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Devwudfw
Frorxu lpdjhv duh pxowlyduldeoh ixqfwlrqv/ dqg iru vhjphqwlqj wkhp rqh pxvw jr

wkurxjk d uhgxflqj vwhs1 Lw lv fodvvlfdoo| rewdlqhg e| fdofxodwlqj d judglhqw prgxoh/
zklfk lv wkhq vhjphqwhg dv d jud| wrqh lpdjh1 Dq dowhuqdwlyh vroxwlrq lv sursrvhg lq
wkh sdshu1 Lw lv edvhg rq vhsdudwhg vhjphqwdwlrqv/ iroorzhg e| d �qdo phujlqj lqwr d
xqltxh sduwlwlrq1 Irxu sureohpv duh wuhdwhg wklv zd|1 Iluvw/ wkh vhdufk iru doljqphqwv lq
wkh 50G vdwxudwlrq2oxplqdqfh klvwrjudpv1 Lw |lhogv sduwldo/ exw lqvwuxfwlyh uhvxowv zklfk
vxjjhvw d prgho iru wkh glvwulexwlrq ri wkh oljkw ryhu wkh vsdfh1 Vhfrqg/ wkh frpelqdwlrq
ri oxplqdqfh grplqdqw dqg kxh grplqdqw uhjlrqv lq lpdjhv1 Wklug/ wkh v|qwkhvlv ehwzhhq
frorxu dqg vkdsh lqirupdwlrq lq kxpdq exvw wudfnlqj/ dqg irxuwk wkh vhjphqwdwlrq ri
frorxu vhtxhqfhv frghg e| sdohwwhv1

Nh| zrugv = frorxu/ vhjphqwdwlrq/ vdwxudwlrq/ qrupv/ oljkw sursdjdwlrq/ frqqhfwlrq/
pxowlyduldwh dqdo|vlv

4 Lqwurgxfwlrq
Wkh suhvhqw sdshu dlpv wr dqdo|vh wkh zd| lqirupdwlrq lv uhgxfhg zkhq zh jr iurp pxowl0
glphqvlrqdo frorxu lpdjhv wr wkhlu vhjphqwdwlrqv/ l1h1 wr �qdo xqltxh rswlpdo sduwlwlrqv ^49`1
Wkh sureohp lv wkh iroorzlqj= vrrqhu ru odwhu/ wkh surfhvvlqj ri vxfk pxowl0glphqvlrqdo gdwd
jrhv wkurxjk d vfdodu uhgxfwlrq/ zklfk lq wxuq |lhogv wkh �qdo sduwlwlrq1 Xvxdoo|/ wkh vfdodu
uhgxfwlrq dulvhv udslgo|/ vlqfh lq wkh prvw srsxodu surfhgxuhv lw frqvlvwv lq uhsodflqj/ iurp wkh
ehjlqqlqj/ wkh exqfk ri lpdjhv e| d vroh judglhqw prgxoh rq zklfk wkh ydulrxv plqlpl}dwlrqv
krog +h1j1 wkh zdwhuvkhg whfkqltxh,1 Zkhq wkh vfdodu uhgxfwlrq rffxuv wrr vrrq/ lw ulvnv wr
ljqruh vshfl�f ihdwxuhv ri hdfk edqg/ dqg wr ghvwur| wkhp lq wkh phowlqj srw wkdw jhqhudwhv
wkh 40G yduldeoh1 Wkh dowhuqdwlyh dssurdfk zh sursrvh khuh zrunv lq wkh h{dfwo| rssrvlwh
zd|1 Zh zloo wu| dqg rewdlq �uvw ydulrxv lqwhuphgldu| sduwlwlrqv/ dqg wkhq pdnh wkh �qdo
vhjphqwdwlrq krog rq wkhp1

Wklv lghd lv ghyhorshg ehorz wkurxjk irxu vwxglhv1 Wkh �uvw rqh h{whqgv wr frorxu lpdjhv
wkh vlpsohvw vhjphqwdwlrq whfkqltxh iru qxphulfdo ixqfwlrqv/ zklfk frqvlvwv lq klvwrjudp
wkuhvkroglqj1 Krz wr h{whqg lw wr wkh 50G ru 60G klvwrjudpv ri wkh frorxu fdvhB Wkh txhvwlrq
zloo eh wdfnohg lq wkh iudphzrun ri wkh euljkwqhvv0vdwxudwlrq0kxh uhsuhvhqwdwlrqv1 Vxfk srodu
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frruglqdwhv kdyh wr eh gh�qhg lq d vxlwdeoh pdqqhu iru lpdjh surfhvvlqj/ dv D1Kdqexu| dqg
M1Vhuud glg lq ^;`1 Zh kdyh dovr wr fkhfn wkh shuwlqhqfh ri wkhvh qhz uhsuhvhqwdwlrqv1 M1
Dqjxor ^5` glg lw e| dqdo|vlqj wkhlu 50G klvwrjudpv/ zklfk h{klelw w|slfdo doljqphqwv1 Wkh
sk|vlfdo lqwhusuhwdwlrq ri wkhvh vwuxfwxuhv ohdgv wr dq ruljlqdo prgho iru oljkw uhfhswlrq/ zklfk
lv sursrvhg ehorz/ lq vhfwlrq 61

Wkh vhfrqg vwxg| uholhv rq wkh lqwxlwlrq wkdw kxpdq ylvlrq h{sorlwv wkh kxh iru vhjphqwlqj
wkh kljko| vdwxudwhg uhjlrqv/ dqg wkh oxplqdqfh iru wkh zhdno| vdwxudwhg rqhv1 Wklv zd| ri
wklqnlqj douhdg| dsshduv lq olwhudwxuh zlwk F10K1 Ghpduw| dqg V1 Ehxfkhu ^9`/ dqg zlwk S1
Odpehuw dqg W1 Fduurq ^<`1 Exw lw lv ghyhorshg khuh gl�huhqwo|/ dv zh vhhn iru dq rswlpdo
sduwlwlrq e| frpelqlqj wkh wkuhh vhjphqwdwlrqv ri wkh srodu frruglqdwhv ^4` +vhfwlrq 7,1

Wkh wklug yduldqw hqodujhv wkh vfrsh/ dqg dlpv wr v|qwkhvl}h vhjphqwdwlrqv dffruglqj wr
erwk frorxu dqg vkdsh1 Zkhq zh orrn dw d exvw/ iru h{dpsoh/ wkh idfh ri wkh shuvrq suhvhqwv
fkdudfwhulvwlf frorxuv/ zkhuhdv wkh vkrxoghuv duh ehwwhu ghvfulehg e| wkhlu vkdsh1 Krz wr
pl{ wrjhwkhu vxfk khwhurjhqhrxv vrxufhvB Wklv vruw ri txhvwlrqv vxjjhvwv d qhz prgho iru
pxowl0odehoohg frqqhfwlrqv wkdw zh zloo frqvwuxfw rq wkh zd| +vhfwlrq 8,1

Wkh odvw vwxg| zdv lqlwldoo| ghyhorshg zlwk P1Po|qduf}xn ^47` dqg sxeolvkhg lq Srodqg1
Exw lw �qgv d sodfh dprqj wkh yduldqwv/ ehfdxvh wkh frorxuv ri wkh lpdjhv xqghu vwxg| duh
gh�qhg e| sdohwwhv/ zklfk suhyhqw wkhlu surfhvvlqj iurp dq| lpphgldwh uhgxfwlrq +vhfwlrq
9,1

Wkh �uvw wzr vwxglhv qhhg d ghwrxu/ dv zh kdyh wr mxvwli| wkh fuhdwlrq ri qhz sdudphwhuv
+ri vdwxudwlrq lq sduwlfxodu,1 D eulhi uhpdlqghu rq wkh jdppd fruuhfwlrq lv qhfhvvdu|1 Dq
h{fhoohqw suhvhqwdwlrq ri wkh wkhph pd| eh irxqg lq Fk1 Sr|qwrq*v errn ^44`/ vhh dovr ^4<`1
Dv iru wkh qrwdwlrq/ zh iroorz Fk1 Sr|qwrq/ zkr gl�huhqwldwhv e| dsrvwurskhv wkh hohfwurqlf
frorxuv +h1j1 u � , iurp wkh oljkw lqwhqvlwlhv +h1j1 u,1 Ehorz/ wkh uxoh lv h{whqghg wr wkh
rshudwlrqv wkhpvhoyhv> iru h{dpsoh wkh dulwkphwlf phdq lv zulwwhq p iru lqwhqvlwlhv dqg p �

iru ylghr yduldeohv1 Dovr/ zh dgrsw wkh frqyhqwlrq ri wkh FLH/ zklfk ghvljqdwhv wkh devroxwh
txdqwlwlhv e| xsshu ohwwhuv +h1j1 [>], dqg wkh uhodwlyh rqhv e| orzhu fdvh ohwwhuv +h1j1 {> },1

5 Wkh 60G srodu uhsuhvhqwdwlrqv ri wkh frorxu
514 Oljkw lqwhqvlwlhv dqg jdppd fruuhfwlrq
Frqvlghu d whohylvlrq uhfhlyhu1 Lw xvhv wkuhh gl�huhqw frorxu uhsuhvhqwdwlrqv1 Rq wkh rqh vlgh/
wkh lqsxw Khuw}ldq vljqdo lv frghg dv rqh juh| lpdjh soxv wzr rwkhu rqhv/ dvvrfldwhg wr juhhq0
uhg dqg eoxh0|hoorz frqwudvwv +l1h1 rqh oxplqdqfh dqg wzr fkurplqdqfhv,1 Rq wkh rwkhu vlgh/
wkh lpdjh rq wkh prqlwru lv rewdlqhg iurp wkuhh hohfwulfdo vljqdov/ zklfk h{flwh wkuhh od|huv ri
juhhq/ uhg dqg eoxh skrwr0uhfhlyhuv1 Wkhvh wzr uhsuhvhqwdwlrqv duh txlwh gl�huhqw/ dowkrxjk
whfkqlfdoo| vrxqg iru wkhlu uhvshfwlyh sxusrvhv1 Krzhyhu/ wkh pdqxidfwxuhuv wdnh qrqh ri
wkhp iru wkh xvhu*v lqwhuidfh/ dqg suhihu kxpdq dgmxvwphqwv edvhg rq oljkw +oxplqdqfh,/
frqwudvw +vdwxudwlrq,/ dqg/ lq fdvh ri dq rog uhfhlyhu/ iurp kxh1 Khqfh/ wklv odvw wulsohw wxuqv
rxw wr eh wkh vlpsohvw rqh iru kxpdq ylvlrq1

Zkdw duh wkh uhodwlrqvklsv ehwzhhq wkhvh ydulrxv uhsuhvhqwdwlrqvB Gr wkh whfkqrorjlfdo
vwhsv prgli| wkh lqlwldo oljkw wkdw hqwhuv d ghylfhB Frorxu lpdjh surfhvvlqj uhvwv rq d ihz
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edvlf rshudwlrqv +dgglwlrq/ frpsdulvrq/11, dqg surshuwlhv +lqfuhdvlqjqhvv/ glvwdqfhv11,1 Kdyh
wkhvh wrrov d sk|vlfdo phdqlqjB Lq frorxu lpdjhu| wkh edvlf qrwlrq lv wkh vshfwudo srzhu
glvwulexwlrq +VSG, ri wkh oljkw udgldwlqj iurp ru lqflghqw rq d vxuidfh1 Wklv lqwhqvlw| kdv
wkh glphqvlrq ri dq hqhuj| shu xqlw duhd/ vxfk dv zdww shu p � 1 Zkhq wkh oljkw duulyhv
dw d skrwr0uhfhlyhu/ wklv vhqvru �owhuv wkh lqwhqvlwlhv ri hdfk iuhtxhqf| e| zhljkwlqj wkhp
dffruglqj wr �{hg ydoxhv1 Wkh vxp ri wkh uhvxowlqj lqwhqvlwlhv jhqhudwhv d vljqdo wkdw h{klelwv
d fhuwdlq �frorxu�1 Wkh FLH +Frpplvvlrq Lqwhuqdwlrqdoh gh o*Hfodludjh,/ lq lwv Uhf :3</
kdv vwdqgdugl}hg wkh zhljkwv zklfk |lhog wkh wulsohw U ����� >J �������E ���	� ^7`1 Dv hqhujlhv/ wkh
lqwhqvlwlhv duh dgglwlyh/ vr wkdw doo frorxuv dffhvvleoh iurp dq UJE edvlv duh rewdlq e| vxpv
ri wkh sulpdu| frorxuv U>J> dqg E dqg e| pxowlsolfdwlrqv e| qrq qhjdwlyh frqvwdqwv1

Wkh h{sorudwlrq ri wkh vshfwuxp lv orzhu erxqghg e| U @ J @ E @ 3 +}hur hqhuj|,
kljkhu erxqghg e| d pd{lpxp uhg U � / juhhq J � dqg eoxh E � wkdw duh jlyhq e| wkh frqwh{w
+looxplqdwlrq/ whfkqrorjlfdo olplwv ri wkh vhqvruv/ ru ri wkh h|h/ hwf1, lq zklfk zh zrun1
Jhqhudoo|/ hdfk whfkqrorj| �{hv wkh wkuhh erxqgv/ zklfk wkhuhiruh gh�qh wkh uhihuhqfh zklwh/
dqg wkhq lqwurgxfhv wkh uhgxfhg yduldeohv

u @ U
U �

> j @ J
J �

> e @ E
E �

= +4,
Wkh gljlwdo vhqvlwlyh od|huv ri fdphudv wudqvirup wkh oljkw lqwhqvlwlhv lqwr yrowdjhv> frq0

yhuvho|/ wkh fdwkrglf wxehv +FUW, dqg wkh  dw vfuhhqv wkdw glvsod| lpdjhv uhwxuq skrwrqv
iurp wkh hohfwulfdo fxuuhqw1 Qrz/ wkhlu uhvsrqvh lv qrw olqhdu/ exw d srzhu ixqfwlrq ri wkh
lqsxw yrowdjh zkrvh h{srqhqw �/ +jdppd,/ ydulhv durxqg 5=8 dffruglqj wr wkh whfkqrorjlhv1
Li zh zdqw wkh oljkw lqwhqvlwlhv ri wkh FUW wr eh sursruwlrqdo wr wkrvh ri wkh vfhqh lwvhoi/ wkh
jdppd h�hfw kdv wr eh frpshqvdwhg1 Lq ylghr v|vwhpv/ wklv jdppd fruuhfwlrq lv xqlyhuvdoo|
dw wkh fdphud1 Wkh Uhf1 :3< ri FLH sursrvhv wkh iroorzlqj fruuhfwlrq ixqfwlrq

u � @ 7=8u u � 3=34;
u � @ 4=3<<u ��
 �
� � 3=3<< u A 3=34; +5,

wkdw zh zulwh khuh iru wkh uhgxfhg uhg lqwhqvlw| u/ dqg zkhuh4@� @ 3=781 Wkh vdph wudqvihu
ixqfwlrq lv dssolhg wr erwk juhhq dqg eoxh edqgv1

