
Vhw Frqqhfwlrqv dqg Glvfuhwh Ilowhulqj
Mhdq Vhuud

Fhqwuh gh Pruskrorjlh Pdwkìpdwltxh/
Hfroh ghv Plqhv gh Sdulv/ 68/ uxh Vdlqw0Krqruì/

Pdufk 4<<<+Sxeolvkhg lq Glvfuhwh Jhrphwu| iru Frpsxwhu Lpdjhu| J1Ehuwudqg/ P1 Frxsulh/ O1 Shuurwrq Hgv/ Ohfwxuh Qrwhv lqFrpsxwhu Vflhqfh q � 489;/ 4<<<,

Devwudfw
Frqqhfwlylw| lv d wrsrorjlfdo qrwlrq iru vhwv/ riwhq lqwurgxfhg e| phdqv

ri dufv1 Fodvvlfdoo|/ glvfuhwh jhrphwu| wudqvsrvhv wr gljlwdo vhwv wklv duf0
zlvh dssrdfk1 Dq dowhuqdwlyh/ dqg qrq wrsrorjlfdo/ d{lrpdwlfv kdv ehhq
sursrvhg e| Vhuud1 Lw olhv rq wkh lghd wkdw wkh xqlrq ri frqqhfwhg frp0
srqhqwv wkdw lqwhuvhfw lv vwloo frqqhfwhg1 Vxfk dq d{lrpdwlfv hqodujhv wkh
udqjh ri srvvleoh frqqhfwlrqv/ dqg lqfoxghv foxvwhuv ri sduwlfohv1

Wkh pdlq rxwsxw ri wklv dssurdfk frqfhuqv �owhuv1 Yhu| srzhuixo qhz
rqhv kdyh ehhq ghvljqhg +ohyholqjv,/ dqg pruh fodvvlfdo rqhv kdyh ehhq
surylghg zlwk qhz surshuwlhv +rshqlqjv/ vwurqj dowhuqdwhg �owhuv,

Wkh sdshu suhvhqwv dq ryhuylhz ri vhw frqqhfwlrq dqg looxvwudwhv lw e|
�owhulqjv rq jud| wrqh lpdjhv1 Lw lv hpskd}lvhg wkdw doo qrwlrqv lqwurgxfhg
khuh dsso| htxdoo| wr erwk glvfuhwh dqg frqwlqxrxv vsdfhv1

4 Wkh frqqhfwlylw| frqfhswv
414 Fodvvlfdo frqqhfwlylw| dqg lpdjh dqdo|vlv

Lq pdwkhpdwlfv/ wkh frqfhsw ri frqqhfwlylw| lv irupdol}hg lq wkh iudphzrun ri
wrsrorjlfdo vsdfhv dqg lv lqwurgxfhg lq wzr gl�huhqw zd|v1 Iluvw/ d vhw lv vdlg wr
eh frqqhfwhg zkhq rqh fdqqrw sduwlwlrq lw lqwr wzr qrq hpsw| forvhg +ru rshq,
vhwv1 Wklv gh�qlwlrq pdnhv suhflvh wkh lqwxlwlyh lghd wkdw ^3> 4`^ ^5> 6` frqvlvwv ri
wzr slhfhv/ zkloh ^3> 4` frqvlvwv ri rqo| rqh1 Exw wklv �uvw dssurdfk/ h{wuhpho|
jhqhudo/ grhv qrw ghulyh dq| dgydqwdjh iurp wkh srvvleoh uhjxodulw| ri vrph
vsdfhv/ vxfk dv wkh Hxfolghdq rqhv1 Lq vxfk fdvhv/ wkh qrwlrq ri dufzlvh frqqhf0
wlylw| wxuqv rxw wr eh pruh frqyhqlhqw1 Dffruglqj wr lw/ d vhw D lv frqqhfwhg
zkhq/ iru hyhu| d> e 5 D/ wkhuh h{lvwv d frqwlqxrxv pdsslqj # iurp ^3> 4` lqwr D
vxfk wkdw #+3, @ d dqg #+4, @ e1 Dufzlvh frqqhfwlylw| lv pruh uhvwulfwlyh wkdq



wkh jhqhudo rqh > krzhyhu/ lq U � / dq| rshq vhw zklfk lv frqqhfwhg lq wkh jhqhudo
vhqvh lv dovr dufzlvh frqqhfwhg1

D edvlf uhvxow jryhuqv wkh phdqlqj ri frqqhfwlylw| > qdpho|/ wkh xqlrq ri
frqqhfwhg vhwv zkrvh lqwhuvhfwlrq lv qrw hpsw| lv vwloo frqqhfwhg =

iD � frqqhfwhgj dqg i_D � 9@ Ûj , i^D � frqqhfwhgj +4,
Lq glvfuhwh jhrphwu|/ wkh gljlwdo frqqhfwlylwlhv wudqvsrvh wkh dufzlvh fru0

uhvsrqglqj qrwlrq ri wkh Hxfolghdq fdvh/ e| lqwurgxflqj vrph hohphqwdu| dufv
ehwzhhq qhljkerulqj sl{hov1 Wklv uhvxowv lq wkh fodvvlfdo 70 dqg ;0vtxduh frqqhf0
wlylwlhv/ dv zhoo dv wkh kh{djrqdo rqh/ ru wkh fxerfwdkhgulf rqh lq 60G vsdfh1
Lv vxfk d phwulf dssurdfk wr frqqhfwlylw| dgdswhg wr lpdjh dqdo|vlv B Zh fdq
dujxh wkdw

d2 Fhuwdlq dufzlvh frqqhfwlrqv vhhp vprzkdw vkdn|/ h1j1 zkhq wkh| gr qrw
wuhdw htxdoo| d vhw dqg lwv frpsohphqw>

e2 Lq glvfuhwh prwlrq dqdo|vlv/ wkh wudmhfwrulhv ri idvw prylqj remhfwv riwhq
dsshdu dv grwwhg wxehv/ dqg dufzlvh frqqhfwlrqv duh xqdeoh wr kdqgoh vxfk
vlwxdwlrqv>

f2 pruh ghhso|/ rqh fdq zrqghu zkdw lv dfwxdoo| qhhghg lq lpdjh surfhvvlqj1
Dv d pdwwhu ri idfw/ zkhq zh h{dplqh wkh uhtxluhphqwv iru frqqhfwlylw|/ zh
revhuyh wkdw wkh edvlf rshudwlrq wkh| lqyroyh frqvlvwv/ jlyhq d vhw D dqg d srlqw
{ 5 D/ lq h{wudfwlqj wkh sduwlfoh ri D dw srlqw {1 Iru vxfk d jrdo/ dq dufzlvh
dssurdfk lv reylrxvo| vx!fhqw1 Exw lv lw qhfhvvdu|B

415 Wkh qrwlrq ri d frqqhfwlrq
Wkhvh fulwlflvpv ohg J1 Pdwkhurq dqg M1 Vhuud wr sursrvh d qhz dssurdfk/ lq
4<;; ^ VHU;;` zkhuh wkh| wdnh qrw +4, dv d frqvhtxhqfh/ exw dv d vwduwlqj srlqw1
Krzhyhu/ wkhlu gh�qlwlrq lv udwkhu jhqhudo dqg vwdwhg dv iroorzv1
Gh�qlwlrq 4 +J1 Pdwkhurq dqg M1 Vhuud, Ohw H eh dq duelwudu| vsdfh1 Zh fdoo
frqqhfwhg fodvv ru frqqhfwlrq F dq| idplo| lq S+H, vxfk wkdw

+l, B 5 F dqg iru doo { 5 H/ i{j 5 F
+ll, iru hdfk idplo| iF � j lq F/ _ F � 9@ B lpsolhv ^F � 5 F1
Dv zh fdq vhh/ wkh wrsrorjlfdo edfnjurxqg kdv ehhq gholehudwho| wkurzq rxw1

Wkh fodvvlfdo qrwlrqv +h1j1 frqqhfwlylw| edvhg rq gljlwdo ru Hxfolghdq dufv, duh
lqghhg sduwlfxodu fdvhv/ exw wkh hpskdvlv lv sxw rq dqrwkhu dvshfw/ wkdw dqvzhuv
wkh deryh fulwlflvp f2 lq wkh iroorzlqj pdqqhu +^ VHU;;`/ Fkds1 5, =
Wkhruhp 5 Wkh gdwxp ri d frqqhfwlrq F rq S+H, lv htxlydohqw wr wkh idplo|
i� � > { 5 Hj ri rshqlqjv vxfk wkdw

