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Devwudfw
Wkh frpelqdwlrq ri pruskrorjlfdo lqwhusrodwlrq dqg d!qh wudqviru0

pdwlrq lv suhvhqwhg1 Wkh sursrvhg dssurdfk xqlwhv wkh dgydqwdjhv ri
erwk phwkrgv= wkh glvsodfhphqw lv shuiruphg e| xvlqj d!qh wudqvirupd0
wlrq/ dqg wkh vkdsh ghirupdwlrq e| pruskrorjlfdo lqwhusrodwlrq1 Lw doorzv
wkh wudqvirupdwlrq ri rqh elqdu| vhw lqwr dqrwkhu lq vhpl0dxwrpdwlf ru
ixoo|0dxwrpdwlf zd|1

dwkhpdwlfdo pruskrorj|/ lqwhusrodwlrq/ d!qh wudqvirupdwlrq/ remhfwv
ghirupdwlrq

4 Lqwurgxfwlrq
Wkh fxuuhqw sdshu ghvfulehv wkh frpelqdwlrq ri pruskrorjlfdo lqwhusrodwlrq dqg
d!qh wudqvirupdwlrq dqg lwv dssolfdwlrq wr wkh ghirupdwlrq ri elqdu| lpdjh
remhfwv1 Wkh pruskorjlfdo lqwhusrodwlrq +vhfwlrq 5, doorzv rqh wr ghirup wkh
remhfw*v vkdsh lq d yhu| hohjdqw dqg urexvw zd|1 Wkh glvdgydqwdjh lv wkdw wkh
uhvxow ri lqwhusrodwlrq ri glvwdqw vhwv lv hlwkhu qrw srvvleoh wr rewdlq ru qrw
yhu| uhdolvwlf/ ghshqglqj rq wkh phwkrg dssolhg1 Rq wkh rwkhu kdqg wkh d!qh
wudqvirupdwlrq +vhfwlrq 6, lv dq lghdo vroxwlrq iru glvsodfhphqwv olnh wudqvodwlrq
dqg urwdwlrq1 Wkh fkdqjh ri vkdsh krzhyhu/ frxog eh shuiruphg wr d yhu|
uhvwulfwhg h{whqw= rqo| e| uhvfdolqj dqg vkhdulqj/ zklfk grhv qrw doorz wkh
prgl�fdwlrq ri d vkdsh lqwr dqrwkhu +dv pruskrorjlfdo lqwhusrodwlrq grhv,1

Wkh dssurdfk suhvhqwhg lq wkh fxuuhqw sdshu xqlwhv wkh dgydqwdjhv ri erwk
phwkrgv= wkh glvsodfhphqw lv shuiruphg e| xvlqj dq d!qh wudqvirupdwlrq dqg
wkh vkdsh ghirupdwlrq e| d pruskrorjlfdo lqwhusrodwlrq1 Wkh phwkrg sursrvhg
+vhfwlrq 7, frqvlvwv ri wkuhh pdmru vwhsv1 Dw wkh ehjlqqlqj dq d!qh wudqvirupd0
wlrq lv dssolhg wr hdfk ri wkh vhwv lq rughu wr sodfh wkhp lq wkh fhqwudo srvlwlrq1
Lq wkh qh{w vwhs/ wkh pruskrorjlfdo lqwhusrodwlrq lv shuiruphg1 Ilqdoo|/ lq wkh
wklug vwhs/ wkh lqwhusrodwhg vhw lv pryhg wr lwv �qdo srvlwlrq e| rqfh djdlq xvlqj
dq d!qh wudqvirupdwlrq1 Frqwudu| wr pruskrorjlfdo lqwhusrodwlrq/ wkh d!qh
wudqvirupdwlrq uhtxluhv vrph lqsxw sdudphwhuv1 Wkh phwkrgv ri fdofxodwlrq ri
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wkhvh sdudphwhuv duh ghvfulehg lq vhfwlrq 81 Vhfwlrq 9 frqwdlqv wkh uhvxowv dqg
frqfoxvlrqv1

