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4 Phdvxuhphqwv 9
414 Vhw Ixqfwlrqdov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9
415 Hxohu0Srlqfdu�h Fkdudfwhulvwlf 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :

41514 Jhrphwulfdo Lqwhusuhwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <
41515 Gljlwl}dwlrq ri wkh Hxohu0Srlqfdu�h Qxpehu 1 1 1 1 1 1 1 43

416 Plqnrzvnl Ixqfwlrqdov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45
41614 Vwhuhrorj| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47
41615 Vwhlqhu Irupxodh iru Frqyh{ Vhwv 1 1 1 1 1 1 1 1 1 1 1 1 47
41616 Joredo Phdvxuhphqwv ru lqglylgxdo dqdo|vlvB 1 1 1 1 1 48
41617 H{whqvlrq wr Qxphulfdo Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 49

417 Rwkhu phdvxuhphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<
41714 Frqyh{lw| Qxpehu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<
41715 60G frqwdfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<
41716 Plqnrzvnl Glphqvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53

5 Fryduldqfh dqg Olqhdu Hurvlrq 55
514 Lqwurgxfwlrq = wzr vlvwhu qrwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55
515 Wkh Fryduldqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56

51514 Vhw Frydulrjudp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56
51515 Vwdwlrqdu| Vhw Fryduldqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 58
51516 Vwdwlrqdu| Ixqfwlrq Fryduldqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 5;
51517 Lqwulqvlf Wkhru|/ Ydulrjudp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64

516 Olqhdu hurvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67
51614 Prphqw S+k, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67
51615 Vwdwlrqdu| Udqgrp Dssurdfk 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:
51616 Fxuydwxuhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<

517 H{huflvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74
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FRQWHQWV 5

51714 Glvwulexwlrq ixqfwlrq ri wkh gldphwhuv ri vskhuhv iurp
wkh odz ri wkhlu lqwhufhswv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

51715 Srlvvrq whvvhodwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75
6 Errohdq Prgho dqg Udqgrp Vhwv 7:

614 Lqwurgxfwlrq= d frxqwhusrlqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:
615 Frqvwuxfwlrq ri Errohdq Vhwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;
616 Udqgrp Vhwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7<
617 Prphqwv ri wkh Errohdq Vhwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84

61714 Vhw Surshuwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85
61715 Dssolfdwlrqv ri wkh Ixqgdphqwdo Irupxod 1 1 1 1 1 1 1 86

618 Lq�qlwh Glylvlelolw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87
619 Frqyh{ Sulpdu| Judlqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88

61914 Vwhuhrorj| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 89
61915 Frqyh{ hurvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8:

61: Vhpl0Pdunry UDFV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8<
61; Whvwlqj Errohdq UDFV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 94

61;14 Whvw dssurdfk 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 94
61;15 Khxulvwlf dssurdfk 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 95

61< Vshfl�hg Errohdq UDFV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96
61<14 Lvryroxph Sulpdu| Judlqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96
61<15 Vskhulfdo Sulpdu| Judlqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 97
61<16 Srlvvrq Sro|khgurq Sulpdu| Judlqv 1 1 1 1 1 1 1 1 1 1 97

6143 Ghulyhg Prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 98
614314 Wkuhh0Skdvhg Vwuxfwxuhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 98
614315 Ghdg Ohdyhv Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 99
614316 Klhudufklfdo Prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:
614317 Erroh0Srlvvrq Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9;

6144 H{huflvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9<
614414 Errohdq vlpxodwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9<
614415 Errohdq whvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :3
614416 Errohdq prgho dqg frxqwlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5
614417 Klhudufklfdo prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6
614418 Errohdq grpdlq ri dwwudfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6
614419 Srlvvrq olqhv lq wkh sodqh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :7
61441: Srlvvrq sduwlwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8
61441; D ihz srlqw prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9



FRQWHQWV 6

7 ERROHDQ UDQGRP IXQFWLRQV ;3
714 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;3
715 Pruskrorjlfdo Udqgrp Ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4
716 Gh�qlwlrq ri d Errohdq ixqfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5
717 Wkh Fkdudfwhulvwlf Ixqfwlrqdo T +E, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;6

71714 Ghfrpsrvlwlrqv dqg xqltxhqhvv 1 1 1 1 1 1 1 1 1 1 1 1 1 ;8
718 Vsdwldo odz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;8
719 Glylvlelolw| xqghu Vxsuhpxp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;:
71: Wkh Errohdq Lvodqgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3

71:14 Yroxph ri i � dqg lwv vxssruw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5
71:15 Svhxgr0fryduldqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5
71:16 Judglhqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6
71:17 Qxpehu ri pd{lpd 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

71; Frqyh{lw| dqg Errohdq Lvodqgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <7
71;14 Frqyh{lw| ri wkh vxssruw vxss +i � , 1 1 1 1 1 1 1 1 1 1 1 <8
71;15 Frqyh{lw| ri wkh krul}rqwdo furvv0vhfwlrqv ri i � 1 1 1 1 <9
71;16 Khxulvwlf xvh ri Errohdq lvodqgv 1 1 1 1 1 1 1 1 1 1 1 1 1 <:

71< Vwhuhrorj| iru Errohdq Lvodqgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;
71<14 Xvh ri vwhuhrorj| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <<

7143 Wkh Urfn| Ghhsv Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 434
7144 H{huflvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436

714414 Udqgrp $0frqwlqxrxv ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 436



FRQWHQWV 7

Iruhzrug
Wkh wh{w wkdw iroorzv lv wkh vhfrqg idfhw ri d frxuvh kroglqj rq pru0

skrorjlfdo rshudwruv dqg rq udqgrp prghov1 Lw lv jlyhq |hduo| lq Qryhpehu
+pruskrorjlfdo rshudwruv, dqg Pdufk +udqgrp prghov, dw wkh Hfroh ghv
Plqhv gh Sdulv gxulqj Hxurshdq vhvvlrqv1 Lqghhg/ wkh fkdswhuv ehorz fruuh0
vsrqg wr kdoi ri wkh ohfwxuhv rq udqgrp vhwv dqg ixqfwlrqv/ wkh rwkhu sduw
ehlqj wdxjkw e| Grplqltxh Mhxolq1 Wkh Pdwkhurq d{lrpdwlfv iru udqgrp
vhwv/ zklfk lv lqwurgxfhg khuh dv d frxqwhusrlqw wr wkh Errohdq prgho/ lv
pruh ghyhorshg lq Mhxolq*v sduw/ dv zhoo dv wkh ghdg ohdyhv prgho/ zklfk lv
h{whqghg wr qxphulfdo ixqfwlrqv dqg wr vhtxhqwldo vwuxfwxuhv1 Lq dgglwlrq/
wkh uhodwlrqvklsv wkdw olqn wkh sk|vlfdo surshuwlhv ri wkh pdwhuldov zlwk wkhlu
jhrphwulfdo vwuxfwxuhv duh wkrurxjko| wuhdwhg lq Mhxolq vhfrqg sduw1