+lll, iru doo { 5 H/ zh kdyh � � +{, @ i{j
+ly, iru doo D � H/ {> | 5 H/ � � +D, dqg � � +D, duh htxdo ru glvmrlqw
+y, iru doo D � H/ dqg doo { 5 H/ zh kdyh { @5 D , � � +D, @ B=



Dq dowhuqdwlyh/ exw htxlydohqw/ d{lrpdwlfv kdv ehhq sursrvhg e| Fk1 Urqvh
^URQ<;` > lw frqwdlqv/ dv d sduwlfxodu fdvh/ dqrwkhu rqh e| U1P1 Kdudolfn dqg
O1J1 Vkdslur ^ KDU<5` > krzhyhu/ erwk dssurdfkhv duh vwloo vhw0rulhqwhg1 Wkh h{0
whqvlrq iurp vhwv wr wkh jhqhudo iudphzrun ri frpsohwh odwwlfhv dqg lq sduwlfxodu
wr qxphulfdo ixqfwlrqv kdv ehhq sursrvhg e| M1 Vhuud ^ VHU<;d`

Klvwrulfdoo| vshdnlqj/ wkh qxpehu ri dssolfdwlrqv ru ri wkhruhwlfdo ghyhors0
phqwv zklfk zdv vxjjhvwhg +dqg shuplwwhg, e| wklv wkhruhp lv frqvlghudeoh +vhh/
dprqj rwkhuv^PDU<7`^PH\<7`^VDO<9`,1 Lw kdv rshqhg wkh zd| wr dq remhfw0
rulhqwhg dssurdfk iru vhjphqwdwlrq/ frpsuhvvlrq dqg xqghuvwdqglqj ri vwloo dqg
prylqj lpdjhv1

5 H{dpsohv ri frqqhfwlrqv rq SEH�
Vhyhudo lqvwuxfwlyh h{dpsohv ri frqqhfwlrqv rq S+H, fdq eh irxqg lq ^ KHL<:`/
lq ^URQ<;` dqg lq ^ VHU<;d`1 Khuh zh mxvw uhfdoo d ihz ri wkhp/ zklfk duh ri
lqwhuhvw iru wkh suhvhqw vwxg|1

l2 Doo dufzlvh frqqhfwlylwlhv rq gljlwdo vsdfhv duh frqqhfwlrqv lq wkh vhqvh
ri gh�qlwlrq 4>

ll2 Lq ^ VHU;;` fk15/ M1 Vhuud surylghv H zlwk d �uvw frqqhfwlrq F dqg
frqvlghuv dq h{whqvlyh glodwlrq � = S+H, $ S+H, wkdw suhvhuyhv F +l1h1 � +F, �
F,1 Wkhq wkh lqyhuvh lpdjh F � @ � ��� +F, ri F xqghu � gh�qhv d qhz frqqhfwlrq
rq S+H,/ zklfk lv ulfkhu1 Wkh F 0frpsrqhqwv ri � +D, > D 5 S+H,/ duh h{dfwo|
wkh lpdjhv � +\ �� , ri wkh F � 0frpsrqhqwv ri D1 Li � � vwdqgv iru wkh frqqhfwhg
rshqlqj dvvrfldwhg zlwk frqqhfwlrq F dqg � � iru wkdw dvvrfldwhg zlwk F � / zh
kdyh

� � +D, @ � � � +D, _D zkhq { 5 D > � � +D, @ B zkhq qrw +5,
+vlplodu whfkqltxh dssolhv dovr zkhq � vwdqgv iru d forvlqj/ exw zlwkrxw wkh

vwdwhphqw rq wkh frqqhfwhg frpsrqhqwv/ dqg zlwkrxw Ht15 ^VHU<;e`,
Lq sudfwlfh/ wkh rshqlqjv � � fkdudfwhul}h wkh foxvwhuv ri remhfwv iurp d jlyhq

glvwdqfh g dsduw1 Iljxuh 4 looxvwudwhv wklv srlqw e| �uhfrqqhfwlqj� grwwhg olqhv
wudmhfwrulhv1 Exw d frqwudulr/ vxfk dq dssurdfk fdq dovr surylgh d phdqv wr
h{wudfw wkh remhfwv zklfk duh lvrodwhg1Wkh| zloo eh gh�qhg e| wkh idfw wkdw iru
wkhp � � +D, @ � � +D,/ dq htxdolw| zklfk |lhogv hdv| lpsohphqwdwlrq ^VHU<;e`1

lll2 Lq ^URQ<;`/ Fk1 Urqvh vwduwv dovr iurp d �uvw frqqhfwlrq rq S+H,>
dqg sursrvhv/ dv d qhz frqqhfwlrq/ wkh fodvv jhqhudwhg e| wkh srlqwv dqg wkh
frqqhfwhg vhwv rshqhg e| d jlyhq vwuxfwxulqj hohphqw E1 Li { 5 [ � E/ wkhq
� � +[, lv wkh lqlwldo frqqhfwhg frpsrqhqw ri [�E frqwdlqlqj {/ dqg zkhq srlqw
{ 5 [q[ �E / wkhq � � +[, @ i{j1 Iru h{dpsoh/ iru vxfk dq �rshq�frqqhfwlrq
e| d 6{6{ vtxduh/ wkh vhw ri �j15d kdv 49 sduwlfohv= wkh wzr vxuurxqghg vtxduhv/
soxv 47 lvrodwhg srlqwv1 Dovr/ wkh vl{ srlqwv ri wkh yhuwlfdo jxoi duh lvrodwhg
sruhv1



514 Frqqhfwhg Ilowhuv
Iru qrz rq H lv dq duelwudu| vhw/ dqg S+H, lv vxssrvhg wr eh htxlsshg zlwk
frqqhfwlrq F1 Iru hyhu| vhw D 5 S+H,/ wkh wzr idplolhv ri wkh frqqhfwhg frp0
srqhqwv ri D +wkh �judlqv�, dqg ri D � +wkh �sruhv�, sduwlwlrq vsdfh H1 Wkhq/
dq rshudwlrq # = S+H, $ S+H, lv vdlg wr eh frqqhfwhg zkhq wkh sduwlwlrq
dvvrfldwhg zlwk #+D, lv frduvhu wkdw wkdw ri D ^ VHU<6`1 Fohduo|/ wdnlqj wkh
frpsohphqw ri d vhw/ ru uhprylqj vrph judlqv/ ru �oolqj sruhv jhqhudwh frq0
qhfwhg rshudwruv1 Wkh pdmru fodvv ri pdsslqjv zh kdyh lq ylhz lv wkdw ri wkh
+frqqhfwhg ru qrw, pruskrorjlfdo �owhuv1 Ohw xv eulh | uhfdoo lw

0 D pdsslqj # lv vdlg wr eh d pruskrorjlfdo �owhu rq S+H, zkhq
lw lv lqfuhdvlqj dqg lghpsrwhqw=

D>E � H> D � E , #+D, � #+E, lqfuhdvlqjqhvv
#+#+D,, @ #+D, lghpsrwhqfh

0 Lq sduwlfxodu/ d �owhu wkdw lv h{whqvlyh +uhvs1 dqwl0h{whqvlyh, lv
fdoohg d forvlqj +uhvs1 dq rshqlqj, =

� dq rshqlqj = � @ d �owhu dqg �+D, � D > D � H
* d forvlqj = * @ d �owhu dqg *+D, � D > D � H

0 D judqxorphwu| lv d idplo| i� � > g A 3j ri ghfuhdvlqj rshqlqjv
+l1h1 g � g � , � � � � ��� , dqg dq dqwl0judqxorphwu| lv d idplo| i* � > g A 3j
ri lqfuhdvlqj forvlqjv/ erwk ghshqglqj rq d srvlwlyh sdudphwhu1 Hyhu| judqx0
orphwu| dqg hyhu| dqwl0judqxorphwu| vdwlvi| wkh iroorzlqj odz ri d vhpl0jurxs/
zkhuh wkh pruh vhyhuh rshudwlrq lpsrvhv lwv frqglwlrqv

s � q , # � # � @ # � # � @ # � = +6,
0 Wkh surgxfwv *� dqg �* ri wzr duelwudu| rshqlqj � dqg forvlqj