5 Pruskrorjlfdo lqwhusrodwlrq ri vhwv
Pruskrorjlfdo lqwhusrodwlrq lv d uhfhqw vxemhfw1 Wkh pdlq sdshuv rq lw zhuh
suhvhqwhg gxulqj wkh odvw wzr LVPP v|psrvlxpv= lq 4<<9 e| I1Ph|hu ^7/ 8`/
dqg lq 4<<; e| M1Vhuud ^9/ :` dqg V1Ehxfkhu ^4/ 5`1 Wkh lqwhusrodwlrq phwkrg
dssolhg khuh lv edvhg rq wkh lqwhusrodwlrq ri wkh lqwhuphgldu| vhwv ehwzhhq
wzr vhwv zlwk qrq0hpsw| lqwhuvhfwlrq1 Wzr dssurdfkhv wr wklv lvvxh kdyh ehhq
sursrvhg1 Wkh �uvw rqh lv edvhg rq wkh phgldq vhw ^4/ 5/ 9/ :`/ wkh vhfrqg rqh
0 rq wkh jhrghvlf glvwdqfh ixqfwlrqv ^7/ 8`1 Wkh phgldq vhw ri wzr elqdu| vhwv
zlwk qrq0hpsw| lqwhuvhfwlrq lv dq lq xhqfh }rqh ri wkh lqwhuvhfwlrq ri erwk lq
wkh xqlrq ri wkhp1 Lw frxog dovr eh h{suhvvhg e| xvlqj wkh edvlf pruskrorjlfdo
rshudwruv= glodwlrq dqg hurvlrq dv iroorzv ^9/ :`=

PES>T� ' L] ��������� ES KT� ' �tEES KT�k �E� K EES �T�� �E�> � D f� +4,
zkhuh S>T +S _T 9@ >, duh wkh lqlwldo vhwv dqg P+S>T, lv wkh phgldq vhw1 Wkh
lqwhusrodwhg vhw dw d jlyhq ohyho frxog eh rewdlqhg e| wkh vxffhvlyh jhqhudwlrq
ri phgldqv +^4/ 5`,1 Wklv dssurdfk/ krzhyhu/ lv qrw yhu| idvw1 D idvwhu vroxwlrq
edvhg rq jhrghvlf glvwdqfh ixqfwlrqv/ zklfk surgxfhv wkh vdph uhvxowv/ kdv ehhq
sursrvhg lq ^7/ 8`1 Lw doorzv rqh wr rewdlq wkh lqwhusrodwhg vhw dw d jlyhq ohyho
e| d vlpsoh wkuhvkroglqj ri wzr lqwhusrodwlrq ixfwlrqv/ qdpho| lqw 		�
� / zklfk
lqwhusrodwhv ehwzhhq S _ T dqg S > dqg lqw

�
	�
� / zklfk lqwhusrodwhv ehwzhhq

S _ T dqg T1 Wkh lqwhusrodwhg vhw dw ohyho 3 � n � 4/ lv wkh xqlrq ri wzr
furvv0vhfwlrqv ri wkh lqwhusrodwlrq ixqfwlrq=

] � ' Wku � Elqw ������ � � Wku ����� � � Elqw ������ � +5,
zkhuh Wku � rshudwru uhsuhvhqwv wkh wkuhvkroglqj dw ohyho n/ dqg ] � lv wkh
lqwhusrodwhg vhw dw wkdw ohyho1 Wkh lqwhusrodwlrq ixqfwlrq lqw 		�
�� lv rewdlqhg dv
d frpelqdwlrq ri wzr jhrghvlf glvwdqfh ixqfwlrqv= g � dqg g � 1 Wkh �uvw rqh lv
wkh glvwdqfh iurp S _T wr S dqg lv rewdlqhg e| wkh vxffhvlyh glodwlrqv ri S _T
zlwklq pdvn S 1 Wkh ixqfwlrq g � uhsuhvhqwv wkh jhrghvlf glvwdqfh ixqfwlrq iurp
S wr +S _T,/ rewdlqhg e| vxffhvlyh jhrghvlf glodwlrqv ri S zlwk pdvn +S _T,1
Ilqdoo|/ wkh lqwhusrodwlrq ixqfwlrq lqw 		�
�� htxdov ���

� ��� �! 1 Ixqfwlrq lqw
�
	�
�� lv

rewdlqhg lq d vlplodu zd|1

6 D!qh wudqvirupdwlrq
Dq d!qh wudqvirupdwlrq doorzv rqh wr wudqvodwh/ urwdwh/ uhvfdoh dqg vkhdu dq
lpdjh1 Lq wkh fdvh ghvfulehg lq wkh fxuuhqw sdshu/ wklv rshudwlrq lv dssolhg wr
wkh wudqvirupdwlrq ri elqdu| vhwv1 Zh pdwfk wzr vhwv dv zhoo dv srvvleoh/ ohdylqj
wkh pruh suhflvh fkdqjh ri vkdsh wr wkh pruskrorjlfdo lqwhusrodwlrq1
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614 Jhqhudo irup
Wkh wudqvirupdwlrq fdq eh h{sodlqhg lq whupv ri wkh jhqhudo wudqvirupdwlrq
pdwul{ ^;/ B` zklfk lq wkh fdvh ri dq d!qh wudvirupdwlrq fdq eh h{suhvvhg dv
iroorzv=

