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Devwudfw
Wkh vsdfh d � EH� ri wkh qrq hpsw| frpsdfw vhwv ri d phwulf vsdfh H lv

lwvhoi phwulf iru wkh vr fdoohg Kdxvgru� glvwdqfh1 Lw lv vkrzq lq wklv sdshu
wkdw Kdxvgru� phwulf dgplwv dw ohdvw wzr gl�huhqw jhrghvlf/ zlwk surylgh
lqwhusrodwruv ehwzhhq sdluv ri vhwv ri d � EH�1 Zkhq H lv d!qh/ wkh vsdfh
txrwlhqw ri d

� EH� xqghu wudqvodwlrq dgplwv lq wxuqv uhgxfhg jhrghvlfv/
wkdw jhqhudwh ehwwhu vhw lqwhusrodwruv1 Ilqdoo|/ e| lqwurgxflqj d Kdxvgru�
glvwdqfh e| hurvlrq/ rqh fdq surylgh d v|pphwulf irup wr lqwhusrodwruv/
exw duh qr orqjhu jhrghvlfv1

4 Lqwurgxfwlrq
Wklv sdshu ehorqjv wr d vhulhv ri wkuhh wh{wv +uhi1 ^4`^5`^6`, e| V1 Ehxfkhu/ I1
Ph|hu/ dqg M1 Vhuud uhvshfwlyho|/ ruljlqdoo| lq Iuhqfk dqg zulwwhq lq 4<<71 Wkh|
kdyh uhvxowhg lq d sdwhqw ^7`/ frqvhtxhqwo| zh frxog qrw sxeolvk wkhp iru d fhu0
wdlq wlph1 Wkh sdshu e| Ph|hu zdv wkh vxemhfw ri d frppxqlfdwlrq lq LVPP*<9
lq Dwodqwd ^8`/ dqg wkh rqh e| Ehxfkhu lv suhvhqwhg lq LVPP*<; ^9`1 Wkhvh
wkuhh uhodwhg zrunv/ zklfk ghyhors wkuhh idfhwv ri d vdph lghd/ wudqvfuleh lq d
zulwwhq irup d qxpehu ri iuxlwixo glvfxvvlrqv dw wkh FPP1 Wklv sdshu lv pruh
xsvwuhdp wkdq wkh wzr rwkhu rqhv/ dqg/ xqolnh ^8`/ xvhv wkh whup �jhrghvlf� lq
lwv pdwkhpdwlfdo vhqvh/ l1h1 �vhjphqw lq d phwulf vsdfh�1

Ehiruh jhwwlqj wr wkh khduw ri wkh pdwwhu/ zh zloo uhplqg eulh | wkh fodvvlfdo
Kdxvgru� glvwdqfh/ dqg lqwurgxfh d yduldqw ri lw +e| hurvlrqv,1

Ohw H eh d phwulf vsdfh/ ri glvwdqfh g/ dqg ohw N � eh wkh fodvv ri wkh qrq
hpsw| frpsdfw vhwv ri H1 Sxw
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Pdsslqj � wxuqv rxw wr eh d glvwdqfh/ fdoohg �Kdxvgru� glvwdqfh�/ zklfk
krogv rq N � dqg qr orqjhu rq H1 Uho1 +4, fdq eh htxlydohqwo| zulwwhq e| phdqv
ri wkh glodwlrqv e| wkh edoov ri vsdfh H1 Li E � +{, vwdqgv iru wkh frpsdfw edoo ri
fhqwuh { dqg ri udglxv �/ wkh glodwlrq ri [ 5 N � e| � kdv dq h{suhvvlrq

� � +[, @ ^iE � +{, > { 5 [j @ ^i| = E � +|, _[ 9@ >j = +5,
Wkhq/ uho1+4, wdnhv wkh iroorzlqj irup/ iru doo [>\ 5 N � =

� +[>\ , @ lqi i� = [ � � � +\ , > \ � � � +[,j = +6,
Wklv odvw h{suhvvlrq/ pruh jhrphwulfdo wkdq uho1 +4, vkrzv lq sduwlfxodu

d vhpl0vhqvlwlylw| wr qrlvh = d vpdoo odfxqd lq vhw [ � ru \ � voljkwo| fkdqjhv �/
zkhuhdv dq lvrodwhg srlqw idu dzd| iurp[ dqg dgghg wr lw prgl�hv � gudvwlfdoo|1
Kdxvgru� glvwdqfh vdwlv�hv d ihz dojheudlf surshuwlhv/ dvvrfldwhg +ri frxuvh,
zlwk xqlrq dqg glodwlrq1 Pruhryhu lw h{whqgv hdvlo| wr juh| wrqh dqg frorxu
ixqfwlrqv e| phdqv ri wkhlu vxejudskv ^:`^;`1 Wkhuhiruh doo ghulyhg jhrghvlfv dqg
lqwhusrodwruv dsso| dovr wr ixqfwlrqv +vhh V1 Ehxfkhu*v sdshu ^9` lq wkh suhvhqw
lvvxh,1

