpl0frqwlqxrxv pdsslqjv iurp I lqwr lwvhoi duh phdvxudeoh/
wkh Plqnrzvnl dgglwlrqv � +i, @ i � N z1u1 wr d frpsdfw vhw N/ zklfk duh
frqwlqxrxv/ dqg wkh Plqnrzvnl vxewudfwlrqv % +i, @ i � N/ zklfk duh xsshu
vhpl0frqwlqxrxv/ gh�qh udqgrp ixqfwlrqv/ dv zhoo dv wkhlu surgxfwv1

Krzhyhu/ wkh olplwv ri vxfk dq h{whqvlrq duh udslgo| uhdfkhg1 Fodvv I lv qrw
forvhg xqghu gl�huhqfh/ dqg grhv qrw doorz wr prgho wkh uhvlgxdov1 Dovr/ lq
odwwlfh I / wkh lq�qxp Y i � lv lghqwlfdo wr qxphulfdo lqi/ zkhuhdv wkh vxsuhpxp
Z i � lv wkh wrsrorjlfdo forvxuh ri wkh qxphulfdo vxs1 Wklv lv wkh uhdvrq zk|
Plqnrzvnl dgglwlrq/ exw qrw vxewudfwlrq/ lv frqwlqxrxv1 Qrz rqh fdqqrw ghvljq
dq h{shulphqw deoh wr eulqj wr wkh iruh vxfk d glvwlqfwlrq1 Lq sudfwlfh/ rqh sdvvhv
iurp d glodwlrq wr dq hurvlrq ri ixqfwlrq i e| uhsodflqj lw e|�i / ru e|p�i / dqg
qhjdwlrq lv frqwlqxrxv1 Lv d frqwlqxlw| wkdw qr h{shulphqw zloo qhyhu glvwlqjxlvk
iurp vhpl0frqwlqxlw| d zruwkzkloh surshuw| ri wkh prghoB Ilqdoo|/ I lv qrw d
yhfwru vsdfh/ dqg wklv lv d slw|/ iru qxphurxv whfkqltxhv lq lpdjh dqdo|vlv duh
ri edu|fhqwulf w|sh +h1j1 frqyroxwlrq,1 Exw lv lw srvvleoh wr frqvwuxfw d ixqfwlrq
odwwlfh/ vx�flhqwo| uhjxodu dqg zklfk vkrxog dffhsw vrph olqhdu rshudwlrqvB

Wkhvh wkuhh fulwlfv krogv rq vsdfh I / dv d ghwhuplqlvwlf vwuxfwxuh dqg qrw
rq wkh �0dojheud1 Wkhuhiruh lq wkh iroorzlqj/ zh zloo dwwhpsw wr ryhufrph wkhp
e| prgli|lqj I +lq idfw lw zloo eh d uhvwulfwlrq,/ zlwkrxw euhdnlqj lqwr wkh
suredelol}dwlrq phwkrg1
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Iljxuh 4= d, Ruljlqdo lpdjh +ohiw, e, lwv prgxoxv ri frqwlqxlw| +uljkw,

��� +i4�?_ih L? *�UL?|�?��|)
D suhvhqwdwlrq ri *0frqwlqxlw| pd| eh irxqg lq ^5`1 Zh uhplqg khuh vrph ri lwv
pdmru ihdwxuhv1 Zlwk dq| qxphulfdo ixqfwlrq i iurp d phwulf vsdfh H lqwr U
rqh fdq dozd|v dvvrfldwh d vhfrqg ixqfwlrq/ vd| */ iurp U � lqwr U � / dv iroorzv=

*+k, @ vxsimi +{,� i+|,m > {> | 5 H> g+{> |, � kj= +6,
Htxdwlrq +6, lv devroxwho| jhqhudo/ dqg uhvxowv lq dq lqfuhdvlqj srvlwlyh ixqf0

wlrq1 Qrz/ li lq dgglwlrq i lv vxssrvhg wr eh xqlirupo| frqwlqxrxv/ wkhq/ htxly0
dohqwo|/ zh kdyh

Olp ����� *+k, @ 3
l1h1 * lv frqwlqxrxv qhdu wkh ruljlq1 Lq wklv fdvh/ * lv fdoohg prgxoxv ri frqwl0
qxlw| dqg ghvfulehv/ lq vrph vhqvh/ wkh ghjuhh ri uhjxodulw| ri wkh ixqfwlrq i
xqghu vwxg|1 Wklv dssurdfk fdq eh frpsduhg zlwk wkh xvh ri wkh ydulrjudp/
ru wkh fryduldqfh/ lq wkh rughu wzr dqdo|vlv1 Exw/ xqolnh wkh ydulrjudp/ zklfk
surylghv wkh txdgudwlf phdq ri wkh yduldwlrq ehwzhhq wzr srlqwv/ khuh zh wdnh
lqwr dffrxqw wkh pd{lpxp devroxwh gl�huhqfh1 Iru h{dpsoh/ e| dgglqj wr i d
srlqw lpsxovh ri pd{lpxp lqwhqvlw|/ zh gr qrw fkdqjh wkh ydulrjudp +lq wkh Hx0
folghdq fdvh, zkhuhdv wkh prgxoxv lv wudqviruphg lqwr lwv krul}rqwdo dv|pswrwh/
dqg ehfrphv d Khdylvlgh ixqfwlrq1

Wklv vdlg/ lq sudfwlfh prgxoxv * wxuqv rxw wr eh d phdqlqjixo ghvfulswru1
Rqh fdq vhh iurp Ilj1 4d dqg 4e krz wkh udqjh ri * uh�hfwv wkh vl}hv ri wkh
ihdwxuhv lq i / dqg lwv dv|pswrwh wkhlu g|qdplfv1

Dovr/ lw lv qrwlfhdeoh wkdw Ht1 +6, dssolhv wr erwk frqwlqxrxv ru glvfuhwh
vsdfhv1 Dfwxdoo|/ lw zloo doorz wr eulgjh wkh jds ehwzhhq wkh wzr fdvhv1 Wkhuh0
iruh/ H zloo ghqrwh dq duelwudu| phwulf vsdfh ri glvwdqfh g +U � >] � / wkhlu frqg1
yhuvlrqv/ hwf1,
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Wkh prgxoxv ri frqwlqxlw| wxuqv rxw wr eh d wrro iru fodvvli|lqj wkh ixqfwlrqv/
dqg iru jurxslqj wkhp lqwr idplolhv wkdw h{klelw qlfh frpprq surshuwlhv1 Khuh/
wkh qrwlrq ri htxlfrqwlqxlw| z1u1 wr prgxoxv */ ru pruh eulh�|/ ri *0frqwlqxlw|/
lv xvhg dv d vwduwlqj srlqw1