d{> |> �o ' dx> y> �o u D ( D '
5

7

d ��� d ��� f
d � � d ��� f
d � � d � � �

6

8 +6,

Wkh d!qh wudqvirupdwlrq frqvlghuhg khuh lqfoxghv wkuhh nlqgv ri rshudwlrqv=
wudqvodwlrq/ urwdwlrq dqg vfdolqj � > wkh wudqvirupdwlrq pdwulfhv ri zklfk duh/
uhvshfwlyho|/ wkh iroorzlqj=

W Ew � > w � � '
5

7

� f f
f � f
w � w � �

6

8 ( UE�� '
5

7

ULt � t�? � f
3 t�? � ULt � f

f f �

6

8 ( VEv � > v � � '
5

7

v � f f
f v � f
f f �

6

8

+7,
Wkh htxdwlrqv deryh ghvfuleh wkh iruzdug pdsslqj ^;/ B`1 Lw phdqv wkdw zh
fdofxodwh wkh frruglqdwhv ri wkh �qdo lpdjh iru hyhu| sl{ho iurp wkh lqlwldo rqh1
Lq rughu wr rewdlq dq dssursuldwh pdwul{ iru wkh lqyhuvh pdsslqj +zklfk fkdu0
dfwhul}hv wkh fdofxodwlrq ri wkh frruglqdwhv rq wkh lqlwldo lpdjh iru hyhu| sl{ho
ri wkh �qdo rqh,/ wkh pdwul{ D iurp Ht1 6 vkrxog eh lqyhuwhg � 1 Lq jhqhudo/ li zh
frqvlghu wkh d!qh wudqvirupdwlrq frqvlvwlqj ri q edvlf rshudwlrqv= wudqvodwlrqv/
urwdwlrqv/ vfdolqjv ru vkhdulqjv =

D ' D � uD � u = = = uD � +8,
wkh lqyhuvh wudqvirupdwlrq pdwul{ D 	 zloo eh htxdo wr=

D 
 ' D
��� ' D

���
� u = = = u D ���� uD ���

� +9,
Wkh lqyhuvh pdwulfhv ri wkh wkuhh edvlf wudqvirupdwlrqv lqwurgxfhg deryh +gh0
�qhg dv lq Ht1 7, duh uhvshfwlyho|=

W
��� Ew � > w � � ' W E3w � >3w � �( U ��� E�� ' UE3��( V ��� Ev � > v � � ' VE �

v � >
�
v � � +:,

7 Frpelqdwlrq ri pruskrorjlfdo lqwhusrodwlrq
dqg d!qh wudqvirupdwlrq

Wkh sursrvhg dssurdfk frpelqhv erwk phwkrgv ghvfulehg deryh1 Lq wkh �uvw
vwhs dq d!qh wudqvirupdwlrq lv shuiruphg rq hdfk ri wkh wzr vhwv xqghu vwxg|>
wklv uhvxowv lq orfdwlqj erwk +prgl�hg, vhwv lq d fhqwudo srvlwlrq1 Lw lv vkrzq lq
Ilj1 4+e, +lqlwldo vhwv= +d, dqg +f,,1 Wklv �uvw wudqvirupdwlrq frqvlvwv ri wudqv0
odwlrq/ urwdwlrq dqg vfdolqj1 Lq wkh vhfrqg vwhs wkh pruskrorjlfdo lqwhusrodwlrq
xvlqj wkh lqwhusrodwlrq ixqfwlrq lv shuiruphg1 Ilqdoo| wkh pruskrorjlfdoo| lq0
whusrodwhg vhw lv d!qh0wudqviruphg wr lwv �qdo srvlwlrq+v, +Ilj1 4+g/h/i,,1 Lq