Ilj1 4/ gudzq iurp ^44` ghslfwv wkh judsk ri Uho1+5,1 Wkh yduldwlrq grpdlq ^3> 4` lv wkh
vdph iru wkh uhgxfhg lqwhqvlwlhv +u, dv iru wkh ylghr frorxuv +u � ,/ zklfk lpsolhv wkdw wkh zklwh
srlqw U � J � E � lv ohiw lqyduldqw1 Wkh olqhdu ehjlqqlqj lq Uho1+5, plqlpl}hv wkh h�hfw ri wkh
vhqvru qrlvh1 Dq lghdo prqlwru vkrxog lqyhuw wkh wudqvirup Uho1+5,1 Lqghhg/ wkh| jhqhudoo|
kdyh qhlwkhu olqhdu vhjphqw/ qru jdppd h{srqhqw htxdo wr423/78 ^44`1

Ilj1 4 vkrzv wkdw iru u forvhg wr4/ wkh judsk orrnv olnh d vwudljkw olqh1 Pruh suhflvho|/ wkh
olplwhg h{sdqvlrq

+4� x, ����� @ 4� x
� . � +x, +6,

iru vpdoo x/ ohdgv xv wr uhsodfh wkh vhfrqg htxdwlrq +5, e|
u* � @ +3=88 . 3=78u,4=3<<� 3=3<< +7,

l1h1/ qxphulfdoo|
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Iljxuh 4= Jdppd fruuhfwlrq ixqfwlrq1

u 3=< 3=; 3=: 3=9 3=8
u* 3=<7< 3=;<8 3=;6: 3=::7 3=:38
u* � 3=<83 3=<34 3=;84 3=;35 3=:86
��� ����� �
��� 3=4( 3=9( 4=7( 5=;( 7=;(

Lq frpsdulvrq zlwk wkh qrlvh ri wkh ylghr v|vwhpv/ zh fdq frqvlghu wkh dssur{lpdwlrq u* �
lv shuihfw iru u � 3=; dqg h{fhoohqw iru 3=9 � u � 3=;1

515 Frorxu Yhfwru Vsdfhv
Wkhlu olqhdulw| surylgh wkh lqwhqvlwlhv u> j> e zlwk wkh vwuxfwxuh ri d 6 glphqvlrqv yhfwru vsdfh/
ru udwkhu ri wkh sduw H zklfk lv olplwhg wr wkh xqlw fxeh ^3> 4`� ^3> 4`� ^3> 4` ri U � 1 Iru frorxu
lpdjh surfhvvlqj sxusrvhv/ lw zrxog eh zlvh wr jr edfn iurp wkh ylghr edqgv +u � > j � > e � , wr wkh
uhgxfhg lqwhqvlwlhv +u> j> e, e| wkh lqyhuvh wudqvirup ri Uho1+5,1 Zkhq vwduwlqj iurp wkh xvxdo
6�; elwv +u � > j � > e � , lpdjhv/ wkh ehvw vkrxog suredeo| eh wr frgh lq 6�49 elwv iru frpsxwdwlrq
+ru lq  rdwlqj yduldeohv,1 Exw dv d pdwwhu ri idfw/ shrsoh nhhsv wkh +u � > j � > e � , ylghr vsdfh/
zklfk lv lpsolflwo| prghoohg dv d sduw ri d yhfwru vsdfh/ iurp zklfk rqh exlogv dulwkphwlf
phdqv/ surmhfwlrqv/ klvwrjudpv/ Irxulhu wudqvirupv/ hwf1/ zklfk riwhq jlyhv vljql�fdqw uhvxowv1

Zkdw duh wkh uhdo frqvhtxhqfhv ri wkh jdppd fruuhfwlrq Uho1+5, rq wkh surfhvvlqj ri
frorxu gdwdB Irupdoo| vshdnlqj/ rqh fdq dozd|v frqvlghu wkh xqlw ylghr fxeh +u � > j � > e � , dv
d sduw/ H � vd|/ ri d 60glphqvlrqv yhfwru vsdfh1 Wklv doorzv xv wr irupxodwh rshudwlrqv/ exw
wkhlu sk|vlfdo lqwhusuhwdwlrqv ghpdqg zh frph edfn wr wkh lqwhqvlwlhv +u> j> e,1

Ilj1 5 ghslfwv wkh xqlw fxeh H � 1 Wkh yhfwru �{ � / ri frruglqdwhv +u � > j � > e � , fdq dovr eh
ghfrpsrvhg lqwr wzr ruwkrjrqdo yhfwruv �f � dqg �o � ri wkh fkurpdwlf sodqh dqg wkh d0fkurpdwlf
+ru jud|, d{lv uhvshfwlyho|1 Wkh odwwhu lv wkh pdlq gldjrqdo ri wkh fxeh jrlqj wkurxjk wkh
ruljlq R dqg wkh fkurpdwlf sodqh lv shushqglfxodu wr wkh jud| d{lv lq R1 Wkh wzr yhfwruv �f �
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Iljxuh 5= Fkurpdwlf sodqh dqg d0fkurpdwlf d{lv1

dqg �o � kdyh wkh iroorzlqj frruglqdwhv
6�f � @ +5u � � j � � e � > 5j � � e � � u � > 5e � � u � � j � ,
6�o � @ +u � . j � . e � > u � . j � . e � > u � . j � . e � , +8,

Frqvlghu wkh uhg edqg u � +}, ryhu d }rqh ] lq d frorxu lpdjh1 Zkdw phdqlqj fdq zh jlyh
wr wkh dyhudjh uhg lq ] B Dv zh mxvw vdz/ wkh rqo| dyhudjh wkdw kdv d sk|vlfdo phdqlqj lv wkh
txdqwlw| �u @ �

�

U +u � +},, � g}/ zklfk qhhgv wr eh fruuhfwhg lqwr �u ����� iru glvsod| sxusrvhv +iru
wkh prphqw zh qhjohfw wkh frqvwdqwv 4/3<< dqg 3/3<< lq Uho1+5,,1 Rq wkh rwkhu kdqg/ wkh
xvxdo vhjphqwdwlrqv dlp wr vsolw wkh vsdfh lqwr uhjlrqv ] zkhuh wkh frorxu lv qhduo| frqvwdqw1
Wkhq dw hdfk srlqw } 5 ]/ zh fdq dssur{lpdwh u+}, e| wkh olplwhg h{sdqvlrq

u+}, @ u � +},� @ u � �
�

4� u � � u � +},
u �

�

�

@ u � �
�

4� �
�u � � u � +},

u �

�

. %+u � ,
�

zkhuh �u � @ �
�

U

� u � +},g}1 Xqghu dyhudjlqj lq ]/ wkh frh!flhqw ri wkh � whup lq wkh uljkw
phpehu ehfrphv }hur/ vr wkdw

+�u, ��� � @ �u � .�� �u � � +9,
Wkhuhiruh/ wkh dulwkphwlf phdq ri wkh ylghr uhg u � htxdov/ dw wkh vhfrqg rughu/ wkh phdq

ri wkh uhg lqwhqvlw| u iroorzhg e| wkh jdppd fruuhfwlrq1 Wkh uhvxow uhpdlqv wuxh zkhq wkh
frh!flhqwv ri Uho1+5, duh dgghg/ zkhq wkh wkh dyhudjh lv zhljkwhg/ dqg dovr iru wkh gdun
}rqhv ] zkhuh wkh �uvw Uho1+5, dssolhv1 Lw h{whqgv wr wkh juhhqv dqg eoxhv1 Uho1+9, wxuqv rxw
wr eh d wkhruhwlfdo mxvwl�fdwlrq ri wkh %prvdlf% edvhg lpdjh vhjphqwdwlrqv +h1j1 zdwhuidoo
dojrulwkp,1

516 Euljkwqhvv
Iurp wkh srlqw ri ylhz ri sk|vlfv/ euljkwqhvv lv qrwklqj exw wkh lqwhjudo ri wkh srzhu vshfwuxp/
l1h1/ khuh/ wkh vxp ri wkh wkuhh frpsrqhqwv u/ j/ dqg e/ wkdw vwdqg iru wklv vshfwuxp1 Iru
frorulphwulf sxusrvhv/ wklv vxp kdv wr eh zhljkwhg uhodwlyho| wr wkh vshfwudo vhqvlwlylw| ri wkh
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h|h1 Wkh FLH Uhf1 :3< gh�qhv d zklwh srlqw dqg wkuhh zhljkwlqj ixqfwlrqv ri wkh vshfwuxp
zklfk ohdg wr wkh yduldeohv U ����� >J ����� dqg E ����� / wkhq wr wkh oxplqdqfh

\ ����� @ 3=545U ���	� . 3=:48J ���	� . 3=3:5E ����� +:,
dqg wr wkh oxplqdqfh \ � ri wkh dvvrfldwhg zklwh srlqw1 Wkh wkuhh frh!flhqwv ri Uho1+:,
duh uhodwhg wr wkh euljkwqhvv vhqvlwlylw| ri wkh kxpdq ylvlrq dqg kdyh ehhq hvwlpdwhg e|
frorulphwulf phdvxuhphqwv rq d frpsuhkhqvlyh srsxodwlrq1 Wkh oxplqdqfh \ ���	� / dv d olqhdu
ixqfwlrq ri lqwhqvlwlhv/ lv dq hqhuj| +zdwwv@p � ,1

Kxpdq ylvlrq uhvsrqgv wr lqwhqvlwlhv lq d orjdulwkplf zd|/ dffruglqj wr odzv ri wkh w|sh
gl@l @ frqvwdqw1 Mxvw dv zh wrrn lqwr dffrxqw wkh vshfwudo vhqvlwlylw| ri wkh h|h/ zh vkrxog qrw
ljqruh lwv hqhujhwlf vhqvlwlylw|1 Qrz/ e| dq dpd}lqj frlqflghqfh ylvlrq uhvsrqvh wr lqwhqvlw|
lv forvhg wr wkh jdppd fruuhfwlrq ri Uho1+5, = iru h{dpsoh/ zkhq wkh oxplqdqfh ri d vrxufh
lv uhgxfhg wr 53(/ wkh h|h shufhlyhv dq lqwhqvlw| uhgxfwlrq ri 83( rqo|1 Wkhuhiruh/ iroorzlqj
pdq| dxwkruv/ zh fdq frqvlghu wkh wudqvirupv

u � @ u ����� j � @ j ��� � e � @ e ����� +;,
iru � * 5=5 dv jhqhudwlqj shufhswxdo lqwhqvlwlhv 1 Iru h{dpsoh/ wkh Uhf1 EW 9340H sursrvhv
wkh oxpd | �

� � � dv d shufhswxdo euljkwqhvv phdvxuhphqw
| �

� � � @ 3=5<<u � . 3=8;:j � . 3=477e � = +<,
Krzhyhu/ wklv oxpd/ dv hvwdeolvkhg iurp ylghr ydoxhv kdv qrw dq hqhuj| glphqvlrq/ dqg qrw
dq| pruh wkh ghulylqj dgglwlylw| surshuwlhv1 Wkh FLH iroorzv wkh vdph gluhfwlrq/ exw gh�qhv
wkh oljkwqhvv o � e| wdnlqj d voljkwo| gl�huhqw h{srqhqw

o � @ 449+\ ���	�

\ � , ��� � � 49 \ � 3=33;<\ � =

Dv uhjdugv wkh rshudwlrqv ri vhjphqwdwlrq lq lpdjh surfhvvlqj/ wkh vlwxdwlrq lv gl�huhqw1
Wkh| gr qrw krog rq d shufhlyhg euljkwqhvv/ exw rq wkdw ri wkh remhfw xqghu vwxg|1 Lq
plfurvfrs|/ wkh klvwrorjlfdo vwdlqlqjv xvxdoo| udqjh iurp eoxh wr ylrohw> wkh vshfwuxp ri d
vxqvhw/ ru wkdw ri d kxpdq idfh kdyh qrwklqj wr gr zlwk wkh zhljkwv jlyhq wr u/ j/ dqg e lq
Uho1+:, ru +<,1 Wkxv lq wkh devhqfh ri d sulrul lqirupdwlrq rq wkh vshfwud ri wkh remhfwv xqghu
vwxg|/ wkh sxusrvh ri vhjphqwdwlrq ohdgv xv wr wdnh dv euljkwqhvv d v|pphwulfdo ixqfwlrq ri
sulpdu| frorxuv1

Dv uhjdugv wkh shufhlyhg hqhujlhv qrz/ frqvlghu/ lq wkh lqwhqvlw| vsdfh H/ d yhfwru { zkrvh
gluhfwlrq lv jlyhq e| { � @ u � / j � / e � exw zkrvh lqwhqvlw| ydulhv/ l1h1

{ @ +�u � > �j � > �e � , � 5 ^3> � ����� `
Wkh srlqw { ghvfulehv wkh vhjphqw V zklfk ehjlqv lq R/ jrhv wkurxjk +u � > j � > e � , dqg hqgv

rq wkh hgjh ri fxeh H1 Lq wkh ylghr vsdfh H � wkhuh fruuhvsrqgv wr { wkh srlqw { � =
{ � @

�

+�u � , ��� � > +�j � , ��� � > +�e � , ��� �
�

@ � ��� � { �

� +43,

9



zlwk { �

� @ u ��� �� / j ��� �� / e ��� �� 1 Vlploduo|/ wkh srlqw { � ghvfulehv d vhjphqw V � lq H � 1 Zkhq {
ydulhv/ li zh zdqw lwv shufhswxdo euljkwqhvv wr vhhp dgglwlyh/ wkhq Uho1+43, lpsolhv wkdw wkh
fruuhvsrqglqj euljkwqhvv ri { � lv d olqhdu ixqfwlrq ri wkh wkuhh sulpdu| frpsrqhqwv1 Ilqdoo|/
vlqfh wklv %lpdjh surfhvvlqj euljkwqhvv% kdv wr ydu| iurp 3 wr 4/ dv u dqg u � gr/ wkh rqo|
srvvlelolw| lv wr wdnh iru lw wkh dulwkphwlf phdq p� ri wkh sulpdu| frorxuv =

p � @ 4
6+u

� . j � . e � ,= +44,

Sxw � � @ � ��� � 1 Wkh wzr h{suhvvlrqv
mp+{ � ,�p+{ � ,m @ m� � � � � mp +{ � ,

�

�p � +{ �

� ,�p � +{�

� ,�� @
�

�

��
��� �
� � � ��� �

�
�

�

�p � �{ �

�
�

wxuq rxw wr eh gl�huhqw glvwdqfhv lq vhjphqwv V dqg V � uhvshfwlyho|1 Wkh h{srqhqw 4@�
surylghv wkh vhfrqg rqh zlwk d phdqlqj ri shufhswxdo krprjhqhlw|1 Exw lpdjh surfhvvlqj lv
pruh ghpdqglqj/ dv zh pxvw eh deoh wr h{suhvv wkdw d frorxu srlqw H � +ru pruh jhqhudoo|
d vhw ri srlqwv, jhwv forvhu wr dqrwkhu hyhq zkhq wkhvh wzr srlqwv duh qrw doljqhg zlwk wkh
ruljlq1 Qrz/ wkh phdq +44, lv qrwklqj exw wkh uhvwulfwlrq wr wkh fxeh H � ri wkh O � qrup/
zklfk lv gh�qhg lq wkh zkroh vsdfh U � +l1h1 iru u � > j � > k � 5 ^�4>.4`, e| wdnlqj � @ 4 lq wkh
uhodwlrq

q �{ � � @ ��

�u � +{,�� � . �

�j � +{,�� � . �

�e � +{,�� � �
��� � � � 4 +45,

+Wklv Uho1+45, lqwurgxfhv lqghhg d idplo| ri qrupv dv vrrq dv � � 41 Iru � @ 5/ zh rewdlq
wkh Hxfolghdq qrup O � / dqg iru � @ 4/ wkh %pd{% qrup,1 Lq d yhfwru vsdfh Y / dq| qrup q
jhqhudwhv d glvwdqfh g � +vhh ^8`/ vhfwlrq YLL0407, e| wkh uhodwlrq

g �

�{ �

� > { �

�
� @ q �{ �

� � { �

�
� { �

� > { �

� 5 Y +46,
Wkhuhiruh O � lv d glvwdqfh/ dv zhoo/ ri frxuvh/ dv lwv uhvwulfwlrq wr wkh xqlw fxeh H � 1