Gh�qlwlrq 4 D ixqfwlrq i = H $ U lv *0frqwlqxrxv zkhq/ jlyhq d prgxoxv ri
frqwlqxlw| * zh kdyh iru doo { = | 5 H>

mi+{,� i+|,m � * ^g+{> |,`
Vlploduo|/ wkh idplo| ri doo ixqfwlrqv i = H $ U zklfk vdwlvi| wkh deryh lqhtxdo0
lw|/ iru d jlyhq prgxoxv */ lv fdoohg *0frqwlqxrxv/ dqg ghqrwhg e| O � =

Khqfh/ wkh phpehuv ri wkh *0frqwlqxrxv fodvvhv duh xqlirupo| frqwlqxrxv
ixqfwlrqv/ dqg

* � � * � , O ��� � O ��� =
Lq sduwlfxodu/ wkh frqvwdqw ixqfwlrqv duh wkh rqo| hohphqwv frpprq wr doo

*0frqwlqxrxv fodvvhv1

2 w@||�Uit Lu i^���UL?|�?�L�t u�?U|�L?t
Jlyhq d odwwlfh O/ d vxevhw O � � O lv vdlg wr eh d vxe0odwwlfh ri O zkhq O � lv
forvhg xqghu wkh vxsuhpxp dqg wkh lq�qxp ri O/ dqg dgplwv wkh vdph wzr
h{wuhpd dv O1 Wkhq doo frqfhswv ru pdsslqjv gh�qhg iru O/ dqg zklfk lqyroyh
xqltxho| vxs dqg lqi/ kdyh d phdqlqj ryhu O � 1 Zh zloo vhh qrz wkdw vxfk d qlfh
surshuw| lv vdwlv�hg e| wkh htxl0frqwlqxrxv idplolhv1

Wkhruhp 5 Iru hyhu| prgxoxv ri frqwlqxlw| */ wkh fodvv O � ri wkh *0frqwlqxrxv
pdsslqjv iurp H lqwr U lv d vxeodwwlfh ri U

�

1
Surri1 Ohw ii � > l 5 Lj eh d idplo| lq O � > sxw i @ Z i � 1 Li i+{, @ .4 iru vrph
{ 5 H/ wkhq i @ .4/ khqfh lv *0frqwlqxrxv1 Li/ i+{, ? .4/ wkhq i+|,/ zklfk
lv erxqghg e|

* ^g +{> |,` . i+{,
lv �qlwh/ dqg zh fdq zulwh/ iru doo {> | 5 H =

i +|,� i +{, � * ^g +{> |,` dqg dv zhoo i +{,� i +|, � * ^g +{> |,` =
D vlplodu uhvxow pd| dovr eh rewdlqhg iruY i � / zklfk dfklhyhv wkh surri1 T1H1G1
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Frpphqwv

42 Wkhruhp 5 lv d fodvvlfdo rqh ^vhh iru h{1 d surri lq ^5` iru wkh Olsvfklw}
fdvh`1 Krzhyhu/ wkh surshuw| lw vwdwhv rzhv pruh wr wkh frpsdflw| ri U wkdq wr
lwv frpsohwh rughulqj/ dqg wklv srlqw lv ohvv nqrzq1 Dv d frxqwhu h{dpsoh/ wdnh
3 ? d ? e ? 4 dqg wkh odwwlfh O @ i{ = { 5 U>�4 � { ? d ru e � { � 4j1
Frqvlghu wkh idplo| ri Olsvfklw} ixqfwlrqv i � = `�4> d` $ Ogh�qhg e| i � +{, @
{� % � zlwk % � & 31 Iru { @ d dqg | @ d� �> +� A 3,/ zh kdyh g+{> |, @ � exw
b i � +{, @ e>b i � +|, @ d� { khqfh

�

�

�

b i � +{,�b i � +|,
�

�

� @ e� d. � A �$

52 Wkh wkhruhp uhihuv wr d grxeoh vwdwxv ri U zklfk lv frpsdfw +iru wkh
rughu wrsrorj|, dqg dovr htxlsshg zlwk wkh Hxfolghdq glvwdqfh1 Vlqfh dffruglqj
wr wkh vlwxdwlrq wr eh ghvfulehg vhyhudo glvwdqfhv pd| eh fkrvhq/ lw vkrxog eh
zlvh wr glvwlqjxlvk h{solflwho| ehwzhhq wkh wrsrorj| dqg dq dgglwlrqdo glvwdqfh1

2�� ����*@||�Uit @?_ hLM�t|?itt
Wkhvh frpphqwv vxjjhvw wr uhvruw wr wkh qrwlrq ri frpsdfw zlwk forvhg rughu
odwwlfhv +lq vkruw FFR0odwwlfhv,/ lqwurgxfhg e| J1 Pdwkhurq ^9`1 Jlyhq d odwwlfh
W / surylgh lw zlwk d wrsrorj| wkdw

l2 pdnhv W frpsdfw
ll2 forvhv wkh rughulqj ri W / l1h1 li wzr idplolhv { � dqg | � l 5 L duh �owhuhg e|

d vdph edvh ri �owhuv E dqg vdwlvi| { � � | � / { � $ {/ | � $ | lq W / wkhq { � |1
Vxfk d odwwlfh W lv vdlg wr eh FFR1 Lqghshqghqwo| ri lwv wrsrorj|/ lqwurgxfh

dq hfduw g � rq W / vxfk wkdw { � $ { lq W lpsolhv g � +{ � > {, $ 31 Wklv hfduw
zloo eh vdlg wr eh urexvw iru W / zkhq iru doo sdlu id � j dqg ie � j/ l 5 L ri hohphqwv
ri W / wkh wzr lqhtxdolwlhv

g iZd � >Z e � j � vxs ig+d � > e � ,j
g iYd � >Y e � j � vxs ig+d � > e � ,j

duh wuxh ^44`1 Wkh wzr qrwlrqv ri frpsdflw| zlwk forvhg rughulqj dqg ri urexvw0
qhvv |lhog d jhqhudol}dwlrq ri wkh deryh wkhruhp 51

Ohppd 6 Ohw iW � > l 5 Lj eh d idplo| ri odwwlfhv/ hdfk W � ehlqj urexvw iru wkh
hfduw g � 1 Wkhq wkh surgxfw W ri wkh W � lv d odwwlfh urexvw iru wkh hfduw g+{> |, @
vxs ig � +{ � > | � ,> l 5 Lj ^45`1