Frqvlghu qrz wkh vxefodvv D ri N � +H,/ ri wkh uhjxodu frpsdfw vhwv/ l1h1

[ 5 N � dqg
�

[ @ [ =
Wkhq wkh qrq qhjdwlyh qxpehu

� +[>\ , @ lqi i� = % � +[, � \ > % � +\ , � [j
zkhuh % � lv wkh hurvlrq dgmrlqw wr glodwlrq � � / lv d glvwdqfh rq D �D1 Lqghhg/
li � +[>\ , @ 3/ wkhq
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dqg vlploduo| [ � \ / khqfh wkh| duh htxdo +wkh rwkhu d{lrpv duh suryhg dv iru
glvwdqfh �,1 Zh vkdoo fdoo � wkh Kdxvgru� glvwdqfh e| hurvlrqv1

5 Iluvw Kdxvgru� jhrghvlf
Li lw h{lvwv/ d jhrghvlf ehwzhhq [ dqg \ / iru wkh Kdxvgru� glvwdqfh e| glodwlrqv/
zloo eh d vkruwhvw vhjphqw iurp[ wr \ lq vsdfhN � / l1h1 d idplo| i] � > 3 � � � 4j
ri qrq hpsw| frpsdfw vhwv wkdw lqwhusrodwh[ dqg \ 1 Iru � @ 3 zh vkrxog rewdlq
] � @ [/ iru � @ 4> ] � @ \ / dqg dv � lqfuhdvhv/ ] � vkrxog surjuhvvlyho| ohdyh
[ dqg jr wr \ 1

Exw grhv vxfk d jhrghvlf h{lvw B Lq pdq| phwulf vsdfhv/ wkhuh duh qr jhrghvlfv/
lq vrph rwkhu rqhv/ vhyhudo rqhv/ ru hyhq dq lq�qlw|1 Zkdw derxw rxu fxuuhqw
fdvh B Wr dqvzhu wkh txhvwlrq/ zh qhhg d vpdoo ohppd1
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Ohppd 4 Jlyhq V dqg [ lq N � / li � � +V, � [ iru d � � 3/ wkhq � � +� � +[, _ V, �
[
Surri1 E| k|srwkhvlv/ hyhu| srlqw { 5 [ ehorqjv wr � � +V,/ l1h1 wkhuh h{lvwv
d srlqw v 5 V vxfk wkdw { 5 � � +v, ru/ htxlydohqwo|/ vxfk wkdw v 5 � � +{,/ khqfh
v 5 ^i� � +{, > { 5 [j_V1 Wkhuhiruh hyhu| srlqw { 5 [ lv fryhuhg e| wkh �0glodwh
ri dq hohphqw ri � � +[, _ V1 T1H1G1

Wkh ohppd doorzv wr frqvwuxfw d �uvw fodvv ri jhrghvlfv/ dv iroorzv =
Wkhruhp 4 Iluvw jhrghvlfv = ohw H eh d phwulf vsdfh ri glvwdqfh g/ ri frpsdfw
edoov � � / dqg zkrvh N � +H, ghqrwh wkh fodvv ri wkh qrq hpsw| frpsdfwv vhwv1 Wkhq
hyhu| sdlu [>\ lq N � +H, iurp � dsduw/ +iru Kdxvgru� glvwdqfh e| glodwlrqv,
dgplwv wkh iroorzlqj jhrghvlf=

�] � @ � ��� +[, _ � ����� ����� +\ , > � 5 ^3> 4` � +7,
Surri = Il{ � dqg sxw V @ � ����� ����� +\ ,1 Vlqfh � �	� �� ����� ����� � @ � � / zh gudz
iurp uho1 +6, wkdw � �	� +V, @ � � +\ , � [1 E| dsso|lqj ohppd 4 zh kdyh

� �	� +] � , @ � �	� �� ��� +[, _ � ����� ����� +\ ,� � [ 1
Rq wkh rwkhu kdqg/ wkh gh�qlwlrq ri ] � lpsolhv � ��� +[, � ] � / khqfh