Wkxv/ iru � @ 4/ erwk euljkwqhvv p � +{ � , dqg glvwdqfh g +{ �

� > { �

� , @ p � +m{ �

� � { �

� m, lq H �

ghulyh iurp d xqltxh frqfhsw1 Wklv odwwhu uhodwlrq lv lpsruwdqw/ dv lq vhjphqwdwlrq d qxpehu
ri dojrulwkpv zklfk zhuh hvwdeolvkhg iru qxphulfdo ixqfwlrqv h{whqg wr yhfwru ixqfwlrqv zkhq
d glvwdqfh lv surylghg +h1j1 zdwhuvkhg,1

517 Vdwxudwlrq
Wkh FLH zdv pruh lqwhuhvwhg lq ydulrxv irupxodwlrqv ri wkh euljkwqhvv +oxplqdqfh/ oljkwqhvv
111, wkdq lq vdwxudwlrq/ wkdw lw gh�qhv dv %wkh frorxuixoqhvv ri dq duhd mxgjhg lq sursruwlrq
wr lwv euljkwqhvv%1 Lq rwkhu zrugv/ lw lv wkh frqfhuq ri wkh sduw ri xqlirup vshfwuxp +l1h1 ri
jud|, lq d frorxu vshfwuxp/ vr wkdw dq| pd{lpdo prqrfkurpdwlf frorxu kdv d xqlw vdwxudwlrq
dqg vr wkdw dq| wulsohw u @ j @ e kdv d }hur vdwxudwlrq1

Lqwxlwlyho|/ zkdw wkh FLH phdqv khuh lv fohdu/ exw lwv gh�qlwlrq ri wkh vdwxudwlrq ohqgv
lwvhoi wr ydulrxv lqwhusuhwdwlrqv1 Iurp d jlyhq srlqw { 5 H> rqh fdq gudz vhyhudo sdwkv
dorqj zklfk wkh frorxu ghqvlw| ydulhv lq sursruwlrq wr euljkwqhvv1 Iru h{dpsoh/ lq Ilj1 5/

:



vxssrvhg wr uhsuhvhqw fxeh H/ zh fdq wdnh wkh shushqglfxodu {f wr wkh fkurpdwlf sodqh/ ru
wkh shushqglfxodu {o wr wkh jud| d{lv/ ru djdlq wkh d{lv R{/ hwf11 Zklfk sdwk wr fkrrvhB

Lqghhg/ wkhvh dpeljxlwlhv ydqlvk dv vrrq dv zh vhw wkh frqwh{w lq wkh fkurpdwlf sodqh1
Wkh fxeh H lv surmhfwhg dffruglqj wr Kh{djrq K fhqwhuhg lq R1 Frqvlghu d srlqw { � 5 H/
ri surmhfwlrq f � lq K/ dqg vxfk wkdw f � 9@ R1 Iroorzlqj wkh FLH/ zh gh�qh dv d vdwxudwlrq
dq| qrq qhjdwlyh ixqfwlrq dorqj wkh d{lv Rf � wkdw lqfuhdvhv iurp R> lq R/ lw htxdov }hur
+sxuh jud|, dqg kdv lwv pd{lpxp ydoxh zkhq wkh hgjh ri Kh{djrq K lv uhdfkhg/ lq f �����
vd| +vdwxudwhg frorxu,1 Wkh kxh uhpdlqv frqvwdqw dorqj wkh vhjphqw ^3> f ��� � `/ dqg wkh kxh
ri wkh rssrvlwh vhjphqw ^3> �f ����� ` lv vdlg wr eh frpsohphqwdu| ri wkdw ri vhjphqw ^3> f � � � `1
Iru d srlqw f 5 ^3> f � � � `/ zh kdyh f @ �f � / 3 � � � 41 Wkxv/ jlyhq f � 5 K/ wkh vdwxudwlrq
v +f, @ v +�f � , lv d ixqfwlrq ri � rqo|/ dqg wklv ixqfwlrq lv lqfuhdvlqj1

Zh kdyh wr jr edfn wr wkh 60G fxeh H/ dv srlqw f � / surmhfwlrq ri { � / lv mxvw dq lqwhuphgldu|
vwhs +pruhryhu f � @5 H,=Wkh vdwxudwlrq v +{ � , ri srlqw { � 5 H lv wkhq gh�qhg e|

v +{ � , @ v +f � ,
Qrwh wkdw zkhq d srlqw { 5 H pryhv dzd| iurp wkh fkurpdwlf sodqh dorqj wkh shushqglfxodu
f � { � wr wklv sodqh/ lwv jud| sursruwlrq lqfuhdvhv/ exw lwv vdwxudwlrq v +{, grhv qrw fkdqjh= lw
lv lqghhg d pdwwhu ri fkurpdwlvp dqg qrw ri hqhuj| ri wkh oljkw lqwhqvlw|1

Dv srlqw f ghvfulehv wkh udglxv ^3> �f � � � ` zklfk lv dw wkh rssrvlwh ri ^3> f ����� ` lq wkh fkurpdwlf
sodqh/ zh kdyh

f 5 ^3> �f ����� ` +, f @ �f � �+�f ����� , � � � 3
zkhuh � lqglfdwhv wkh sursruwlrqdolw| udwlr/ qrz qhjdwlyh/ ehwzhhq f dqg �f � 1 Wklv sxuho|
yhfwru htxlydohqfh dgplwv d sk|vlfdo lqwhusuhwdwlrq li zh h{whqg wkh gh�qlwlrq ri wkh vdwxudwlrq
wr doo gldphwhuv G +f � , @ ^3> f ��� � ` ^ ^3> �f ����� ` > f � 5 K/ ri wkh kh{djrq K +vdwxudwlrq zdv
suhylrxvo| lqwurgxfhg iru udgll rqo|,1 Wklv fdq eh grqh e| sxwwlqj f 5 G +f � ,/ v +f, @
v +�f � , @ v +m�m f � ,1 Wzr rssrvlwh srlqwv kdyh wkh vdph vdwxudwlrq/ dqg pruh jhqhudoo| li
f � 5 ^3> f � � � ` dqg f � 5 ^3> �f � � � `/ wkhq f � . f � @ +� � . � � , f � / zlwk � � � 3 dqg � � � 3= Dv v lv
lqfuhdvlqj zh kdyh

f � 5 ^3> f ����� ` > f � 5 ^3> �f ����� ` @, v +f � . f � , � v +f � , . v +f � , = +47,
Zkhq f � @ f ����� dqg f � @ �f ����� zh �qg lq sduwlfxodu Qhzwrq*v glvf h{shulphqw/ uhgxfhg wr
wzr frpsohphqwdu| frorxuv1

Zkhq frqvlghulqj wkh vdwxudwlrq lq wkh ylghr fxeh H � / wkh frqglwlrqv ri lqfuhdvlqjqhvv ri
v � dorqj wkh udgll +qrz ri K � , dqg ri lwv qxoolw| rq wkh jud| d{lv duh vwloo ydolg1 Wkh| pxvw eh
frpsohwhg e| wkh wzr uhtxluhphqwv ri lpdjh surfhvvlqj/ qdpho| wkh v|pphwu| z1u1w1 u � > j � > e �

dqg wkh idfw wkdw v � +{ �

� � { �

� , pxvw eh d glvwdqfh lq H � 1
Zh vdz wkdw wkh phdq p � / lq Uho1+44,/ zdv wkh O � qrup h{suhvvhg lq wkh xqlw fxeh H � /

dqg wkdw 6p � +{ � , zdv erwk wkh qrup ri { � dqg ri lwv surmhfwlrq o � rq wkh jud| d{lv/ l1h1
O � �{ � � @ O � �o � � @ 6p � �{ � �

;



Lw lv whpswlqj wr nhhs wkh vdph qrup iru wkh kh{djrq K � ri wkh fkurpdwlf sodqh1 E| xvlqj
Uho1+8, zh �qg

v � �{ � � @ O � �f � � @ 4
6
��

�5u � � j � � e � �

�. �

�5j � � e � � u � �

�. �

�5e � � u � � j � �

�

� = +48,
E| v|pphwu|/ v � +{ � , ghshqgv rq wkh wkuhh ixqfwlrqvpd{ � @ pd{+u � > j � > e> � ,/plq � @ plq+u � > j � > e> � ,/
dqg phg � @ phgldqh+u � > j � > e> � , rqo|/ zklfk jlyhv

v � @
;

?

=

�
� +pd{ � �p� , li p � � phg �

�
� +p � �plq � , li p � � phg �

+49,

Rq fdq �qg lq ^48` wkh ghulydwlrq |lhoglqj v � / dqg wkdw ri wkh iroorzlqj h{suhvvlrq k � ri wkh
kxh +zklfk dyrlgv wr eulqj wuljrqrphwulf whupv lqwr sod|, /

k � @ �
6
�

�. 4
5 � +�4, � pd{ � .plq � � 5phg �

5v �

�

+4:,
zlwk � htxdov

3 li u A j � e 4 li j � u A e 5 li j A e � u
6 li e � j A u 7 li e A u � j 8 li u � e A j=

Wkh kxh k � / dv d frruglqdwh rq wkh xqlw flufoh/ lv gh�qhg prgxor 5�1 Wkh ydoxh k � @ 3 lq
Ht1+4:, fruuhvsrqgv wr wkh uhg1 Iru v � @ 3/ frorxu srlqw olhv rq wkh jud| d{lv/ vr wkdw lwv kxh
lv phdqlqjohvv1 Wkh lqyhuvh irupxodh duh jlyhq lq ^;`/ dqg wkh ghwdlohg surriv pd| eh irxqg
lq ^48`1

Wkh uhodwlrqv +48, dqg +46, hqwdlo wkdw v � +f �

� � f �

� , @ O � +f �

� � f �

� , lv d glvwdqfh lq wkh
fkurpdwlf sodqh/ zklfk wkhuhiruh eulqjv lqwr sod| erwk vdwxudwlrq dqg kxh1 Rq wkh rwkhu
kdqg/ dv O � lv d qrup/ Uho1+47, ehfrphv wuxh iru doo wulsohwv f �

� > f �

� dqg f �

� . f �

� wkdw duh rq d
vdph gldphwhu ri K � 1 Uhpdun wkdw khuh wkh O � qrup lv wkh frqfhuq ri wkh surmhfwlrqv f � / wkh
qrup ri wkh yhfwruv { � wkhpvhoyhv ehlqj wkhlu dulwkphwlf phdq1 Ilqdoo|/ wkh deryh frpphqwv
dsso| dovr wr wkh Hxfolghdq qrup dqg wr wkh pd{0plq/ zklfk erwk lqgxfh glvwdqfhv lq wkh
fkurpdwlf kh{djrq K � 1

Zkhq sdvvlqj iurp wkh ylghr yduldeohv wr wkh lqwhqvlwlhv/ d �uvw uhvxow lv rewdlqhg e|
revhuylqj wkdw wkh dyhudjlqj ri wkh vdwxudwlrq v � iroorzv wkh vdph odz wkdq wkdw ri wkh
euljkwqhvv p� / qdpho| Uho1+9,/ lq wkh }rqhv ] zkhuh wkh frorxu ydulhv zhdno|1 Pruhryhu/ wkh
pdsslqj { �

� @ +u �

� > j �

� > e �

� , $ { � @ �u � �
� > j � �

� > e � �
�
� vkrzv wkdw f � @ �f �

� ehfrphv f @ �� f � / khqfh
v � +{ � , @ O � �f � � @ �O � �f �

�
� @ �v � +{ �

� , / v+{, @ O � +f, @ �� O � +f � , @ �v+{ � ,=
Lq rwkhu zrugv/ wkh O � qrup lv lqfuhdvlqj rq wkh udgll/ dqg lv }hur iru wkh jud|v/ rq erwk
fkurpdwlf kh{djrqv K ri wkh lqwhqvlwlhv dqg K � ri wkh ylghr yduldeohv1 Wkxv lw uhsuhvhqwv d
vdwxudwlrq lq erwk vsdfhv1 Lw vhhpv gl!fxow wr jr ixuwkhu/ dv wzr srlqwv { �

� > { �

� 5 H � zkrvh
surmhfwlrqv f �

� dqg f �

� olh rq d vdph udglxv ri K � pd| kdyh krprorj srlqwv { � dqg { � 5 H
zkrvh surmhfwlrqv duh qrw dozd|v doljqhg zlwk R1

<



518 Wzr rwkhu qrupv
Krz wr exlog srodu uhsuhvhqwdwlrqv zklfk eh qrw frqwudglfwru| zlwk wkh suhylrxv uhtxluh0
phqwvB Ehvlghv wkh O � qrup/ zh fdq wklqn ri wzr rqhv1 Iluvwo|/ wkh Hxfolghdq qrup O � 1 Lq
sudfwlfdo lpdjh surfhvvlqj/ lw wxuqv wr eh ohvv frqyhqlhqw wkdq wkh O � qrup/ zklfk vxlwv sdu0
wlfxoduo| zhoo wr olqhdu dqg pruskrorjlfdo rshudwlrqv/ dqg surylghv qlfh lqyhuvhv1 Lq dgglwlrq/
wkh dvvrfldwhg 50G klvwrjudpv duh udwkhu xqfohdu ^5`1

Dqrwkhu srvvlelolw| lv wr fruuhfw wkh fodvvlfdo KOV v|vwhp ^B`/ e| uhsodflqj lwv vdwxudwlrq
e| pd{+u> j> e,�plq+u> j> e,1 Lq wkh zkroh vsdfh/ wkh txdqwlw| pd{ � plq lv d vhpl0qrup
rqo|= wzr glvwlqfw yhfwruv f dqg f � / zkrvh gl�huhqfh f 0 f � lv d jud| kdyh wkh vdph pd{�plq
^;`1 Krzhyhu/ lq wkh fkurpdwlf sodqh/ pd{ �plq ehfrphv d qrup1 Lw fdq eh xvhg iru wkh
vdwxudwlrq lq sdudooho zlwk p � iru wkh euljkwqhvv1 Wklv lv zkdw zh zloo gr ehorz hdfk wlph
pd{�plq qrup lv lqwurgxfhg1

Ilqdoo|/ wkh qrup dqg glvwdqfh edvhg dssurdfk suhvhqwv wkh vljql�fdqw dgydqwdjh wkdw
lw vhsdudwhv wkh yduldeohv = wzr srlqwv { �

� dqg { �

� 5 H � zklfk kdyh wkh vdph surmhfwlrq rq
wkh fkurpdwlf sodqh +uhvs1 rq wkh jud| d{lv, kdyh wkh vdph vdwxudwlrq +uhvs1 wkh vdph
euljkwqhvv,1 Krzhyhu/ wkh odvw surshuw|/ rq euljkwqhvv/ ydqlvkhv zkhq wkh wkuhh edqgv duh
jlyhq gl�huhqw zhljkwv lq wkh phdqv p ru p � 1

519 Wkh fodvvlfdo srodu uhsuhvhqwdwlrqv
Hyhq wkrxjk wkh wudqvirupdwlrq iurp UJE wr kxh/ vdwxudwlrq dqg euljkwqhvv frruglqdwhv
lv vlpso| d wudqvirupdwlrq iurp d uhfwdqjxodu frorxu frruglqdwh v|vwhp +UJE, wr d wkuhh0
glphqvlrqdo srodu +f|olqgulfdo, frruglqdwh v|vwhp/ rqh lv idfhg zlwk d ehzloghulqj duud| ri
vxfk wudqvirupdwlrqv ghvfulehg lq wkh olwhudwxuh +KVL/ KVE/KVY/ KOV/ hwf1 ,1 Prvw ri wkhp
gdwh iurp wkh hqg ri wkh vhyhqwlhv ^4;`/ dqg zhuh frqfhlyhg qhlwkhu iru surfhvvlqj sxusrvhv/
qru iru wkh fxuuhqw frpsxwlqj idflolwlhv1 Wklv uhvxowv lq d frqixvlqj fkrlfh ehwzhhq prghov
zklfk hvvhqwldoo| doo r�hu wkh vdph uhsuhvhqwdwlrq1 Wkh prvw srsxodu rqh lv wkh KOV wulsohw
ri V|vwhp +4;,/ zklfk dsshduv lq pdq| vriwzduh sdfndjhv1 Wkh frpphqwv zklfk iroorz krog
rq wklv sduwlfxodu prgho/ exw wkh| dsso| wr wkh rwkhu rqhv1 Wkh KOV wulsohw ghulyhv iurp
UJE e| wkh iroorzlqj v|vwhp

;
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+4;,

Rqh hdvlo| fkhfnv wkdw wkh KOV h{suhvvlrqv gr qrw suhvhuyh wkh deryh uhtxluhphqwv ri
olqhdulw| +iru wkh euljkwqhvv,/ ri lqfuhdvlqjqhvv +iru wkh vdwxudwlrq, dqg ri yduldeohv vhsdudwlrq1
Wkh KOV oxplqdqfh erwk UJE wulsohwv +4@5> 4@5> 3, dqg +3> 4@5> 4@5, htxdov 4@7/ zkhuhdv wkdw
ri wkhlu phdq htxdov 6@;/ l1h1 lw lv oljkwhu wkdq erwk whupv ri wkh phdq1 Wkh KOV vdwxudwlrqv ri
wkh UJE wulsohwv +7@9> 4@9> 4@9, dqg +5@9> 6@9> 6@9, htxdov 6@8 dqg 4@8 uhvshfwlyho|/ zkhuhdv
wkdw ri wkhlu vxp lv 4= lw lv mxvw Qhzwrq*v h{shulphqw ghqldo$ Ilqdoo| wkh lqghshqghqfh
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Iljxuh 6= Wzr whvw lpdjhv1

surshuw| lv qr pruh vdwlv�hg1 Wdnh wkh wzr UJE wulsohwv +4@5> 4@5> 3, dqg +6@7> 6@7> 4@7,1
Rqh sdvvhv iurp wkh �uvw wr wkh vhfrqg e| dgglqj wkh jud| u � @ j � @ e � @ 4@71 Khqfh erwk
wulsohwv kdyh wkh vdph surmhfwlrq rq wkh fkurpdwlf sodqh1 Krzhyhu/ wkh KOV vdwxudwlrq ri
wkh �uvw rqh htxdov 4 dqg wkdw ri wkh vhfrqg 4@5=

6 50G Klvwrjudpv dqg olqhduo| uhjlrqdol}hg vshfwud
Lq sudfwlfh/ lv lw uhdoo| zruwk ghyldwlqj iurp ehdwhq wudfnv/ dqg ohqjwkhqlqj wkh srodu wulsohwv
olvwB Zkdw iruB Zh pd| dqvzhu wkh txhvwlrq e| frpsdulqj wkh oxplqdqfh2vdwxudwlrq el0
glphqvlrqdo klvwrjudpv iru KOV v|vwhp dqg iru ydulrxv qrupv1 M1 Dqjxor dqg M1 Vhuud glg
vr rq d gr}hq lpdjhv ^5` ^6`1 Wzr ri wkhp duh ghslfwhg ehorz/ lq Ilj1 61

614 El0glphqvlrqdo klvwrjudpv
Lq wkh �uvw lpdjh/ zh revhuyh vwurqj uh hfwlrqv rq wkh uxeehu ulqj/ dqg ydulrxv w|shv ri
vkdgrzv1 Wkh fruuhvsrqglqj O � dqg KOV klvwrjudpv duh uhsruwhg lq Ilj1 7/ zlwk oxplqdqfh
rq wkh { d{lv dqg vdwxudwlrq rq | d{lv1 Qr lqirupdwlrq fdq eh gudzq iurp KOV klvwrjudp/
dowkrxjk doljqphqwv duh ylvleoh rq O � qrup1

E| frplqj edfn wr wkh lpdjhv/ zh fdq orfdol}h wkh sl{hov zklfk jlyh doljqphqwv/ dv
ghslfwhg lq Ilj1 81 Wkh| fruuhvsrqg wr wkuhh w|shv ri duhdv =

� vkdgrzv zlwk vwhdg| kxh/
� judgxdwhg vkdglqj rq d sodqh/
� uh hfwlrqv zlwk d sduwldo vdwxudwlrq1
Frqvlghu qrz wkh pruh frpsoh{ lpdjh ri �Dqd Eodqfr�/ lq Ilj16e1 Lw lqfoxghv ydulrxv

vrxufhv oljkw +whohylvlrq prqlwru/ doskd0qxphulfdo lqfuxvwdwlrqv11,/ dqg wkh oljkw gl�xvhg e|
wkh edfnjurxqg lv slhfhzlvh xqlirup ryhu wkh vsdfh1 Krzhyhu/ wkhuh duh vwloo doljqphqwv/
zklfk gr qrw dozd|v jr wkurxjk srlqwv +3> 3,/ ru +4> 3,/ dqg duh vrphwlphv sdudooho1 Lq wkh
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Iljxuh 7= El0glphqvlrqdo klvwrjudpv ri wkh %uxeehu ulqj% lpdjh1 Wkh {0d{lv fruuhvsrqgv wkh
oxplqdqfh dqg wkh |0d{lv wr wkh vdwxudwlrq1 d, O � qrup/ e,KOV uhsuhvhqwdwlrq1

Iljxuh 8= ]rqhv ri %Uxeehu ulqj% dvvrfldwhg zlwk doljqphqwv1 Wkh ohiw lpdjh d, vkrz wkh
vxssruwv ri wkh doljqphqwv lq Ilj17 +lq O � qrup,/ dqg wkh uljkw lpdjh lqglfdwh wkh orfdwlrqv
ri wkh doljqhg sl{hov lq wkh vsdfh ri wkh lqlwldo slfwxuh1 Wkh zklwh +uhvs1 jud|, doljqphqwv ri
Ilj1 d, fruuhvsrqg wr wkh zklwh +uhvs1 jud|, sl{hov ri Ilj1e,1
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Iljxuh 9= +d, dqg +e, wkh wzr klvwrjudpv ri %Dqd Eodqfr%/ lq wkh oxplqdqfh2vdwxudwlrq dqg
wkh oxplqdqfh2kxh sodqh uhvshfwlyho|/ erwk lq O � qrup1

oxp@kxh sodqh ri wkh O � qrup uhsuhvhqwdwlrq/ vhyhudo krul}rqwdo olqhv +frqvwdqw kxh, duh
orfdwhg dw gl�huhqw kxh ohyhov/ dqg dowhuqdwh zlwk horqjdwhg forxgv ri srlqwv +Ilj19e,1

Doo lq doo/ zh gudz iurp wkh deryh klvwrjudpv irxu pdlq lqirupdwlrqv1
41 Lq wkh oxp@vdw klvwrjudp/ wkhuh lv qr dffxpxodwlrq ri sl{hov dw srlqw +4/3,1 Lw phdqv

wkdw wkh vhqvruv zh xvh duh qrw sk|vlfdoo| vdwxudwhg/ zklfk pdnh uhdolvwlf wkh sursrvhg
olqhdu dssurdfk>

51 Vwloo lq wkh oxp@vdw klvwrjudp/ vrph zhoo gudzq doljqphqwv fdq eh h{wudsrodwhg wr
srlqw +3/3, ru srlqw +4/3,1 Wkh rwkhuv duh sdudoohov wr wkh �uvw rqhv>

61 Krzhyhu/ prvw ri wkh sl{hov irup forxgv lq erwk oxp@vdw dqg oxp@kxh klvwrjudpv duh
qrw doljqhg dw doo/ zkhwkhu wkh prgho grhv qrw dsso|/ ru wkh krprjhqhrxv }rqhv duh wrr
vpdoo>

71 Lq wkh oxp@kxh klvwrjudp/ prvw riwhq wkh doljqhg sl{hov h{klelw d +txdvl, frqvwdqw
kxh/ l1h1 gudz krul}rqwdo olqhv1 Exw vrphwlphv/ wkhvh %olqhv% wxuq rxw wr eh d qduurz
krul}rqwdo vwulsh1

Vxfk fkdudfwhulvwlf vwuxfwxuhv/ vxfk glvwlqfw olqhv vxjjhvw zh vhhn d sk|vlfdo h{sodqdwlrq
ri wkh skhqrphqrq1 Wklv lv zkdw zh zloo gr qrz1 Exw ehvlghv dq| sk|vlfdo prgho/ d �uvw
srlqw lv zruwk wr eh qrwlfhg= wkh rqo| qrup wkdw hqdeohv xv wkh h{wudfwlrq ri uh hfwlrq duhdv/
ri vkdgrzv dqg judgdwlrqv lv O � 1 Qr rwkhu srodu prgho uhvxowv lq vxfk dq dfklhyhphqw1

615 Olqhduo| uhjlrqdol}hg vshfwud +OU prgho,
Li zh dvvxph wkdw wkh doljqphqwv duh d surshuw| ri wkh vshfwuxp/ dqg qrw dq duwhidfw gxh
wr vrph sduwlfxodu uhsuhvhqwdwlrq/ zh kdyh wr h{suhvv wkh vshfwuxp lq vxfk d zd| wkdw wkh
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vhtxhqfh
+vshfwuxp, $ +u � j � e � , $ +p � v � k � , $ +p � @ �v � . �,

eh wuxh +lq wkh doljqphqwv, zkdwhyhu wkh zhljkwv jhqhudwlqj u> j dqg e duh/ dqg dovr zkdwhyhu
wkh vshfwuxp lwvhoi lv1 Frqvlghu d }rqh ] ri wkh vsdfh zkrvh doo sl{hov |lhog dq doljqphqw lq
wkh O � klvwrjudp1 Ghqrwh e| vs +�> }, wkh vshfwuxp ri wkh oljkw lqwhqvlw| dw srlqw } 5 ]1 Zh
zloo vd| wkdw wklv vshfwuxp lv olqhduo| uhjlrqdol}hg lq ] zkhq iru hdfk srlqw } 5 ] rqh fdq
ghfrpsrvh vs +�> }, lqwr wkh vxp ri d �uvw vshfwuxp vs � +�,/ lqghshqghqw ri srlqw }/ dqg ri d
vhfrqg rqh/ $+},vs � +�,/ zklfk sursruwlrqdoo| ydulhv lq ] iurp rqh srlqw wr dqrwkhu1 Iru doo
} 5 ]/ zh kdyh

vs +�> }, @ vs � +�, . $+},vs � +�, +4<,
zkhuh $ +}, lv d qxphulfdo ixqfwlrq zklfk ghshqgv rq } rqo|/ dqg zkhuh vs � dqg vs � duh wzr
�{hg vshfwud1

Lq wkh vshfwuxp vs +�> },/ wkrxjk vs � xvxdoo| fruuhvsrqgv wr gl�xvh oljkw dqg vs � wr
vshfxodu rqh/ zh gr qrw qhhg wr glvwlqjxlvk ehwzhhq wkh hplwwhg dqg uh hfwhg frpsrqhqwv ri
wkh oljkw1 Lw fdq eh wkh frqfhuq ri wkh oljkw wudqvplwwhg wkurxjk d qhw fxuwdlq/ iru h{dpsoh/
ru ri wkdw ri d WY prqlwru> exw lw fdq dovr frph iurp sdvvlyh uh hfwdqfh/ vxfk dv wkrvh
ghvfulehg e| Vkdihu*v glfkurpdwlf prgho ^4:`/ ru e| Rehlq hw Do1*v prgho ri jorvvlqhvv ^43`1
Exw xqolnh wkhvh wzr prghov/ wkh whup $+},vs � pd| dovr uhsuhvhqw dq devruswlrq/ zkhq lw
lv qhjdwlyh1 Vlploduo|/ zh gr qrw qhhg wr glvwlqjxlvk ehwzhhq gl�xvh dqg vshfxodu oljkwv1
Wkh whup vs � pd| ghvfuleh d gl�xvh vrxufh ryhu wkh }rqh ]/ dv zhoo dv d frqvwdqw vshfxodu
uh hfwlrq vwhpplqj iurp wkh vdph }rqh1 Exw deryh doo/ wkh hpskdvlv lv sxw khuh rq wkh vsdfh
yduldwlrq ri wkh vshfwuxp1 Lw lv lqwurgxfhg e| wkh zhljkw $+},> wkdw ghshqgv rq srlqw }/ exw
qrw rq vshfwuxp vs � 1 Wklv zhljkw pd| eulqj lqwr sod| frvlqhv/ zkhq wkh dqjoh ri wkh lqflghqw
ehdp ydulhv/ ru wkh qrupdo wr d jorvv| vxuidfh/ hwf111

Wkh wkuhh vshfwud vs/ vs � dqg vs � duh nqrzq rqo| wkurxjk wkh zhljkwlqj ixqfwlrqv wkdw
jhqhudwh d +U>J>E, wulsohw1 Zh xvh khuh wkh qrwdwlrq +U>J>E, lq d fdqrqlfdo pdqqhu/ l1h1
lw pd| ghvljqdwh wkh +[>\>], frruglqdwhv ri wkh FLH/ ru wkh shufhswxdo v|vwhp +O>P>V,
^4<`/ dv zhoo dv wkh +\>X> Y , dqg +\> L>T, WY vwdqgdugv1 Lq doo fdvhv lw lv d pdwwhu ri vfdodu
surgxfwv ri wkh vshfwud e| vxfk ru vxfk iuhtxhqf| zhljkw1 Lq sduwlfxodu/ wkh zklwh frorxu
jlyhq e| u @ j @ e @ 4 fdq eh rewdlqhg iurp d vshfwuxp zklfk lv idu iurp ehlqj xqlirup1
Zh zulwh

u +}, @
]

vs +�> }, �+�,g� @
]