* wxuq rxw wr eh lghpsrwhqw1 Wkh| duh fdoohg dowhuqdwhg �owhuv1 Qrwh wkdw wkh
surgxfw �� � ri wzr rshqlqjv +ru ** � ri wzr forvlqjv, lv d sulrul qrw lghpsrwhqw1
Ghqrwlqj e| Lg wkh lghqwlw| rshudwru/ zh kdyh wkh iroorzlqj htxlydohqfhv^PDW;;`

# @ *� +, #+Lg _ #, dqg # @ �* +, #+Lg ^ #, +7,
0 Zkhq d pruskrorjlfdo �owhu # vdwlv�hv erwk frqglwlrqv +7,/ zklfk

surylgh lw zlwk urexvwqhvv/ l1h1 zkhq
D>E � H> #+D, _D � #+E, � #+D, ^D , #+E, @ #+D,

rqh vd|v wkdw # lv vwurqj1 Lq sduwlfxodu/ rshqlqjv dqg forvlqjv duh vwurqj 1
0 Wkh qrwlrq ri Dowhuqdwhg Vhtxhqwldo Ilowhuv sod|v/ zlwk wkh dowhu0

qdwhg �owhuv/ wkh vdph uroh dv wkh judqxorphwulhv gr zlwk � dqg * 1 Ohw i� � j dqg
i* � j/ l 5 ] � / eh d judqxorphwu| dqg dq dqwljudqxorphwu|1 Wkh frpsrvlwlrq
surgxfwv

S � @ * � � � === * � � � === * � � � dqg 	 � @ � � * � === � � * � === � � * ���



duh lghpsrwhqw dqg fdoohg Dowhuqdwhg Vhtxhqwldo Ilowhuv +D1V1I,1Wkh| gr qrw
vdwlvi| lpsolfdwlrq +6, / exw rqo| wkh iroorzlqj devruswlrq odz

s � q , # � # � @ # �

515 Vhw rshqlqj e| uhfrqvwuxfwlrq dqg vrph ghulydwlyhv
D frpsuhkhqvlyh fodvv ri frqqhfwhg �owhuv ghulyhv iurp wkh fodvvlfdo rshqlqj
e| uhfrqvwuxfwlrq1 Lwv gh�qlwlrq dsshduv lq ^ VHU;;`/ fk1:1;1 Vljql�fdqw vwxg0
lhv zklfk xvh wklv qrwlrq pd| eh irxqg lq olwhudwxuh/ vxfk dv ^ VHU<6` +frqqhfwhg
rshudwruv,/^FUH<:`/+vwdeoh rshudwruv, ^PH\<7`/+vsdqqlqj wuhhv,/ ^ KHL<:`/+judlq
rsudwruv,1

Dq rshqlqj e| uhfrqvwuxfwlrq lv rewdlqhg e| vwduwlqj iurp dq lqfuhdvlqj
elqdu| fulwhulrq � +h1j1 �wkh duhd ri D lv � 43�,/ wr zklfk rqh dvvrfldwhv wkh
wulyldo rshqlqj

� � +D, @ D zkhq D vdwlv�hv wkh fulwhulrq
� � +D, @ > zkhq qrw

Wkh fruuhvsrqglqj rshqlqj e| uhfrqvwuxfwlrq � lv wkhq jhqhudwhg e| dsso|lqj
wkh fulwhulrq wr doo judlqv ri D/ lqghshqghqwo| ri rqh dqrwkhu/ dqg e| wdnlqj wkh
xqlrq ri wkh uhvxowv =

�+D, @ ^i� � � � +D,> { 5 Hj
Wkh forvlqj e| uhfrqvwuxfwlrq * +iru wkh vdph fulwhulrq, lv wkh gxdo ri � iru

wkh frpsohphqw/ l1h1 li ~ vwdqgv iru wkh frpsohphqw rshudwru/ wkhq
* @ ~�~ =

Iru h{dpsoh/ lq U � > li zh wdnh iru fulwhulrq � > � kdyh dq duhd � 43%> wkhq
�+D, lv jlyhq e| wkh xqlrq ri judlqv ri D zkrvh duhdv duh � 43> dqg *+D, lv wkh
xqlrq ri D dqg doo lwv sruhv zkrvh duhdv duh � 431 Vlploduo|/ li fulwhulrq � lv
h{suhvvhg e| �klw d �{hg pdunhu P�/ wkhq �+D, lv wkh xqlrq ri wkh judlqv wkdw
klw D/ zkhudv *+D, lv frpsrvhg ri D dqg ri doo sruhv wkdw plvv P 1

Wkh rshudwruv e| uhfrqvwuxfwlrq vdwlvi| qxpehu ri qlfh surshuwlhv1 Wkh wkuhh
iroorzlqj rqhv duh w|slfdo h{dpsohv ri wkhp1
Sursrvlwlrq 6 ^ VHU<6`Ohw � eh dq rshqlqj e| uhfrqvwuxfwlrq/ dqg * eh d
forvlqj wkdw grhv qrw fuhdwh frqqhfwhg frpsrqhqwv/ l1h1 vxfk wkdw

{ 5 *+D, @, D _ � � *+D, 9@ B +8,
Wkhq wkh dvvrflwhg dowhuqdwhg �owhuv duh rughuhg/ dqg zh kdyh �* � *�

Surri1 Frqvlghu *�+D,/ iru D � H1 Vlqfh wkh +h{whqvlyh, forvlqj * grhv qrw
fuhdwh qhz frqqhfwhg frpsrqhqwv/ lw fdq rqo| hqodujh wkrvh ri �+D,> qrz � dfwv
judlq e| judlq/ khqfh �*� @ *�1 Dffruglqj wr fulwhulrq 919 lq ^ PDW;;f`wklv
htxdolw| lv htxlydohqw wr �* � *�=



Wkh prvw frpprq forvlqjv pd| qrw vdwlvi| frqglwlrq +8,1 Lw lv wkh fdvh iru
lqwhuvhfwlrqv ri forvlqjv e| vhjphqwv/ iru h{dpsoh1 Krzhyhu/ li vwduwlqj iurp
dq duelwudu| forvlqj */ zh uhvwulfw *+D, wr lwv judlqv wkdw frqwdlq dw ohdvw rqh
srlqw { 5 D/ wkh uhvxowlqj rshudwlrq lv vwloo d forvlqj1 Lw lv wkh uhdvrq iru zklfk
frqglwlrq +8, lv dozd|v dvvxphg lpsolflw| lq sudfwlfh1
Fruroodu| 7 Ohw i� � j eh d judqxorphwu| e| uhfrqvwuxfwlrq/ dqg i* � j eh d dqwl0
judqxorphwu| wkdw grhv qrw fuhdwh frqqhfwhg frpsrqhqwv/ wkhq wkh D1V1I1 	 � @
� � * � === � � * � === � � * � vdwlvi| wkh vhpl0jurxs uhodwlrq +6,

+hdv| surri ,1 Wklv fruroodu| h{sodlqv/ sduwo| dw ohdvw/ zk| wkh D1V1I1 e|
uhfrqvwuxfwlrq duh vr riwhq lqyroyhg lq s|udplgv/ iru frglqj/ vhjphqwdwlrq/ ru
lqgh{dwlrq sxusrvhv1 Lq vxfk s|udplgv/ wkh dgglwlrqdo lqirupdwlrq wr jhw �qhu
ohyhov lv frqfhqwudwhg lq vxeglylvlrqv wkh  dw }rqhv ^PH\<7`1 Dq h{dpsoh ri
vxfk d ehkdylrxu lv suhvhqwhg lq Ilj161 Hdfk furvv vhfwlrq ri wkh jud| wrqh lpdjh
kdv surfhvvhg e| dq dowhuqdwlqj vhtxhqwldo �owhu e| uhfrqvwuxfwlrq1 Wkh xqghu0
o|lqj elqdu| fulwhulrq zdv khuh dvvrfldwhg zlwk wkh vl}h ri wkh glvf lqvfuledeoh
lq hdfk judlq1