Wkh suhvhqw sduw ghdov zlwk wkuhh pdmru wkhphv1 Iluvwo|/ wkh phdvxuh0
phqwv1 Wkh ixqfwlrqdov zklfk duh lqwurgxfhg dqg vwxglhg dgplw dozd|v erwk
ghwhplqlvwlf dqg udqgrp yhuvlrqv1 Hpskdvlv lv sxw rq wkhlu vwhuhrorjlfdo dv0
shfwv/ exw qrw h{foxvlyho|1 Wkh vhfrqg wkhph lv wkdw ri wkh phdvxuhphqwv
dvvrfldwhg zlwk wzr edvlf hurvlrqv/ qdpho| zlwk d vhjphqw/ dqg zlwk wkh
h{wuhplwlhv ri d vhjphqw1 Ilqdoo|/ wzr fkdswhuv duh ghyrwhg wr Errohdq vhwv
dqg ixqfwlrqv/ wkdw wxuq rxw wr eh edvlf dufkhw|shv iru udqgrp vwuxfwxuhv/
dqg dovr wkh idwkhuv ri doo xvxdo prghov1

Shgdjrjlfdoo| vshdnlqj/ wkh frxuvh frpsulvhv wkh wh{w wkdw iroorzv/ soxv
wzr rwkhu hohphqwv1 Wkhuh lv rq wkh rqh kdqg wkh vhulhv ri wudqvsduhqflhv
iru wkh wdonv/ lq hqjolvk dqg lq iuhqfk yhuvlrqv1 Wkhlu fodvvl�fdwlrq iroorzv
wkdw ri wkh fkdswhuv exw wkh wkhruhwlfdo dvshfwv duh pruh ghyhorshg khuh1
Rq wkh rwkhu kdqg d frpsuhkhqvlyh froohfwlrq ri vlpxodwlrqv vkrz krz wr
kdqgoh wkh pruskrorjlfdo prghov1 Wkh| uxq lq uhdo wlph e| phdqv ri wkh
%Plfurprusk% vriwzduh1

Mhdq VHUUD
Pdufk 5535
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Wkhuh h{lvwv d udwkhu lpsruwdqw olwhudwxuh rq gljlwdo vxuidfh ghvfulswlrq/
dqg fdofxoxv/ iru 60G vhwv ^99`^439`^438`1 Krzhyhu li rqh kdv lq plqg wr
eulgjh wkh jds ehwzhhq gljlwdo dqg frqwlqxrxv vsdfhv/ l1h1 wr surylgh d Hx0
folghdq phdqlqj zlwk gljlwdo phdvxuhphqwv/ wkh whfkqltxhv edvhg rq gljlwdo
erxqgdu| phdvxuhphqw +l1h1 yroxph gl�huhqfh ehwzhhq glodwh dqg remhfw/ ru
remhfw dqg hurghg vhw, duh qrw vx�flhqw/ dqg rqh pxvw ghdo zlwk vwhuhrorj|
^43`^64`^7;` ^<6`1 Ehorz zh iroorz wklv dssurdfk1 Pruhryhu zh duh qrw h{fox0
vlyho| lqwhuhvwhg lq vxuidfh duhd/ exw pruh jhqhudoo| lq gljlwdo hvwlpdwruv ri
%jrrg% Hxfolghdq phdvxuhphqwv/ ru ixqfwlrqdov1 D vhw ixqfwlrqdo lv d �qlwh
qxpehu Z phdvxuhg rq d vhw [ 5 S+U � ,/ iru sxusrvhv ri ghvfulelqj lw1 Lq
sk|vlfv/ lw lv dovr fdoohg phdvxuhphqw ru sdudphwhu1 Iru erwk sk|vlfdo dqg
orjlfdo uhdvrqv/ lw riwhq ixo�oov wkh iroorzlqj uhtxluhphqwv =

� wr ohqg lwvhoi wr vdpsolqj/ zklfk doorzv wkh frqglwlrq ri f0dgglwlylw|=
Z +[^\ , .Z +[ _ \ , @ Z +[, .Z +\ , [>\ 5 S+U � , >
� wr eh krprjhqrxv/ l1h1 wr frppxwh xqghu pdjql�fdwlrq =
Z +n[, @ n � =Z +[, zkhuh n lv d srvlwlyh lqwhjhu zlwk 3�s�q>
� wr eh lqyduldqw xqghu wudqvodwlrq =
Z +[ � , @ Z +[,
ru/ pruh vhyhuho|/ wr eh lqyduduldqw xqghu wudqvodwlrq dqg urwdwlrq >

9



FKDSWHU 41 PHDVXUHPHQWV :

� wr vdwlvi| d fhuwdlq urexvwqhvv/ h1j1 wr eh frqwlqxrxv/ ru eh lqfuhdvlqj/
rq wkh fodvv ri wkh frpsdfw frqyh{ vhwv1

Iru rewdlqlqj ixqfwlrqdov wkdw vdwlvi| vxfk surshuwlhv/ wkh �uvw wdvn frq0
vlvwv lq gholqhdwlqj d frqyhqlhqw fodvv ri vhwv1 Wkh zkroh fodvv S+U � , lv wrr
jhqhudo dqg fdqqrw vhuyh hyhq wr lqwurgxfh wkh Ohehvjxh phdvxuh +h1j1 lq U

�

wkh duhd,1 Wkh fodvv N � +U � , ri wkh qrq hpsw| frpsdfw vhwv lv douhdg| ehwwhu=
wkh Ohehvjxh phdvxuh h{lvwv rq lw/ dqg lw lv hyhq xsshu vhpl0frqwlqxrxv/ exw
vxfk d fodvv lv vwloo wrr frpsuhkhqvlyh1 Iru h{hpsoh/ d frpsdfw iudfwdo vhw lq
wkh sodqh U � xvxdoo| kdv qr shulphwhu1 Iroorzlqj K1Kdgzljhu ^73` dqg O1D1
Vdqwdor ^453`/ zh vkdoo edvh rxu dssurdfk rq wkh Frqyh{ Ulqj/ l1h1 rq wkh
fodvv U+U � , ri wkh �qlwh xqlrqv ri frpsdfw frqyh{ vhwv lq U � 1 Wklv fodvv
lv qrw rqo| forvhg xqghu glvsodfhphqw/ pdjql�fdwlrq/ lqwhuvhfwlrq dqg �qlwh
xqlrq/ exw lw doorzv rqh wr ghulyh doo edvlf ixqfwlrqdov iurp d xqltxh rqh/
qdpho| wkh frqqhfwlylw| qxpehu/ lq d zd| zklfk kdv d ghhs vwhuhrorjlfdo
phdqlqj1

Wkh pdlq v|perov xvhg ehorz iru glvsodfhphqwv duh wkh iroorzlqj=
i{j uhsuhvhqwv wkh srlqw { 5 H frqvlghuhg dv dq hohphqw ri S +H,>
� vwdqgv iru wkh dqjohv lq wkh sodqh>
�+{> �, vwudljkw olqh ri U � ri gluhfwlrq � dqg sdvvlqj wkurxjk srlqw { >
$ vwdqgv iru wkh vrolg dqjohv lq wkh vsdfh>
�+{>$, sodqh ri U � jrlqj wkurxjk {/ zlwk qrupdo $>
�+{> $, vwudljkw olqh ri U � ri gluhfwlrq $ dqg sdvvlqj wkurxjk srlqw {=

��2 ,�*ih��L�?U@h�i ��@h@U|ih�t|�U
Hxohu0Srlqfdu�h fkdudfwhulvwlf � � +dovr fdoohg frqqhfwlylw| qxpehu ru djdlq
HSF, lv gh�qhg e| phdqv ri dq lqgxfwlrq rq wkh glphqvlrq q ri wkh Hx0
folghdq vsdfh U � 1