� +[>] � , � ��
Rqh suryhv vlploduo| wkdw � +\> ] � , � +4� �, �1 E| frpelqlqj wkhvh wzr uhvxowv
zlwk wkh wuldqjxodu lqhtxdolw|/ zh �qdoo| rewdlq

� � � +[>] � , . � +\> ] � , � � +[>\ , @ �
zklfk dfklhyhv wkh surri1 T1H1G1
Glvfxvvlrq= Zkdw lv wkh sudfwlfdo ydoxh ri dojrulwkp +7, B Zkhq zh dsso| lw
wr wzr glvmrlqw vhwv [ dqg \ / lw riwhq vzhoov wkh lqwhuphgldwh ] � *v1 W|slfdoo|/
wkh plgzd| vhw ehwzhhq wkh wzr �qh dqg krul}rqwdo vhjphqwv ri wkh {0d{lv lv
d wklfn dqg yhuwlfdo ohqv/ zklfk lq dwhv pruh dqg pruh dv wkh vhjphqwv ghsduw
iurp rqh dqrwkhu1

Dw ohdvw/ wklv �uvw jhrghvlf zloo kdyh kljkoljkwhg zkhuh wkh sureohpv gr olh1
Lqghhg/ wkh glvfxvvlrq vxjjhvwv zh irfxv

l2 rq rwkhu srvvleoh jhrghvlfv/ zlwk �qhu lqwhusrodwruv/
ll2 rq dq dssurdfk zklfk vkrxog wuhdw vhsdudwho| wkh gl�huhqfhv ehwzhhq wkh

uhodwlyh srvlwlrqv ri [ dqg \ / dqg wkhlu gl�huhqfhv lq vkdsh1
lll2 rq dq dssurdfk zklfk vkrxog qrw eh uhvwulfwhg wr h{whqvlyh glodwlrqv/

zklfk dozd|v �vzhoo�/ iru h{dpsoh e| lqyroylqj glodwlrqv dqg hurvlrqv lq d v|p0
phwulfdo pdqqhu1

Wkh sureohpv duh vhw/ lw uhpdlqv wr h{dplqh krz wkh| fdq eh vroyhg1
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6 Vhfrqg Kdxvgru� jhrghvlf
614 Frqyh{ fdvh
Wkh jhrghvlf ] � ri uho1 +7, grhv qrw lqyroyh glodwlrqv ri [ dqg \ e| hdfk rwkhu/
exw ri erwk ri wkhp e| wkh � � *v1 Krzhyhu/ li zh irfxv rq wkh vxe0fodvv F � � N �

ri wkrvh hohphqwv ri N � wkdw duh frqyh{/ zh fdq hdvlo| h{klelw dqrwkhu jhrghvlf/
edvhg rq furvv glodwlrqv1 Lq wkh iroorzlqj/ �[ vwdqgv iru wkh wudqvirup ri vhw [
xqghu wkh vlplolwxgh ri udwlr �1
Sursrvlwlrq 4 Ohw [ dqg \ eh wzr qrq hpsw| frpsdfw frqyh{ vhwv lq U � / dw
Kdxvgru� glvwdqfh � iurp hdfk rwkhu1 Wkhq wkh lqwhusrodwru

] �
� @ +4� �,[ � �\ +8,

lv dw glvwdqfh �� iurp [ dqg +4� �, � iurp \ / l1h1 wkh idplo| i] �
� > � 5 ^3> 4`j

lv d jhrghvlf lq vsdfh F � 1
Surri = Iru hyhu| vhw [ 5 N � dqg iru dq| � 5 ^3> 4` zh kdyh

+4� �,[ � �[ � [ > +9,
wkh htxdolw| ehlqj rewdlqhg l� [ lv frqyh{ ^<`1 Wkhuhiruh/ iru doo [>\ 5 N � ri
glvwdqfh � dsduw/ zh fdq zulwh

] �
� � ��E @ +4� �,[ � � +\ � �E, � +4� �,[ � �[ � [ = +:,

zkhuh E lv wkh forvhg xqlw edoo fhqwhuhg dw wkh ruljlq1
Li/ lq dgglwlrq/ vhwv [ dqg \ duh frqyh{/ zh kdyh dovr