Wklv uhvxow pd| eh lqwhusuhwhg lq whupv ri pxowl0ydoxhg odwwlfh/ dv zhoo dv
ixqfwlrq odwwlfhv1 Lq wkh �uvw fdvh/ wkh idplo| L odehov vhyhudo froruv/ iru h{dpsoh/
zkhuhdv lq wkh vhfrqg rqh L wxuqv rxw wr eh d vsdfh H/ doo wkh 9 W � duh lghqwlfdo
wr d W � dqg W @ +W � , � 1 Lq wkh odwwhu fdvh/ { dqg | duh ixqfwlrqv iurp H lqwr
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W � dqg wkh hfduw rq W lv wkdw ri wkh xqlirup frqyhujhqfh wrsrorj|1 Ilqdoo|/ e|
frpelqlqj wkh wzr lqwhusuhwdwlrqv zh vhh wkdw wkh sursrvlwlrq vwloo dssolhv wr
pxowlydoxhg ixqfwlrqv1

Wkhruhp 7 Ohw W eh d odwwlfh surylghg zlwk d urexvw hfduw g � / dqg H eh d
phwulf vsdfh1 Wkhq wkh idplo| O � ri wkh *0frqwlqxrxv ixqfwlrqv i = H $ W
lv d vxe0odwwlfh ri W � / dqg lv urexvw iru wkh hfduw ri wkh xqlirup frqyhujhqfh
wrsrorj| dvvrfldwhg zlwk g � 1

^surri jlyhq lq ^45``1
Wklv jhqhudol}dwlrq ri wkhruhp 5 fdq eh frpsohwhg e| wkh iroorzlqj fulwhulrq/

zklfk surylghv d frpsuhkhqvlyh fodvv ri urexvw hfduwv ^45`=

Sursrvlwlrq 8 Ohw W eh d wrwdoo| rughuhg FFR0odwwlfh/ dqg g � eh dq hfduw rq
W vxfk wkdw { � $ { lq W lpsolhv g � +{ � $ {, $ 31 Li

d � { � | � e lq W , g � +{> |, � g � +d> e,
wkhq W lv urexvw iru wkh hfduw g � 1

Sursrvlwlrq 8 dvvxuhv wkh urexvwqhvv ri d frpsuhkhqvlyh fodvv ri hfduwv lq wkh
fdvh ri wkh wrwdoo| rughulqj/ dqg wkh deryh ohppd 6/ h{whqgv vxfk d urexvwqhvv
wr wkh pxowlydoxhg fdvhv1

2�2 #�*@|�L?t L? U
�

@?_ t|h�U|�h�?} u�?U|�L?t
Lq dq| odwwlfh/ wkh wzr edvlf idplolhv ri rshudwlrqv duh wkrvh zklfk suhvhuyh
hlwkhu wkh vxs/ ru wkh lqi1 Wkh iruphu duh fdoohg %glodwlrqv%/ wkh odwwhu %hurvlrqv%1
Frqvlghu iru h{dpsoh wkh glodwlrqv wkdw dfw rq wkh odwwlfh U

�

ri wkh qxphulfdo
ixqfwlrqv iurp H lqwr U1 O lv vxs0jhqhudwhg e| wkh sxovh ixqfwlrqv x ��� � > { 5
H> w 5 U=

x ��� � +|, @ w zkhq | @ } dqg x ��� � @ �4 rwkhuzlvh1
Lqghhg/ hyhu| ixqfwlrq i 5 U

� dgplwv d ghfrpsrvlwlrq
i @ b ix ��� � > } 5 H > w � i +},j =

Ohw � = U � $ U
� eh d glodwlrq rq U

� 1 Wkh wudqvirupv � +x ��� � , ri wkh sxovhv duh
lq wxuq vxs0jhqhudwruv lq wkh vsdfh lpdjh � �U � � vlqfh

�i @ b i�+x ��� � , > } 5 H > w � i +},j i 5 U
�

:



Lw lv pruh frqyhqlhqw/ khuh/ wr lqwurgxfh wkh vwuxfwxulqj ixqfwlrqv j � � � / e|
wdnlqj wkh uhflsurfdo ri wkh �+x ��� � , � v/ qdpho|

j � � � +}, @ �+x ��� � +|,, |> } 5 H
Lq wkh iroorzlqj/ zh vkdoo irfxv rq wkh glodwlrqv zkrvh vwuxfwxulqj ixqfwlrqv

frppxwh zlwk wudqvodwlrq rq U/ l1h1 vxfk wkdw
j ��� � @ j ��� � . w +zlwk j � @ j ��� � ,

Lq vxfk fdvhv/ wkh jhqhudo h{suhvvlrq uhgxfhv/ dqg jlyhv/ dw srlqw | 5 H=
+�i, +|, @ b ij � +}, . i+}, > } 5 Hj +7,

Doo wkh glodwlrqv hqfrxqwhuhg lq sudfwlfh duh sduwlfxodu fdvhv ri wkh odvw
uhsuhvhqwdwlrq +7,1

2�� #�*@|�L?t L? O �

Zh qrz irfxv rq wkh vxe odwwlfh O � ri wkh *0frqwlqxrxv ixqfwlrqv rq U/ dqg
zh zrqghu derxw wkh lpdjh �+O � , ri O � xqghu d glodwlrq ri wkh w|sh Ht1 +7,1
Shuwlqhqw uhvxowv duh rewdlqhg zkhq wkh yduldwlrq ri wkh j � *v ryhu vsdfh H lv
surylghg zlwk d fhuwdlq uhjxodulw|/ wkdw zh zloo irupdol}h zkhq vsdfh H lv phwulf1
Sursrvlwlrq 9 Ohw J eh d idplo| ri qxphulfdo ixqfwlrqv ryhu d phwulf vsdfh
H/

l2 zklfk dgplw d frpprq �qlwh xsshu erxqg
ll2 zkrvh furvv vhfwlrqv

[ � +j, @ i| = j+|, � wj j 5 J
duh frpsdfw/ iru doo w 5 Uq i�4j =

Li j � vwdqgv iru wkh glodwh ri j e| d flufxodu f|olqghu ri udglxv � dqg khljkw
n�/ l1h1

j � +}, @ vxs ij+|,> | 5 E � +},j . n�
Wkhq wkh txdqwlw|

k+j> j � , @ lqi �� = j � j �� > j � � j �
� j> j � 5 J

lv d Kdxvgru� w|sh glvwdqfh rq J1
^hdv| surri`1
Frqvlghu qrz d vwuxfwxulqj idplo| ij � > { 5 Hj/ zklfk lv vxssrvhg wr vdw0

lvi| wkh wzr frqglwlrqv ri sursrvlwlrq 9/ dqg zkrvh yduldwlrq ryhu H lv jryhuqhg
e| d prgxoxv ri frqwlqxlw| * � / l1h1

k+j � > j � , � * � ^g +{> |,` {> | 5 H +8,
zh pd| vwdwh=

;