Iru q @ 3> wkh vsdfh lv frqyhqwlrqdoo| uhgxfhg wr d xqltxh srlqw/ dqg
� � +[, @ 4 ru 3 dffruglqj wr zkhwkhu vhw [ lv wklv srlqw ru wkh hpsw| vhw1

Iru q @ 4/ sxw
k � +{, @ � � +[i{j,� � � +[i{. 3j, +414,

zkhuh { . 3 ghvljqdwhv wkh uljkw olplw dw srlqw {1 Wkh whup k � +{, lv
qrq0}hur rqo| dw wkh uljkw hqgv { � ri wkh vhjphqwv wkdw irup [/ zkhuh lw lv



FKDSWHU 41 PHDVXUHPHQWV ;

Iljxuh 414= Dq h{dpsoh ri wkh Hxohu Srqfdu�h frqvwdqw lq U
� =

htxdo wr 41 Wkhq wkh HSF lq U
� lv gh�qhg e| wkh vxp

� � +[, @ [k � +{ � ,= +415,
Iru q @ 5> lq U

� / lqwurgxfh vlploduo|
k � +{, @ � � +[ _�+{,,� � � +[ _�+{. 3,, +416,

Djdlq/ k � +{, gl�huv iurp }hur xqltxho| dw wkh frqyh{ rxwsxwv {� ri wkh
judlqv/ zkhuh lw lv htxdo wr .4/ dqg dw wkh frqyh{ lqsxwv {� ri wkh sruhv/
zkhuh lw lv htxdo wr �41 Lq wkh frqyh{ ulqj/ vxfk orfdwlrqv duh dozd|v lq d
�qlwh qxpehu/ vr wkdw wkh txdqwlw|

� � +[, @ [k � +{� ,�[k � +{� , +417,
lv dovr �qlwh/ dqg gh�qhv wkh HSF lq U

� 1 Jhrphwulfdoo| vshdnlqj/ wkh
frqvwdqw � � +[, lv qrwklqj exw wkh qxpehu ri wkh judlqv ri vhw [ plqxv wkdw
ri lwv sruhv/ dv zh fdq yhuli| rq �j +414,

Lq U
� / wkh sulqflsoh lv wkh vdph/ dqg uhodwlrq

k � +{, @ � � ^[ _�+{,`� � � ^[ _�+{. 3,` +418,
lqgxfhv/ e| vxpplqj lq {/ wkh Hxohu0Srlqfdu�h frqvwdqw � � +[, @

Sk � +{ � ,1 Lq dojheudlf wrsrorj|/ wkh jhqxv ri d frqqhfwhg erxqgdu| C\
lv gh�qhg dv wkh pd{lpxp qxpehu ri wkh orrsv rqh fdq wudfh rq C\ zlwk0
rxw glvfrqqhfwlqj lw1 Lw lv htxdo wr 3 iru d vskhuh/ wr 4 iru d wruxv/ wr 5 iru d
wruh surylghg zlwk dq kdqgoh/ hwf111 Lw fdq eh suryhg wkdw wkh H1S1 F1 � � +[,
lv htxdo wr

� � +[, @ [^4�J+C[l,` +419,
zkhuh wkh C[ � duh wkh frqqhfwhg frpsrqhqwv ri wkh erxqgdu| C[1



FKDSWHU 41 PHDVXUHPHQWV <

Iljxuh 415= Dq h{dpsoh ri wkh Hxohu0Srlqfdu�h frqvwdqw lq U
� =

��2�� BiL4i|h�U@* W?|ihThi|@|�L?
Wkh wkhru| ri Hxfolghdq vxuidfhv lv fodvvlfdo/ dqg gdwhv edfn wr wkh ehjlqqlqj
ri wkh 53wk fhqwxu| +U1 Srlqfdu�h,1 Wkh frpphqw ehorz ghulyhv iurp ^86`/
pruh lqirupdwlrq fdq eh irxqg lq jhqhudo grfxphqwv vxfk dv Hqf|forshgld
Eulwdqqlfd1

Lq U � / d forvhg rulhqwdeoh vxuidfh lv wrsrorjlfdoo| htxlydohqw wr d vskhuh
zlwk dq hyhq qxpehu 5s ri krohv +pdgh e| uhprylqj glvfv, zklfk kdyh
ehhq frqqhfwhg lq sdluv e| s kdqgohv +vkdshg olnh wkh vxuidfh ri kdoi ri d
grxjkqxw,1 D forvhg qrq rulhqwdeoh vxuidfh lv wrsrorjlfdoo| htxlydohqw wr d
vskhuh zklfk kdv kdg d fhuwdlq qxpehu t ri glvfv uhsodfhg e| furvv0fdsv1 Wkh
qxpehuv s dqg t duh vdlg wr eh wkh jhqxv ri wkh vxuidfh qrw ehlqj forvhg
phdqv wkdw vrph glvfv kdyh ehhq uhpryhg dqg wkh kroh ohiw rshq1 D wruxv lv
d vskhuh zlwk rqh kdqgoh > d P�relxv vwuls lv d vskhuh zlwk rqh furvv0fds dqg
rqh %kroh% > d Nohlq erwwoh lv d vskhuh zlwk wzr furvv0fdsv > d f|olqghu lv d
vskhuh zlwk wzr %krohv%1 Lq jhqhudo/ wkh Hxohu0Srlqfdu�h qxpehu ri d vxuidfh
lv htxdo wr 5� 5s� t� u/ zkhuh s lv wkh qxpehu ri kdqgohv/ t lv wkh qxpehu
ri furvv0fdsv +}hur iru dq rulhqwdeoh vxuidfh,/ dqg u lv wkh qxpehu ri krohv
+ru erxqgdu| fxuyhv,1

Pruh vlpso|/ uhphpehu wkdw wkh HSF ri d vlpso| frqqhfwhg remhfw +l1h1
krphrprusklf wr d fxeh, htxdov 4/ wkdw ri d wruxv +w|slfdoo|/ d grqxw, htxdov
3/ dqg wkdw ri vskhulfdo furzq +vxfk dv d irrwedoo, htxdov 51 Pruhryhu/ wkh
frqvwdqw y lv F0dgglwlyh/ zklfk phdqv wkdw

y +D, . y �D � � @ y �D ^D � �. y �D _D � � > +41:,
dq htxdwlrq wkdw doorzv rqh wr uhgxfh frpsoh{ �jxuhv wr wkh prvw vlpsoh
rqhv1 Wkxv/ wkh HFSF ri odpsvkdgh slhufhg e| 4333 slq krohv htxdov 04333=
Wkh Hxohu Srlqfdu�h qxpehu ri wkh xqlrq ri glvmrlqw vxuidfhv lv wkh vxp ri
hdfk ri wkhp1
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Wkh wrsrorjlfdo qxpehu � doorzv wr eulgjh wkh jds ehwzhhq Hxfolghdq
dqg gljlwdo vsdfhv/ vlqfh lw fdq eh htxlydohqwo| gh�qhg lq erwk prghv zkhq
zh lqwhusuhw lw lq whupv ri judskv1 Khuh/ d frqyhqlhqw vhw prgho lv wkh fodvv
ri doo �qlwh xqlrqv ri frpsdfw frqyh{ vhwv1 Wklv fodvv/ fdoohg %wkh frqyh{ ulqj
ri U � % doorzv wr hoderudwh d wkhru| derxw phdvxuhphqwv +Kdgzljhu wkhruhp
ehorz,/ dqg rq wkh rwkhu kdqg ohqgv lwvhoi wr gljlwl}dwlrq1 Lq wklv iudphzrun/
d ghhs surshuw| ri Hxohu0Srlqfdu�h qxpehu lv vwdwhg e| wkh iroorzlqj wkhruhp
^73`1
Wkhruhp 414 +Kdgzljhu,= wkh rqo| ixqfwlrqdo gh�qhg rq wkh frqyh{ ulqj lq
U � / ri ghjuhh }hur/ lqyduldqw xqghu glvsodfhphqwv/ F0dgglwlyh dqg frqvwdqw
iru wkh frpsdfw frqyh{ vhwv/ lv wkh Hxohu0Srlqfdu�h qxpehu �1