Dqrwkhu srlqw ri lqwhuhvw lv wkh iroorzlqj1 Wkh lq�pxp ri rshqlqjv lv jhq0
hudoo| qrw lghpsrwhqw1 Exw frqvlghu d idplo| i� � > l 5 Lj ri rshqlqjv e| uhfrq0
vwuxfwlrq dvvrfldwhg zlwk fulwhuld i� � j1 Fohduo|/ wkhlu lq�pxp � @ _� � lv vwloo dq
rshqlqj/ zkhuh hdfk judlq ri D pxvw ixoo�oo doo fulwhuld � � wr eh uhwdlqhg1 Rq wkh
rwkhu kdqg/ ^� � lv wkh rshqlqj e| uhfrqvwuxfwlrq zkhuh hdfk judlq pxvw vdwlvi|
rqh fulwhulrq � � dw ohdvw1 Krzhyhu/ wkh odujhvw rshqlqj lv khuh wkh lghqwlw| pds0
slqj/ dqg qrw wkh odujhvw lqfuhdvlqj rshudwru +l1h1 D $ H>;D 5 S+H,,1 Khqfh
zh pd| vwdwh=
Sursrvlwlrq 8 Lq wkh odwwlfh ri wkh lqfuhdvlqj rshudwruv iurp S+H, lqwr lwvhoi/
wkh rshqlqjv dqg wkh forvlqjv e| uhfrqvwuxfwlrq frqvwlwxwh wzr frpsohwh txdvl
vxe0odwwlfhv1

516 Dgmdfhqf|
Wkh fhqwudo qrwlrq ri dgmdfhqf|^VHU<;e`/ zklfk jryhuqv wkh vwuxfwxuh ri wkh
ohyholqjv ehorz/ lv gh�qhg dv iroorzv
Gh�qlwlrq 9 Ohw F eh d frqqhfwlrq rq S+H,/ dqg ohw [>\ 5 F1 Vhwv [ dqg \
duh vdlg wr eh dgmdfhqw zkhq [ ^\ lv frqqhfwhg/ zkhuhdv [ dqg \ duh glvmrlqw1
Gh�qlwlrq : Jlyhq d frqqhfwhg frpsrqhqw D 5 F dqg d vhw P 5 S+H,/ rqh
vd|v wkdw D wrxfkhv P> dqg rqh zulwhv D n P zkhq hlwkhu D_P 9@ B/ ru wkh
judlq ri D^P zklfk frqwdlqv D lv vwulfwo| odujhu wkdq D= E| gxdolw|/ rqh vd|v
wkdw D olhv lq P zkhq D grhv qrw wrxfk P � > rqh zulwhv D m P=

Wkh gxdolw| xqghu frpsohphqw surylghv wkh wzr iroorzlqj htxlydohqfhv
D n P +, D % P � dqg D / P +, D m P � +9,



Qrwh wkdw uhodwlrq D n P +D wrxfkhv P, lv ohvv ghpdqglqj wkdq D_P 9@ B
+D klwv P,/ vlqfh lw dffhswv lq dgglwlrq wkdw D dqg P eh dgmdfhqw1 Vlploduo|/
D m P +D olhv lq P,/ lv pruh vhyhuh wkdq D � P / vlqfh qrqh ri wkh judlqv ri
D dqg ri P pxvw eh dgmdfhqw wr hdfk rwkhu1

Zkhq � � +D, 9@ � � +D, iru dq duelwudu| D 5 S+H, rqh fdqqrw kdyh � � +D, n
� � +D, vlqfh � � +D, lv wkh odujhvw hohphqw ri F lqfoxghg lq D1 Exw � � +D, pd| qrw
wrxfk vrph sruhv \ � ri D dqg/ qhyhuwkhohvv/ wrxfk wkhlu xqlrq ^\ � Iru h{dpsoh/
iru wkh �rshq� frqqhfwlrq lll2 ri vhfwlrq 5/ qrqh ri wkh vl{ srlqw sruhv ri wkh
fhqwudo jxoi/ lq �j15d/ lv dgmdfhqw wr wkh vhw/ zkhuhdv wkhlu xqlrq wrxfkhv lw1
Wkh prvw srzhuixoo frqqhfwlrqv duh wkrvh zklfk suhyhqw wklv shuyhuvh h�hfw/ l1h1
zklfk ixoo�oo wkh iroorzlqj frqglwlrq
Frqglwlrq ; D frqqhfwlrq F rq S+H, lv dgmdfhqf| suhyhqwlqj zkhq iru doo
{ 5 H dqg doo vhwv D>P 5 S+H,| 5 P dqg � � +D, / ^� � +D, ^ � � +D � ,` @,
� � +D, / ^i^� � +D, ^ � � +D � ,`| 5 Pj

Lq sduwlfxodu/ dgmdfhqf| suhyhqwlrq jryhuqv wkh vwuhqjkw ri wkh �owhuv e|
uhfrqvwuxfwlrq/ dv suryhg lq sursrvlwlrq < dqg lq wkhruhp 45 1
Sursrvlwlrq < Ohw F eh d frqqhfwlrq rq S+H, vxfk wkdw li iru doo l 5 L zh
kdyh D / E � / wkhq D / ^E � 1 Li � dqg * vwdqg iru dq rshqlqj dqg d forvlqj e|
uhfrqvwuxfwlrq edvhg rq frqqhfwlrq F / wkhq erwk dowhuqdwhg �owhuv �* dqg *�
duh vwurqj1

Surri1 Zh vkdoo suryh wkh sursrvlwlrq iru *�1 Ehfdxvh ri Ht1+7,/ zh kdyh
rqo| wr vkrz wkdw iru doo D 5 S +H,> li { 5 H lv dq duelwudu| srlqw/ wkhq
{ @5 *�+D, lpsolhv { @5 E @ *�^D ^ *�+D,` 1 Vxssrvh �uvw wkdw { @5 D=
Rshqlqj � fdq rqo| hqodujh sruh � � +D � ,/ dqg forvlqj * nhhs lw xqfkdqjhg +li
qrw/ zh zrxog qrw kdyh { @5 *�+D,,1 Khqfh � � +D � , lv htxdo wr � � ^D ^ *�+D,` � /
dqg �qdoo| { @5 E1 Vxssrvh qrz wkdw { 5 D1 Wkh judlq � � +D, wrxfkhv qrqh
ri wkh judlqv dqg wkh sruhv ri D wkdw frpsrvh *�+D, +li qrw/ � � +D, zrxog
ehorqj wr *�+D,> qrz { @5 *�+D,,1 Wkhq/ dffruglqj wr wkh dvvxpswlrq ri wkh
sursrvlwlrq/ � � +D, grhv qrw wrxfk *�+D,/ qhlwkhu ^D ^ *�+D,`q � � +D,/ khqfh
� � +D, @ � � ^D ^ *�+D,` dqg �qdoo| { @5 E/ zklfk dfklhyhv wkh surri1

Dffruglqj wr htxlydohqfhv +7,/ wkh sursrvlwlrq lpsolhv wkdw *� dgplwv d
ghfrpsrvlwlrq dv � � * � / exw iru d � � dqg d * � sulrul gl�huhqw iurp � dqg *1 Zh
zloo qrz vhh xqghu zklfk frqglwlrq wkhvh sulplwlyhv fdq eh wkh vdph1