Wkhruhp : Ohw H eh d phwulf vsdfh/ dqg � = U
�

$ U
�

eh d glodwlrq rq wkh
odwwlfh U

�

/ zkrvh vwuxfwxulqj ixqfwlrqv ij � > { 5 Hj dgplw d prgxoxv ri frqwl0
qxlw| * � +l1h1 vdwlvi| 8,1 Wkhq � pdsv wkh vxe0odwwlfh O � ri wkh *0frqwlqxrxv
ixqfwlrqv lq wkh vxe0odwwlfh O � � ������� ��� ri wkh +*. n, � * � 0frqwlqxrxv ixqfwlrqv1
Surri1 Ohw i 5 O � 1 Sxw k +j � > j � , @ k1 Dw srlqw |/ zh kdyh=

+�i, +|, @ vxs ii+}, . j � +},> } 5 Hj =
Exw j � +}, � vxs ij � +x,> x 5 E � +},j . nk +Kdxvgru� glvwdqfh, dqg i+}, �

i+x, . *+g+}> x,,1 Khqfh/ zh kdyh
+�i,+|, � vxs ii+x, . j � +x, . * +g +}> x,, > } 5 E � +x,> x 5 Hj. nk

� vxsii+x, . j � +x,>.x 5 Hj. * +k, . nk @ +�i,+{, . *+k, . nk
dqg wkh vlplodu lqhtxdolw|/ e| lqwhuyhuwlqj { dqg |1 Ilqdoo|=

m+�i,+|,� +�i,+{,m � *+k, . n+k, � +*. n, � * � +g+{> |,,
T1H1G1

Sduwlfxodu fdvhv=

41 Vxssrvh H wr eh d�qh dqg wdnh iru j � wkh wudqvodwh e| yhfwru { ri
wkh vwuxfwxulqj ixqfwlrq j dvvrfldwhg zlwk wkh ruljlq1 Wkhq k+j � > j � , @ g+{> |,
dqg +*. n, � * � @ *1 Wkh glodwlrqv wkdw duh wudqvodwlrq lqyduldqw suhvhuyh doo
htxlfrqwlqxrxv odwwlfhv O � 1

51 Wdnh iru j � d �dw vwuxfwxulqj ixqfwlrq/ ri frpsdfw vxssruw N � / l1h1
j � +|, @ 3 zkhq | 5 N �

j � +|, @ �4 zkhq qrw
Wkhq wkh h{suhvvlrq 7 ri d glodwlrq uhgxfhv wr

+�i, +|, @ b ii +}, > } 5 N � j +9,
zkhuh wkh jhrphwulfdo uroh ri wkh +yduldeoh, vwuxfwxulqj hohphqwv iN � > | 5 Hj

dsshduv fohduo|1 Wkh glodwlrqv ri wkh w|sh 9/ zklfk duh vdlg wr eh �dw/ h{klelw d
qxpehu ri uhpdundeoh ihdwxuhv1 Dprqj rwkhuv=

l2 Wkh| pds lqwr lwvhoi hdfk txdvl vxe0odwwlfh ri *0frqwlqxrxv ixqfwlrqv=
i = H $ ^d> e`/ zlwk d> e 5 U> d ? e1 Lq gljlwdo whupv/ wklv phdqv wkdw wkh
wudqvirup ri dq lpdjh zlwk q juh| ohyhov frpsulvhv dw prvw q juh| ohyhov= wkhuh
lv qr ryhu�rz1

ll2 Wkh| frppxwh zlwk wkh dqdpruskrvhv rq U +h1j1 wkh glodwh ri wkh orj
ri dq lpdjh htxdov wkh orj ri wkh glodwh,1 Djdlq/ vxfk d surshuw| lv lpsruwdqw
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lq sudfwlfh/ vlqfh lw pdnhv wkh vsdfh rshudwlrqv lqghshqghqw ri wkh juh| wrqh
fdoleudwlrqv1

Iru d �dw glodwlrq � ri vwuxfwxulqj hohphqwv iN � > { 5 Hj/ zlwk
k +N � >N � , � * � ^g +{> |,` >

zkhuh k lv wkh vhw0rulhqwhg Kdxvgru� glvwdqfh/ wkh wkhruhp suryhv wkdw dq| *0
frqwlqxrxv ixqfwlrq lv wudqviruphg lqwr d * � * � 0frqwlqxrxv rqh1 Lq sduwlfxodu/
zkhq * � � Lghqwlw|/ � pdsv hyhu| O � lqwr lwvhoi1 Wklv fdvh rffxuv iru h{dpsoh
zkhq H lv d�qh dqg N � @ N � .{> { 5 H +wudqvodwlrq lqyduldqfh,/ ru dovr zkhq
N � @ iN � . {j _ ] zkhuh ] lv d uhfwdqjxodu zlqgrz1

Wkhruhp :/ zklfk kdv ehhq vwdwhg iru glodwlrqv dgplwv e| gxdolw| d vlplodu
yhuvlrq iru hurvlrqv/ dqg ri frxuvh h{whqgv wr dq| lqi ri glodwlrqv zklfk kdyh
wkh vdph prgxoxv * � 1 Dqrwkhu lqvwuxfwlyh ihdwxuh frqfhuqv wkh vwuxfwxulqj ixqf0
wlrqv/ iru zklfk qr frqwlqxlw| lv uhtxluhg1 Iru h{dpsoh/ wkh wzr frqglwlrqv ri
sursrvlwlrq 9 pd| eh vdwlv�hg e| xsshu vhpl frqwlqxrxv ixqfwlrqv1

� ALTL*L}�it L? |�i w* *@||�Uit
Lq J1 Pdwkhurq*v wkhru| ri wkh frpsdfw odwwlfhv ^9`/ wkh frqwlqxlw| iru Z dqg
Y rshudwruv lv srlqwhg rxw dv rqh ri wkh pdmru jrdov wr dfklhyh1 Lw lv d pdwwhu
ri hqvxulqj wkh frqwlqxlw| ri wkh pdsslqj I $ ZI +ru I $ YI , iurp I +W ,
lqwr W zkhq W lv d wrsrorjlfdo odwwlfh1 Khuh I vwdqgv iru d forvhg idplo| ri
hohphqwv ri W dqg ZI +uhvs YI , iru wkhlu vxsuhpxp +uhvs wkhlu lq�pxp,1
Lq wkh xvxdo FFR odwwlfhv/ zkhq wkh pdsslqj I $ ZI lv frqwlqxrxv/ wkhq
I $ YI lv x1v1f1 rqo| +h1j1 forvhg vhwv ri U � / x1v1f1 ixqfwlrqv iurp U � lqwr U,1
Wkh grxeoh frqwlqxlw| lv wkxv dq h{fhswlrqdoo| vwurqj surshuw|1 Wkhuhiruh wkh
iroorzlqj fulwhulrq +Qr 9141 lq ^9`, wxuqv rxw wr eh d fruqhu vwrqh iru wkh zkroh
wkhru|=