Pruhryhu/ wklv wudqvodwlrq lqyduldqw HSF grhv qrw ghshqg rq wkh gluhf0
wlrq e| zklfk lw kdv ehhq frqvwuxfwhg/ khqfh lw lv lvrwurslf dqg urwdwlrq
lqyduldqw1 Lq dgglwlrq/ lw kdv glphqvlrq 3/ wkhuhiruh lw lv lqyduldqw xqghu
pdjql�fdwlrq1 Ilqdoo| qrwh wkdw xqolnh wkh qxpehu ri sduwlfohv/ qxpehu �
lv d orfdo phdvxuhphqw = rqh qhhgv rqo| vpdoo qhljkerukrrgv durxqg ehvw
srlqwv wr hvwlpdwh lw vwdwlvwlfdoo|1

��2�2 #�}�|�3@|�L? Lu |�i ,�*ih��L�?U@h�i ��4Mih
Klvwrulfdoo|/ wkh Hxohu0Srlqfdu�h frqvwdqw +lq eulhi=HSF, dsshduhg lq wzr
voljkwo| gl�huhqw grpdlqv ri pdwkhpdwlfv1 Iluvwo|/ wkhuh zdv Hxohu*v uhdvrq0
lqj derxw wkh uhodwlrqv ehwzhhq wkh sro|khgurqv yhuwlfhv/ hgjhv dqg idfhv/
zklfk zdv irupdol}hg lq whupv ri sodqdu judskv e| Fdxfk|1 Wklv zd| ri
wklqnlqj ohdgv wr frxqwlqj dojrulwkpv/ zklfk duh edvhg rq wkh hohphqwdu|
hgjhv/ vtxduhv dqg wuldqjohv +lq wkh kh{djrqdo julg,1 Lw h{whqgv wr ydulrxv
fxelf/ fxeh0rfwdkhgurq dqg ukrper0grghfdkhgurq ri U � / zlwkrxw dq| sdu0
wlfxodu wkhruhwlfdo gl�fxow|/ exw zlwk d jurzlqj khdylqhvv ri wkh hohphqwdu|
rshudwlrqv wr eh fduulhg rxw1

Wkh vhfrqg zd|/ Srlqfdu�h*v/ dqg Kdgzljhu*v odwhu rq/ olqnv wkh vxffhvvlyh
gh�qlwlrqv ri HSF wkdqnv wr dq lqgxfwlrq kroglqj rq wkh glphqvlrqv ri wkh
vsdfh ^73`1 Zkhq wudqvsrvhg wr d gljlwdo julg/ wklv dssurdfk lv olplwhg wr
fxelf +ru wr sdudoohohslshglf, julgv/ exw/ lq uhwxuq/ ohdgv wr d pxfk vlpsohu
dqg idvwhu h{suhvvlrq wkdq wkh judskv rqh1 Wkxv/ iru d erxqghg gljlwdo vhw
D/ zh kdyh =

Lq ]
� / y � +D, @ Q +yhuwlfhv,�Q +hgjhv, @ Q +�,�Q +�,
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Iljxuh 416= Ghfrpsrvlwlrq ri wkh 60G Hxohu0Srlqfdu�h Frqvwdqw lqwr d vhulhv
ri hohphqwdu| hurvlrqv1

Lq ]
� / iru wkh vtxduh julg =
y � +D, @ Q +yhuwlfhv,�Q +hgjhv, .Q +idfhv,

@ Q +�,�Q +�,�Q +m, .Q +�,
Vwloo lq ]

� / li zh djuhh rq fdoolqj Q � +D, wkh vxp ri wkh frqvwdqwv y � ri
wkh krul}rqwdo vhfwlrqv ri D/ zh fdq vhh wkdw

y � +D, @ � � +D,� � � +D� m, > +41;,
zkhuh D� m vwdqgv iru wkh Plqnrzvnl vxevwudfwlrq ri D e| wkh xqlw yhuwlfdo
vhjphqw1

Lq ]
� / wklv lv wkh vdph/ dqg Hxohu*v qxpehu y � +D, gh�qhg dv

y � +D, @ Q +yhuwlfhv,�Q +hgjhv, .Q +idfhv, 0 Q +eorfnv, +41<,
lv h{suhvvhg e| wkh vdph lqfuhphqw dv ehiruh/ iru

y � +D, @ y � +D,� y � +D� m, +4143,
zkhq y � +D, lv wkh vxp ri Hxohu elglphqvlrqdo qxpehuv ri wkh krul}rqwdo
vhfwlrqv ri D/ dqg zkhuh � vwdqgv iru kh Plqnrzvnl vxevwudfwlrq ri D e|
wkh xqlw yhuwlfdo vhjphqw +htxdwlrq +4143, fdq hdvlo| eh h{whqghg wr U �

e| uhfxuuhqfh,1 Frqvwdqw y � lv lqghshqghqw ri wkh fkrlfh ri wkh %yhuwlfdo%
gluhfwlrq1

Iurp dq h{shulphqwdo srlqw ri ylhz/ wkh htxdwlrq +4143, lv yhu| frqyh0
qlhqw/ iru lq lpdjh surfhvvlqj v|vwhpv/ Hxohu elglphqvlrqdo frqvwdqwv duh
jhqhudoo| udslg wr jhw dqg wkh xqlw olqhdu hurvlrq ehwzhhq wzr frqvhfxwlyh
sodqhv lv d vlpsoh rshudwlrq wrr1 Lw lv wklv htxdwlrq +4143, wkdw kdv ehhq
lpsohphqwhg lq wkh vklqerqh h{dpsoh lq fkdswhu 461
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��� ��?!L�t!� 6�?U|�L?@*t
Zkhq vhw [ lv dq hohphqw ri wkh frqyh{ ulqj U+U � ,/ rqh fdq zrqghu derxw
wkh HFS ri wkh vhfwlrqv [ _ � � ri [ e| k|shu0sodqhv ri glphqvlrq n
+3�n�q,> dqg dovr derxw wkhlu dyhudjhv xqghu glvsodfhphqwv dv � � ydulhv1
Wkhvh vxpv uhvxow lq q.4 ixqfwlrqdov zklfk duh/ e| frqvwuxfwlrq/ lqyduldqw
xqghu glvsodfhphqw/ krprjhqrxv ri ghjuhh q 0 n/ f0dgglwlyhv/ lqfuhdvlqj dqg
frqwlqxrxv iru wkh frpsdfw frqyh{ vhwv1 Wkhvh vr0fdoohg Plqnrzvnl ixqf0
wlrqdov jr edfn wr K1 Plqkrzvnl ^434`/ dqg wkhlu lpsruwdqfh ghulyhv iurp
wkh iroorzlqj uhvxow/ gxh wr K1 Kdgzljhu +^73`, =
Wkhruhp 415 Wkhruhp 416 = Hyhu| ixqfwlrqdo gh�qhg rq wkh frqyh{
ulqj/ dqg zklfk lv lqyduldqw xqghu glvsodfhphqw/ f0dgglwlyh dqg frqwlqxrxv
+ru htxlydohqwo| lqfuhdvlqj, rq wkh frpsdfw frqyh{ vhwv lv d olqhdu frpelqd0
wlrq ri wkh Plqnrzvnl ixqfwlrqdov1