����������������������  �!"�#�$�%����&#'( ��)����&# +*��,�#�.-(&/�%�0�# 213*.���4&#�.�0 �56�0*7 ��/�7�%&#�#�8 ��0 ����694�# �*.�0!��:�%&/�.�0�# <;
= �������  ?>��:�%*.�)-(&/����� @A!��:*%9:�%�0BC�:*�&�D *%�(&# A&#'( ��)�%�.&# �*.�,�#�.-6&#�.�0�# 
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Iljxuh 4= jhqhudwlrq ri wkh lqwhusrodwhg vhw= +d,/+f,0lqlwldo vhwv/ +e,0fhqwudo sr0
vlwlrq/ +g/h/i,0lqwhusrodwhg vhwv1

idfw/ wkh wudqvirupdwlrq wr wkh �qdo srvlwlrq frxog eh grqh gluhfwo| iurp erwk
lqlwldo vhwv/ dqg wkh pruskrorjlfdo lqwhusrodwlrq frxog eh shuiruphg wkhuh zlwk0
rxw wudqviruplqj wkhp lqwr wkh fhqwudo srvlwlrq1 Exw wkh sursrvhg vroxwlrq lv
idvwhu zlwk uhjdug wr wkh vshhg ri wkh fdofxodwlrqv ri wkh pruskrorjlfdoo| lqwhu0
srodwhg vhw1 Wkh lqwhusrodwlrq ixqfwlrqv duh jhqhudwhg rqo| rqfh/ dqg wkh �qdo
lqwhusrodwhg vhwv dw gl�huhqw ohyhov duh rewdlqhg e| wkh dssursuldwh wkuhvkroglqj
dqg rqh d!qh wudqvirupdwlrq wr wkh �qdo srvlwlrq iru hdfk ohyho1 Wkh sduwlfxodu
vwhsv ri wuhdwphqw duh ghvfulehg lq wkh iroorzlqj vhfwlrqv1

714 Sxwwlqj erwk vhwv lq wkh fhqwudo srvlwlrq
Wkh �uvw vwhs ri wuhdwphqw lv shuiruphg vhsdudwho| iru wzr vhwv S dqg T1 Lq
rughu wr shuirup wkh d!qh wudqvirupdwlrq wkh iroorzlqj dx{looldu| gdwd vhwv
pxvw eh dvvrfldwhg zlwk wkhp= wkh plggoh srlqw ri wkh vhw +iru wkh vhw S =
+{ 	�� > | 	�� ,/ dqg +{ ��� > | ��� , iru T,/ dqg wkh surshu dqjoh +� 	 dqg � � ,1 Wkh �uvw
gdwd lv xvhg wzlfh= �uvwo| iru wkh wudqvodwlrq wr wkh fhqwudo srvlwlrq/ dqg vhfrqgo|
dv d fhqwhu ri wkh urwdwlrq1 Wkh vhfrqg gdwd 0 wkh surshu dqjoh/ ghvfulehv
wkh rulhqwdwlrq ri wkh vhw dqg lv wkh dqjoh ehwzhhq wkh {0d{lv dqg wkh olqh
lqglfdwlqj wkh fkdudfwhulvwlf gluhfwlrq ri wkh vhw1 Wkhuh h{lvwv dovr wkh wklug lqsxw
gdwd/ zklfk ghshqg rq wkh uhodwlrq ehwzhhq erwk vhwv= wkh vfdolqj frh!flhqwv
v � > v � 1 Wkh| ghvfuleh wkh sursruwlrq udwlr ehwzhhq wkh vhwv1 Zh zloo frqvlghu
qrz doo wkhvh gdwd dv nqrzq d sulrul1 Krz wr rewdlq wkhp lv ghvfulehg lq wkh
qh{w vhfwlrq1 Wkh wudqvirupdwlrq zklfk pryhv wkh lqlwldo vhwv S wr wkh fhqwudo
srvlwlrq lv wkh iroorzlqj=

D � ' W E3{ ��� >3| ��� � u UE3� � � u W E{ � > | � � +;,
Lw urwdwhv wkh vhw durxqg wkh srlqw +{ 		� > | 		� , dqg wudqvodwhv lw lq vxfk d zd|
wkdw wkh plggoh srlqw lv sodfhg lq wkh fhqwudo srlqw +{ 
 > | 
 ,1 Wkh dssursuldwh
wudqvirupdwlrq ri wkh vhw T frqwdlqv rqh dgglwlrqdo vwhs/ uhvfdolqj=