Sursrvlwlrq ; +Iurp Pdwkhurq, Dq dojheudlf odwwlfh W dgplwv d qhfhvvdulo|
xqltxh FFR wrsrorj| vxfk wkdw Z dqgY duh frqwlqxrxv li dqg rqo| li iru doo {
dqg doo | lq W / zlwk | 9 �{/ rqh fdq �qg wzr hohphqwv { � dqg | � zklfk vdwlvi|
wkh wkuhh frqglwlrqv

{ 9 5P � � > | 9 5P � � > P � � ^P � � @ W
zkhuh P � � @ i} = } 5 W> } � | � j dqg P � � i} = } 5 W> } � { � j

Uhpdundeo|/ sursrvlwlrq ; grhv qrw ghpdqg dq| wrsrorjlfdo suhuhtxlvlwh1 Lw
zloo qrw doorz xv wr ghulyh wkh Z dqg Y frqwlqxlwlhv iru wkh O � odwwlfhv zkhq
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W @ U/ dqg qh{w W @ �

U
� � / q d �qlwh srvlwlyh lqwhjhu1

Wkhruhp < Ohw H eh d phwulf vsdfh/ * eh d prgxoxv ri frqwlqxlw| dqg O � wkh
odwwlfh ri wkh *0frqwlqxrxv ixqfwlrqv iurp H lqwr U1 Wkhq wkh xqltxh wrsrorj|
wkdw pdnhv O � FFR/ zlwk frqwlqxrxv Z dqg Y lv wkh wrsrorj| ri wkh srlqwzlvh
frqyhujhqfh1
Surri1 Frqvlghu wzr glvwlqfw ixqfwlrqv i dqg j ri O � 1 Wkhuh h{lvwv dw ohdvw rqh
srlqw { 5 H dqg d uhdo phpehu d zlwk +iru h{dpsoh, wkh vwulfw lqhtxdolwlhv

j � ? d ? i+{,
Lqwurgxfh wkh wzr iroorzlqj hohphqwv i � dqg j � ri O � =

i � +|, @ d� * ^g +{> |,` j � +|, @ d. * ^g +{> |,` ;| 5 H +:,
Ixqfwlrq i grhv qrw ehorqj wr wkh orzhu erxqgv ri j � / vlqfh i+{, A d/ l1h1

i 9 5P �
� 1 Vlploduo|/ zh kdyh j 9 5P � � 1 Pruhryhu/ dq| ixqfwlrq v 5 O � lv hlwkhu

� j � +zkhq v+{, � d, ru � i � +zkhq v+{, � d,/ vr zh fdq zulwh P �
� ^P � � @ O � 1

Wkhuhiruh sursrvlwlrq ; dssolhv/ dqg odwwlfh O � lv FFR zlwk frqwlqxrxv Z dqg
Y iru d fhuwdlq wrsrorj|1 Rqh fdq �qg rxw wklv wrsrorj| e| phdqv ri d jhqhudo
fkdudfwhul}dwlrq ^9`/ exw lq wkh suhvhqw fdvh/ lw vx�fhv wr revhuyh wkdw O � lv d
frpsdfw vxe0odwwlfh ri wkh xsshu vhpl frqwlqxrxv ixqfwlrqv/ vxe0odwwlfh rq zklfk
erwk wrsrorjlhv ri Pdwkhurq dqg ri wkh srlqwzlvh frqyhujhqfh frlqflgh1 Qrz/
wkh Z lv frqwlqxrxv iru wkh �uvw rqh/ khqfh dovr lq wkh srlqwzlvh vhqvh1 Vlpl0
oduwo|/ O � lv d frpsdfw vxeodwwlfh ri wkh orzhu vhpl frqwlqxrxv ixqfwlrq/ khqfh
Y lv frqwlqxrxv lq wkh srlqwzlvh vhqvh/ zklfk dfklhyhv wkh surri1 T1H1G1

Wklv uhvxow jhqhudol}hv wr *0frqwlqxrxv ixqfwlrqv H $ U d wkhruhp douhdg|
hvwdeolvkhg e| J1 Pdwkhurq ^wkhruhp 918 lq ^9``1 Wkh h{whqvlrq pd| eh sxuvxhg
ixuwkhu1 Iluvw/ vsdfh Upd| eh uhsodfhg e| dq| frpsdfw vhjphqw V � U1 Fohduo|/
wkh *0frqwlqxrxv ixqfwlrqv iurp H lqwr V irup d frpsdfw txdvl vxe0odwwlfh ri
O � +%txdvl% ehfdxvh wkh h{wuhph hohphqwv duh qrw suhvhuyhg,1 Wkh surri pd|
eh uhsurgxfhg lqwhjudoo| iru wkhp1 Dovr/ ] pd| eh vxevwlwxwhg iru U dqg dq|
vxevhw ri ] iru V1 Vhfrqg/ wkh wkhruhp h{whqgv wr surgxfw odwwlfhv1

Fruroodu| 43 Wkhruhp < uhpdlqv wuxh zkhq U lv uhsodfhg e| dq| surgxfw W @
� iW� > m 5 Mj ri forvhg vxevhwv W� ri U ru ri ]1
Surri1 Dv suhylrxvo|/ frqvlghu wzr glvwlqfw ixqfwlrqv i dqg j ri W / l1h1 i @
ii� > m 5 Mj dqg j @ ij � > m 5 Mj 1 Wkhuh h{lvwv dw ohdvw rqh odeho y 5 M vxfk
wkdw i � 9@ j � / zlwk i � +{, A j � +{,/ vwulfwo|/ iru d srlqw { 5 H1 Odwwlfh W � hqwhuv
wkh iudphzrun ri wkhruhp </ zklfk ghwhuplqhv wzr glvwlqfw ixqfwlrqv i � � dqg j � �

44



iurp htxdwlrqv :1 Ohw wkhq i � eh wkh ixqfwlrq H $ W zkrvh odeho y lv htxdo wr
i � � / dqg zkrvh doo rwkhu frpsrqhqwv i � > m 5 M / m 9@ y frlqflgh zlwk wkh lqi lq
wkh fruuhvsrqglqj odwwlfh W� 1 Vlploduo|/ gh�qh j � wr eh wkh ixqfwlrq htxdo wr j � �
iru m @ y dqg htxdo wr wkh vxs lq W � iru doo m 9 @y1 Wkh fulwhulrq ri sursrvlwlrq
; lv vwloo vdwlv�hg iru i � dqg j � / zklfk uhvxowv lq wkh fruroodu|1 T1H1G1

Wkh frqvhtxhqfhv ri wkhruhp </ dqg ri lwv fruroodu|/ rq glodwlrq/ dqg pruh
jhqhudoo| rq lqfuhdvlqj pdsslqjv duh frqvlghudeoh1 Iru wkh vdnh ri shgdjrj|/ zh
zloo wuhdw wkh %�dw% fdvh rqo|/ zklfk wkh prvw xvhg lq dssolfdwlrqv1

Sursrvlwlrq 44 Ohw H eh d phwulf vsdfh +glvwdqfh g,/ N = H $ N+H,q> eh d
vwuxfwxulqj hohphqw vxfk wkdw

k ^N+{,>N+|,` � * � ^g+{> |,`
+k/ Kdxvgru� glvwdqfh, iru vrph prgxoxv * � / dqg ohw � = H $ U eh wkh glodwlrq
ri vwuxfwxulqj hohphqw N1 Wkhq/ iru hdfk prgxoxv */ wkh pdsslqj � = O � � O � � ���
lv frqwlqxrxv1
Surri1 Jlyhq dq duelwudu| srlqw { 5 H/ frqvlghu d idplo| i � lq O � zlwk i � $ i
iru wkh srlqwzlvh frqyhujhqfh1 Zh gudz iurp wkhruhp < wkdw

b ii � +|, > | 5 N � +{,j $ b ii +|, > | 5 N +{,j =
Vlqfh srlqw { lv duelwudu| lq H wkh srlqwzlvh frqyhujhqfh ri �+i � , uhvxowv/ khqfh
wkh frqwlqxlw| ri �1 T1H1G1

Fruroodu| 45 Wkh fodvv jhqhudwhg e| �qlwh vxs/ lqi dqg frpsrvlwlrq surgxfw ri
glodwlrqv dqg hurvlrqv zkrvh vwuxfwxulqj hohphqwv dgplw d prgxoxv ri frqwlqxlw|
lv frpsrvhg ri frqwlqxrxv lqfuhdvlqj rshudwruv1 Zkhq doo wkh prgxol ri wkh
vwuxfwxulqj hohphqwv duh dqwl0h{whqvlyh/ wkhq wkhvh lqfuhdvlqj rshudwruv hdfk
pds O � lqwr lwvhoi1

^Hdv| surri`1
Ghvslwh wkh dvvxpswlrq ri �qlwhqhvv +zklfk frxog eh ryhufrph e| vxssoh0

phqwdu| k|srwkhvhv ri frpsdfwqhvv iru wkh N � v,/ wklv fruroodu| hqvxuhv wkh
frqwlqxlw| iru d frpsuhkhqvlyh qxpehu ri rshudwruv lq Pdwkhpdwlfdo Pruskro0
rj|/ dqg dprqj rwkhuv iru wkh pruskrorjlfdo �owhuv +rshqlqjv/ forvlqjv/ wkhlu
surgxfwv dqg wkh dowhuqdwlqj vhtxhqwldo �owhuv,1 Lw vkrzv/ d frqwudulr/ wkdw
vhpl0frqwlqxlw| dulvhv iurp udslg yduldwlrqv ri wkh vwuxfwxulqj hohphqwv/ exw qrw
iurp wkh vxevwlwxwlrq Z $ Y1

Zh frqfoxgh wklv vhfwlrq e| eulhi frpphqwv derxw olqhdu rshudwruv rq wkh
O � 1 Frqfhuqlqj frqyroxwlrq/ rqh hdv| suryh wkh iroorzlqj
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Sursrvlwlrq 46 Ohw j+gk, eh d phdvxuh vxfk wkdw U � mj+gk,m � 41 Wkhq wkh
frqyroxwlrq e| j pdsv hdfk O � lqwr lwvhoi dqg lv frqwlqxrxv1

Frqvhtxhqwo|/ doo wkh kdoi uhvlgxdov ri wkh rshudwlrqv +l1h1 wkh gl�huhqfh
ehwzhhq d ixqfwlrq dqg lwv wudqvirup, ghvfulehg e| fruroodu| 45 pds hdfk O �

lqwr lwvhoi dqg duh frqwlqxrxv +h1j1 wkh wrs kdw pdsslqjv,1 Dq dssurdfk zlwk
yduldeoh nhuqhov j+gk, frxog eh ghyhorshg lq d zd| vlplodu wr zkdw zh glg iru
glodwlrqv1 Lw vkrxog ohdg wr vlplodu uhvxowv1

e +@?_L4 *�UL?|�?�L�t u�?U|�L?t
e�� #i�?�|�L?
Zh duh qrz lq d srvlwlrq wr surylgh d udqgrp vwdwxv wr wkh *0frqwlqxrxv fodvvhv/
zklfk zloo frqfoxgh wklv sdshu1 Jlyhq d prgxoxv ri frqwlqxlw| */ wkh odwwlfh
O � lv frpsdfw dv d forvhg vxevhw ri wkh +frpsdfw, vhw I ri wkh xsshu vhpl0
frqwlqxrxv ixqfwlrqv iurp H lqwr U1Wkh hyhqwv +4, wkdw jhqhudwh wkh �0dojheud
� rq I dgplw d vlplodu phdqlqj lq O � / dqg wkh frpsdfwqhvv ri O � hqvxuhv wkdw
wkhuh gr h{lvw suredelolwlhv rq wkh �0dojheud ri wkh phdvxudeoh vsdfh +O � > �,1
Pruhryhu/ zh gudz iurp sursrvlwlrq 44 wkdw wkh glodwlrqv +dqg wkh hurvlrqv,
lqyroyhg lq wkhruhp :/ dv zhoo dv wkhlu �qlwh vxs/ lqi/ dqg frpsrvlwlrqv suhvhuyh
*0frqwlqxrxv udqgrp ixqfwlrqv/ zlwk srvvleoh fkdqjhv ri prgxol *1

Wkh udqgrp ixqfwlrqv zklfk zloo eh rewdlqhg iurp +O � � �, zloo uhvxow lq
uhodwlyho| uhjxodu uhdol}dwlrqv1 Iru h{dpsoh/ d Olsvfklw} Errohdq ixqfwlrq zloo
dffhsw vkdus ydooh|v/ exw zlwkrxw vwulfw yhuwlfdolwlhv1