[ � ��E @ +4� �,[ � � +[ � �E, � +4� �,[ � �\ � ] �
� = +;,

Khqfh/ � +] �
� > [, � ��/ dqg vlploduo| � +] �

� > \ , � +4� �,�1 wkxv zh kdyh
� +] �

� > [, . � +] �
� > \ , � � @ � +[>\ ,

dv zhoo dv wkh lqyhuvh lqhtxdolw| +wuldqjxodu lqhtxdolw| iru glvwdqfhv,/ zklfk
dfklhyhv wkh surri1 T1H1G1

Lq jhqhudo/ wkh vhfrqg jhrghvlf i] �
� > � 5 ^3> 4`j grhv qrw uhgxfh wr wkh �uvw

rqh/ vlqfh uho1 +;,/ dqg lwv krprorj yhuvlrq iru \ / lpso|/ zkhq frpsduhg zlwk
uho1 +7, wkdw

] � +[>\ , � ] �
� +[>\ , � 5 ^3> 4` > [> \ 5 F � +<,

Iru h{dpsoh/ lq wkh fdvh ri wkh wzr deryh vhjphqwv/ lqwhusrodwru ] �
��� � lv lwvhoi

d vhjphqw ri vdph ohqjwk dv [ dqg \ / dqg sodfhg ehwzhhq wkhp1 Zh duh idu
dzd| iurp wkh wklfn ohqv ] �

��� � $
Dqrwkhu yhu| srvlwlyh ihdwxuh olhv lq wkh idfw wkdw ] �

� frppxwhv xqghu wudqv0
odwlrq rq [ ru rq \ 1 Lqghhg/ wkh wudqvodwh ri [ e| yhfwru k lv qrwklqj exw
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wkh glodwh [ � ikj ri [ e| ikj +l1h1 k frqvlghuhg dv dq hohphqw ri S +U � ,,1
Wkhuhiruh/ wkh htxdolw|
] �
� +[ � ikj > \ , @ +4� �, +[ � ikj,� �\ @ ] �

� +[>\ ,� +4� �, ikj +43,
vkrzv wkdw lq ] �

� wkh h�hfw ri wkh vkdshv ri [ dqg \ +zklfk ghwhuplqhv ] �
� xs

wr d wudqvodwlrq, lv vhsdudwhg iurp wkh h�hfw ri wkhlu uhodwlyh srvlwlrqv +zklfk
lqgxfh rqo| wudqvodwlrqv rq ] �

� ,1
Jhrghvlfv

q

] �
�

r

dgplwv dq h{whqvlrq wr wkh zkroh vsdfh N � / jlyhq e| wkh
iroorzlqj wkhruhp
Wkhruhp 5 Vhfrqg jhrghvlfv= hyhu| sdlu [>\ lq N � +H, iurp � dsduw iru Kdxv0
gru� glvwdqfh iru glodwlrqv dgplwv wkh iroorzlqj jhrghvlf

�] �

� @ � �	� +[, _ � � � � � ��� +\ , _ +4� �,[ � �\ > � 5 ^3> 4`�

Surri = Zh zloo suryh �uvw wkdw
{ 5 [ , � ��� +{, _ � ��� � ��� � +\ , _] �

� 9@ >
Jlyhq { 5 [/ wkhuh h{lvwv d | 5 � � +\ , vxfk wkdw { 5 � � +\ ,/ l1h1 wkdw X +�, @
� ��� +{,_� � � � � ��� +\ , 9@ >1 Wkhuhiruh/ rqh fdq �qg d ydoxh 3 ? � � � � zlwk X +� � ,
uhgxfhg wr rqh srlqw/ v vd|1 Srlqw v ehorqjv wr X +� � , dqg wr wkh yhfwru �${| ri
xqlw �$x 1 Pruh suhflvho|/ zh kdyh

�$v @ �${ . ��e�$x @ �$| � +4� �, �e�$x
khqfh�$v @ +4� �,�${ . ��$| / l1h1 v 5 ] �

� dqg �qdoo| v 5 � ��� +{, _ � ����� ����� +\ , _
] �
� � ] �

� 1 Vlqfh { 5 � �	� +v,/wkhq � �	� +] �

� , fryhuv srlqw {/ khqfh � �	� +] �

� , � [1
Wkh eurwkhu lqfoxvlrq � ��� +[, � ] �

� ghulyhv iurp wkh gh�qlwlrq ri ] �

� / zklfk
dfklhyhv wkh surri1 T1H1G1

Ilj1 4 vkrzv dq h{dpsoh ri vxfk d jhrghvlf1 Wkh sdudvlwh vzhoolqj h�hfw lv
sduwo| pdvwhuhg1 Krzhyhu lqghshqghqfh xqghu wudqvodwlrq lv orvw +lw zdv wuxh
rqo| iru frqyh{ vhwv, dqg wkh lpsohphqwdwlrqv ri wkh ] �

� uhtxluh glodwlrqv ri wzr
duelwudu| vhwv e| hdfk rwkhu1 Shukdsv frxog zh wu| dqg iroorz d qhz ohdg B

7 Uhgxfhg Kdxvgru� glvwdqfhv
Vlqfh wkh vkdsh ri wkh jhrghvlf i] � j ghshqgv rq wkh uhvshfwlyh orfdwlrqv ri
vhwv [ dqg \ / zh frxog wu| dqg sodfh wkhp lq wkh �prvw idyrxudeoh� orfdwlrqv/
e| vkliwlqj dqg urwdwlqj \ +iru h{dpsoh,1 Wkh lghd ri vwxg|lqj wkh yduldwlrq ri
� +[>\ , dv d ixqfwlrq ri wkh wudqvodwhv ri \ zdv uhfhqwo| dssolhg wr whpsodwh
pdwfklqj sureohpv ^<`1 Khuh zh zloo ghyhors lw wr h{klelw qhz phwulfv/ dqg/
iurp wkhp/ qhz jhrghvlfv1 Zh uhvwulfw wkh glvsodfhphqwv wr wudqvodwlrqv +wkh
urwdwlrqv dgplw wkh vdph wkhruhwlfdo dssurdfk/ exw wkhlu lpsohphqwdwlrq lv ohvv
hdv|,1
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Iljxuh 4=

Lq wkh iroorzlqj/ H vwdqgv iru d frpsdfw +exw srvvleo| odujh, uhjlrq lq U �
ru ] � / htxlsshg zlwk d xqlw edoo E1 Ghqrwh e| [ � +uhvs1 [ � , wkh wudqvodwh ri
vhw [ +uhvs1 \ , e| yhfwru d +uhvs1 e,/ dqg sxw

� � +[>\ , @ lqi i�+[ � > [ � , > d> e 5 Hj +44,
Lqwurgxfh wkh txrwlhqw vsdfh N � ri N � iru wkh htxlydohqfh xqghu wudqvodwlrq/

l1h1 [ � [ � > d 5 H1 Rshudwru � � pdsv N � � N � lqwr U � vlqfh lw grhv qrw
fkdqjh dv [ dqg \ duh wudqvodwhg/ dqg lw lv d v|pphwulfdo ixqfwlrq ri lwv wzr
dujxphqwv1 Fohduo|/ jlyhq [>\ 5 N � / wkh pdsslqj +d> e, $ � +[ � > \ � , iurp
H � H lqwr U � lv frqwlqxrxv/ wkhuhiruh wkh frpsdflw| ri H lpsolhv wkdw wkhuh
h{lvwv d sdlu +d> e, 5 H �H zlwk

� � +[>\ , @ �+[ � > \ � , +45,
Lq sduwlfxodu/ li � � +[>\ , @ 3 wkhq [ � @ \ � / l1h1 [ @ \ dqg/ ri frxuvh/

[ @ \ lpsolhv � � +[>\ , @ 31
Ilqdoo|/ rshudwru � � vdwlv�hv wkh wuldqjxodu lqhtxdolw|1 Wr suryh lw/ frqvlghu

wkh txdqwlw| � � +[>],. � � +]> \ , > [> \> ] 5 N � 1 Vlqfh � � lv wudqvodwlrq lqydul0
dqw/ zh fdq dozd|v uhsodfh ] e| lwv wudqvodwh ] � fhqwuhg dw wkh ruljlq1 Li [ �

dqg [ � ghqrwh wkh orfdwlrqv wkdw plqlpl}h �+[>] � , dqg �+\> ] � , uhvshfwlyho|/
zh fdq zulwh

� � +[>], . � � +]> \ , @ � +[ � > ] � , . � +] � > \ � , � � +[ � > [ � , � � � +[>\ ,
Khqfh/ � � lv d glvwdqfh1 Pruhryhu/ lwv phwulfv dgplwv jhrghvlfv ri wkh �uvw

w|sh1 Wr vkrz lw/ wdnh d sdlu +[>\ � , wkdw plqlpl}hv �1 Jlyhq dq � 5 ^3> 4`/
frqvlghu wkh �uvw w|sh lqwhusrodwru ] � ehwzhhq [ dqg \ � +uho1 +7,,1 ] � wxuqv
rxw wr eh lq rswlpdo srvlwlrq qrw rqo| z1u1 wr �/ exw dovr z1u1 wr phwulf � � / l1h1
� +[>] � , @ � � +[>] � ,1 Lqghhg/ zh kdyh