Lq sduwlfxodu lq U � / xs wr d pxowlso|lqj frqvwdqw=
� wkh �uvw ixqfwlrqdo +ri ghjuhh q, lv wkh Ohehvjxh phdvxuh ri [/ lw lv
lqfuhdvlqj dqg xsshu0vhpl frqwlqxrxv >

� wkh vhfrqg rqh +ri ghjuhh q � 4, lv wkh vxshu�fldo phdvxuh ri wkh
erxqgdu| C[ >

� wkh odvw exw rqh +ri ghjuhh 4, lv wkh vr fdoohg qrup ru phdq zlgwk lw
frppxwhv xqghu Plqnrzvnl dgglwlrq/ l1h1 vdwlv�hv wkh fkdudfwhulvwlf
uhodwlrqvkls

P+�[ � �\ , @ �P+[, . �P+\ , +4144,
Iru wkh wkuhh xvhvixo fdvhv lq sudfwlfh ri q @ +4> 5> 6,/ wkh Plqnrzvnl

ixqfwlrqdov dgplw jhrphwulfdo lqwhusuhwdwlrqv wkdw pdnh wkhp wkh edvlf phd0
vxuhphqwv lq lpdjh surfhvvlqj1 Pruh suhflvho|/

� Lq U
� / wkh �uvw ixqfwlrqdo uhgxfhv wr wkh ohqjwk O+[, ri vhw [/ dqg wkh

vhfrqg dqg odvw rqh wr wkh qxpehu � � +[, ri vhjphqwv zklfk frpsrvh
[>

� Lq U
� / Wkh wkuhh ixqfwlrqdov duh wkh duhd D/ wkh shulphwhu X dqg wkh

HSF � � zlwk
X+[, @

]

�
g�

]

� � � ^[ _�+{> d,`g{> +4145,
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d uhodwlrq wkdw lqwhusuhwv wkh shulphwhu dv wkh vxp ri wkh lqwhufhswv wdnhq
lq doo gluhfwlrqv1 Pruhryhu/ zkhq vhw [ lv frpsdfw frqyh{/ wkh shulphwhu lv
uhodwhg wr wkh surmhfwlrqv ri [ rq wkh vwudljkw olqhv � � e| wkh uhodwlrq

X+[, @
]

�
O^[ m � � `g�= +4146,

� Lq U
� / wkh irxu ixqfwlrqdov duh wkh yroxph Y / wkh duhd V/ wkh phdq

zlgwk ru qrup P / dqg wkh HSF � � 1 Zh kdyh wkh wkuhh h{suhvvlrqv

yroxph y+[, @
]

��� � � +[ _ i{j, g{ +4147,

vxuidfh duhd 4
7v+[, @ 4

7�
]

� �
g$

]

���
� � ^[ _�+{>$,` g{ +4148,

phdq fdolshu g+[, @ 4
7�

]

� �
g$

] �	�


 �
� � ^[ _�+{> $,` g{ +4149,

Wkh wkuhh uhodwlrqv Ht1+4147, wr Ht1+4149, dwwulexwh d Hxfolghdq phdqlqj wr
gljlwdo gdwd1 Lq U

� / iru h{dpsoh/ Ht1+4147, ehfrphv e| glvfuhwl}dwlrq
y � +[, @ +Qxpehu ri yr{hov ri [,� y � +414:,

zkhuh y � @ d � +fxelf julg, ru d ���� +iff julg, ru d �� � +ff julg,1 Vlploduo|/
Ht1+4148, lv zulwwhq/ lq wkh fxelf julg

v � +[, @ +dyhudjh qxpehu ri lqwhufhswv,� 5d � s5> +414;,
zkhuh wkh dyhudjlqj lv wdnhq ryhu wkh vl{ gluhfwlrqv jrlqj iurp wkh fhqwuh wr
wkh plggohv ri wkh vlghv1 Vlqfh hvwlpdwh v � +[, frqfhuqv wkh Hxfolghdq vxuidfh
v+[,/ lw gl�huv iurp wkh idfhwv duhdv ri wkh gljlwdo vhw [1 Iru h{dpsoh/ khuh/
d idfhw ri d }hur wklfnqhvv frxqwv wzlfh1

� Zkhq wkh 60G erxqgdu| C[ dgplwv wzr fxuydwxuhv F � dqg F � hyhu|0
zkhuh/ wkh qrup h{suhvvhv wkh lqwhujdo ri wkh phdq fxuydwxuh/ l1h1

5P+[, @
]

��� +F � .F � ,gv= +414<,
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Lq sduwlfxodu/ zkhq vhw [ lv frqyh{/ lwv duhd dqg lwv qrup fdq eh
lqwhusuhwhg lq whupv ri surmhfwlrqv [ m � � dqg [ m �� rq wkh sodqhv
�� dqg olqhv ��

�V+[, @ 7�
]

D+[ m �� ,g$ +4153,

5P+[, @ 7�
]

O+[ m �� ,g$ @ +5@�,
]

� �
X+[ m � � ,g$ +4154,

����� 5|ihiL*L})

Gh�qlwlrq 417 D phdvxuhphqw rq d vhw idplo| lq U � lv vdlg wr eh vwhuhr0
orjlfdo zkhq lw fdq eh zulwwhq dv d ixqfwlrq ri phdvxuhphqwv shuiruphg rq
vhwv ri U � / n ? q ^486`^48<`1

E| frqvwuxfwlrq/ doo Plqnrzvnl ixqfwlrqdov duh vwhuhrorjlfdo h{fhsw wkh
odvw rqh +wkh HSF,1 Lq U

� iru h{dpsoh/ iru frpsxwlqj d yroxph +uhvs1 dq
duhd/ d zlgwk, wkh deryh uhodwlrqv vkrz wkdw lw vx�fhv wr vdpsoh wkh vsdfh
e| srlqwv +uhvs1e| olqhv/ e| sodqhv,1

Pruh riwhq/ vwhuhrorj| lqwhuyhqhv ehwzhhq vshfl�f phdvxuhv/ khqfh lq d
vwdwlrqdu| iudphzrun1 Ghqrwh e| Y � +[, wkh yroxph ri [ e| xqlw yroxph ri
wkh vsdfh/ e| V � +[, wkh vshfl�f vxuidfh/ e| Q � dqg Q � wkh vshfl�f HSF lq
U

� dqg U
� +ru/ li vr/ wkhlu urwdwlrq dyhudjhv,1 Wkhq wkh deryh uhodwlrqvklsv

ehfrph
Y � @ D � @ O �

V � @ 7Q � @ +7@�,X �

P � @ 5�Q �

����2 5|i�?ih 6Lh4�*@i uLh �L?�i 5i|t
Zkhq vhwv [ dqg E duh qrq hpsw| frpsdfw frqyh{/ wkh ixqfwlrqdov ri wkh
Plqnrzvnl glodwh [ �E ghulyh iurp wkrvh ri [ dqg ri E= Wkh uhodwlrq kdv
douhdg| ehhq jlyhq iru wkh qrup> dv iru wkh yroxph/ zh kdyh