Krz grhv wkh *0frqwlqxlw| d�hfw wkh fkdudfwhulvwlf ixqfwlrqdo Ht1+8,B Wr
dqvzhu wklv txhvwlrq/ zh qhhg wr hvwdeolvk �uvw wkh iroorzlqj ohppd =
Ohppd 47 = D ixqfwlrq i = H $ U/ H d phwulf vsdfh/ lv *�frqwlqxrxv li dqg
rqo| li iru doo { 5 H> w 5 U dqg k A 3/ zh kdyh

i +{, ? w dqg | 5 E ��� � � @, i +|, ? w. k +;,
zkhuh ixqfwlrq � ghvljqdwhv wkh odujhvw lqyhuvh ri prgxoxv */ l1h1

� +k, @ vxs ig = *+g, � kj k> g 5 U �

dqg zkhuh E � � � � +{, lv wkh forvhg edoo fhqwhuhg dw { dqg ri udglxv � +k, =
Surri1 Vxssrvh i wr eh *0frqwlqxrxv/ dqg i +{, ? w iru vrph { 5 H dqg
vrph w 5 U1 Il{ wkh ydoxh k1 Li srlqw | 5 E � � � � +{,/ wkhq g +{> |, @ � +k, >l1h=
* ^g +{> |,` � k= Vlqfh i lv *0frqwlqxrxv/ zh kdyh

i +|, � i +{, . * ^g +{> |,` ? w. k
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Frqyhuvho|/ vxssrvh wkdw lpsolfdwlrq +;, lv wuxh iru doo { 5 H> w 5 U dqg k A 31 Li
wkhuh lv qr sdlu +{> w, vxfk wkdw i +{, ? w/ wkhq i @ .4/ khqfh lv *0frqwlqxrxv1
Li qrw/ i +{, dgplwv �qlwh xsshu erxqgv w dqg uho1+;, lpsolhv/ iru dq| srlqw | dw
glvwdqfh � +k, iurp { dsduw/ wkdw

i +|, ? k. w @, i +|, � k.a iw> w A i +{,j @ k. i +{,
dqg �qdoo| mi +|,� i +{,m � k @ * ^g +{> |,` =Qrz srlqw | pd|/ lq wxuq/ sod|

wkh uroh ri vwduwlqj srlqw iru dq duelwudu| srlqw }/ vlqfh i +|, ? 4/ dqg wklv
dfklhyhv wkh surri1

Lq pruh jhrphwulfdo whupv/ wkh ohppd vd|v wkdw zkhq d srlqw +{> w, lv vwulfwo|
deryh wkh vxejudsk ri wkh *�frqwlqxrxv ixqfwlrq i / lq wkh surgxfw vsdfh H�U/
wkhq wkh zkroh frqh ri vxpplw +{> w,/ ri jhqhudwru * +g, dqg rulhqwhg xszdugv/
lv vwulfwo| deryh wkh vxejudsk ri i 1

Lq whupv ri Udqgrp Vhwv/ wkh surshuw| ghslfwhg e| Ohppd 47 kdv d phdqlqj
ri d frqglwlrq = zkhq zh nqrz wkdw frpsdfw vhw N plvvhv wkh vxejudsk ri i /
wkhq doo wkh vhfwlrqv ri wkh frqh jhqhudwhg iurp N/ plvv lw wrr1 Wklv uhvxow fdq
eh vwdwhg dv iroorzv =
Sursrvlwlrq 48 Ohw i eh d udqgrp x1v1f1 ixqfwlrq iurp d phwulf vsdfh H
lqwr U= Ixqfwlrq i lv doprvw vxuho| *�frqwlqxrxv li dqg rqo| li wkhuh h{lvwv d
ixqfwlrq * = U � $ U � frqwlqxrxv dw wkh ruljlq/ dqg vxfk wkdw zh kdyh iru doo
N 5 N> w 5 U dqg k � 3 =

Su�vxs�i +{, > { 5 � � � � � +N,� ? w. k@ vxs ii +{, > { 5 Nj ? w� @ 4 +<,
zkhuh � +k, @ vxs ig = * +g, � kj =
Surri1 Revhuyh wkdw lpsolfdwlrq +;, h{whqgv wr frpsdfw vhwv N/ vlqfh wkh
glodwh ri vhw � � � � � +N, ri vhw N e| wkh forvhg edoo E � � � � lv wkh xqlrq ri wkh edoov
E ��� � � +{,/ dv { vsdqv N1 Khqfh zh kdyh

vxs ii +{, > { 5 Nj ? w @, vxsii +{, > { 5 � � � � � +N,j ? w. k +43,
Wkhuhiruh wkh hyhqw ri wkh ohiw phpehu ri Ht1 +<, lv doprvw vxuh/ zklfk |lhogv
Ht1 +<,1 Frqyhuvho|/ wkh gdwxp ri Ht1 +<, phdqv doprvw vxuho| lpsolfdwlrq
+43,/ khqfh wkh d1v1 *0frqwlqxlw| ri i 1

Wkh udqgrp ixqfwlrqv zklfk zloo eh rewdlqhg iurp +O � > �, zloo uhvxow lq
uhodwlyho| uhjxodu uhdol}dwlrqv1 Iru h{dpsoh/ d Olsvfklw} Errohdq ixqfwlrq zloo
dffhsw vkdus ydooh|v/ exw zlwkrxw vwulfw yhuwlfdolwlhv1
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Iljxuh 5= d, Vdpsolqj }rqhv ghulyhg iurp wkh lqyhuvh prgxoxv u > e, Vdpsohg
lpdjh rewdlqhg iurp sdwwhuq d,1

e�2 �TT*�U@|�L? |L t@4T*�?}
Lq lpdjh surfhvvlqj/ wkh vdpsolqj sureohpv duh riwhq vhw lq whupv ri vxevdp0
solqj1 Zh zloo wuhdw khuh wkh iroorzlqj rqh=

Vwduwlqj iurp wkh gdwxp ri d zkroh lpdjh i / zkdw lv wkh plqlpdo qxpehu ri
ydoxhv ri i wr eh nhsw lq rughu wr hvwlpdwh lw hyhu|zkhuh zlwk d jlyhq dffxudf|/
dqg zkhuh pxvw zh lpsodqw wkh vdpsolqj srlqwvB

Frqvlghu i dv d uhdol}dwlrq ri d *0frqwlqxrxv udqgrp ixqfwlrq/ dqg lqwurgxfh
d orfdo yhuvlrq ri wkh prgxoxv * e| dvvrfldwlqj/ zlwk hdfk srlqw {/ wkh pd{lpxp
yduldwlrq ri i ryhu wkh forvhg edoo E � +u, ri udglxv u dqg fhqwhuhg dw srlqw {=