� @ � � +[>\ , @ � +[>\ � , � � +[>] � , . � +] � > \ � ,
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exw � � +[>] � , � �� dqg dovr � � +] � > \ � , � +4� �, � > khqfh
� � � � +[>] � , . � � +] � > \ � , � ��. +4� �, � @ � =

Wkh htxdolw| uhvxowv/ zklfk vkrzv wkdw ] � lv lq rswlpdo srvlwlrq iru phwulf
� � 1 Lq frqfoxvlrq/ zh fdq vwdwh
Wkhruhp 6 Ohw N � ghqrwh wkh txrwlhqw vsdfh/ xqghu wudqvodwlrq/ ri N � +U � , ru
N � +] � ,1 Wkhq/ wkh pdsslqj N � � N � $ U � e| uho1 +44, gh�qhv d glvwdqfh1
Jlyhq [ dqg \ lq N � wkhuh h{lvwv dw ohdvw rqh jhrghvlf lq wkh vhqvh ri � � / zklfk
frlqflghv zlwk wkh jhrghvlf i] � j lq wkh vhqvh ri �/ zkrvh h{wuhplwlhv duh rqh ri
wkh sdluv/ +[ � > [ � , vd|/ wkdw plqlpl}hv � +[>\ ,1

Iurp wkh uhgxfwlrq � $ � � / lw lv dozd|v srvvleoh wr jr edfn hdvlo|1 Kdylqj
�{hg vhw [ dqg ghwhuplqhg d wudqvodwlrq e ri \ vxfk wkdw � +[>\ � , @ � � +[>\ ,/
lw vx!fhv wkhq wr wdnh lqwhusrodwru

] � +�, @ ^+[ � ��E, _ +\ � � +4� �, �E,` � � �

zklfk jhqhudwhv lq N � d vhjphqw iurp [ wr \ / dv vsdqv ^3/4`1 Wkh sursrvhg
dssurdfk lv ydolg lq U � dv zhoo dv lq ] � 1 Lq wkh odwwhu fdvh/ wkh edoov duh gljlwdo
sro|khgud1 Dq h{dfw frpsxwdwlrq ri wkh rswlpdo yhfwru epljkw eh wlph frqvxp0
lqj1 Lq sudfwlfh/ rqh pd| frqwhqw rqhvhoi zlwk yhfwru e � / ri zklfk hdfk frruglqdwh
e �

� > l 5 ^4> q` plqlpl}hv wkh 40G Kdxvgru� glvwdqfh ehwzhhq wkh surmhfwlrqv ri
[ � ri [ dqg \ � ri \ rq wkh fruuhvsrqglqj d{lv Qr l1 Li { � dqg { �� +uhvs1 | � dqg
| �� , vwdqg iru wkh h{wuhph srlqwv ri [ � +uhvs1 \ � ,/ frpsrqhqw e � lv

e �

� @
k�

{ � . { ��
�

�
�

| � . | ��
�l
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8 Lqwhusrodwlrqv iru qhvwhg vhwv
Wklv vhfwlrq lv forvhu wr wkh wzr uhodwhg zrunv ^8` dqg ^9`/ dqg hvwdeolvkhv d
frpprq edvlv1 Qlfh ghyhorsphqwv edvhg rq glvwdqfh ixqfwlrq kdyh dovr ehhq
sursrvhg e| M1U1 Fdvdv ^44` dqg dovr e| S1 Pruhdx dqg Fk1 Urqvh ^45`1 Iurp
qrz rq/ zh sduwlfxodul}h wkh sdlu +[>\ , xqghu vwxg|/ wr eh rughuhg/ e| wdnlqj
[ � \ 1 Wklv glvv|pphwu| vxjjhvwv wr sod| zlwk erwk Kdxvgru� glvwdqfhv � +iru
glodwlrqv iurp [, dqg � +iru hurvlrqv iurp \,1

D srlqw p dw d glvwdqfh � � iurp [ dqg � � iurp \ � ehorqjv wr vhw
+[ � �E, _ +\ � �E,/ khqfh wr vhw

