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Abstract

The combination of morphological interpolation and affine transfor-
mation is presented. The proposed approach unites the advantages of
both methods: the displacement is performed by using affine transforma-
tion, and the shape deformation by morphological interpolation. It allows
the transformation of one binary set into another in semi-automatic or
fully-automatic way.

athematical morphology, interpolation, affine transformation, objects
deformation

1 Introduction

The current paper describes the combination of morphological interpolation and
affine transformation and its application to the deformation of binary image
objects. The morphlogical interpolation (section 2) allows one to deform the
object’s shape in a very elegant and robust way. The disadvantage is that the
result of interpolation of distant sets is either not possible to obtain or not
very realistic, depending on the method applied. On the other hand the affine
transformation (section 3) is an ideal solution for displacements like translation
and rotation. The change of shape however, could be performed to a very
restricted extent: only by rescaling and shearing, which does not allow the
modification of a shape into another (as morphological interpolation does).
The approach presented in the current paper unites the advantages of both
methods: the displacement is performed by using an affine transformation and
the shape deformation by a morphological interpolation. The method proposed
(section 4) consists of three major steps. At the beginning an affine transforma-
tion is applied to each of the sets in order to place them in the central position.
In the next step, the morphological interpolation is performed. Finally, in the
third step, the interpolated set is moved to its final position by once again using
an affine transformation. Contrary to morphological interpolation, the affine
transformation requires some input parameters. The methods of calculation of



these parameters are described in section 5. Section 6 contains the results and
conclusions.

2 Morphological interpolation of sets

Morphological interpolation is a recent subject. The main papers on it were
presented during the last two ISMM symposiums: in 1996 by F.Meyer [4, 5],
and in 1998 by J.Serra [6, 7] and S.Beucher [1, 2]. The interpolation method
applied here is based on the interpolation of the intermediary sets between
two sets with non-empty intersection. T'wo approaches to this issue have been
proposed. The first one is based on the median set [1, 2, 6, 7], the second one
- on the geodesic distance functions [4, 5]. The median set of two binary sets
with non-empty intersection is an influence zone of the intersection of both in
the union of them. It could also be expressed by using the basic morphological
operators: dilation and erosion as follows [6, 7]:

M(P,Q)=1Zpugy(PNQ)=U{({(PNQ)®AB)N(PUR)©AB),A>0} (1)

where P,Q (PNQ # 0) are the initial sets and M (P, Q) is the median set. The
interpolated set at a given level could be obtained by the succesive generation
of medians ([1, 2]). This approach, however, is not very fast. A faster solution
based on geodesic distance functions, which produces the same results, has been
proposed in [4, 5]. It allows one to obtain the interpolated set at a given level
by a simple thresholding of two interpolation fuctions, namely intfp’mQ, which
interpolates between P N Q and P; and z‘mf}Q,mQ, which interpolates between
PNQ and Q. The interpolated set at level 0 < k£ < 1, is the union of two
cross-sections of the interpolation function:

Zk = Thr(intpg) U Thra g (intg.g) (2)

where Thry, operator represents the thresholding at level k, and Zj is the
interpolated set at that level. The interpolation function intf;mQ is obtained as
a combination of two geodesic distance functions: d; and dy. The first one is
the distance from PN @ to P and is obtained by the succesive dilations of PNQ
within mask P. The function ds represents the geodesic distance function from

P to (P NQ), obtained by succesive geodesic dilations of P with mask (PN Q).
dy
dy+do”

Finally, the interpolation function intﬁmQ equals Function inth,mQ is

obtained in a similar way.

3 Affine transformation

An affine transformation allows one to translate, rotate, rescale and shear an
image. In the case described in the current paper, this operation is applied to
the transformation of binary sets. We match two sets as well as possible, leaving
the more precise change of shape to the morphological interpolation.