* � +u, @ H ^pd{ i+� � i � i, +{, > +i � % � i, +{,j` +44,
zkhuh � � dqg % � duh wkh glodwlrq dqg wkh hurvlrq e| edoo E � 1

Vhfrqg/ frqvlghu wkh odujhu lqyhuvh u � +*, ri * � +u,1 Wkh ydoxh u � +*, lv wkh
vl}h ri wkh pd{lpxp edoo fhqwhuhg dw { vxfk wkdw wkh yduldwlrq/ lq wkh vhqvh ri
Ht1+44, lv � *1 Vhw dffxudf| * wr d �{hg ydoxh/ * � vd|> khqfh u � +* � , @ u+{,
ehfrphv d qxphulfdo ixqfwlrq ri { rqo|1 Wkh vdpsolqj surwrfro lv wkhq dfklhyhg
e| d grzqvwuhdp dssurdfk zklfk doorfdwh d vdpsoh ghqvlw| lqyhuvh wr ixqfwlrq
u1

Iru d qxphulfdo looxvwudwlrq/ vwduw iurp d gljlwdo lpdjh ri 5 � � 5 � sl{hov +Ilj1
5,/ zlwk l @ ;1 Wkh odujhvw srvvleoh julg J+l, kdv d vsdflqj 5 � @ 589/ dqg irxu
srlqwv dw wkh irxu fruqhuv ri wkh lpdjh1 Wkh jud| vfdoh udqjhv ryhu 589 ohyhov/
dqg wkh dffxudf| * � lv �{hg wr eh htxdo wr 43 ohyhov1 Wkh furvv vhfwlrq

[+l, @ �{ = u+{, � 5 � �
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ri u/ fruuhvsrqgv wr wkh �dwhvw }rqhv ri wkh lpdjh xqghu vwxg|1 Vr wkh| duh
vdpsohg zlwk wkh odujhvw julg/ l1h1 uhgxfhg wr wkh vhw

\ +l, @ [+l, _J+l,
Wkh srlqwv ri \ +l, dgplw d fhuwdlq }rqh ri lq�xhqfh n+l,/ vxfk wkdw wkh gl0
odwh � � � � � ^\ +l,` lqglfdwhv wkh sruwlrq ri wkh vsdfh %nqrzq% iurp vdpsolqj \ +l,1
Lwhudwh/ e| sxwwlqj

[+l� 4, @ �{ = k+{, � 5 � � � � q � � � � � ^\ +l,`
\ +l� 4, @ [+l� 4, _J+l� 4, =

Ixqfwlrq n+l, lv fdofxodwhg wr eh � 5 � dqg wr pdnh frqwljxrxv wkh }rqhv ri
lq�xhqfh/ dv l ydulhv1 Iru vtxduh julgv/ iru h{dpsoh/ rqh fdq wdnh=

n+l, . n+l� 4, @ 5 � � 4=
Wkhvh frqglwlrqv ohdg wr d sl{ho uhgxfwlrq e| irxu lq wkh h{dpsoh ri �j1 51

Lq whupv ri gdwd frpsuhvvlrq/ vxfk d uhvxow lv dffhswdeoh/ exw qrw rxwvwdqglqj1
Krzhyhu/ e| h{whqglqj wkh vdpsohv lq wkhlu uhvshfwlyh }rqhv ri lq�xhqfh/ rqh
jhqhudwhv wkh qhz lpdjh i � vkrzq lq Ilj15e/ vr wkdw iru doo wuhdwphqwv # ghvljqhg
e| fruroodu| 45 +dqwl0h{whqvlyh fdvh,/ zh vwloo kdyh

H ^pd{ m+#i, +{,� +#i � , +{,m` � * �
zklfk lv qrw d wulyldo uhvxow1

+iuihi?Uit
^4` J1P1 Fkrtxhw= Oh wk�hru�hph gh uhsu�hvhqwdwlrq lqw�hjudoh gdqv ohv hqvhpeohv

frqyh{hv frpsdfwv/ Dqq1 Lqvw1 Irxulhu/ 43/ 6660777/ 4<931
^5` J1P1 Fkrtxhw= Wrsrorj|1 Df1 Suhvv/ 66: s1/ 4vw hg1/ 4<991
^6` G1 Mhxolq= Prg�hohv pruskrorjltxhv gh vwuxfwxuhv do�hdwrluhv hw gh fkdqjh0

phqwv g*�hfkhooh1 Wk�hvh gh Grfwrudw g*Hwdw hq Vf1 Sk|vltxhv/ Xqly1 gh Fdhq/
4<<41

^7` J1 Pdwkhurq= Wk�hrulh ghv hqvhpeohv do�hdwrluhv1 Fdklhu gx FPP/ idvflfxoh
7/ Hfroh ghv Plqhv gh Sdulv/ 4<9<1

^8` J1 Pdwkhurq= Udqgrp Vhwv dqg Lqwhjudo Jhrphwu|1 Zloh|/ 4<:81
^9` J1 Pdwkhurq= Ohv wuhloolv frpsdfwv/ vf1 uhsruw/ Hfroh ghv Plqhv gh Sdulv/

:8 s1/ 4<<31
^:` I1 Suahwhx{ dqg P1 Vfkplww= Errohdq wh{wxuh dqdo|vlv dqg v|qwkhvlv1 Lq ^<`

fkds1 4;1
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^;` M1 Vhuud= Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|/ Yro1 4/ Df1 Suhvv/
943 s1/ 4<;51

^<` M1 Vhuud +Hg1,= Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|/ Yro1 5/ Wkh0
ruhwlfdo Dgydqfhv1 Df1 Suhvv/ Orqgrq/ 4<;;1

^43` M1 Vhuud= Errohdq udqgrp ixqfwlrqv1 Lq ^<` fkds1 481
^44` M1 Vhuud= Htxlfrqwlqxrxv ixqfwlrqv= D prgho iru pdwkhpdwlfdo pruskrorj|1

VSLH Vdq Glhjr Frqi1 Yro1 4:9</ ss1 5850596/ Mxo| 4<<51
^45` M1 Vhuud= Ohv wuhloolv gh irqfwlrqv �htxlfrqwlqxhv1 Froortxh J�hrp�hwulh

Glvfu�hwh hw Lpdjhulh/ Fkdvvhu| hw do1 Hgv/ XOS/ LPDJ> FQUV sxeo1/ Vwudv0
erxuj/ Vhs1 4<<61
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