^vs � +�, . $+},vs � +�,` � +�,g� @ u � . u � $ +}, +53,

j +}, @
]

vs +�> }," +�, g� @ j � . j � $ +}, +54,
dqg

e +}, @
]

v +�> },# +�,g� @ e � . e � $ +}, +55,
zkhuh �/ " dqg # duh wkh wkuhh zhljkwlqj ixqfwlrqv wkdw jhqhudwh wkh sulpdu| frorxuv u/ j
dqg e1
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Dv vs � dqg vs � duh srzhu vshfwud/ wkh| lqgxfh lqwhqvlwlhv u/ j/ dqg e1 Qrz/ lq wkh deryh
klvwrjudpv/ wkh O � qrup dssolhv wr wkh ylghr yduldeohv u � @ u ����� / j � @ j ��� � / dqg e � @ e ����� +li
zh qhjohfw wkh ehkdylrxu qhdu wkh ruljlq,1 Wkhq zh gudz iurp Uho1+53,

u � +}, @ ^u +},` ��� � @ ^u � . $ +}, u � ` ��� � > +56,
zlwk vlplodu ghulydwlrqv iru wkh ylghr juhhq dqg eoxh edqgv1

Lv wkh olqhduo| uhjlrqdol}hg prgho deoh wr h{sodlq wkh doljqphqwv lq ylghr klvwrjudpv/
ghvslwh wkh jdppd fruuhfwlrqB Iru wkh vdnh ri vlpsolflw|/ zh zloo wdfnoh wklv txhvwlrq e|
�{lqj wkh rughu ri wkh ylghr edqgv dv u � � j � � e � / dqg p� � j � 1 Wkhq zh kdyh

6p � +}, @ u � +}, . j � +}, . e � +},
5v � +}, @ 5u � +},� j � +},� e � +},

Doljqphqwv zlwk wkh gdun srlqw
Lq wkh oxplqdqfh@vdwxudwlrq klvwrjudpv lq O � qrup/ vhyhudo doljqphqwv duh lq wkh surorqjd0
wlrq ri wkh srlqw +3> 3,/ ri }hur oxplqdqfh dqg vdwxudwlrq1 Wkh vkdgrz uhjlrqv ri wkh �uxeehu
ulqj� lpdjh looxvwudwh wklv vlwxdwlrq1

Vxssrvh wkdw/ lq wkh uhodwlrq +4<, zklfk gh�qhv wkh OU vshfwuxp/ wkh whup vs � +�> }, lv
lghqwlfdoo| }hur1 Wkhq u+}, uhgxfhv wr $+},u � / zklfk jlyhv

u � +}, @ u ����� @ $ ����� u ��� �� @ $ ��� � +},u �

� >
zlwk vlplodu ghulydwlrqv iru wzr rwkhu edqgv1 Wkhuhiruh zh kdyh

6p � +}, @ $ ��� � +},
k

u ������ . j ��� �� . e ������
l

@ 6$ ��� � +},p �

�

dqg
5v � +}, @ 5u � +},� j � +},� e � +}, @ $ ��� � +}, �5u �

� � j �

� � e �

�
�

khqfh p � +},v �

� @ p �

� v � +},1 Lq wkh vsdfh H ri wkh lqwhqvlwlhv/ zh �qg lq wkh vdph zd| wkdw
p+},v � @ p � v+},1 Wkhuhiruh wkh qxoolw| ri wkh frqvwdqw vshfwuxp vs � +�, hqwdlov wkdw erwk
p � dqg v � rq wkh rqh kdqg/ dqg p dqg v rq wkh rwkhu rqh/ duh sursruwlrqdo1 Hdfk ylghr
doljqphqw lqglfdwhv d }rqh zkhuh wkh lqwhqvlwlhv vshfwuxp ydulhv sursruwlrqdoo| iurp rqh
srlqw wr dqrwkhu1

Doljqphqwv zlwk wkh zklwh srlqw
Wkh �uxeehu ulqj� lpdjh jhqhudwhv dovr dq doljqphqw dorqj d olqh jrlqj wkurxjk wkh srlqw
+4> 3,/ l1h1 wkh srlqw zlwk pd{lpxp oxplqdqfh dqg }hur vdwxudwlrq1 Wkdw vxjjhvwv wr vxssrvh
wkh vshfwuxp vs � +�> }, frqvwdqw dqg htxdo wr 4/ dqg lq dgglwlrq wkdw wkh wkuhh froruv u � > j � > e �
duh qrw lghqwlfdo +li qrw/ wkh vdwxudwlrq v � vkrxog eh }hur,1 Zh kdyh

u+}, @ 4 . $+},u � +57,
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dqg wkh wzr vlvwhu uhodwlrqv iru j+}, dqg e+},1 Xqghu jdppd fruuhfwlrq/ u+}, ehfrphv
u � +}, @ +4 . $+},u � , ��� � =

Qrz/ wr vd| wkdw wkh doljqphqw lv forvhg wr d srlqw ri pd{lpxp oxplqdqfh frphv grzq
wr vd|lqj wkdw u � / j � / dqg e � duh vpdoo zlwk uhvshfw wr 4/ ru djdlq wkdw

u � +}, @ 4 . $+},
� u � . %+u � ,> +58,

khqfh p � +}, @ 4. �
� � �� p � dqg v � +}, @ �

� � �� ^5u � �j � � e � `1 Zh revhuyh wkdw wkh wzr frqglwlrqv
u � � 3 dqg u � +}, � 4/ mrlqwo| zlwk Uho1+58, lpso| wkdw wkh frh!flhqw $+}, lv qhjdwlyh1
Pruhryhu/ dv wkh wkuhh frorxuv u � > j � > e � duh glvwlqfw/ wkh frqglwlrq v � +}, � 3 lpsolhv lq wxuq
wkdw wkh txdqwlw| 5u � � j � � e � lv vwulfwo| qhjdwlyh1 E| sxwwlqj � � @ �+5u � � j � � e � , A 3
+� � lv qrw wkh vdwxudwlrq dw srlqw } � ,/ zh rewdlq wkh iroorzlqj olqhdu uhodwlrq zlwk srvlwlyh
frh!flhqwv

p � +}, @ 4� p �

� � v
� +},= +59,

Dv lq wkh suhylrxv fdvh/ exw zlwkrxw dssur{lpdwlrqv/ wkh phdq p+}, dqg wkh vdwxudwlrq
v+}, ri wkh lqwhqvlwlhv duh olqnhg e| wkh vdph htxdwlrq +59,= lw lv d gluhfw frqvhtxhqfh ri
Ht1+57,1 Djdlq/ erwk ylghr dqg lqwhqvlw| klvwrjudpv fduu| wkh vdph lqirupdwlrq/ dqg lqglfdwh
wkh }rqhv ri doprvw zklwh uh hfwlrqv1

Doljqphqwv zlwk d jud| srlqw
Wkhuh dsshduv lq vrph lpdjhv/ dv �DqdEodqfr�/ vhulhv ri sdudooho doljqphqwv1 Wkhlu vxssruwv
jr wkurxjk srlqwv ri +txdvl, }hur vdwxudwlrq exw wkhlu oxplqdqfh lv vwulfwo| frpsulvhg ehwzhhq
3 dqg 41 Wkh lqwhusuhwdwlrq zh mxvw jdyh iru wkh fdvh ri uh hfwlrqv h{whqgv wr vxfk d vlwxdwlrq1
Lw lv vwloo dvvxphg wkdw u � @ j � @ e � / exw zlwk 3 ? u � � 4/ dqg wkdw wkh whupv $+},u � / $+},j � /
dqg $+},e � duh vpdoo zlwk uhvshfw wr u � 1 Wkhq zh kdyh/

u � +}, @ +u � . $+},u � , ��� � @ u ��� �� . u ����� � �
�

$+},
� u � >

dqg wkh wzr vlvwhu uhodwlrqv iru j � dqg e � 1 Khqfh

p � +}, @ u ������ . u ��� � � �
�

$+},
� p � >

v � +}, @ �u ����� � �
�

$+},
� � � >

vr wkdw/ �qdoo|
p � +}, @ u ��� �� � p �

� � v
� +},= +5:,

Zkhq wkh frorxu frpsrqhqw +u � > j � > e � , uhpdlqv xqfkdqjhg/ exw wkdw wkh jud| frpsrqhqw
+u � > j � > e � , wdnhv vxffhvvlyho| ydulrxv ydoxhv/ wkhq hdfk ri wkhp lqgxfhv dq doljqphqw ri wkh
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Iljxuh := Lqlwldo lpdjh ri shuurwv1

vdph vorsh ���� � 1 Uho1+5:, h{whqgv/ zlwkrxw dssur{lpdwlrq/ wr wkh klvwrjudpv ri wkh lqwhqvlwlhv
wkhpvhoyhv1

Ilqdoo|/ zh ghulyh iurp Ht1+4:, wkdw/ lq wkh wkuhh fdvhv/ wkh kxh uhpdlqv frqvwdqw lq hdfk
doljqphqw }rqh1

7 Vdwxudwlrq zhljkwhg vhjphqwdwlrqv
Wkh prvw udglfdo fkdqjh ehwzhhq wkh fodvvlfdo KOV v|vwhp dqg wkrvh edvhg rq qrupv krogv
rq wkh vdwxudwlrq htxdwlrq1 Lq v|vwhp +4;,/ zkhq plq+u> j> e, @ 3/ +zlwk o � 3=8,/ ru zkhq
pd{+u> j> e, @ 4/ +zlwk o � 3=8,/ wkhq wkh vdwxudwlrq htxdov 41 Qrz iru kxpdq ylvlrq/ wkh
prvw vljql�fdqw sdudphwhu lv wkh kxh lq kljk vdwxudwhg duhdv/ dqg lw wxuqv wr oxplqdqfh zkhq
vdwxudwlrq ghfuhdvhv1 Dq| shuvrq zkrvh uhdfwlrq wr frorxuv lv qrupdo fdq hdvlo| fkhfn lw1 Lq
wkh gdunqhvv/ ru/ dw wkh rssrvlwh/ lq zklwh vfhqhv +h1j1 d odqgvfdsh ri vqrz| prxqwdlqv,/
wkh h|h judvsv wkh frqwrxuv e| vfuxwlql}lqj doo vpdoo juh| yduldwlrqv/ zkhuhdv zkhq wkh vfhqh
mx{wdsrvhv vsrwv ri vdwxudwhg frorxuv/ wkhq wkh h|h orfdol}hv wkh iurqwlhuv dw wkh fkdqjhv ri wkh
kxh1 Exw krz wr wudqvfuleh txdqwlwdwlyho| vxfk d uhpdun e| d vdwxudwlrq ixqfwlrq wkdw wdnhv
lwv pd{lpd suhflvho| zkhq wkh frorxuv orrvh wkhlu vdwxudwlrq/ dv wkh fodvvlfdo KOV v|vwhp
grhvB

Wkh qrupv edvhg uhsuhvhqwdwlrqv fruuhfw wklv gudzedfn/ vr wkdw wkhlu vdwxudwlrqv pd|
vhuyh wr vsolw wkh vsdfh lqwr kxh0grplqdqw yhuvxv juh|0grplqdqw uhjlrqv1 Wklv yhu| frqyh0
qlhqw nh| wr hqwhulqj wkh vhjphqwdwlrq ri frorxu lpdjhv zdv lqlwldoo| sursrvhg e| F1Ghpduw|
dqg V1Ehxfkhu ^9`1 Wkh| lqwurgxfh wkh ixqfwlrq pd{�plq rq wkh lpdjh xqghu vwxg|/ dqg
wkuhvkrog lw dw d ohyho v � wkdw ghshqgv rq wkh frqwh{w1 Wkhq wkh| dgrsw wkh KVY uhsuhvhqwd0
wlrq/ exw wkh| uhsodfh lwv vdwxudwlrq e| 4 lq wkh uhjlrqv deryh v � dqg e| 3 hovhzkhuh1 Wkhlu
grzqvwuhdp vhjphqwdwlrqv ehfrph hdvlhu dqg pruh urexvw1

Krzhyhu/ wkh| glg qrw wdnh wkh soxqjh ri d qhz uhsuhvhqwdwlrq/ dqg wkh| zrunhg dw
wkh sl{ho ohyho/ zklfk lv qrw wkh prvw lqirupdwlyh1 Lq rughu wr jr ixuwkhu lq wkh vdph zd|
ri wklqnlqj/ M1 Dqjxor dqg M1 Vhuud sursrvh/ lq ^4`/ wkh iroorzlqj wzr vwhsv vhjphqwdwlrq

4:



Iljxuh ;= Uhsuhvhqwdwlrq ri wkh%Sduurwv% lpdjh : lq O � qrup = d, oxplqdqfh/ e, vdwxudwlrq/
f, kxh1

Iljxuh <= Juh| vhjphqwdwlrqv ri wkh oxplqdqfh +d, dqg wkh kxh +e,1 Erwk duh ghslfwhg lq
idovh frorxu1

surfhgxuh=
41 wr vhsdudwho| vhjphqw wkh oxplqdqfh/ wkh vdwxudwlrq dqg wkh kxh lq d fruuhfw Qhzwrqldq

uhsuhvhqwdwlrq>
51 wr frpelqh wkh rewdlqhg sduwlwlrqv ri wkh oxplqdqfh dqg ri wkh kxh e| phdqv ri wkdw

ri wkh vdwxudwlrq= wkh odwhu lv wdnhq dv d fulwhulrq iru fkrrvlqj dw hdfk sodfh hlwkhu wkh
oxplqdqfh fodvv/ ru wkh kxh rqh1

Wkh wkuhh edqgv ri wkh %sduurwv% lpdjh ri Ilj1:/ lq O � uhsuhvhqwdwlrq/ duh ghslfwhg lq
Ilj1;+d0f,1 Hdfk edqg lv vhjphqwhg e| wkh mxps frqqhfwlrq dojrulwkp ^49` +rqh jurxsv lq
vdph fodvvhv doo srlqwv { zkhuh i+{, gl�huv e| ohvv wkdq n ri dq h{wuhpxp lq wkh vdph
frqqhfwhg frpsrqhqw/ wkhvh fodvvhv duh wkhq zlwkgudzq iurp wkh lpdjh/ dqg rqh lwhudwhv,1
Wkh phwkrg ghshqgv rqo| rq wkh mxps srvlwlyh ydoxh n1

Dv wkh sdudphwhu n lqfuhdvhv/ wkh ryhu0vhjphqwdwlrqv uhgxfh/ exw lq frpshqvdwlrq khw0
hurjhqhrxv uhjlrqv dsshdu1 D vdwlvidfwru| edodqfh vhhpv wr eh uhdfkhg iru n @ 53 +iru ;0elwv
lpdjhv,/ xs wr wkh �owhulqj ri d ihz yhu| vpdoo uhjlrqv1 Zh rewdlq wkh wzr vhjphqwdwlrqv
ghslfwhg lq Ilj1<1
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Iljxuh 43= d, Vhjphqwdwlrq ri wkh vdwxudwlrq +suhvhqwhg lq juh| wrqhv,> e,rswlpdo wkuhvkrog
ri d,> f, �qdo v|qwkhwlf sduwlwlrq/ vxshulpsrvhg wr wkh lqlwldo lpdjh1