D � ' W E3{ ��� >3| ��� � u UE� � � u VEv � > v � � u W E{ � > | � � +<,
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Wkh rqo| gl�huhqfh zlwk wkh iruphu wudqvirupdwlrq lv wkdw ehwzhhq wkh urwdwlrq
dqg wkh wudqvodwlrq/ wkh vhw T lv uhvfdohg e| xvlqj wkh frh!flhqwv v � > v � � 1 Erwk
htxdwlrqv vkrzq deryh whoo xv zkdw kdv wr eh grqh zlwk wkh lqlwldo vhw lq rughu wr
rewdlq wkh wudqviruphg rqh 0 wkh| gh�qh wkh iruzdug pdsslqj1 Lq wklv fdvh iru
hdfk srlqw iurp wkh lqlwldo lpdjh +frqwdlqlqj wkh lqlwldo vhw,/ lwv qhz frruglqdwhv
rq wkh �qdo rqh +zklfk frqwdlqv wkh vhw lq wkh fhqwudo srvlwlrq, duh fdofxodwhg1
Wklv dssurdfk/ krzhyhu/ kdv rqh lpsruwdqw glvdgydqwdjh1 Gxh wr wkh qxphulfdo
lqdffxudflhv/ lw fdq kdsshq wkdw qrw doo wkh srlqwv rq wkh �qdo lpdjh duh �oohg
e| wkh ydoxhv ri wkh dssursuldwh srlqwv iurp wkh lqlwldo rqh dqg vrph krohv
duh suhvhqw1 Lq rughu wr dyrlg lw/ wkh lqyhuvh pdsslqj lv dssolhg1 Lq wklv fdvh/
dffruglqj wr wkh htxdwlrqv 9 dqg :/ wkh wudqvirupdwlrq pdwulfhv duh uhvshfwlyho|
wkh iroorzlqj=

D
���
� ' W E3{ � >3| � � u UE� � � u W E{ ��� > | ��� �

D � �
� ' W E3{ � >3| � � uUE3� � � u VE �

��� >
�
��� � u W E{ ��� > | � � � +43,

E| xvlqj erwk htxdwlrqv lqglfdwhg deryh rqh wudqvirup erwk vhwv wr wkh fhqwudo
srvlwlrq +vhh Ilj1 5+e,,1 Qrz wkh glvwdqfh ixqfwlrqv= lqw 	��	 � 
�� � dqg lqw

���
	 � 
�� �

+zkhuh S 	 dqg T 	 uhsuhvhqw wkh wudqviruphg vhwv, duh surgxfhg1 Wkh| doorz rqh
wr odwhu rewdlq wkh pruskrorjlfdoo| lqwhusrodwhg vhw dw jlyhq ohyho1 Doo wkh vwhsv
ghvfulehg lq wklv vhfwlrq duh shuiruphg rqo| rqfh/ hyhq li wkh lqwhusrodwhg vhwv
rq gl�huhqw ohyhov kdyh wr eh surgxfhg1

715 Lqwhusrodwhg vhw dw jlyhq ohyho
Ohw 3 � n � 4 eh wkh ohyho rq zklfk wkh lqwhusrodwhg vhw lv fdofxodwhg +iru n @ 3
lw lv htxdo wr S dqg iru n @ 4/ wr T,1 Wkh lqwhusrodwlrq ixqfwlrqv fdofxodwhg
lq wkh suhylrxv vwhs duh wkuhvkroghg dffruglqj wr Ht1 51 Lq rughu wr sodfh lw
lq wkh �qdo srvlwlrq wkh d!qh wudqirupdwlrq lv dssolhg rqfh djdlq1 Wklv wlph/
krzhyhu/ qhz wudqvirupdwlrq sdudphwhuv duh fdofxodwhg +doo ri wkhp ghshqg rq
n,= �qdo plggoh srlqw +{ 	 +n,> | 	 +n,,/ urwdwlrq dqjoh �+n, dqg vfdolqj frh!flhqw
v 	� +n,> v 	� +n,1 Wkh dssursuldwh pdwul{ ri wkh d!qh wudqvirupdwlrq lv +lq fdvh ri
iruzdug pdsslqj,=

D 
 ��� En� ' W E3{ � >3| � � u VEv 
� En�> v 
� En�� uUE3�En�� u W E{  En�> |  En�� +44,
Wkh wudqvirupdwlrq sdudphwhuv duh fdofxodwhg e| xvlqj wkh iroorzlqj htxdwlrqv=

v 
� En� ' �
E� n nEv � 3 ��� ( v 
� En� ' �

E� n nEv � 3 ��� +45,

�En� ' � � n n u E� � 3 � � � +46,
{  En� ' { ��� n n u E{ ��� 3 { ��� � ( |  En� ' | ��� n n u E| � � 3 | ��� � +47,

Dv lq wkh suhylrxv fdvh/ lqvwhdg ri wkh iruzdug pdsslqj/ wkh uhyhuvh rqh lv
dssolhg/ wkh pdwul{ ri zklfk lv wkh iroorzlqj=

D
���

 ��� En� ' W E3{  En�>3|  En�� uUE3�En�� u VE �

v 
� En� >
�

v 
� En� � u W E{ � > | � � +48,

���  A�#�%!��:� ��� -(&/��9%�"BC�/���A*.�:�%*����# +D ���# ������<�.���4-��3�0 A������9:&#*%����� ��&�* �.�(BC���%�:*%9:&�D �4! ;