3.1 General form

The transformation can be explained in terms of the general transformation
matrix [8, ?] which in the case of an affine trasformation can be expressed as

follows:
a1 a2 O
a21 a2 0 (3)

az1 azz 1

[‘T’yal] = [u”ual] 'A; A=

The affine transformation considered here includes three kinds of operations:
translation, rotation and scaling!; the transformation matrices of which are,
respectively, the following:

1 0 O cosf sinfd O sz 0 0
T(tzyty) =1 0 1 0 [;RO)=| —sinf cosf® 0 |;S5(sz,8y)=1] 0 sy O
te ty 1 0 0 1 0 0 1

(4)
The equations above describe the forward mapping [8, ?]. It means that we
calculate the coordinates of the final image for every pixel from the initial one.
In order to obtain an appropriate matrix for the inverse mapping (which char-
acterizes the calculation of the coordinates on the initial image for every pixel
of the final one), the matrix A from Eq. 3 should be inverted?. In general, if we
consider the affine transformation consisting of n basic operations: translations,
rotations, scalings or shearings :

A=Ay -As- ... Ay (5)
the inverse transformation matrix A’ will be equal to:
A=A =A" A AT (6)

The inverse matrices of the three basic transformations introduced above (de-
fined as in Eq. 4) are respectively:

-1 —1 —1 1 1
T (tﬂhty) = T(_tma _ty); R (9) = R(_9)7 S (817 Sy) = S(_’ _) (7)

Sz Sy

4 Combination of morphological interpolation
and affine transformation

The proposed approach combines both methods described above. In the first
step an affine transformation is performed on each of the two sets under studys;
this results in locating both (modified) sets in a central position. It is shown in
Fig. 1(b) (initial sets: (a) and (c)). This first transformation consists of trans-
lation, rotation and scaling. In the second step the morphological interpolation
using the interpolation function is performed. Finally the morphologically in-
terpolated set is affine-transformed to its final position(s) (Fig. 1(d.e,f)). In

!The fourth kind of the affine transformation: shearing is not taken into consideration.
2The inverse matrix describes also an affine transformation
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Figure 1: generation of the interpolated set: (a),(c)-initial sets, (b)-central po-
sition, (d,e,f)-interpolated sets.

fact, the transformation to the final position could be done directly from both
initial sets, and the morphological interpolation could be performed there with-
out transforming them into the central position. But the proposed solution is
faster with regard to the speed of the calculations of the morphologically inter-
polated set. The interpolation functions are generated only once, and the final
interpolated sets at different levels are obtained by the appropriate thresholding
and one affine transformation to the final position for each level. The particular
steps of treatment are described in the following sections.

4.1 Putting both sets in the central position

The first step of treatment is performed separately for two sets P and Q. In
order to perform the affine transformation the following auxilliary data sets
must be associated with them: the middle point of the set (for the set P:
(zpo,yPo), and (zgo, ygo) for @), and the proper angle (ap and ag). The first
data is used twice: firstly for the translation to the central position, and secondly
as a center of the rotation. The second data - the proper angle, describes
the orientation of the set and is the angle between the z-axis and the line
indicating the characteristic direction of the set. There exists also the third input
data, which depend on the relation between both sets: the scaling coefficients
5z, 5y. They describe the proportion ratio between the sets. We will consider
now all these data as known a priori. How to obtain them is described in the
next section. The transformation which moves the initial sets P to the central
position is the following:

Ap = T(—zpo, —ypo) - R(—ap) - T(zc,yc) (8)

It rotates the set around the point (zpg,ypg) and translates it in such a way
that the middle point is placed in the central point (z¢,yc). The appropriate
transformation of the set () contains one additional step, rescaling:

Aq = T(~rqo, —yqo) - R(aq) - S(sz,sy) - T'(zc,yc) 9)



The only difference with the former transformation is that between the rotation

and the translation, the set @ is rescaled by using the coefficients s, sy3. Both
equations shown above tell us what has to be done with the initial set in order to
obtain the transformed one - they define the forward mapping. In this case for
each point from the initial image (containing the initial set), its new coordinates
on the final one (which contains the set in the central position) are calculated.
This approach, however, has one important disadvantage. Due to the numerical
inaccuracies, it can happen that not all the points on the final image are filled
by the values of the appropriate points from the initial one and some holes
are present. In order to avoid it, the inverse mapping is applied. In this case,
according to the equations 6 and 7, the transformation matrices are respectively
the following:

Ap' =T(~zc,—yc) - R(ap) - T(xpo,ypo)
Agt =T(—zco,—yc) - R(—aq) - S(£, &) - T(xqo, yqo)

sz ) sy

(10)

By using both equations indicated above one transform both sets to the central
position (see Fig. 2(b)). Now the distance functions: intﬁij, and z'ntIQD:mQ,
(where P’ and @’ represent the transformed sets) are produced. They allow one
to later obtain the morphologically interpolated set at given level. All the steps
described in this section are performed only once, even if the interpolated sets
on different levels have to be produced.

4.2 Interpolated set at given level

Let 0 < k < 1 be the level on which the interpolated set is calculated (for k =0
it is equal to P and for &k = 1, to Q). The interpolation functions calculated
in the previous step are thresholded according to Eq. 2. In order to place it
in the final position the affine tranformation is applied once again. This time,
however, new transformation parameters are calculated (all of them depend on
k): final middle point (zp(k),yr(k)), rotation angle 5(k) and scaling coefficient
s (k), sy, (k). The appropriate matrix of the affine transformation is (in case of
forward mapping):

Aine(k) = T(—zc, —yo) - S(su(k), 5y (k)) - R(=B(k)) - T(wr(k),yr(k)) (11)

The transformation parameters are calculated by using the following equations:

. 1 = 1
sz(k) = (1 +k(sz — 1))’ u(k) = (1+k(sy — 1)) (12)

B(k) =ap+k-(aqg —ap) (13)

zr(k) =xpo+ k- (zqo —zpo); yr(k) = ypo + k- (ygo — yro) (14)

As in the previous case, instead of the forward mapping, the reverse one is
applied, the matrix of which is the following:

Aie(k) = T(=zr(k), —yr (k) - R(=B(k)) - S(

!
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3In order to match both sets, only one of them - in our case Q - has to be rescaled.
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Figure 2: on the left: two initial sets (with control points), on the right: trans-
formed set in the central position

5 Calculation of the parameters of the affine
transformation

For calculating the parameters of the affine transformation four methods have
been developed - one semiautomatic and three fully automatic ones.

5.1 Semiautomatic by the triplet of points

In the current method a triplet of control points is associated with each of the
two sets. The affine transformation can transform any tripple of non collinear
points into any other in the image space by using the combination of all four base
transformations. In the current paper we neglect shearing, which reduces the
triplets which can be transformed. Let {p1 = (zp1,yp1),p0 = (ZP0o,yPo),p2 =
(zp2,yp2)} and {1 = (291,YQ1),9% = (Qo0,¥qo),q2 = (zq@2,yq2)} be the
triplets of control points of respectively the sets P and ). The necessary con-
dition is that they must be the vertices of a right-angled triangle, which can
be expressed by using the following equation (the right angle is indicated by a
pixel with index 0): zg(zg — 1 — 22) +yo(Yo — Y1 — Y2) = Y1y2 — T122. Example
sets and the triplets are shown on Fig. 2. The appropriate points are the ends
of the gray straight lines.

Both sets are transformed using the affine transformation in such a way that
their appropriate triplets of points superimpose (see Fig. 2(b)). The middle
points are already known and they are equal to pg for the set P and ¢ for
the set (). The proper angle ap? is defined as an angle between the line passing
through the points pg and p; and the z-axis of the base coordinate system:

N

<a<

ST

a = sgn(yp1 —ypo) - arccos (\/ LP1— TPo ) 5= (16)

(zp1 — xpo)? + (yp1 — ypo)?