P @ ^i+[ � �E, _ +\ � �E, > � � 3j = +46,
Frqyhuvho|/ hyhu| srlqw p 5 P ehorqjv wr rqh ri wkh whupv ri wkh xqlrq/

vr wkhuh h{lvwv d � � 3 zlwk g+p>[, � � dqg g+p>\ � , � �1 Lq wklv vhqvh
lqwhusrodwru P lv plgzd| ehwzhhq [ dqg \ / dqg zh vkdoo fdoo lw wkh phgldq ri
[ dqg \ 1 Lw lv hdv| wr qrwlfh wkdw wkh erxqgdu| riP lv qrwklqj exw wkh vnhohwrq
e| }rqh ri lq xhqfh/ ru vnl}/ ehwzhhq [ dqg \ � 1 Wklv lpsolhv wkh lpphgldwh
iroorzlqj frqvhtxhqfhv=

:



Sursrvlwlrq 5 Wkh phgldq vhw P+[>\ , lv frpsdfw dqg frpsulvhg ehwzhhq [
dqg \ 1 Lwv erxqgdu| lv wkh orfxv ri wkrvh srlqwv ri U � zklfk duh htxlglvwdqw iurp
[ dqg \ � / dqg wkhvh glvwdqfhv duh vpdoohu ru htxdo wr

� @ lqi i� = � � 3 > [ � �E � \ � �Ej +47,
wkh htxdolw| ehlqj uhdfkhg iru dw ohdvw rqh srlqw ri CP 1

+Gluhfw frqvhtxhqfh ri wkh VNL] surshuwlhv,1Khuh lv qrz dq lqvwuxfwlyh surs0
huw| zklfk vkrzv krz erwk Kdxvgru� glvwdqfhv duh lqyroyhg lq wkh phgldq
P+[>\ ,1
Wkhruhp 7 Jlyhq [>\ 5 N � +U � ,/ wkh phgldq hohphqw P+[>\ , lv dw Kdxv0
gru� glodwlrq glvwdqfh � iurp [ dqg [ ��E/ dqg dw Kdxvgru� hurvlrq glvwdqfh
� iurp \ dqg \ � �E/ zkhuh � lv gh�qhg e| uho1 +47,1
Surri = Ohw � eh wkh Kdxvgru� glvwdqfh e| glodwlrq ehwzhhq vhwv P dqg [1
Zh gudz iurp surs1 9 wkdw [ � P � [ � �E khqfh � � �1 Qrz iru doo
� vwulfwo| vpdoohu wkdq �/ wkh vhw [ � �E fdqqrw frqwdlq wkh qrq hpsw| vhw
+[ � �E, _ +\ � �E,/ zklfk lv d vxevhw ri wkh erxqgdu| C +[ � �E, +surs1 9
djdlq,1 Khqfh � @ �1

Frqvlghu qrz wkh Kdxvgru� glvwdqfh e| glodwlrq � � ehwzhhq wkh forvlqj [ �
�E dqg P 1 Zh kdyh [ � �E � �E @ [ � �E � P / dqg dovr P � �E �
[��E @ [ ��E��E/ khqfh � � � �1 Mxvw dv suhylrxvo| li � � lv vwulfwo| vpdoohu
wkdq �/ wkhq [ � �E � � � E @ [ � � � E fdqqrw frqwdlq vhw P / khqfh � � @ �1

Wkh fruuhvsrqglqj uhvxowv iru Kdxvgru� glvwdqfh e| hurvlrqv ghulyh e| gx0
dolw|1 T1H1G1

Qrwh wkdw lq doo wkhvh uhvxowv/ wkh glvwdqfhv ehwzhhq vhwv[ dqg \ +e| glodwlrq
ru e| hurvlrq, gr qrw lqwhuyhqh1 Lqghhg wkh| duh qrw dvvrfldwhg zlwk �/ exw udwkhu
zlwk wkh vxp ri wkh vxffhvvlyh phgldq vhwv ehwzhhq [ dqg \ 1 Iru h{dpsoh/ li
P � lv wkh phgldq ehwzhhq P dqg \ / ri sdudphwhu �/ P � wkh phgldq ehwzhhq
P � dqg \ / hwf1/ wkhq �.S� � @ �/ zkhuh � lv wkh Kdxvgru� glodwlrq glvwdqfh
ehwzhhq [ dqg \ +vlplodu uhvxow iru wkh hurvlrqv e| jrlqj iurp \ wr [,1 Wklv
doorzv d vhulhv ri surjuhvvlyh lqwhusrodwlrqv iurp [ wr \ ^9`/ zklfk duh glvwlqfw
iurp wkrvh/ ^8`^43`/ zklfk duh rewdlqhg e| uhsodflqj P e|