714 V|qwkhwlf sduwlwlrq
Krz wr frpelqh wkh wzr sduwlwlrqv ri lpdjhv <d dqg <eB Wkh lghd frqvlvwv lq vsolwwlqj wkh
vdwxudwlrq lpdjh lqwr wzr vhwv [ � dqg [ �

� ri kljk dqg orz vdwxudwlrqv uhvshfwlyho|/ dqg lq
dvvljqlqj wkh kxh sduwlwlrq wr wkh �uvw vhw/ dqg wkh oxplqdqfh rqh wr wkh vhfrqg1 D fodvv ri
wkh v|qwkhwlf sduwlwlrq lv hlwkhu wkh lqwhuvhfwlrq ri d oxplqdqfh fodvv zlwk wkh orz vdwxudwlrq
}rqh [ �

� / ru wkh lqwhuvhfwlrq ri d kxh fodvv zlwk wkh kljk vdwxudwlrq }rqh [ � 1 Li wkh fodvvhv ri
wkh oxplqdqfh/ wkh kxh/ dqg wkh v|qwkhwlf sduwlwlrq dw srlqw { duh ghqrwhg e| D � +{,/ D � +{,/
dqg D+{, uhvshfwlyho|/ zh kdyh

D+{, @ D � +{, _[ �
� zkhq { 5 [ �

�

D+{, @ D � +{, _[ � zkhq { 5 [ � =
Wkh vlpsohvw zd| wr jhqhudwh wkh vhw [ � frqvlvwv/ ri frxuvh/ lq wkuhvkroglqj wkh vdwxud0

wlrq lpdjh1 Exw wklv ulvnv wr uhvxow lq dq luuhjxodu vhw [ � / zlwk krohv/ vpdoo sduwlfohv/ hwf1
Suhihudeo|/ rqh fdq vwduw iurp wkh prvdlf lpdjh ri wkh vdwxudwlrq surylghg e| wkh vdph vhj0
phqwdwlrq dojrulwkp dv iru wkh wkh kxh dqg wkh oxplqdqfh +Ilj143d,1 Dq rswlpdo wkuhvkrog
rq wkh vdwxudwlrq klvwrjudp ghwhuplqhv wkh ydoxh iru wkh d0fkurpdwlf2fkurpdwlf vhsdudwlrq
+Ilj143e,1 Zh �qdoo| rewdlq wkh frpsrvlwh sduwlwlrq ghslfwhg lq Ilj143f/ zklfk lv h{fhoohqw1

8 Frorxu dqg pl{hg vhjphqwdwlrqv
814 Frorxu dqg vkdsh
Wkh glvfulplqdwlrq zh kdyh mxvw pdgh ehwzhhq wkh }rqhv ri wkh vsdfh zkhuh wkh kxh lv
pruh vljql�fdqw wkdq wkh oxplqdqfh/ dqg wkhlu frpsohphqwv/ lv d �uvw vwhs wrzdugv wkh pruh
suhflvh glvfulplqdwlrq ehwzhhq frorxu dqg vkdsh wkdw zh sursrvh qrz1 Wkh ylghr0lpdjh
ghslfwhg lq Ilj1 44 looxvwudwhv wkh sxusrvh1 Lw kdv ehhq h{wudfwhg iurp d whvw vhtxhqfh iru dq
lpdjh frpsuhvvlrq dojrulwkp � 1 Wkh jrdo khuh frqvlvwv lq frqwrxulqj wkh lqglylgxdo lq wkh

� Lq 4<<;05334/ wkh fhqwuh gh Pruskrorjlh Pdwkìpdwltxh wrrn sduw lq wkh Hxurshdq uhvhdufk surjudp
PRPXV\V/ iru ylghr0skrq| > lw zdv dvnhg xv wr vhjphqw wkh orfxwru iurp wkh edfnjurxqg lq ylghr0skrqh
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Iljxuh 44= d, Lqlwldo lpdjh> e, �qdo frqwrxulqj1

iruhjurxqg/ lq rughu wr frgh klp pruh �qho| wkdq wkh edfnjurxqg1 Wklv rxwolqh jurxsv wkh
idfh dqg wkh exvw1 Zh revhuyh wkdw wkh iruphu lv ehwwhu vsrwwhg e| wkh frorxu ri wkh vnlq/
zklfk udqjhv lq d vshfl�f grpdlq/ dqg wkh odwwhu e| wkh vkdsh ri wkh vkrxoghuv/ dqg e| wkhlu
orfdwlrq dw wkh grzq sduw ri wkh iudph1

Eh|rqg wklv h{dpsoh/ wkh sureohp ri frpelqlqj wzr prghv ri ghvfulswlrq lqwr d phujhg
vhjphqwdwlrq lv vhw1 Rqh pd| ylhz wr vhjphqw wzlfh wkh lpdjh/ dffruglqj wr fulwhuld dvvrfl0
dwhg zlwk hdfk prgh vhsdudwho|/ exw wkhq krz wr pdqdjh wkh phujlqj/ dqg lwv ryhuodsslqjvB
Wkhuh lv qr uhihuhh/ khuh/ wr sod| wkh uroh jlyhq wr wkh vdwxudwlrq lq wkh �sduurw� fdvh1 Rq
wkh rwkhu kdqg/ zh fdqqrw d�rug mxvw wr wdnh wkh vxsuhpxp ri wkh wzr sduwlwlrqv/ dv lw lv
zhoo nqrzq wkdw lq wkh fodvvhv ri wklv vxsuhpxp/ erwk fulwhuld pd| eh vdwlv�hg = wkh| gr
qrw jhqhudwh dq h{foxvlyh �ru� +vhh iru h{dpsoh ^49`/ vhfwlrq 5,1 Qhyhuwkhohvv/ li zh surylgh d
sulrulw| ehwzhhq wkh wzr prghv ri ghvfulswlrq/ wkhq dq rswlpdo elsduwlwlrq ri wkh vsdfh fdq
eh rewdlqhg/ dv vkrzq ehorz1

815 Txdvl0frqqhfwlrq
Gh�qlwlrq 4 Ohw H eh dq duelwudu| vsdfh1 Dq| fodvv F � � S +H, vxfk wkdw

+l, Û 5 F �
+ll, iru hdfk idplo| iF � l 5 Lj lq F � / _ F � 9@Û lpsolhv ^F � 5 F � /
gh�qhv d txdvl0frqqhfwlrq rq H 1
Xqolnh d frqqhfwlrq/ d txdvl0frqqhfwlrq grhv qrw qhfhvvdulo| frqwdlq wkh vhw V ri doo

vlqjohwrqv ri S +H,1 Zkdw duh wkh frqvhtxhqfhv ri wklv plvvlqj d{lrp B Zh vwloo fdq dvvrfldwh
d +txdvl, frqqhfwhg rshqlqj � � � � zlwk hdfk srlqw { 5 H e| sxwwlqj iru dq| D � H

� � � � +D, @ > zkhq wkh idplo| iF � 5 F � > { 5 F � � Dj lv hpsw| +5;,
� � � � +D, @ ^iF � 5 F � > { 5 F � � Dj zkhq qrw

vhtxhqfhv> wkh dojrulwkp ghvfulehg e| vwhsv d wr i lq vxevhfwlrq 817 ehorz zdv wkh vroxwlrq sursrvhg e| Fk1
Jrplod lq khu Skg wkhvlv ^:`/ pdqdjhg e| I1 Ph|hu1
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Rshudwru � � � � lv reylrxvo| dq rshqlqj vlqfh lw frlqflghv zlwk wkdw ri wkh frqqhfwlrq F � ^ V
zkhq � � � � +D, 9@ >1 Pruhryhu/ iru doo D � H dqg doo {> | 5 H> � � � � +D, dqg � � � � +D, duh vwloo
htxdo ru glvmrlqw/ l1h1

� � � � +D, _ � � � � +D, 9@ > , � � � � +D, @ � � � � +D, +5<,
dqg iru doo D � H dqg doo { 5 H/ zh kdyh { @5 D , � � � � +D, @ >1 Wkh rqo| fkdqjh zlwk
wkh frqqhfwlrq fdvh lv wkdw qrz � � � � +D, pd| htxdo >/ hyhq zkhq { 5 D1 Dv d frqvhtxhqfh/
wkh vxsuhpxp � � @ b�� � � � > { 5 H� jhqhudwhv dq rshqlqj rq S +H, zkrvh uhvlgxdo � � +D, @
D q� � +D,/ iru d vhw D � H lv qrw qhfhvvdulo| hpsw|1 Lq rwkhu zrugv/ wr vd| wkdw { 5 � � +D, lv
htxlydohqw wr vd|lqj wkdw wkh idplo| iF � 5 F � > { 5 F � � Dj lv hpsw|1 Uhpdun wkdw zkhq F �
lv d frqqhfwlrq/ wkhq � � wxuqv rxw wr eh wkh lghqwlw| rshudwru1

816 Wzr ohyhov pl{hg vhjphqwdwlrqv
Ohw F � eh d txdvl0frqqhfwlrq rq S +H, ri srlqw rshqlqjv �� � � � > { 5 H�/ dqg F � eh d frqqhfwlrq
rq S +H, ri srlqw frqqhfwhg rshqlqjv �� � � � > { 5 H�1 Zh lqwurgxfh d klhudufk| ehwzhhq wkhp
e| uhvwulfwlqj wkh fodvvhv dffruglqj wr F � wr wkh }rqhv wkdw duh qrw uhdfkhg e| F � 1 Wklv fdq
eh grqh yld wkh rshudwru

" � � � +D, @ � � � � ^� � +D,` zkhq { 5 � � +D, +63,
" � � � +D, @ > zkhq qrw

Wklv rshudwru " � � � lv qrw lqfuhdvlqj/ dv lw dfwv rq vhw D � H yld wkh uhvlgxdo ri � � +D, =
Qhyhuwkhohvv/ lw vdwlv�hv d ihz qlfh rwkhu surshuwlhv1
Sursrvlwlrq 5 Wkh rshudwru " � � � gh�qhg e| v|vwhp +63, lv dqwl0h{whqvlyh/ lghpsrwhqw dqg
glvmxqfwlyh/ l1h1

" � � � +D, _ " � � � +D, 9@ > , " � � � +D, @ " � � � +D, ;D � H > ;{> | 5 H +64,
Surri1 Wkh dqwl0h{whqvlylw| ri " � � � lv reylrxv1 Wr suryh lwv lghpsrwhqfh/ vxssrvh �uvw

wkdw " � � � +D, 9@ >1 Wkhq/ iru doo } 5 " � � � +D,/ zh kdyh � � � �
�" � � � +D,� � � � � � ^� � +D,` @ >/ khqfh

� � �" � � � +D,� @ " � � � +D, 6 {1 Dv vhw " � � � +D, lv dq lqyduldqw ri rshqlqj � � � � / zh kdyh
" � � �

�" � � � +D,� @ � � � �
�� � �" � � � +D,�� @ � � � �

�" � � � +D,� @ " � � � +D, =
Vxssrvh qrz wkdw " � � � +D, @ >1 Dv � � � � lv dq rshqlqj/ zh kdyh � � � �

�" � � � +D,� @ >/ vr
� � �" � � � +D,� @ > khqfh " � � �

�" � � � +D,� @ >=
Wkh glvmxqfwlrq lpsolfdwlrq uhpdlqv wr eh suryhg +5<,1 Li wkh lqwhuvhfwlrq " � � � +D,_" � � � +D,

lv qrw hpsw|/ wkhq lw lv htxdo wr � � � � ^� � +D,` _ � � � � ^� � +D,` = Dv � � � � dqg � � � � duh wzr srlqw
rshqlqjv ri frqqhfwlrq F � / zh kdyh " � � � +D, @ " � � � +D,/ zklfk dfklhyhv wkh surri1

Frqvlghu qrz wkh vxsuhpxp "� @ � � � � b " � � � ri wkh wzr rshudwruv � � � � dqg " � � � 1 Zh zloo
suryh wkdw dv { udqjhv ryhu H/ wkh idplo| i" � j sduwlwlrqv doo D � H lq dq rswlpdo zd|1 Pruh
suhflvho|/ zh fdq vwdwh
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Sursrvlwlrq 6 Ohw F � eh d txdvl0frqqhfwlrq dqg F � eh d frqqhfwlrq/ erwk rq S +H,/ zkhuh
vhw H lv duelwudu|1 Wkhq/

41 wkh xqlrq ri wkh wzr idplolhv �� � � �
� dqg �" � � �

�/ { 5 H/ ri rshudwruv sduwlwlrq hyhu| vhw
D � H lqwr wzr idplolhv ri fodvvhv iD � � � j dqg iD � � � j>

51 wklv sduwlwlrq lv wkh juhdwhvw rqh zlwk fodvvhv ri F � rq � � +D, dqg fodvvhv ri F � rq
Dq� � +D,=

Surri1 42Ohw D � H1 Li � � +D, 9@ >/ wkhq hdfk srlqw { 5 � � +D, ehorqjv wr wkh qrq
hpsw| D � fodvv � � � � +D, dqg li D 9@ � � +D,/ hdfk srlqw | 5 D"� � +D, ehorqjv wr wkh qrq
hpsw| D � fodvv � � � � ^D"� � +D,`1 Li � � +D, @ >/ wkhq hdfk srlqw | 5 D ehorqjv wr fodvv
� � � � +D, = Wkhuhiruh/ wkh ydulrxv fodvvhv fryhu vhw D1 Pruhryhu/ Uho1+5<, vkrzv wkdw wkh iD � � � j
fodvvhv duh glvmxqfwlyh lq wkh vhw � � +D, dqg Surs15 wkdw wkh iD � � � j fodvvhv duh glvmxqfwlyh lq
D"� � +D, =

52 Ohw �D �

� � �
�dqg �D �

� � �
� eh dqrwkhu sduwlwlrq ri D lqwr F � dqg F � frpsrqhqwv1 Hdfk

srlqw { 5 D ehorqjv wr rqh fodvv ri hdfk sduwlwlrq1 Vxssrvh �uvw wkdw erwk fodvvhv duh ri w|sh
q � 4/ l1h1 { 5 D � � � _D �

� � � / zlwk D � � � / D �

� � � 5 F � / iru vrph l dqg vrph v1 Wkhuhiruh D � � � ^D �

� � � 5 F �
dqg { 5 D � � � ^D �

� � � � � � � � +D, @ D � � � khqfh D �

� � � � D � � � = Li zh vxssrvh qrz wkdw erwk fodvvhv
D � � � dqg D �

� � � jrlqj wkurxjk { duh ri w|sh q � 5> wkhq wkh vdph surri/ exw iru F � / vkrzv wkdw
D �

� � � � D � � � 1 Ilqdoo|/ wkh frpelqdwlrq dw srlqw { ri d F � 0fodvv ri wkh �uvw sduwlwlrq zlwk d
F � 0fodvv ri wkh vhfrqg rqh lv lpsrvvleoh1 Lqghhg/ zh gudz iurp wkh suhylrxv sdudjudsk ri
wklv surri wkdw ^�D �

� � �
� � ^iD � � � j @ � � +D, dqg wkdw ^�D �

� � �
� � ^iD � � � j @ D"� � +D, > dv

^�D �

� � �
�^�D �

� � �
� @ D zh kdyh � � +D, @ ^�D �

� � �
� dqg D"� � +D, @ ^�D �

� � �
�/ zklfk dfklhyhv

wkh surri1
Sursrvlwlrq 6 doorzv xv wr sduwlwlrq D lqwr d klhudufk| ri vxffhvvlyh pl{hg vhjphqwdwlrqv1

Fohduo|/ lw h{whqgv wr wkuhh skdvhv e| uhsodflqj F � e| d svhxgr0frqqhfwlrq dqg e| dgglqj
d wklug frqqhfwlrq F � > 111 dqg vr rq iru q skdvhv1 Wkh odfn ri lqfuhdvlqjqhvv hqwdlov wkdw li
D � E> wkhq � � � � +D, � � � � � +E, iru doo { 5 H/ exw qrw " � � � +D, � " � � � +E, = Uhpdun wkdw
zkhq zh orrn iru vhjphqwlqj wkh zkroh vsdfh H/ wkh srvvleoh frpsdulvrq ri H zlwk dqrwkhu
vhw E ehfrphv xvhohvv1 Dq h{dpsoh ri vxfk dq lwhudwlrq edvhg klhudufk| lv jlyhq e| wkh mxps
frqqhfwlrq ^46` ^49`1 Jlyhq d frqwlqxrxv erxqghg ixqfwlrq i wkh txdvl rqh0mxps fulwhulrq �
lv gh�qhg e| wkh iroorzlqj uhtxluhphqw= �^i>D` @ 4 l� iru dq| srlqw { 5 D wkhuh h{lvwv d
plqlpxpp ri i lq D vxfk wkdw 3 � i+{,�p ? n1 Wkh fodvv F � ri wkh D vxfk wkdw �^i>D` @ 4
jhqhudwhv d txdvl0frqqhfwlrq1 Wdnh F � @ F � dqg lwhudwh wkh surfhvv1 Wkh �uvw vwhs h{wudfwv
wkh frqqhfwhg frpsrqhqwv ri wkh vsdfh lq zklfk wkh ixqfwlrq lv ohvv wkdq n deryh wkh plqlpd>
wkh vhfrqg vwhs grhv wkh vdph rq wkh ixqfwlrq uhgxfhg wr wkh uhvlgxdo vsdfh/ dqg vr rq/ zklfk
uhvxowv lq wkh vr fdoohg %mxps frqqhfwlrq iurp plqlpd%1

Ehiruh looxvwudwlqj Surs1 6 e| dq h{dpsoh/ zh zrxog olnh wr frpphqw rq wkh fdvh zkhq
F � @ V ^ >/ l1h1 zkhq wkh vhfrqg frqqhfwlrq lv wkh idplo| ri wkh vlqjohwrqv soxv wkh hpsw|
vhw1 Wkhq/ e| wdnlqj F @ F � ^ F � @ F � ^ V/ zh rewdlq wkh vpdoohvw frqqhfwlrq wkdw frqwdlqv
F � = Krzhyhu/ wkh wzr skdvhg dssurdfk +F � >F � , lv pruh lqirupdwlyh wkdq wkh rqo| xvh ri F=
Iru h{dpsoh/ jlyhq wkh qxphulfdo ixqfwlrq i = U � $ U � / wkh vhjphqw dorqj zklfk i +{, � 4
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Iljxuh 45= d, Vhfwru ri wkh kxpdq vnlqv lq wkh +X> Y , sodqh> e, Wkuhvkrog ri Ilj144d dffruglqj
wr wkh vnlqv vhfwru1

irupv d frqqhfwlrq F1 Lq sduwlfxodu/ li zh wdnh
i @ m{m iru { 9@ 3 dqg i @ 5 iru { @ 3

wkhq doo srlqwv ri `�4>.4^ lqgxfh vlqjohwrq fodvvhv/ dqg wkhuh lv qr phdq lq frqqhfwlrq iru F
glvwlqjxlvklqj ehwzhhq { @ 3/ zkhuh i lv � 4/ dqg wkh rwkhu srlqwv ri `�4>.4^ > zkhuh i lv
? 41 Rq wkh frqwudu|/ li zh dgrsw wkh deryh wzrirog dssurdfk/ wkhq i3j 5 F � / dqg wkh rwkhu
vlqjohwrqv ehorqj wr F � =

817 Uhwxuq wr wkh frorxu dqg vkdsh h{dpsoh
Wkh frorxu2vkdsh vhjphqwdwlrq dojrulwkp sursrvhg e| Fk1 Jrplod looxvwudwhv yhu| zhoo rxu
wzrirog dssurdfk ^:`1 Lw surfhhgv dv iroorzv =

d2 wkh lpdjh xqghu vwxg| +Ilj1 44d, lv jlyhq lq wkh vwdqgdug frorxu ylghr uhsuhvhqwdwlrq
\ XY

| @ 3=5<<u . 3=8;:j . 3=447e
x @ 3=7<5+e� |, +65,

y @ 3=;::+u � |,
e2 d suhylrxv vhjphqwdwlrq uhvxowhg lq wkh whvvhodwlrq ghslfwhg lq idovh frorxu lq Ilj1 46d

ru Ilj1 47d1 Iru wkh ixuwkhu vwhsv/ wklv prvdlf ehfrphv wkh zrunlqj vsdfh H/ zkrvh �srlqwv�
duh wkh sro|jrqv ri wkh prvdlf>

f2 fodvvlfdo vwxglhv kdyh ghprqvwudwhg wkdw/ iru doo w|shv ri kxpdq vnlqv/ wzr fkurplqdqfhv
X dqg Y sudfwlfdoo| olh lq wkh vhfwru uhjlrq ghslfwhg lq Ilj1 45d1 E| wkuhvkroglqj wkh lqlwldo
lpdjh Ilj1 44d e| wklv vhfwru/ zh rewdlq wkh vhw Ilj 45e/ zkrvh d vpdoo �owhulqj e| vl}h
vxssuhvvhv wkh vpdoo uhjlrqv/ |lhoglqj d pdunhu vhw>

g2 doo �srlqwv� ri H wkdw frqwdlq dw ohdvw d sl{ho ri wkh pdunhu vhw/ ru ri lwv v|pphwulfdo
z1u1w1 d yhuwlfdo d{lv/ duh nhsw/ dqg wkh rwkhuv duh uhpryhg = wklv surgxfhv wkh rshqlqj � � +H,/
ghslfwhg lq Ilj1 46e>
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Iljxuh 46= d, Suhylrxv vhjphqwdwlrq ri Ilj144d> e, Khdg uhrqvwuxfwlrq +diwhu v|pphwu|,1

Iljxuh 47= d, Suhylrxv vhjphqwdwlrq ri Ilj144d> e, %vkrxoghu2khdg% pdunhu> f, exvw uhrq0
vwuxfwlrq1

h2 iru wkh exvw/ dq rxwvlgh vkdsh pdunhu pdgh ri wkuhh vxshulpsrvhg uhfwdqjohv lv lq0
wurgxfhg1 Doo wkhlu sl{hov wkdw ehorqj wr d �srlqw� ri � � +H, duh uhpryhg iurp wkh exvw
pdunhu/ vlqfh wklv vhfrqg pdunhu pxvw krog rq H"� � +H, rqo|1 Wkdw lv ghslfwhg lq Ilj1 47e/
zkhuh rqh fdq qrwlfh krz pxfk wkh xsshu uhfwdqjoh kdv ehhq uhgxfhg> wkh dvvrfldwhg rshqlqj
� � ^H"� � +H,` lv ghslfwhg lq Ilj1 47f>

i2 wkh xqlrq � � +H,^� � ^H"� � +H,` gh�qhv wkh }rqh lqvlgh zklfk wkh lqlwldo lpdjh Ilj144d
lv nhsw/ dv ghslfwhg lq Ilj144e1

Wkh h{dpsoh pd| vhhp vlpsoh> lw krogv rq d udwkhu srru glvfuhwh vsdfh dqg dfwv yld
wzr hohphqwdu| txdvl0frqqhfwlrqv dqg frqqhfwlrqv1 Krzhyhu/ lw suryhg wr eh urexvw dqg zhoo
dgdswhg wr lwv jrdo/ dqg lwv urexvwqhvv lv d gluhfw frqvhtxhqfh ri wkh rswlpdolw| ri wkh lqyroyhg
vhjphqwdwlrqv1

9 D pruskrorjlfdo dssurdfk wr pxowlyduldwh dqdo|vlv
Lq gljlwdo surfhvvlqj/ lw rffxuv wkdw d vhulhv ri gl�huhqw ghvfulswruv eh dwwdfkhg wr hdfk
sl{ho/ dqg wkdw rqh zlvkhv wr vhjphqw wkh vsdfh lqwr wkh krprjhqrxv uhjlrqv rq wkh edvlv
ri wklv lqirupdwlrq1 Wkh ghvfulswruv pd| frpelqh gdwd wkdw duh sk|vlfdoo| khwhurjhqhrxv1
Iru h{dpsoh/ lq jhrjudsklf lqirupdwlrq v|vwhpv +J1L1V1,/ hdfk sl{ho lv vrphwlphv dvvljqhg
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Iljxuh 48= d, dqg e, wzr srodul}hg ylhzv ri wkh Olsnd vdqgvwrqh wklq vhfwlrq1

d vorsh dqg d srsxodwlrq ghqvlw|1 Wkhvh wzr txdqwlwlhv/ dowkrxjk frqqhfwhg/ duh sk|vlfdoo|
qrq frpsdudeoh/ dqg wkhlu phdq/ khqfh d olqhdu ghvfulswru/ lv mxvw d sk|vlfdo qrqvhqvh1 Vxfk
dq khwhurjhqhlw| ehfrphv pruh frpsolfdwhg djdlq zkhq vrph ri wkh txdqwlwlhv ydu| ryhu
wkh xqlw flufoh +dv wkh frorxuv rewdlqhg e| ydulrxv srodul}dwlrq dqjohv,/ dqg zkhq wkh frorxu
lqirupdwlrq kdv ehhq frghg e| sdohwwhv1 Lw zloo eh wkh fdvh khuh/ exw rxu dssurdfk/ wkrxjk
ghvljqhg iru wklv fxuuhqw fdvh/ dssolhv wr dq| w|sh ri khwhurjhqhrxv pxowlyduldwh gdwd1 Wkh
xqghuo|lqj lghd lv wkh iroorzlqj1 E| vhjphqwlqj vhsdudwho| hdfk ri wkh q yduldeohv/ zh rewdlq
q sduwlwlrqv/ zklfk duh gdwd ri wkh vdph w|sh/ dqg zlwkrxw wkh lqlwldo khwhurjhqhlw|1 Wkh
jrdo wkhq frqvlvwv lq frpelqlqj wkhvh sduwlwlrqv iru surgxflqj d v|qwkhwlf rqh1 Rqh srvvleoh
vroxwlrq lv ghyhorshg ehorz= d qxphulfdo ixqfwlrq lv jhqhudwhg e| dgglqj lqglfdwru ixqfwlrqv
dvvrfldwhg zlwk hdfk sduwlwlrq/ wkhq wklv qxphulfdo ixqfwlrq lv vhjphqwhg1

914 Srodul}hg wklq vhfwlrqv
Srodul}hg oljkw lv d xvhixo wrro iru h{dplqdwlrq ri urfn wklq vhfwlrqv1 Lw dvvljqv d vshfl�f kxh
zlwk hdfk urfn frpsrqhqw dqg doorzv glvwlqjxlvklqj dqg vhsdudwlqj wkh judlqv dffruglqj wr
wkh fu|vwdoolqh rulhqwdwlrqv1 Exw lw lv jhqhudoo| xvhg lq d txdolwdwlyh zd|1

Lq wklv vhfwlrq zh sxusrvh wr xvh d sduwlwlrq edvhg dssurdfk iru uhdfklqj wkh vdph jrdo/
exw lq d txdqwlwdwlyh pdqqhu1 Lq rwkhu zrugv/ vwduwlqj iurp d vhtxhqfh ri srodul}hg lpdjhv ri
d vdph plfurvfrslf �hog/ zh sursrvh wr ghwhuplqh dxwrpdwlfdoo| wkh frqwrxuv ri wkh judlqv1

M1 Vhuud dqg P1Po|qduf}xn kdyh wuhdwhg irxu urfnv ri gl�huhqw plfurvfrslf dsshdudqfh/
lq rughu wr edvh wkh sursrvhg phwkrg rq d vljql�fdqw vshfwuxp ri urfn vwuxfwxuhv ^47`1 Wkh|
duh wzr vdqgvwrqhv/ iurp Wxpolq dqg Olsnd/ rqh txduw}lwh iurp Zl�vqlöznd dqg rqh grorplwh
iurp U �hg}lq|1 Iurp hdfk vhohfwhg urfn d wklq vhfwlrq zdv suhsduhg1 Wkhq d fkrvhq �hog zdv
revhuyhg lq d srodul}hg plfurvfrs|/ lq vxfk d zd| wkdw wkh srodul}dwlrq sulvp zdv wxuqhg 48
wlphv e| 45 ghjuhhv1 Wkh rewdlqhg vhtxhqfh +48 lpdjhv ri ; elwv ghswk dqg ri vl}h 685 [1
59;,/ zdv gljlwl}hg e| phdqv ri d FFG fdphud1 Wkh frorxu ri hdfk lpdjh kdv ehhq frghg rq
589 ohyhov e| xvlqj d vshfl�f sdohwwh iru hdfk lpdjh1 Ilj148 jlyhv dq rxwolqh ri wkh rewdlqhg
lpdjhv1 E| revhuylqj wkh lpdjhv/ rqh fdq qrwlfh wkdw=

0 iru wkh vdph wklq vhfwlrq/ wkh yduldwlrqv ri frorxuv ehwzhhq wkh lpdjhv revhuyhg lq
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Iljxuh 49= d, duwl�fldo juh| wrqh lpdjh zklfk lv dvvrfldwhg zlwk wkh sdohwwh ri Ilj1 48d> e,
 dw }rqhv �owhulqj ri lpdjh d,/ qdpho| lpdjh �1

gl�huhqw srodul}dwlrqv duh frqvlghudeoh>
0 iru d vdph judlq/ dqg xqghu d jlyhq srodul}dwlrq/ wkh kxh uhpdlqv pruh ru ohvv

xqlirup>
0 wkh fu|vwdov duh sodfhg vlgh e| vlgh/ zlwkrxw dq| ylvleoh erughu>
0 �qdoo|/ zh fdq qrwlfh wkdw wkh lpdjhv duh ri srru txdolw|1