Scaling coefficients are calculated by consdering the lengths of segments p1pg,

4When the equation considers only one set, it means that the appropriate equation for the
second one is to be obtained in exactly the same way.
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Figure 3: The initial sets (a) and the automatic matching obtained by using
different criteria: (b)-without rescaling, (c)-by the smallest recangle matching,
(d)-with the aeral criterion.

papo and their relationship to the lengths of segments g1qg, g2qo:

(17)

Sz =

(zp1— xpo)? + (yp1 — ypo)? e (zp2 — xpo)? + (yp2 — ypo)?
(@1 — 2q0)? + (Yo1 — yqo)® 7 Y (@2 — 2q0)* + (Y@2 — Yqo)?

5.2 Automatic without rescaling

In the automaic method, at first the middle point is calculated as a center of
gravity of the set. In order to obtain the proper angle a, one measures the
interceipts hy , of the set P at every point € P and for every angle A. Let !
be the maximum lengths of these interceipts:

l=sup{hrz(P),z€ P, \e|0,n]} (18)

then )\ is the direction associated with [ - the proper angle of P%.

The scaling coefficients are not calculated here(s, = s, = 1). The change of
size is performed only by means of the morphological interpolation.

5.3 Automatic by smallest rectangle matching

The middle point and the proper angle is calculated as in the previous method.
In order to obtain the scaling coefficients the size of the smallest rectangle

2 Of course a set can have more proper angles A - not only one.



10% 30%

(b)

»

lc)

Figure 4: The sequence generated by using the automatic calculation of the
parameters (a)-without rescaling, (b)-by the smallest rectangle matching, (c)-
with aeral criterion.

containing the set is considered. The coefficients are than calculated by using
the extreme values of the coordinates of the points belonging to the set:

Sp = LPmaz — TPmin 5 Sy _ YPmaz — YPmin (19)

TQmazx — TQmin YQmazx — YQmin

where indices max and min stand for the extremal coordinate values along the
appropriate axes. These values can be computed either before or after perform-
ing the rotation - in the result shown in the next section they are calculated
after the rotation.

5.4 Automatic by using the areal criterion

In this approach, the middle point and the proper angle are calculated in the
same way as in the former ones. The difference lies in the calculation of the
scaling coefficients. They are calculated according to the relation between the
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Figure 5: An animation
morphological deformation.

obtained automatically by using the affine-

areas of both sets - the areal criterion:

area(P)
area(Q

Sg = Sy =

where area(P) and area(Q) represent the area of respectively P and Q.

6 Results and Conclusions

The results of the automatic methods are presented in Fig. 4. The automaticaly
computed parameters are the following: xpg = 133, ypo = 184, zgo = 353,
ygo = 273, ap = —140° and ag = 0°. The result of the first method (a)
shows that the absence of the rescaling leaves the entire change of size to the
morphological interpolation, the results of which is not as precise as in the
combination with the rescaling. Next two methods contain the rescaling, the
automatically computed parameters of which are following for (b): s, = 0.56,
sy = 1.05; for (c):s, = s, = 0.5. If we compare both methods, the second
one (c), with the areal criterion produces finer interpolated sets (because the
transformed sets in the central position are smaller). The initial sets and the
matched sets in the central position are shown in Fig. 3.

The proposed method deals with objects. The objects, however, are always
a part of a particular image. They are represented as connected components. If
one considers images, one cannot avoid the question of noise-sensitivity. In case
of noisy image one have to filter the noise before the interpolation starts. Input
images for the interpolation must be noise-free and contain only the objects.



The method of set deformation proposed in the current paper combines the
advantages of the affine transformation and the morphological interpolation. It
allows one to transform one binary set into another one in a semi-automatic or
fully-automatic way. The shape of the interpolated sets looks natural and the
transition is performed smoothly. It can be applied in different areas of image
processing. One of the possible application areas is the animation. It could
be applied to animate the titles, graphics, or other objects on the image. The
example of the animation obtained by using the proposed method is presented on
Fig. 5. The first word 'INTER’ is transformed into another one: '"MORPH’. Each
frame of the animation has been obtained as a superposition of the interpolations
of single letters. Each letter was transformed by using the automatic method
consisting of translation and rotation (rescalling has not been performed). In
order to improve the smoothness of the final animated frame, an additional
morphological filtering (closing of size 1) has been applied.
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