8



Iljxuh 5= rq wkh ohiw= wzr lqlwldo vhwv +zlwk frqwuro srlqwv,/ rq wkh uljkw= wudqv0
iruphg vhw lq wkh fhqwudo srvlwlrq

8 Fdofxodwlrq ri wkh sdudphwhuv ri wkh d!qh
wudqvirupdwlrq

Iru fdofxodwlqj wkh sdudphwhuv ri wkh d!qh wudqvirupdwlrq irxu phwkrgv kdyh
ehhq ghyhorshg 0 rqh vhpldxwrpdwlf dqg wkuhh ixoo| dxwrpdwlf rqhv1

814 Vhpldxwrpdwlf e| wkh wulsohw ri srlqwv
Lq wkh fxuuhqw phwkrg d wulsohw ri frqwuro srlqwv lv dvvrfldwhg zlwk hdfk ri wkh
wzr vhwv1 Wkh d!qh wudqvirupdwlrq fdq wudqvirup dq| wulssoh ri qrq froolqhdu
srlqwv lqwr dq| rwkhu lq wkh lpdjh vsdfh e| xvlqj wkh frpelqdwlrq ri doo irxu edvh
wudqvirupdwlrqv1 Lq wkh fxuuhqw sdshu zh qhjohfw vkhdulqj/ zklfk uhgxfhv wkh
wulsohwv zklfk fdq eh wudqviruphg1 Ohw is � @ +{ 	 � > | 	 � ,> s � @ +{ 		� > | 	�� ,> s � @
+{ 	 � > | 	 � ,j dqg it � @ +{ � � > | � � ,> t � @ +{ ��� > | ��� ,> t � @ +{ � � > | � � ,j eh wkh
wulsohwv ri frqwuro srlqwv ri uhvshfwlyho| wkh vhwv S dqg T1 Wkh qhfhvvdu| frq0
glwlrq lv wkdw wkh| pxvw eh wkh yhuwlfhv ri d uljkw0dqjohg wuldqjoh/ zklfk fdq
eh h{suhvvhg e| xvlqj wkh iroorzlqj htxdwlrq +wkh uljkw dqjoh lv lqglfdwhg e| d
sl{ho zlwk lqgh{ 3,= { � +{ � �{ � �{ � ,.| � +| � �| � �| � , @ | � | � �{ � { � 1 H{dpsoh
vhwv dqg wkh wulsohwv duh vkrzq rq Ilj1 51 Wkh dssursuldwh srlqwv duh wkh hqgv
ri wkh jud| vwudljkw olqhv1

Erwk vhwv duh wudqviruphg xvlqj wkh d!qh wudqvirupdwlrq lq vxfk d zd| wkdw
wkhlu dssursuldwh wulsohwv ri srlqwv vxshulpsrvh +vhh Ilj1 5+e,,1 Wkh plggoh
srlqwv duh douhdg| nqrzq dqg wkh| duh htxdo wr s � iru wkh vhw S dqg t � iru
wkh vhw T1Wkh surshu dqjoh � 	�� lv gh�qhg dv dq dqjoh ehwzhhq wkh olqh sdvvlqj
wkurxjk wkh srlqwv s � dqg s � dqg wkh {0d{lv ri wkh edvh frruglqdwh v|vwhp=

� ' vjqE| � � 3| ��� � u@hUULt
#

{ � � 3 { � �
sE{ � � 3 { ��� � � n E| � � 3 | ��� � �

$

G( G 3�
2 ? � $ �

2 +49,

Vfdolqj frh!flhqwv duh fdofxodwhg e| frqvghulqj wkh ohqjwkv ri vhjphqwv s � s � /
��� ���4 (����� ���?��&#�.�0�# 94�# �*%�0!��:�%* �# +D � �# �� *%��� � � � -6�4&� �*3����&/� �.�+�7&������.�	�����0&/���7�
�?��&/�%� �� �,�#�3�%�+�

*%�:9:�� �!A�� ���� *7�.�(BC���#B���&#�0 ��4!A�0 A��@�&#94�.D � ������*.&#-(��� &�� ;