517 Vhw Ohyholqjv
Ohyholqjv kdyh ehhq lqwurgxfhg e| I1 Ph|hu/ lq ^ PH\<;e`/ dv jud| wrqh frq0
qhfwhg rshudwruv rq gljlwdo vsdfhv/ iru wkh xvxdo gljlwdo dufzlvh frqqhfwlrqv
edvhg rq qhljkeru sl{hov lq vtxduh ru kh{djrqdo julgv1 Lq ^ PDW<:`/ J1 Pdwk0
hurq sursrvhv d jhqhudol}dwlrq wr dq duelwudu| vsdfh +khqfh/ zlwkrxw d sulrul
frqqhfwlrq,1 Khuh/ frqqhfwlrq duulyhv dv d �qdo uhvxow/ dqg lv jhqhudwhg e| dq
h{whqvlyh glodwlrq1 Qrz lq erwk fdvhv/ ohyholqjv wxuq rxw wr eh  dw rshudwruv/
l1h1 wkdw wuhdw hdfk juh| ohyho lqghshqghqwo| ri wkh rwkhuv1 Wklv flufxpvwdqfh



vxjjhvwv wr wu| dqg jhqhudol}h I1 Ph|hu*v dssurdfk e| irfxvlqj rq vhw ohyho0
lqjv/ exw uh0lqwhusuhwhg lq wkh iudphzrun ri dq duelwudu| frqqhfwlrq F1 M1 Vhuud
hqwhuhg wklv zd| ri wklqnlqj ^VHU<;e`/ zklfk doorzhg klp wr rewdlq wkhruhp 45

Lqghshqghqwo| ri wkhvh dssurdfkhv/ K1Khlmpdqv kdv lqwurgxfhg dqg vwxglhg
wkh fodvv ri �judlq rshudwruv� lq^ KHL<:`1 Ohyholqjv/ lq wkh vhqvh ri gh�qlwlrq
43 ehorz/ duh sduwlfxodu judlq rshudwruv1 Krzhyhu/ wkh �jrrg� surshuwlhv ri
wkhvh judlq rshudwruv dsshdu zkhq wkh| ghulyh iurp pdunhuv edvhg rshqlqjv
dqg forvlqjv1 Vr zh zloo uhvwulfw rxuvhoyhv wr vxfk fulwhuld +iru h{dpsoh/ zh zloo
qrw dffhsw ru uhmhfw d sduwlfoh dffruglqj wr lwv duhd,1

Iurp qrz rq/ zh ghqrwh e| � � +D, wkh xqlrq ri doo judlqv ri vhw D wkdw wrxfk
dq duelwudu| vhw P/ fdoohg pdunhu=

� � +D, @ ^i� � +D, > { 5 H > � � +D, n Pj
Vlploduo|/ wkh frpsohphqw ri forvlqj * ��� +D, lv wkh xqlrq ri wkrvh sruhv ri D
wkdw klw pdunhu Q � /

^* � � +D,` � @ ^i� � +D � , > { 5 H > � � +D � , n Q � j > +:,
khqfh

D � _ * � � +D, @ ^i� � +D � , > { 5 H > � � +D � , m Qj +;,
lv wkh xqlrq ri wkrvh sruhv ri D o|lqj lq pdunhu Q=
Gh�qlwlrq 43 Ohw H eh dq duelwudu| vhw/ dqg F eh d frqqhfwlrq rq S+H,1 Ohw
� � dqg * � � dq rshqlqj dqg d forvlqj/ erwk e| pdunhu uhfrqvwuxfwlrq/ iurp
S+H, lqwr lwvhoi1 Wkh ohyholqj � = S+H, $ S+H,/ ri sulplwlyhv � � dqg * � � lv
wkhq gh�qhg e| wkh uhodwlrq

� @ � � ^ �~ _ * � � � @ * � � _ �~ ^ � � � +<,
zkhuh ~ vwdqgv iru wkh frpsohphqw rshudwlrq rq S+H,1

Zkhq dssolhg wr vhw D/ ohyholqj � |lhogv wkh wzr htxdolwlhv
D _ �+D, @ D _ � � +D,

D � _ �+D, @ D � _ * � � +D, ++, D ^ �+D, @ D ^ * � � +D,, +43,
vr wkdw �+D, dfwv lqvlgh D dv rshqlqj � � / dqg lqvlgh D � dv forvlqj * � � 1 V|vwhp
+43, dovr uhodwhv wr wkh dfwlylw| odwwlfh/ zkhuh d pdsslqj # rq S+H, lv vdlg wr
eh ohvv dfwlyh wkdq dqrwkhu/ # � / zkhq # � +D, prgl�hv pruh srlqwv ri D wkdq
#+D,grhv> ;D 5 S+H,/ +fk1; lq ^ VHU;;`,1 Li Lg vwdqgv iru wkh lghqwlw| rshudwru/
wkh dfwlylw| rughulqj lv dv iroorzv

Lg _ # � Lg _ # �
Lg ^ # � Lg ^ # �

dqg rqh qrwhv # � # � 1 D frpsohwh odwwlfh lv dvvrfldwhg zlwk wklv rughulqj/ zkhuh
wkh vxsuhpxp dqg wkh lq�pxp ri d idplo| i# � > l 5 Lj duh jlyhq e|

j# � @ �~ _ +^# � ,� ^ ^_# � `
i# � @ ^Lg _ +^# � ,` ^ ^_# � ` =



Zkhq dsso|lqj wklv v|vwhp wr wkh idplo| i� � > * � � j ri wkh wzr ohyholqj
sulplwlyhv/ zh gudz iurp +<, wkdw

� j * @ � � i * @ Lg =
Frqyhuvo|/ wkh uhodwlrq � j * @ � |lhogv htxdwlrq +<,/ khqfh pd| eh frqvlg0

huhg dv dq dowhuqdwlyh gh�qlwlrq iru ohyholqj1
Dq rshudwlrq zkrvh gh�qlwlrq lqyroyhv wkh frpsohphqw ~ ulvnv qrw wr eh

lqfuhdvlqj1 Exw lq wkh suhvhqw fdvh/ zh zloo qrz vhh wkdw wkh frqglwlrq xqghu
zklfk � lv lqfuhdvlqj pdnhv lw dovr d vwurqj �owhu/ zklfk phdqv pxfk pruh1
Ohppd 44 Ohw F eh dq dgmdfhqf| suhyhqwlqj frqqhfwlrq rq S+H,/ ohw D>Q 5
S+H,/ dqg ohw \ eh d sruh ri D1 Li \ olhv lq Q / wkhq doo judlqv ri D zklfk duh
dgmdfhqw wr \ klw Q 1 E| gxdolw|/ li d judlq [ ri D grhv qrw wrxfk vhw Q / wkhq
qrqh ri wkh sruhv ri D dgmdfhqw wr [ lv lqfoxghg lq Q 1

Surri1 Frqvlghu d sruh \ ri D/ zlwk \ m Q / dqg d judlq [ ri D dgmdfhqw
wr \ 1 Vlqfh wkhuh h{lvwv d srlqw { 5 [ wkdw lv dgmdfhqw wr \ / dqg vlqfh \ / Q �

+ Ht +9,,/ { ehorqjv qhfhvvdulo| wr Q > khqfh [ _Q 9@ >=
Wdnh qrz d judlq [ ri D wkdw grhv qrw wrxfk Q / l1h1 vxfk wkdw [ m Q � = Zh

gudz iurp wkh �uvw sduw ri wkh surri wkdw hyhu| sruh \ ri D wkdw lv dgmdfhqw wr
[ phhwv Q � / khqfh lv qrw lqfoxghg lq Q 1
Wkhruhp 45 Ohw F eh dq dgmdfhqf| suhyhqwlqj frqqhfwlrq rq S+H,= Jlyhq
P>Q � H zlwk Q � P / wkh ohyholqj � � �

� = S+H, $ S+H, ri sulplwlyhv � �
dqg * ��� lv d vwurqj frqqhfwhg �owhu/ dqg dgplwv wkh grxeoh ghfrpsrvlwlrq

� @ � � * � � @ * � � � � =
Surri1 Zh kdyh wr suryh wkdw wkh wkuhh iroorzlqj rshudwlrqv duh lghqwlfdo=
l2 wr wdnh wkh xqlrq ri wkh sruhv ri D o|lqj lq Q dqg ri wkh judlqv ri D

wrxfklqj P>
ll2 wr wdnh wkh xqlrq D*ri wkh judlqv ri D wrxfklqj P/ dqg wr dgg lw wr wkh

sruhv ri D* wkdw olh lq Q>
lll2 wr dgg wr D doo lwv sruhv o|lqj lq Q/ dqg wr h{wudfw iurp wkh uhvxow wkh

xqlrq ri doo judlqv wrxfklqj P1
Lqghhg/ zkhq Q � P / wkh ohppd vwdwhv wkdw doo judlqv ri D dgmdfhqw wr d

sruh \ m Q klw Q / khqfh klw dovr P 1 Rq wkh rwkhu kdqg/ d judlq � � +D, ri
D zklfk lv qrw dgmdfhqw wr ydulrxv judlqv [ dqg sruhv \ ri D/ zlwk \ m Q /
duh qhlwkhu dgmdfhqw wr wkh xqlrq ri wkhvh [ dqg \ +dvvxpswlrq ri dgmdfhqf|
suhyhqwlrq,/ vr wkdw wkh wzr surfhvvlqjv l2 dqg lll2 duh lghqwlfdo1 Wkh surri lv
dfklhyhg e| revhuylqj wkdw l2 lv d vhoi0gxdo surfhgxuh/ dqg wkdw ll2 dqg lll2 duh
gxdo ri hdfk rwkhu1