P � @
�̂
i+[ � ��E, _ +\ � +4� �,�E, > � 5 ^3> 4`j =

9 Frqfoxvlrq
Wkhuh duh ydulrxv zd|v wr gh�qh lqwhusrodwruv ehwzhhq wzr vhwv [ dqg \ ri d
phwulf vsdfh H1 Li [ dqg \ duh vxssrvhg wr eh frpsdfw dqg qrq hpsw|/ Kdxv0
gru� glvwdqfh surylghv rqh srvvleoh dssurdfk/ ehfdxvh/ dv lw kdv ehhq suryhg
lq wklv sdshu/ wklv glvwdqfh dgplwv jhrghvlfv/ l1h1 vhulhv ri �ehvw� lqwhusrodwruv
jrlqj iurp [ wr \ 1Lq idfw/ vhyhudo jhrghvlfv fr0h{lvw/ zklfk duh qrw htxlydohqw1
Wkhuhiruh/ vrph dgglwlrqdo frqvwudlqwv doorz pruh vshfl�f/ khqfh ehwwhu/ lqwhu0
srodwruv1 Lw lv lq sduwlfxodu wkh fdvh zkhql, [/ \ duh frqyh{ >ll, H lv htxlsshg

;



zlwk d wudqvodwlrq/ dqg lqwhusrodwlrqv duh lqwurgxfhg xs wr d wudqvodwlrq >lll,
zkhq Z � \ 1Xs wr qrz/ wkh odvw fdvh kdv ehhq wkh prvw vwxglhg ^4` ^5` ^44`1

Uhihuhqfhv
41 Ehxfkhu V/ Lqwhusrodwlrq g*hqvhpeohv/ gh sduwlwlrqv hw gh irqfwlrqv/ Whfk1

uhs1 Q04;2<72PP/ Hfroh ghv Plqhv gh Sdulv/ Pd| 4<<71
51 Ph|hu I/ Lqwhusrodwlrqv/ Whfk1 uhs1 Q0492<72PP/ Hfroh ghv Plqhv gh

Sdulv/ Pd| 4<<71
61 Vhuud M/ Lqwhusrodwlrqv hw glvwdqfh gh Kdxvgru�/ Whfk1 uhs1 Q0482<72PP/

Hfroh ghv Plqhv gh Sdulv/ Pd| 4<<71
71 Sdwhqw Qr <7047495/ �uvw dssolfdwlrq lq Iudqfh/ Qry14<<71
81 Ph|hu I1/ D pruskrorjlfdo lqwhusrodwlrq phwkrg iru prvdlf lpdjhv/ lq

Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg vljqdo sur0
fhvvlqj/ Pdudjrv S1 hw do1 hgv1 Noxzhu/ 4<<91

91 Ehxfkhu V/ Lqwhusrodwlrq ri vhwv/ ri sduwlwlrqv dqg ri ixqfwlrqv/ +wr eh
sxeolvkhg iru LVPP*<; ,1

:1 Grxjkhuw| H1/ Dssolfdwlrq ri wkh Kdxvgru� phwulf lq jud| vfdoh pruskro0
rj| yld wuxqfdwhg xpeudh/ MYFLU 5+5,/ 4<<4/ ss1 4::04;:1

;1 Vhuud M1 Htxlfrqwlqxrxv ixqfwlrqv= d prgho iru pdwkhpdwlfdo pruskrorj|/
VSLH Vdq Glhjr Frqi1/ Yro1 4:9</ ss1 5850596/ Mxo| 4<<51

<1 Pdwkhurq J1/ Udqgrp Vhwv dqg Lqwhjudo Jhrphwu|/ Zloh|/ 4<:81
431 Kxwwhqorfkhu G1S1/ Noxqghupdq J1D1/ Uxfnolgjh Z1M1/ Frpsdulqj lpdjhv

xvlqj wkh Kdxvgru� glvwdqfh/ LHHH SDPL/ 48+<,/ Vhsw1 4<<81
441 Fdvdv M1U1/ Lpdjh frpsuhvvlrq edvhg rq shufhswxdo frglqj whfkqltxhv/ SkG

wkhvlv/ XSF/ Edufhorqd/ Pdufk 4<<91
451 Pruhdx S1/ dqg Urqvh Fk1/ Jhqhudwlrq ri vkdglqj0r� rq lpdjhv e| h{0

wudsrodwlrqv ri Olsvfklw} ixqfwlrqv/ Judsk1 Prghov dqg Lpdjh Surfhvvlqj/
8;+9,/ Mxo| 4<<9/ ss1 64706661

<