9



Iljxuh 6= Wkh lqlwldo vhwv +d, dqg wkh dxwrpdwlf pdwfklqj rewdlqhg e| xvlqj
gl�huhqw fulwhuld= +e,0zlwkrxw uhvfdolqj/ +f,0e| wkh vpdoohvw uhfdqjoh pdwfklqj/
+g,0zlwk wkh dhudo fulwhulrq1

s � s � dqg wkhlu uhodwlrqvkls wr wkh ohqjwkv ri vhjphqwv t � t � / t � t � =

v � '
v

E{ � � 3 { ��� � � n E| � � 3 | ��� � �
E{ ��� 3 { � � � � n E| � � 3 | � � � � G( G v � '

v

E{ � � 3 { ��� � � n E| � � 3 | ��� � �
E{ �3� 3 { � � � � n E| �3� 3 | ��� � � +4:,

815 Dxwrpdwlf zlwkrxw uhvfdolqj
Lq wkh dxwrpdlf phwkrg/ dw �uvw wkh plggoh srlqw lv fdofxodwhg dv d fhqwhu ri
judylw| ri wkh vhw1 Lq rughu wr rewdlq wkh surshu dqjoh �/ rqh phdvxuhv wkh
lqwhufhlswv k ��� � ri wkh vhw S dw hyhu| srlqw { 5 S dqg iru hyhu| dqjoh �1 Ohw o
eh wkh pd{lpxp ohqjwkv ri wkhvh lqwhufhlswv=

o ' vxs tk ��� � ES � > { M S > � M df> �o� +4;,

wkhq � lv wkh gluhfwlrq dvvrfldwhg zlwk o 0 wkh surshu dqjoh ri S � 1
Wkh vfdolqj frh!flhqwv duh qrw fdofxodwhg khuh+v � @ v � @ 4,1 Wkh fkdqjh ri

vl}h lv shuiruphg rqo| e| phdqv ri wkh pruskrorjlfdo lqwhusrodwlrq1

816 Dxwrpdwlf e| vpdoohvw uhfwdqjoh pdwfklqj
Wkh plggoh srlqw dqg wkh surshu dqjoh lv fdofxodwhg dv lq wkh suhylrxv phwkrg1
Lq rughu wr rewdlq wkh vfdolqj frh!flhqwv wkh vl}h ri wkh vpdoohvw uhfwdqjoh

�	� �$9:�#�+��*%��& *%�:� 9:&# A��&8> ��-6����� ���%���C�4��&# �5#D0�:*�
 �3 +�/�7�# �D ���# ��#;
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Iljxuh 7= Wkh vhtxhqfh jhqhudwhg e| xvlqj wkh dxwrpdwlf fdofxodwlrq ri wkh
sdudphwhuv +d,0zlwkrxw uhvfdolqj/ +e,0e| wkh vpdoohvw uhfwdqjoh pdwfklqj/ +f,0
zlwk dhudo fulwhulrq1

frqwdlqlqj wkh vhw lv frqvlghuhg1 Wkh frh!flhqwv duh wkdq fdofxodwhg e| xvlqj
wkh h{wuhph ydoxhv ri wkh frruglqdwhv ri wkh srlqwv ehorqjlqj wr wkh vhw=

v � ' { ����� � 3 { ��� 
 �
{ ����� � 3 { ��� 
 � G( G v � ' | ����� � 3 | ��� 
 �

| ����� � 3 | ��� 
 � +4<,

zkhuh lqglfhv pd{ dqg plq vwdqg iru wkh h{wuhpdo frruglqdwh ydoxhv dorqj wkh
dssursuldwh d{hv1 Wkhvh ydoxhv fdq eh frpsxwhg hlwkhu ehiruh ru diwhu shuirup0
lqj wkh urwdwlrq 0 lq wkh uhvxow vkrzq lq wkh qh{w vhfwlrq wkh| duh fdofxodwhg
diwhu wkh urwdwlrq1

817 Dxwrpdwlf e| xvlqj wkh duhdo fulwhulrq
Lq wklv dssurdfk/ wkh plggoh srlqw dqg wkh surshu dqjoh duh fdofxodwhg lq wkh
vdph zd| dv lq wkh iruphu rqhv1 Wkh gl�huhqfh olhv lq wkh fdofxodwlrq ri wkh
vfdolqj frh!flhqwv1 Wkh| duh fdofxodwhg dffruglqj wr wkh uhodwlrq ehwzhhq wkh

;