Uhpdun wkdw/ zkhq Q � P / wkh vxsuhpxp ri wkh wzr orjlfdo frqglwlrqv
D / P dqg D m Q � lv wkh fhuwdlqw|1 Wkhq/ dffruglqj wr sursrvlwlrq ;18 lq
^ KHL<:`/ zh �qg djdlq wkh lqfuhdvlqjqhvv ri �=Iru h{whqglqj ohyholqjv iurp vhwv



wr qxphulfdo ixqfwlrqv/ zh qhhg wr frqvlghu wkhp dv ixqfwlrqv ri wkhlu wkuhh
dujxphqwv D/ P dqg Q 1 Qrz/ lv wkh pdsslqj �+D>P>Q, iurp ^S +H,` � lqwr
S +H, lqfuhdvlqj B
Fruroodu| 46 Wkh ohyholqj � = ^S +H,` � $ S +H, lv lqfuhdvlqj li dqg rqo| li wkh
wzr rshudqgv P dqg Q duh rughuhg e| Q � P

Surri1 Zh gudz iurp wkh wkhruhp wkdw/ jlyhq P dqg Q / zlwk Q � P>
D � D � @, �+D>P>Q, � �+D � >P>Q,=

Rq wkh rwkhu kdqg/ jlyhq D � / zkhq P � P � dqg Q � Q � pruh judlqv ri D � duh
wrxfkhg dqg pruh sruhv ri D � duh o|lqj/ khqfh

�+D � >P>Q, � �+D � >P � > Q � ,
zklfk dfklhyhv wkh surri +wkh rqo| li sduw lv jlyhq e| wkh frxqwhu h{dpsoh ri
�j17d

Dq lqwhuhvwlqj ihdwxuh ri ohyholqjv frqfhuqv wkhlu srvvleoh vhoi0gxdolw|1 Iluvwo|/
zh pd| frqvlghu wkh ehkdylrxu/ xqghu frpsohphqw/ ri wkh wulsoh pdsslqj
+D>P>Q, $ �+D>P>Q,1 Zh kdyh

^�+D � >P � > Q � ,` � @ ^� � � +D � ,` � _ ^D _ ^� � +D,` � ` � @ * � � +D, _ ^D � ^ � � +D,` >

khqfh ^�+D � >P � > Q � ,` � @ � � +D, ^ ^D � _ * � � +D,` @ �+D>Q>P,
Wkhuhiruh vhoi0gxdolw| ri �+D>P>Q, lv uhdfkhg zkhq dqg rqo| zkhq wkh wzr
pdunhuvQ dqgP duh lghqwlfdo +d uhvxow wkdw fdq dovr eh gudzq iurp sursrvlwlrq
;16 lq ^ KHL<:`,1 Vlqfh/ lq dgglwlrq/ frqglwlrq P � Q lpsolhv wkh lquhdvlqjqhvv
ri �/ zh pd| vwdwh
Sursrvlwlrq 47 Wkh ohyholqj +D>P>P, $ �+D>P>P, lv dq lqfuhdvlqj vhoi0
gxdo pdsslqj iurp S+H,�S+H, lqwr S+H,1

Lq wklv dssurdfk/ zh lpsolflwho| vxssrvhg wkdw wkh gdwd ri D dqg ri P duh
lqghshqghqw1 Lq sudfwlfh/ lw riwhq rffxuv wkdw pdunhuP ghulyhv iurp d suhylrxv
wudqirupdwlrq ri D lwvhoi/ P @ �+D,/ vd|1 Wkhq wkh sursrvlwlrq vkrzv wkdw wkh
ohyholqj � = S+H, $ S+H, / zlwk � @ � +D>�+D,> �+D,, lv vhoi0gxdo li dqg rqo|
li pdsslqj � lwvhoi lv douhdg| vhoi0gxdo1

Zh frqfoxgh wklv vhfwlrq e| h{klelwlqj wzr h{dpsohv vkrzlqj krz qhfhvvdu|
duh vrph dvvxpswlrqv deryh1 Wdnh iru D d vlqjoh judlq zlwk dq lqwhuqdo sruh/
dqg iru P � Q wkh vhw pdgh e| wkh sruh ri D lq �j17e1 Vxssrvh zh uhsodfh/
lq gh�qlwlrq 43/ wkh frqglwlrq � � +D, n P e| � � +D,_P @ B/ dqg � � +D � , m Q
e| � � +D � , � Q Fohduo|/ zh kdyh

* � � +D, @ D ^P @, � � * � � +D, @ D ^P>
exw � � +D, @ B @, * � � � � +D, @ B



zkhuhdv �+D, @ P lv qhlwkhu � � * � � +D, qru * � � � � +D,1 Pruhryhu/ wkh
h{dpsoh vkrzv wkdw �+D_�+D,, @ B dqg wkdw �+D^�+D,, @ D^P > wklv lpsolhv
wkdw � fdqqrw eh ghfrpsrvhg lqwr wkh surgxfw ri dq rshqlqj e| d forvlqj ru ylfh
yhuvd +wkhruhp 9044/ fruroodu| 5 lq^ PDW;;f`,1 Qrwlfh dovr/ �qdoo|/ wkdw lq wkh
h{dpsoh ri �j17e wkh erughu ehwzhhq wkh judlq dqg lwv lqwhuqdo sruh lv suhvhuyhg/
exw qrw wkh vhqvh ri yduldwlrq1 Dv d pdwwhu ri idfw/ vxfk d � ls0 rs� h�hfw lv gxh
wr wkh fdvh zkhq P frqwdlqv d sruh ri D/ exw plvvhv wkh vxuurxqglqj judlq+v,1
Lw fdqqrw dsshdu lq wkh dfwxdo ohyholqjv ri gh�qlwlrq 431

Wkh vhfrqg frxqwhu0h{dpsoh frqfhuqv dgmdfhqf| suhyhqwlrq1 Ohw xv dgrsw
wkh �rshq � frqqhfwlrq/ dqg wdnh iru D wkh vhw �j15d/ dqg iru pdunhu P @ Q
wkh vl{ srlqw sruhv ri wkh fhqwudo jxoi1 Ilj15e dqg �j15f vkrz wkh wzr wudqvirupv
* � � � � +D, dqg � � * � � +D, zklfk duh reylrxvo| gl�huhqw = rqh fdqqrw gurs wkh
dgmdfhqf| suhyhqwlrq/ lq wkhruhp 45 $

518 Ohyholqjv dv ixqfwlrq ri wkhlu pdunhuv
Iru wkh vdnh ri vlpsolflw|/ zh vkdoo wdnh P @ Q wkurxjk wklv vhfwlrq/ dowkrxjk
vhoi0gxdolw| lv qrw uhdoo| uhtxluhg khuh/ dqg zulwh � � +P, iru �+D>P>P,1
Wkhruhp 48 Ohw F eh dq dgmdfhqf| suhyhqwlqj frqqhfwlrq rq S+H,= Jlyhq
D � H / wkh pdsslqj � � = S+H, $ S+H, lv d pruskrorjlfdo �owhu iurp S+H,
lqwr lwvhoi1