915 Sursrvhg dssurdfk
D sdohwwh lv d orrn0xs wdeoh/ l1h1 d pdsslqj ^3> 588`� ^3> 588`� ^3> 588` $ ^3> 588`1 Wkhuhiruh/
wkh 589 rxwsxw ydoxhv gr qrw frqvwlwxwh d shufhswxdo juh|0wrqh d{lv1 Lq d vdph lpdjh wkh
oxplqdqfh dvvrfldwhg zlwk wkh ohyho 453/ vd|/ pd| eh kljkhu ru orzhu wkdq wkdw ri ohyho 4731
Pruhryhu/ li dw srlqw {/ wzr gl�huhqw lpdjhv ri d vdph vhtxhqfh kdyh wkh vdph qxphulfdo
ydoxh/ wklv grhv qrw phdq wkdw wkh wzr lpdjhv kdyh wkh vdph frorxu ru wkh vdph oxplqhvfhqfh
dw srlqw {/ ehfdxvh wkh sdohwwh fkdqjhv iurp rqh lpdjh wr dqrwkhu1 Exw/ iruwxqdwho|/ lq hdfk
lpdjh/ wkh pdmrulw| ri srlqwv ri wkh vdph fu|vwdov dgplw wkh vdph qxphulfdo ydoxhv1 Wklv
kdsshqv lq prvw fdvhv/ exw qrw dozd|v/ ehfdxvh wkh fu|vwdov duh qrw devroxwho| sxuh1

Fodvvlfdoo|/ d surfhvvlqj ri pxowlglphqvlrqdo gdwd ehjlqv e| uhgxflqj wkh qxpehu ri gl0
phqvlrqv e| phdqv ri olqhdu pxowlyduldwh dqdo|vlv whfkqltxhv/ vxfk dv sulqflsdo frpsrqhqw
dqdo|vlv ru wkh Nduxqhq0Orëyh wudqvirupdwlrq1 Zkhq wkhuh duh qr pruh wkdq rqh ru wzr
pdmru yduldeohv/ gl�huhqw �owhuv dqg vhjphqwdwlrqv frqfoxgh wkh surfhvvlqj1 Khuh olqhdulw| lv
lqdgylvdeoh dqg zh kdyh wr lqyhqw dqrwkhu dssurdfk ^47`1 Li zh zdqw dq dssurdfk wr eh ydolg
iru glphqvlrqdoo| khwhurjhqhrxv gdwd/ lw lv uhfrpphqghg qrw wr wu| dqg pl{ wkhp lq d �uvw
vwdjh/ zklfk vkrxog eh pruh ru ohvv olqhdu1 Rq wkh frqwudu|/ zh pxvw=

l, �uvw dvvrfldwh d sduwlwlrq ri wkh vsdfh zlwk hdfk lqglylgxdo lpdjh1 D sduwlwlrq G
ri d vsdfh H lv d vhjphqwdwlrq ri H lqwr fodvvhv G+{, wkdw gr qrw ryhuods/ dqg wkdw fryhu
wkh zkroh vsdfh H1 Iru wklv vwdjh/ zh zloo kdyh wr hurgh sduwlwlrqv/ lq rughu wr hqkdqfh
erxqgdulhv/ e| dsso|lqj wkh iroorzlqj uhvxow ^47`
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Iljxuh 4:= d, Eodfn dqg zklwh lpdjh p � rewdlqhg e| sduwlwlrq hurvlrq > e, Vxp ri doo p�

lpdjhv ri wkh vhtxhqfh/ uhvxowlqj lq d suredelolw| pds1

Sursrvlwlrq 7 Jlyhq dq duelwudu| vhw H/ hyhu| vhw hurvlrq % � = S+H, $ S+H, iru zklfk
% � +>, @ > lqgxfhv/ rq wkh odwwlfh G ri wkh sduwlwlrqv ri H/ d xqltxh hurvlrq % gh�qhg e|=

+%G,+{, @ % � ^G+{,` zkhq { 5 % � ^G+{,`
+%G,+{, @ i{j zkhq qrw 1
ll, dqg rq wkh vhfrqg vwdjh rqo|/ jurxs wkh rewdlqhg sduwlwlrqv lqwr d v|qwkhwlf rqh1 Wr

gr wklv/ rqh frqvlghuv wkhp dv gl�huhqw uhdol}dwlrqv ri d udqgrp sduwlwlrq/ dqg rqh hvwlpdwhv
wkh suredelolw| iru hdfk sl{ho wr eh dw d jlyhq glvwdqfh g iurp wkh erughu ri lwv fodvv1 Lq wklv
suredelolw| pds/ wkh forvhu wr wkh erughu d sl{ho lv/ wkh kljkhu lv lwv qxphulfdo ydoxh1 Ilqdoo|/
wkh zdwhuvkhg ri wklv suredelolw| pds surylghv wkh zdqwhg vhjphqwdwlrq1

916 Dq h{dpsoh
Zh zloo looxvwudwh wkh dojrulwkp e| phdqv ri wkh Olsnd vdqgvwrqh vhtxhqfh1

Iljxuh 4;= d, Zdwhuvkhg ri wkh suredelolw| pds Ilj1 4: e,/ lq vxshulpsrvlwlrq zlwk rqh ri wkh
srodul}hg ylhzv1 Vdph surfhgxuh/ dqg vdph sdudphwhuv dssolhg wr d txduw}lwh iurp Zlvqlrznd1
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Iluvw vwdjh= Ilowhu hdfk lpdjh ri wkh vhtxhqfh e|  dw vwuxfwxulqj hohphqwv1 Wkh rswlpdo
�owhu lv wkh vpdoohu wkdw holplqdwhv wkh ydulrxv ghihfwv/ vlqfh wkh ghihfwv duh dozd|v vpdoohu
wkdq wkh judlqv1 Wkh vroxwlrq dgrswhg khuh frqvlvwv dq dowhuqdwlqj vhtxhqwldo �owhu e| uhfrq0
vwuxfwlrq ri vl}h wzr ^45`1 Zh fdoo i � wkh lpdjhv diwhu �owhulqj/ zkhuh l lqglfdwhv wkh odeho
ri wkh lpdjh lq lwv vhtxhqfh +Ilj149e,1 Wkh rewdlqhg  dw }rqhv duh wkhq hurghg e| dsso|lqj
Sursrvlwlrq 7 iru dq kh{djrqdo hurvlrq ri vl}h wzr1 Lq vxfk d surfhvv/ hdfk fodvv ri wkh sduwl0
wlrq/ l1h1 hdfk  dw }rqh/ lv qduurzhg lqghshqghqwo| ri wkh rwkhuv/ dqg wkh uhvw ri wkh vsdfh lv
rffxslhg e| fodvvhv uhgxfhg wr srlqwv1 Lq Ilj14:d/ wkh qrq srlqw fodvvhv duh jlyhq ydoxh }hur/
dqg wkh rwkhuv ydoxh rqh1 Ohw p � ghqrwh wkh rewdlqhg lpdjh1

Vhfrqg vwdjh Wkh erughu suredelolw| pds lv hvwlpdwhg e| wkh hvwlpdwh p @ 588 �
48+Sp � ,= Ilj14:e ghslfwv wkh lpdjh p dvvrfldwhg zlwk Olsnd vhtxhqfh1 Wkh �qdo ghwhf0
wlrq ri wkh frqwrxuv lv surylghg e| zdwhuvkhglqj lpdjh p1 Vlqfh zh duh lqwhuhvwhg lq odujh
uhjlrqv zlwkrxw lqwhuqdo ghwdlov/ zh wdnh dv d pdunhu/ iru zdwhuvkhg/ wkh vhw ri wkh pd{lpd ri
ixqfwlrq p/ diwhu dq rshqlqj ri vl}h 61 Rq Ilj14;d wkh �qdo zdwhuvkhg olqhv duh vxshulpsrvhg
rq rqh ri wkh srodul}hg lpdjhv ri wkh lqlwldo vhtxhqfh1 Ilj14;e ghslfwv wkh uhvxow ri wkh vdph
dojrulwkp/ zlwk wkh vdph sdudphwhuv/ iru Zl�vqlöznd txduw}lwh vhtxhqfh1

: Frqfoxvlrq
Wkh irxu vwxglhv zklfk frpsrvh wklv sdshu iroorz d fhuwdlq rughu1 Wkh �uvw wzr rqhv uhtxluh
lpshudwlyho| d fruuhfw txdqwlwdwlyh gh�qlwlrq ri wkh srodu uhsuhvhqwdwlrq dqg ri wkh vdwxudwlrq1
Zkhq frorxu dqg vkdsh duh wuhdwhg mrlqwo|/ wkh sk|vlfdo phdqlqj ri wkh frorxu ghvfulswruv
ehfrphv ohvv fuxfldo/ vlqfh wkh odwwhu pdwfk zlwk vkdsh sdudphwhuv zkrvh sk|vlfdo phdqlqj
lv wrwdoo| gl�huhqw1 Ilqdoo| qr vshfldo frorxu uhsuhvhqwdwlrq lv ghpdqghg iru wkh shwurjudsklf
vwxg|1 Wkh sk|vlfdo edfnjurxqg pd| eh lpsruwdqw/ exw lw uroh lv xqghu wkh frqwuro ri wkh
surfhvvlqj sxusrvh1

Wkh deryh vwxglhv looxvwudwh dovr d fhuwdlq dssurdfk wr vhjphqwdwlrq1 Zh kdyh dwwhpswhg
wr vkrz wkdw pd{lpxp sduwlwlrqv fdq eh %dgghg%/ frqglwlrqhg e| rqh dqrwkhu/ fdq irup
klhudufklhv/ hwf11 lq rughu wr h{suhvv vhjphqwdwlrqv lq wkh vhqvh ri ^49`/ zkrvh wkh pdlq
wkhruhpv xqghuod| doo wkh deryh h{dpsohv1

Dfnqrzohgjhphqwv Wkh dxwkru judwhixoo| wkdqnv Suri Fk1 Urqvh dqg Gu M1Dqjxor iru
wkhlu ydoxdeoh frpphqwv dqg wkh lpsuryhphqwv wkh| vxjjhvwhg1

Uhihuhqfhv
^4` M1 Dqjxor/ M1 Vhuud/ Froru vhjphqwdwlrq e| rughuhg phujlqjv/ lq Surf1 ri LHHH Lq0

whuqdwlrqdo Frqihuhqfh rq Lpdjh Surfhvvlqj +LFLS*36,/ / Edufhorqd/ Vsdlq/ Vhsw1 5336/
LHHH/ Yro1 5/ s1 458�45;1

^5` M1 Dqjxor/ Pruskrorjlh pdwkìpdwltxh hw lqgh{dwlrq g*lpdjhv frxohxu1 Dssolfdwlrq ã od
plfurvfrslh hq elrpìghflqh/Wkëvh gh Grfwrudw hq Pruskrorjlh Pdwkìpdwltxh/ Hfroh ghv
Plqhv/ Sdulv/ Ghf1 53361
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^6` M1 Dqjxor/ M1 Vhuud/ Wudlwhphqwv ghv lpdjhv gh frxohxu hq uhsuìvhqwdwlrq oxpl0
qdqfh2vdwxudwlrq2whlqwh sdu qruph O � / whfkqlfdo uhsruw Hfroh ghv plqhv gh Sdulv Dsulo
5337/ 59s1

^7` Frpplvvlrq Lqwhuqdwlrqdoh gh o*Hfodludjh +FLH,/ Frorulphwu|/ Vhfrqg Hglwlrq1
FLH Sxeolfdwlrq Qr1 4815/ Ylhqqd/ 4<;91

^8` J1 Fkrtxhw/ �Wrsrorjlh�/ Dfdghplf Suhvv/ Q1\1/ 4<991
^9` F10K1 Ghpduw|/ V1 Ehxfkhu/ Froru vhjphqwdwlrq dojrulwkp xvlqj dq KOV wudqviru0

pdwlrq1 Lq Surfhhglqjv ri wkh Lqwhuqdwlrqdo V|psrvlxp rq Pdwkhpdwlfdo Pruskrorj|
+LVPP *<;,/ s1 564056;1

^:` F1Jrplod/ Plvh hq fruuhvsrqgdqfh gh sduwlwlrqv hq yxh gx vxlyl g*remhwv1 Wkëvh gh
Grfwrudw hq Pruskrorjlh Pdwkìpdwltxh/ Hfroh ghv Plqhv/ Sdulv/ Vhsw15334/ 575 s1

^;` D1 Kdqexu|/ M1 Vhuud/ Frorxu Lpdjh Dqdo|vlv lq 6G0srodu frruglqdwhv/ lq Surf1 ri
GDJP v|psrvlxp/ Ylhqqd/ Dsulo 53361

^<` S1 Odpehuw/ W1 Fduurq/ �V|perolf ixvlrq ri oxplqdqfh0kxh0fkurpd ihdwxuhv iru uhjlrq
vhjphqwdwlrq�/ Sdwwhuq Uhfrjqlwlrq/ Yro1 65/ 4<<</ s1 4;8:�4;:51

^43` J1 Rehlq/ N1 Nqreodxfk/ I1 Ylìqrw/ Shufhswxdo vfdolqj ri wkh jorvv ri d rqh0
glphqvlrqdo vhulhv ri sdlqwhg eodfn vdpsohv/ Shufhswlrq/ Yro1 64/ Vxsso1/ 5335/ s1981

^44` Fk1 Sr|qwrq/ D whfkqlfdo Lqwurgxfwlrq wr Gljlwdo Ylghr1 Qhz \run= Zloh|/ 4<<91 Fkds0
whu 9/ %Jdppd% lv dydlodeoh rqolqh dw
kwws=22zzz1sr|wrq1frp2SGIv2WLGY2Jdppd1sgi

^45` S1 Vdohpelhu dqg M1 Vhuud/ Iodw ]rqhv Ilowhulqj/ Frqqhfwhg Rshudwruv/ dqg Ilowhuv
e| Uhfrqvwuxfwlrq/ LHHH Wudqvdfwlrqv rq Lpdjh Surfhvvlqj1 Dxj1 4<<8/ yro1 7/ q � ;/
448604493 1

^46` M1 Vhuud/ Frqqhfwlylw| iru vhwv dqg ixqfwlrqv Ixqgdphqwd Lqirupdwlfdh/ 74 +5333, 47:0
4;9

^47` M1 Vhuud dqg P1Po|qduf}xn/ Pruskrorjlfdo phujlqj ri pxowlglphqvlrqdo gdwd/ Surf1
VWHUPDW*5333/ Fudfrz/ Vhsw1 5333/ ss16;806<3 dqg 7881

^48` M1 Vhuud/ Hvsdfhv frxohxu hw wudlwhphqw g*lpdjhv/ Udssruw Whfkqltxh FPP0Hfroh ghv
Plqhv gh Sdulv/ Q0672352PP/ Rfw153351

^49` M1 Vhuud/ D odwwlfh dssurdfk wr Lpdjh vhjphqwdwlrq/ :8 s1 +wr eh sxeolvkhg e| MPLY,
^4:` V1D1 Vkdihu/ Xvlqj froru wr vhsdudwh uh hfwlrq frpsrqhqwv iurp d froru lpdjh/ Froru

Uhvhdufk dqg Dssolfdwlrqv/ Yro1 43/ Qr1 7/ 4<;8/ s1 543�54;1
^4;` D1U1 Vplwk/ Froru jdppxw wudqvirup sdluv/ Frpsxwhu Judsklfv/ Yro1 45/ Qr1 6/ 4<:;/

s145�4<1
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^4<` D1Wuhphdx/ Fk1 Ihuqdqgh}0Pdorljqh/ S1 Erqwrq/ Lpdjh qxpìultxh frxohxu/ Hg1
Gxqrg/ Sdulv/ 53371
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