� lq U
� /

D+[ �E, @ D+[, . ^X+[,=X+E,`@5� .D+E, +4155,
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� lq U
� /

Y +[�E, @ Y +[,.^P+[,=V+E,.V+[,=P+E,`@7�.Y +E, +4156,
zkhuh D dqg Y vwdqg iru wkh urwdwlrq dyhudjhv dv E wdnhv doo srvvleoh

rulhqwdwlrqv zlwk uhvshfw wr vhw [ 1
Wkhvh irupxodh/ hvwdeolvkhg e| Vwhlqhu lq 4;6< zkhq E lv d edoo/ duh

h{whqvlyho| xvhg iru fdofxodwlqj Errohdq udqgrp vhwv dqg ixqfwlrqv +vhh
fkdswhuv 48 dqg 49,1 Lq vxfk fdvhv/ vhw E lv fodvvlfdoo| wkh xqlw vhjphqw/ wkh
xqlw glvf ru wkh xqlw edoo dqg wkh jhqhudo h{suhvvlrqv ehfrph

iru E wkh xqlw vhjphqw
lq U

� D+[ � uE, @ D+[, . uX+[,@�
lq U

� Y +[ � uE, @ Y +[, . uV+[,@�
iru E wkh xqlw glvf

lq U
� D+[ � uE, @ D+[, . uX+[, . �u �

lq U
� Y +[ � uE, @ Y +[, . �uV+[,@7 . u � P+[,@5

dqg �qdoo|/ iru E lv wkh xqlw edoo lq U
�

Y +[ � uE, @ Y +[, . uV+[, . u � P+[, . 7@6�u � = +4157,

Lq doo fdvhv/ wkh phdvxuh ri wkh glodwh lv d sro|qrpldo ixqfwlrq ri wkh vl}h
ri wkh vwuxfwxulqj hohphqw/ dqg kdv iru ghjuhh wkh glphqvlrq ri wkh odwwhu1
Rqh hdvlo| suryhv wkdw/ iru u vpdoo/ wkh �uvw rughu whupv h{whqg wr wkh frqyh{
ulqj1

����� B*LM@* �i@t�hi4i?|t Lh �?_���_�@* @?@*)t�tq
Vr idu/ vhw [ zdv dozd|v frqvlghuhg dv d zkroh1 Zkdw dgglwlrqdo uhvxowv
fdq eh irxqg zkhq vhw [ lv jhqhudwhg e| d xqlrq ri glvmrlqw frqyh{ judlqv
\ B Krz wkh vl}hv ri wkh vhfwlrqhg judlqv duh uhodwhg wr wkrvh ri wkh vsdfh
rqhv/ iru h{dpsohB Ghqrwh e| H^�` wkh phdq ri � ryhu doo remhwv/ dqg e| �
wkh phdq ri � iru doo vhfwlrqv ri doo remhwv lq doo gluhfwlrqv1 Lq U

� / wkh pdmru
vwhuhrorjlfdo uhodwlrqvkls lv wkh iroorzlqj

H^Y +\ ,` @ D+\ _�,=O+\ m �, @ D+\ m �,=O+\ _�, +4158,
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Iljxuh 417= Wkh dyhudjh qxpehu ri judlqv lq vhfwlrqv htxdov < lq fdvh d,/
dqg : lq fdvh e,1

D vrphzkdw glvdssrlqwlqj uhvxow/ vlqfh qrqh ri wkh surmhfwlrq whupv
O+\ m �, dqg D+\ m �, fdq eh dffhvvhg iurp sodqh vhfwlrqv1 Lq rwkhu zrugv/
wkh phdq yroxph H^Y +\ ,` ri wkh judlqv wxuqv rxw wr eh lqdffhvvleoh1

Zh zloo qrz h{dplqh wkh uhodwlrqvklsv ehwzhhq wkh qxpehuv ri remhfwv
lq U

� dqg lq lwv 50G vhfwlrqvB Ohw L eh wkh qxpehu ri wkh 60G sduwlfohv \ / d
txdqwlw| htxdo wr wkh HSF ri [ vlqfh judlqv \ duh frqyh{1 Lw fdq eh vkrzq
hdvlo| wkdw

L+[ _�, @ L+[,=O+[ m �, +4159,
zklfk phdqv lq whupv ri glphqvlrqv

%qxpehu lq U
� % @ %+qxpehu lq U

� ,%=%+phdq gldphwhu,%= +415:,
Dq h{dpsoh lv ghslfwhg lq �j +417, zklfk vkrzv wzr jurxsv ri vskhuhv

lq d xqlw fxeh1 Lq fdvh d, wkh dyhudjh ydoxh L+[ _ �, lv < zkhuhdv lq fdvh
e,/ zkhuh wkhuh duh pruh vskhuhv/ exw vpdoohu/ rqh �qgv L+[ _�, @ :=

����e , |i?t�L? |L ��4ih�U@* 6�?U|�L?t
Lq rughu wr jhqhudol}h wkh deryh uhvxowv wr qxphulfdo ixqfwlrqv/ zh fdq prgho
jud| wrqh lpdjhv e| wkh fodvv I � ri wkrvh ixqfwlrqv i iurp U

� +ru U � , lqwr
^�4>.4` zkrvh doo vhfwlrqv [ � +i, @ i{ = { 5 U � > i+{, � wj duh hohphqwv
ri wkh frqyh{ ulqj1 Wkh Z ixqfwlrqdov xqghu vwxg| ehfrph pdsslqjv iurpI � lqwr ^�4>.4`> dqg wkh suhuhtxlvlwhv lqwurgxfhg lq wkh suhylrxv vhw
dssurdfk h{whqg hdvlo|1 Lqyduldqfh xqghu glvsodfhphqw krogv qrz rq krul0
}rqwdo wudqvodwlrqv rqo|/ dqg rq urwdwlrqv durxqg wkh %yhuwlfdo% d{lv ri wkh
jud| wrqhv1 F 0 dgglwlylw| ehfrphv

Z +i b j, .Z +i a j, @ Z +i, .Z +j, i> j 5 I� > +415;,
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Krzhyhu wkh jhqhudol}dwlrq ri wkh vhw rulhqwhg krprjhqhlw| uhtxluhv pruh
suhfdxwlrqv= grhv lw lqyroyh pdjql�fdwlrqv ru d�qlwlhvB Lq jud| wrqh lpdjhv/
zkhuh wkh yhuwlfdo d{lv W ri wkh jud| lqwhqvlw| uhsuhvhqwv txdqwlwlhv vxfk dv
froru/ khdw/ hohfwulfdo lqwhqvlw|/ hwf11 wkdw duh sk|vlfdoo| khwhurjhqhrxv wr
wkh vsdfh frruglqdwhv1 Lq vxfk frqglwlrqv/ d joredo frpsdwlelolw| xqghu
pdjql�fdwlrq wxuqv rxw wr eh fxpehuvrph/ dqg zh pxvw vhsdudwh wkh vsdfh
pdjql�fdwlrqv iurp wkh lqwhqvlw| rqhv1 Wkh frqyhqlhqw qrwlrq khuh lv wkdw
ri glphqvlrqdolw| ^464`1 D ixqfwlrqdo Z lv vdlg wr eh glphqvlrqdo zkhq