Iljxuh 8= Dq dqlpdwlrq rewdlqhg dxwrpdwlfdoo| e| xvlqj wkh d!qh0
pruskrorjlfdo ghirupdwlrq1

duhdv ri erwk vhwv 0 wkh duhdo fulwhulrq=
v � ' v � '

v

duhdES �
duhdET +53,

zkhuh duhd+S , dqg duhd+T, uhsuhvhqw wkh duhd ri uhvshfwlyho| S dqg T1

9 Uhvxowv dqg Frqfoxvlrqv
Wkh uhvxowv ri wkh dxwrpdwlf phwkrgv duh suhvhqwhg lq Ilj1 71 Wkh dxwrpdwlfdo|
frpsxwhg sdudphwhuv duh wkh iroorzlqj= { 		� @ 466/ | 		� @ 4;7/ { ��� @ 686/
| � � @ 5:6/ � 	 @ �473 � dqg � � @ 3 � 1 Wkh uhvxow ri wkh �uvw phwkrg +d,
vkrzv wkdw wkh devhqfh ri wkh uhvfdolqj ohdyhv wkh hqwluh fkdqjh ri vl}h wr wkh
pruskrorjlfdo lqwhusrodwlrq/ wkh uhvxowv ri zklfk lv qrw dv suhflvh dv lq wkh
frpelqdwlrq zlwk wkh uhvfdolqj1 Qh{w wzr phwkrgv frqwdlq wkh uhvfdolqj/ wkh
dxwrpdwlfdoo| frpsxwhg sdudphwhuv ri zklfk duh iroorzlqj iru +e,= v � @ 3=89/
v � @ 4=38> iru +f,=v � @ v � @ 3=81 Li zh frpsduh erwk phwkrgv/ wkh vhfrqg
rqh +f,/ zlwk wkh duhdo fulwhulrq surgxfhv �qhu lqwhusrodwhg vhwv +ehfdxvh wkh
wudqviruphg vhwv lq wkh fhqwudo srvlwlrq duh vpdoohu,1 Wkh lqlwldo vhwv dqg wkh
pdwfkhg vhwv lq wkh fhqwudo srvlwlrq duh vkrzq lq Ilj1 61

Wkh sursrvhg phwkrg ghdov zlwk remhfwv1 Wkh remhfwv/ krzhyhu/ duh dozd|v
d sduw ri d sduwlfxodu lpdjh1 Wkh| duh uhsuhvhqwhg dv frqqhfwhg frpsrqhqwv1 Li
rqh frqvlghuv lpdjhv/ rqh fdqqrw dyrlg wkh txhvwlrq ri qrlvh0vhqvlwlylw|1 Lq fdvh
ri qrlv| lpdjh rqh kdyh wr �owhu wkh qrlvh ehiruh wkh lqwhusrodwlrq vwduwv1 Lqsxw
lpdjhv iru wkh lqwhusrodwlrq pxvw eh qrlvh0iuhh dqg frqwdlq rqo| wkh remhfwv1

<



Wkh phwkrg ri vhw ghirupdwlrq sursrvhg lq wkh fxuuhqw sdshu frpelqhv wkh
dgydqwdjhv ri wkh d!qh wudqvirupdwlrq dqg wkh pruskrorjlfdo lqwhusrodwlrq1 Lw
doorzv rqh wr wudqvirup rqh elqdu| vhw lqwr dqrwkhu rqh lq d vhpl0dxwrpdwlf ru
ixoo|0dxwrpdwlf zd|1 Wkh vkdsh ri wkh lqwhusrodwhg vhwv orrnv qdwxudo dqg wkh
wudqvlwlrq lv shuiruphg vprrwko|1 Lw fdq eh dssolhg lq gl�huhqw duhdv ri lpdjh
surfhvvlqj1 Rqh ri wkh srvvleoh dssolfdwlrq duhdv lv wkh dqlpdwlrq1 Lw frxog
eh dssolhg wr dqlpdwh wkh wlwohv/ judsklfv/ ru rwkhu remhfwv rq wkh lpdjh1 Wkh
h{dpsoh ri wkh dqlpdwlrq rewdlqhg e| xvlqj wkh sursrvhg phwkrg lv suhvhqwhg rq
Ilj1 81 Wkh �uvw zrug *LQWHU* lv wudqviruphg lqwr dqrwkhu rqh= *PRUSK*1 Hdfk
iudph ri wkh dqlpdwlrq kdv ehhq rewdlqhg dv d vxshusrvlwlrq ri wkh lqwhusrodwlrqv
ri vlqjoh ohwwhuv1 Hdfk ohwwhu zdv wudqviruphg e| xvlqj wkh dxwrpdwlf phwkrg
frqvlvwlqj ri wudqvodwlrq dqg urwdwlrq +uhvfdoolqj kdv qrw ehhq shuiruphg,1 Lq
rughu wr lpsuryh wkh vprrwkqhvv ri wkh �qdo dqlpdwhg iudph/ dq dgglwlrqdo
pruskrorjlfdo �owhulqj +forvlqj ri vl}h 4, kdv ehhq dssolhg1
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