Surri1 Iru D>P 5 S+H,/ D jlyhq dqg P yduldeoh/ � � +P, lv wkh xqlrq ri
vrph judlqv dqg vrph sruhv ri D/ lq vxfk d zd| wkdw hdfk dffhswhg sruh duulyhg
lq � � +P, dffrpsdqlhg e| wkh zkroh froohfwlrq ri lwv dgmdfhqw judlqv1 Vr d
judlqv ri � � +D, wkdw grhv qrw sduwlflsdwh wr � � +P, grhv qrw wrxfk dq| ri wkh
D0frqqhfwhg hohphqwv +judlqv ru sruhv, lqyroyhg lq � � +P,> khqfh/ e| dgmdfhqf|
suhyhqwlrq/ � � +D, / � � +P,= E| gxdolw|/ � � +D � , % P lpsolhv � � +D � , % � � +P,/
vr wkdw � � ^� � +P,` @ � � +P,1

Wkh uhohydqw irupdolvp wr jr ixuwkhu lv wkdw ri wkh dfwlylw| rughulqj iru vhwv
+dqg qr orqjhu iru vhw pdsslqjv,^ PDW<:`1 Dv d pdwwhu ri idfw/ dq| �{hg vhw D
jhqhudwhv dq rughulqj ghqrwhg e| � � / iurp wkh wzr uhodwlrqvklsv

P � _D � P � _D
P � >P � � H / P � � � P �

P � _D � � P � _D �

Iurp wklv rughulqj ghulyhv wkh vr fdoohg D0dfwlylw| odwwlfh/ zkhuh wkh vxsuh0
pxp dqg wkh lq�pxp ri d idplo| iP � > l 5 Lj ri vhwv duh jlyhq e|

j � P � @ ^D � _ +^P � ,` ^ ^_P � `
i � P � @ ^D _ +^P � ,` ^ ^_P � `

zlwk D lwvhoi dv wkh plqlpxp hohphqw/ dqg D � dv wkh pd{lpxp rqh +d v|vwhp
yhu| vlplodu wr wkdw suhvhqwhg deryh derxw wkh dfwlylw| odwwlfh iru rshudwruv,1
Lq wklv iudphzrun/ wkh iroorzlqj wkhruhp krogv^ PDW<:`^VHU<;e`



Wkhruhp 49 Jlyhq vhw D/ wkh ohyholqj P $ � � +P, iurp wkh D0dfwlylw| odwwlfh
ri S+H, lqwr lwvhoi duh rshqlqjv1 Pruhryhu/ zkhq wkh D0dfwlylw| ri D lqfuhdvhv/
zh kdyh

P � � � P � , � ����� ����� +P � , @ � ����� �
	�� +P � , @ � � +P � ,
Wklv odvw judqxorphwulf w|sh s|udplg lv vshfldoo| xvhixoo lq sudfwlfh/ iru lw

doorzv wr judgh wkh dfwlylw| h�hfwv ri pdunhuv= lw phdqv wkdw zh fdq gluhfwo|
lpsohphqw d kljko| dfwlyh pdunhu/ ru/ htxlydohqwo|/ uhdfk lw e| lqwhuphgldu|
vwhsv1 Dq h{dpsoh lv jlyhq lq �j181

519 Ixqfwlrq ohyholqjv
Ohw W eh d glvfuhwh d{lv> ghqrwh e| W � wkh odwwlfh ri doo qxphulfdo ixqfwlrqv
i = H �$ W 1 Dq lqfuhdvlqj rshudwru � rq W � lv vdlg wr eh  dw li wkhuh h{lvwv
dq lqfuhdvlqj vhw rshudwru # vxfk wkdw

[ ^�+i,> w` @ # ^[+i> w,` +44,
zkhuh [+i> w, vwdqgv iru wkh wkuhvkroglqj ri ixqfwlrq i dw ohyho w/ l1h1 =

[+i> w, @ i{ = { 5 H> i+{, � wj +45,
Lq wkh glvfuhwh fdvhv ri gljlwdo lpdjhu|/ uhodwlrq +44, lv vx!flhqw wr fkdudf0

whul}h wkh ixqfwlrq rshudwru � dvvrfldwhg zlwk dq lqfuhdvlqj vhw rshudwru #1
Gh�qlwlrq 4: Ohw i> j> k> eh wkuhh ixqfwlrqv iurp H lqwr W /zlwk j � k=Wkhq
wkh uhodwlrq

[ ^�+i,> w` @ � ^[+i> w,` > [+j> w,> [+k> w,`
gh�qhv rqh dqg rqo| rqh ohyholqj �+i, rq W � =

Zkhq frqqhfwlrq F lv rewdlqhg iurp wkh lwhudwlrqv ri dq hohphqwdu| glodwlrq
�/ ri dgmrlqw hurvlrq %/ wkhq d gljlwdo dojrulwkp iru �+i, iurp wkh gdwd ri i> j
dqg k ghulyhv iurp wkh ghfrpsrvlwlrq wkhruhp 45/ e| frpsxwlqj vxffhvvlyho|
wkh rshqlqj e| uhfrqvwuxfwlrq j 
 +i, dqg wkhq �+i, @ k 
 ^j 
 +i,`1 Wkh �uvw
rshudwlrq lv wkxv jlyhq e| wkh olplw ri wkh vhtxhqfh

j � @ +i a �j � ��� ,
zlwk j � @ +i a �j,

dqg wkh vhfrqg rqh e|
k � @ ^j 
 +i, b %k � ��� `

zlwk k � @ ^j 
 +i, b %k`
Doo wkhruhpv dqg sursrvlwlrqv 44 wr49 ri wkh elqdu| fdvh h{whqg gluhfwo| wr

qxphulfdo rqh1 Frqfhuqlqj vhoi0gxdolw| iru h{dpsoh/ li 3 dqg p vwdqg iru wkh
wzr h{wuhph erxqgv ri wkh jud| d{lv W / zh kdyh

p� �+p� i>p� j>p� j, @ �+i> j> j,



zklfk phdqv wkdw wkh ohyholqj i> j $ �+i> j, lv dozd|v d vhoi0gxdo pdsslqj1
Lq dgglwlrq/ zkhq rqh wdnhv iru pdunhu j d vhoi0gxdo pdsslqj +h1j1 frqyroxwlrq/
phgldq rshudwru/ hwf11,/ wkhq wkh ohyholqj �> frqvlghuhg dv d ixqfwlrq ri i rqo|/
ehfrphv lq wxuq vhoi0gxdo/ dqg zh kdyh
p� j+p� i, @ j+i, , p� �^p� i> j+p� i,> j+p� i,` @ �^i> j+i,> j+i,,`

Lq sudfwlfh/ wkh uroh ri wkh pdunhu lv fuxfldo1 Lq �j18/ wkh pdunhu lv rewdlqhg
e| uhsodflqj i e| }hur rxw ri wkh pd{lpd dqg plqlpd ri i zlwk d g|qdplfv
A n/ dqg e| ohdylqj i xqfkdqjhg rq wkhvh h{wuhpd1 Wkh pd{lpd ri i zlwk d
g|qdplfv A n duh rewdlqhg iurp wkh rshqlqj e| uhfrqvwuxfwlrq � ����� +i, ri i e|
pdunhu i �n/ zkhuh n lv d srvlwlyh frqvwdqw1 Wkhq wkhvh pd{lpd duh orfdwhg dw
wkrvh srlqwv { zkhuh i+{,� � ����� +i,+{, @ n + wkh vlplodu plqlpd duh rewdlqhg
e| gxdolw|,1 Wkh fruuhvsrqglqj ohyholqjv duh vkrzq lq �j18d dqg 8e/ iru pdunhuv
j ��� dqg j � � / ri g|qdplfv 63 dqg 93 uhvshfwlyho| +ryhu 589 jud| ohyhov,1

Wkhvh wzr pdunhuv duh vhoi0gxdo e| frqvwuxfwlrq/ dqg vdwlvi| wkh frqglwlrq ri
dfwlylw| lqfuhdvlqjqhvv ri wkhruhp 491 Wkhlu surjuhvvlyh ohyholqj dfwlrq dsshduv
fohduo| zkhq frqiurqwlqj �j18d dqg 8e1 Qrwlfh wkh uhodwlyho| fruuhfw suhvhuydwlrq
ri vrph �qh ghwdlov vxfk dv exwwrqv/ h|hv/ h|heurzv/ �qjhuv/ hwf11 Wkhvh ghwdlov
duh suhvhuyhg ehfdxvh ri wkhlu kljk g|qdplfv1