Z ^�=i+�={,` @ � � =�� =Z ^i+{,` { 5 U
� > i 5 I� +415<,

zkhuh n dqg s/ lqwhjhuv 9@ 3 / duh wkh glphqvlrqv ri phdvxuhphqw Z 1 Gl0
phqvlrqdolw| suhvhuydwlrq rulhqwv xv wrzdugv surgxfwv ri sodqdu rshudwlrqv
e| yhuwlfdo rqhv +l1h1 w|slfdoo| d�qlwlhv,1 Hdfk qxphulfdo Plqnrzvnl ixqf0
wlrqdo lv wkhq rewdlqhg e| vxpplqj xs wkh vhw fruuhvsrqglqj rqh ryhu wkh
jud| wrqh d{lv W 1 Zh zloo dqdo|vh lq pruh ghwdlo wkh fdvh ri wkh qxphul0
fdo ixqfwlrqv rq U

� zklfk doorzv wr gudz �jxuhv/ exw wkh uhvxowv ehorz duh
reylrxvo| ydolg lq U � 1

� Lqwhjudo dqg duhdv = zh gudz iurp wkh duhdv ri wkh vhfwlrqv wkh
iroorzlqj +srvvleo| lq�qlwh, yroxph Y +i, dqg fxpxodwlyh klvwrjudp
J � +w,

Y +i, @
]

��� i+{,g{ @
]

� D^[ � +i,`gw +4163,

J � +w, @
] �


 �
D^[ � +i,`gw@Y +i, +4164,

� Judglhqw dqg shulphwhu = iurp Vwhlqhu irupxod +h{whqghg wr wkh
frqyh{ ulqj,/ wkh shulphwhu lv htxdo wr wkh ghulydwlyh dw wkh ruljlq ri
wkh glodwlrq e| d glvf

u $ 3 , ^D+[ � � uE,�D+[ � ,` $ uX+[ � , +4165,

Zkhq[ � lv d �qlwh xqlrq ri frqyh{ vhwv \ � +w,/ wklv olplw lv xsshu erxqghg
e| wkh �qlwh vxp S^D+\ � +w,� uE,�D+\ � +w,` vr wkdw zh fdq zulwh

]

�
X ^[ � +i,`gw @ olp ��� � ^+Y +i � uE,� Y +i,,@u` +4166,
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Iljxuh 418= Hxohu Srlqfu�h Frqvwdqw iru qxphulfdo ixqfwlrqv1

Qrz/ wkh olplw lq wkh uljkw phpehu lv qrwklqj exw wkh Ehxfkhu judglhqw
e| glodwlrq j � 1 Wkhuhiruh wkh uhodwlrqvkls suryhv wkh h{lvwhqfh ri wkh judgl0
hqw j � rq wkh frqyh{ ulqj ri ixqfwlrqv dqg surylghv lw zlwk wkh jhrphwulfdo
lqwhusuhwdwlrq dv wkh vxp ri wkh shulphwhuv ri wkh vxffhvvlyh vhfwlrqv

]

�
X ^[ � +i,`gw @

]

��� j
� +{,g{ +4167,

� Frqqhfwlylw| Qxpehu = Wkh vxp ri wkh HFS wdnhq rq wkh vhfwlrqv
ri ixqfwlrq i phdvxuhv wkh lqwhjudo ri wkh gl�huhqfhv lq khljkw lq i 1
Iru �jxuh +418, iru h{dpsoh/ zh rewdlq

]

�
�^[ � +i,`gw @ G4 .G5�G6 +4168,

� D frxqwhu h{dpsoh = ohqjwk o ri d fxuyh= Dowkrxjk yroxph/
fxpxodwlyh klvwrjudp/ judglhqw dqg frqqhfwlylw| qxpehu duh glphq0
vlrqdo ixqfwlrqdov/ lw lv qrw wuxh wkdw wklv surshuw| lv vdwlv�hg iru doo
xvxdo phdvxuhphqwv1 Lw lv qrw wuxh iru h{dpsoh iru wkh ohqjwk ri d
fxuyh lq U

�  W / dv jlyhq e| wkh h{suhvvlrq

o @
]

^4 . ^i 3+{,` � `g{ +4169,

Lq dq d�qlw| ri udwlr wzr/ wkh �dw }rqhv nhhs wkhlu ohqjwkv/ dqg wkh
rwkhu rqhv lqfuhdvh zlwk wkh ydoxh ri wkh vorsh= wkh ohqjwk lv qr orqjhu d
frqyhqlhqw phdvxuhphqw $
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��e �|�ih 4i@t�hi4i?|t
Rwkhu phdvxuhphqwv duh lqwurgxfhg lq wkh qh{w fkdswhuv1 Wkh| duh vrph0
wlphv vwhuhrorjlfdo/ vxfk dv wkh urxjkqhvv/ wkh udqjh ru wkh vwdu lq fkdswhu
47/ vrphwlphv qrw1

Zh zloo frqfoxgh wkh fxuuhqw fkdswhu e| suhvhqwlqj wkuhh qrq kdgzljh0
uldq phdvxuhphqwv/ wkh �uvw wzr duh gh�qhg lq wkh frqyh{ ulqj +frqyh{lw|
qxpehu dqg 60G frqwdfwv,/ dqg wkh wklug rqh lq wkh pruh jhqhudo fodvv ri wkh
frpsdfw vhwv +iudfwdo glphqvlrq,1Wkhvh wkuhh phdvxuhphqwv duh lqyduldqw
xqghu glvsodfhphqw/ krprjhqhrxv/ frqwlqxrxv rq frqyh{ vhwv/ exw/ xqolnh
wkh Plqnrzvnl ixqfwlrqdov/ wkh| gr qrw ixo�oo wkh f0dgglwlylw| frqglwlrq

� +[ ^[, . � �[ _[ � � @ � +[, . � �[ � � > +416:,
zklfk lv qrw hvvhqwldo khuh1

��e�� �L?�i �|) ��4Mih
Frqvlghu/ lq U

� wkh whvw olqh � � ri qrupdo �	 g�@5 / dqg ohw Q � +[>�, eh
wkh qxpehu ri lwv �uvw frqwdfwv zlwk vhw[ zkhq � � vzhhsv wkh sodqh1 Zkhq
C[ dgplwv hyhu|zkhuh d udglxv ri fxuydwxuh U/ zh fdq vsolw wkh frqwrxu
C[ lqwr lwv frqyh{ sruwlrqv iru zklfk zh kdyh

5�Q � +[, @
]

� �
Q � +[>�,g� @

]

��� � gx@U> +416;,
dqg lwv frqfdyh rqhv/ |lhoglqj

5�Q 
 +[, @
]

� �
Q 
 +[>�,g� @

]

��� � gx@ m U m> +416<,
Wkh wzr ixqfwlrqdov Q � dqg Q 
 / fdoohg frqyh{lw| qxpehuv ^45<` duh qrw
f0dgglwlyh/ exw duh olqnhg zlwk wkh HSF e| wkh uhodwlrqvkls

�+[, @ Q � +[,�Q 
 +[, +4173,

��e�2 ��# UL?|@U|t
Frqvlghu d udqgrp sdfnlqj ri vskhuhv ri udglxv U/ dqg d furvv vhfwlrq
wkurxjk lw1 Wkh vskhuhv ehfrphv glvfv/ dqg wkh glvwulexwlrq ri wkh vkruw0
hvw glvwdqfhv ehwzhhq glvfv iroorzv d odz

I +o, * 4=76; q � +oU, � � � +4174,
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Iljxuh 419= Dq h{dpsoh ri frqyh{lw| qxpehuv1

zkhuh q � lv wkh qxpehu ri frqwdfwv ehwzhhq vskhuhv shu xqlw yroxph ^43;`1
Wklv odz/ zklfk jryhuqv vrph prghv ri wkhuplf dqg hohfwulf shuphdelolwlhv/
kdv ehhq h{shulphqwdoo| yhul�hg ^43`1