Lq �jxuh 9/ wkh ohyholqj lv xvhg iru qrlvh uhgxfwlrq/ iurp d pdunhu rewdlqhg
e| Jdxvvldq prylqj dyhudjh ri vl}h 8/ qdpho| �j19e/ ri wkh lqlwldo qrlv| lpdjh
�j19d1 Lw uhvxowv lq �j19f zkhuh wkh qrlvh uhgxfwlrq ri �j19e lv suhvhuyhg/ exw
zkhuh wkh lqlwldo vkdusqhvv ri wkh hgjhv lv uhfryhuhg1

D odvw zrug1 Wkhuh duh wzr zd|v iru ghyhorslqj d wkhru| lq glvfuhwh jhrphwu|1
Rqh fdq vwduw iurp vrph Hxfolghdq qrwlrqv dqg dgdsw wkhp wr glvfuhwh vsdfhv/
ru hoderudwh wkh zkroh dssurdfk lqghshqghqwo| ri wkh idfw wkdw lw pd| dsso| wr
d frqwlqrxv/ ru d glvfuhwh/ ru d �qlwh/ vsdfh H1 Lw lv wklv vhfrqg wkdw zdv fkrvhq
khuh1

Dfnqrzohgjphqwv = L zrxog olnh wr wkdqn Gu1 I1 Ph|hu iru doo wkh glv0
fxvvlrqv derxw ohyholqjv/ dqg klv ydoxdeoh frpphqwv rq wkh dssurdfk dgrswhg
khuh1

Uhihuhqfhv
^ PDW;;f` Pdwkhurq J1 dqg Vhuud M1 Vwurqj �owhuv dqg frqqhfwlylw|1Fk : lq

Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|1 Yro1 51 Vhuud M1 hg1
Orqgrq= Dfdg1 Suhvv +4<;;,/ ss1 474048:1

^ VHU;;` Vhuud M1 Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|1 Yro1 51 Vhuud
M1 hg1 Orqgrq= Dfdg1 Suhvv/ 4<;;1

^ VHU<6` Vhuud M1 dqg Vdohpelhu S1 Frqqhfwhg rshudwruv dqg s|udplgv1 Lq
VSLH/ Yro1 5363/ Qrq olqhdu dojheud dqg pruskrorjlfdo lpdjh sur0
fhvvlqj/ Vdq Glhjr/ Mxo| 4<<6/ ss1 980:91



^URQ<;` Urqvh F1 Vhw wkhruhwlfdo dojheudlf dssurdfkhv wr frqqhfwlylw| lq
frqwlqxrxv ru gljlwdo vsdfhv1 MPLY/ 4<<;/ Yro1 ;/ ss1 7408;1

^ KDU<5` Kdudolfn U1P1 dqg Vkdslur O1J1 Frpsxwhu dqg urerw ylvlrq1 Yro1 L1
Dgglvrq Zhvoh|/ 4<<5/ ss1 4<404<;1

^ VHU<;d` Vhuud M1 Frqqhfwlylw| rq frpsohwh odwwlfhv MPLY/ 4<<;/ Yro1 </ ss1
5640584

^ KHL<:` Khlmpdqv/ P1M1D1P1 Frqqhfwhg pruskrorjlfdo rshudwruv1 Whfk1 Uhs1
FZL Qr SQD0U<:3;/ Dsulo 4<<:1

^ PDW<:` Pdwkhurq J1 Ohv qlyhoohphqwv1 Whfk1 Uhs1 Hfroh ghv Plqhv gh Sdulv/
Qr Q03:2<:2PP/ Ihe1 4<<:1

^ PH\<;e` Ph|hu I1 Wkh ohyholqjv1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssol0
fdwlrqv wr lpdjh dqg vljqdo surfhvvlqj/ K1 Khlmpdqv dqg M1 Urhuglqn
hgv1/ Noxzhu/ 4<<;1

^FUH<:` Fuhvsr/ M1 Vfkdihu/ U1Z1Orfdolw| dqg dgmdfhqf| vwdelolw| frqvwudlqwv
iru pruskrorjlfdo frqqhfwhg rshudwruv1 Mrxuqdo ri Pdwkhpdwlfdo
Lpdjlqj dqg Ylvlrq :/ 4 +4<<:,/ ;804351

^VHU<;e` Vhuud/ M1 Frqqhfwlylw| iru vhwv dqg ixqfwlrqv wr dsshdu lq ixqgd0
phqwd Lqirupdwlfdh/ Dxj14<<;

^PDW;;` Pdwkhurq J1 Ilowhuv dqg Odwwlfhv1 Fk 9 lq Lpdjh Dqdo|vlv dqg Pdwk0
hpdwlfdo Pruskrorj|1 Yro1 51 Vhuud M1 hg1 Orqgrq= Dfdg1 Suhvv/
+4<;;,/ ss144804731

^PH\<7` Ph|hu I1 Plqlpxp vsdqqlqj iruhvwv iru pruskrorjlfdo vhjphqwd0
wlrq1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg
vljqdo surfhvvlqj/ Pdudjrv S1 hw do1 hgv1/ Noxzhu/4<<91

^PDU<7` Pdufrwhjxl E1 dqg Ph|hu I1 Pruskrorjlfdo vhjphqwdwlrq ri lpdjh
vhtxhqfhv1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lp0
djh surfhvvlqj/ Vhuud M1 dqg Vrlooh S1 hgv1/ Noxzhu/ 4<<7/ ss1 434043;1

^VDO<9` Vdohpelhu S1 dqg Rolyhudv D1 Sudfwlfdo h{whqvlrqv ri frqqhfwhg rshu0
dwruv1 LqPdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg
vljqdo surfhvvlqj/ Pdudjrv S1 hw do1/ hgv1 Noxzhu/ 4<<9/ ss1 <:04431



Iljxuhv

d,Iluvw lpdjh ri d vhtxhqfh e, VsdfhWlph glvsod| ri wkh edoo
Iljxuh 4 = Lq d glodwlrq edvhg frqqhfwlrq/ wkh wkuhh foxvwhuv lq juh| duh

frqvlghuhg dv sduwlfohv1 Wkh| fruuhvsrqg wr wkh vorz prwlrqv1
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d, e, f,
�jxuh 5 = d, lqlwldo vhw D1 Iru wkh �rshq� frqqhfwlrq e| wkh 6{6 vtxduh/ D

lv pdgh ri 49 judlqv/ qdpho| wkh wzr 6{6 vtxduhv soxv 47 lvrodwhg srlqwv > e,
* � � � � +D, iru P htxdo wr wkh vl{ sruhv ri wkh fhqwudo jxoi +vxuurxqghg,> f,
� � * � � +D, iru wkh vdph pdunhu =Wkh gl�huhqfh frphv iurp wkdw wkh �rshq�
frqqhfwlrq lv qrw dgmdfhqf| suhyhqwlqj1

Iljxuh 6 = Dq h{dpsoh ri d s|udplg ri frqqhfwhg dowhuqdwhg vhtxhqwldo
�owhuv1 Hdfk frqwrxu lv suhvhuyhg ru vxssuhvvhg/ exw qhyhu ghiruphg = wkh lqlwldo
sduwlwlrq lqfuhdvhv xqghu wkh vxffhvvlyh �owhuv/ zklfk duh vwurqj dqg irup d
vhpl0jurxs1



M

N

A

x

M=N= γx(Αc)

A

d, e,
Iljxuh 7 = d,Qrq lqfuhdvlqjqhvv ri � zkhq Q - P 1Wdnh iru D* judlq D soxv

lwv sruh> wkhq D� D � zkhuhdv �+D � , � �+D,= e, Wdnh wkh lqwhuqdo sruh ri judlq
D dv P dqg Q/ wkhq �+D, htxdov wkh sruh zlwkrxw wkh judlq + ls0 rs h�hfw,

Iljxuh 8 = d, Pdqhw* Mrxhxu gh �iuh e,dqg f, ohyholqjv ri d, e| h{whqghg
h{wuhpd ri g|qdplfv 63 +e, dqg 93 +f,1

Iljxuh 9 = d, qrlv| yhuvlrq/ e, jdxvvldq frqyroxwlrq ri d/ f, ohyholqj ri d,
e| pdunhu e,