��e�� ��?!L�t!� #�4i?t�L?
Frqvlghu d frpsdfw vhw [ lq U

� 1 Zkhq vhw [ lv glodwhg/ ru hurghg/ e| d
vpdoo glvf uE/ zkrvh udglxv whqgv wrzdugv }hur/ lw pd| kdsshq wkdw/ xqghu
wkh ghyhorsphqw ri �qhu dqg �qhu ghwdlov/ wkh duhd lqfuhphqw glylghg e| u
grhv qrw whqg wrzdugv d �qlwh shulphwhu/ dv lq Vwhlqhu irupxod/ exw wrzdugv
lq�qlw|1 Lq vxfk d fdvh/ wkhuh dozd|v h{lvwv d vpdoohu ydoxh g> zlwk 4�g�5>
vxfk wkdw wkh txdqwlw|

D+[ � uE,�D+[ � uE,@5u +4175,
whqgv wrzdugv wkh �qlwh olplw nu � 
�� / zkhuh n lv d frqvwdqw1Wkh ydoxh g wkhq
gh�qhv wkh Plqnrzvnl Glphqvlrq ri vhw [1 Lqghhg/ wkh zkroh jdpxw ri
glphqvlrqv/ iurp 4 wr 5 lv fryhuhg/ vlqfh iru doo vhwv ri wkh frqyh{ ulqj zh
kdyh g @ 4/ exw iru d eurzqldq wudmhfwru|/ g @ 4> 8 dqg iru d Shdqr fxuyh/
rqh �qgv g @ 51 Wkh iudfwdo vhwv ri E1 Pdqghoeurw ^:3` dgplw dovr qrq0
lqwhjhu glphqvlrq g/ l1h1 d orfdo qrwlrq/ exw wkh| duh ulfkhu/ iru wkh| eulqj
lqwr sod|/ lq dgglwlrq/ wkh joredo qrwlrq ri vhoi0vlplodulw|1

Plqnrzvnl glphqvlrq h{whqgv wr U � / exw lv qrw d vwhuhrorjlfdo qrwlrq1
Lq sudfwlfh/ lq wkh lvrwurslf fdvh/ rqhv sdvvhv iurp U

� wr U
� e| dgglqj 4

wr g1 H{shulphqwdoo|/ wkh remhfw xqghu vwxg| lv dffhvvhg yld d vhulhv ri
pdjql�fdwlrqv t/ zkrvh olplw ri uhvroxwlrq u ghfuhdvhv1 Iru d jlyhq u/ wkh
shulphwhu ri vhw [ lv

X � +u, @ D+[ � uE,�D+[ � uE,@5u @ n@5u � 
 � = +4176,
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Iljxuh 41:= Wzr plfurjudskv ri fod| pdwhuldo dw pdjql�fdwlrqv �633 dqg�4333/ dqg wkh sorw ri wkh frqwrxuv lqfuhdvlqjqhvv1 Wkh vorsh ri wkh olqh
htxdov wkh iudfwdo glphqvlrq plqxv rqh1

Wkhuhiruh/ zh kdyh wr fkhfn zkhwkhu OrjX � +u,/ dv d ixqfwlrq ri Orju �wv d
vwudljkw olqh1 Li vr/ lwv vorsh surylghv dq hvwlpdwh ri g�41 Ilqdoo|/ zkhq wkh
remhfw xqghu vwxg| lv qr orqjhu d vhw exw d qxphulfdo ixqfwlrq/ e| dsso|lqj
wkh suhylrxv dssurdfk wr wkh vxffhvvlyh vhfwlrqv [ � / zh rewdlq wkh iroorzlqj
h{suhvvlrq

Orj judg � +i, @ +g� 4,Orju. n3 +4177,
Zh zloo dsso| wkh dssurdfk wr d vshflphq ri fod| vhhq lq vfdqqlqj hohf0

wurq plfurvfrs|/ dw vxffhvvlyh pdjql�fdwlrqv 43 � / 6143 � / 43 � / 6143 � hw 43 � > dv
ghslfwhg lq Iljxuh +41:,1 Wkh dssdulwlrq ri qhz ghwdlov dw hdfk vwhs vxjjhvwv
wkh iudfwdo prgho1 Lqghhg/ wkh lqfuhphqwv ri wkh judglhqw |lhog wkh hvwlpdwh
g- @ 41;



��@T|ih 2
�L�@h�@?Ui @?_ w�?i@h
,hLt�L?
2�� W?|hL_�U|�L? G |�L t�t|ih ?L|�L?t
Wkh fxuuhqw fkdswhu lv ghyrwhg wr wkh vwxglhv ri wkh Ohehvjxh phdvxuh ri
wzr hurvlrqv1 Lq wkh �uvw rqh/ wkh vwuxfwxulqj hohphqw E @ E +u> �, lv pdgh
ri wzr srlqwv vhsdudwhg e| d glvwdqfh u lq gluhfwlrq � > lq wkh vhfrqg rqh/ lw
ehfrphv wkh zkroh vhjphqw zkrvh h{wuhplwlhv duh wkh wzr suhylrxv srlqwv1
Erwk hurvlrqv duh fduulhg rxw lq wkh Hxfolghdq iudphzrun zklfk doorzv qlfh
jhrphwulfdo lqwhusuhwdwlrqv +lq vwhuhrorj| lq sduwlfxodu,1 Lqghhg/ vlqfh erwk
hurvlrq dqg Ohehvjxh phdvxuh duh lqfuhdvlqj dqg xsshu vhpl0frqwlqxrxv
rshudwlrqv rq wkh frpsdfw vhwv ^;5`/ wkh gljlwdo phdvxuhphqwv duh dssur{l0
pdwlrqv ri wkh Hxfolghdq rqhv/ dqg whqg wrzdug wkhp dv wkh vsdflqj ri wkh
julg whqgv wrzdug }hur1 Wkh phdvxuhphqw dvvrfldwhg zlwk wkh grxeohw ri
srlqwv lv qdphg frydulrjudp/ ru fryduldqfh/ wkdw fruuhvsrqglqj wr wkh vhj0
phqw lv wkh olqhdu prphqw1 Erwk ghshqg rq wkh yhfwru k @ +u> �, lqwurgxfhg
e| wkh vwuxfwxulqj hohphqw/ wkhuhiruh wkh| |lhog fxuyhv1

Wkh vlplodulw| ri wkh wzr vwuxfwxulqj sdwwhuqv +d vhjphqw ru lwv h{wuhp0
lwlhv, lqgxfhv sur{lplwlhv lq wkh phdvxuhphqwv/ exw dovr gl�huhqfhv1 Lq fdvh
ri d vhw [ wkh wzr ehkdylruv qhdu wkh ruljlq duh lghqwlfdo dv vrrq dv wkh vhw
xqghu vwxg| lv vxssrvhg qrw wr eh iudfwdo/ vlqfh wkhq d yhu| vpdoo vhjphqw
klwv wkh erxqgdu| C[ dw prvw rqfh1 Iru wkh vdnh ri shgdjrj|/ zh vkduh wkh
suhvhqwdwlrq lqwr Plqnrzvnl Ixqfwlrqdov +fryduldqfh, dqg urxjkqhvv +olqhdu
prphqw, exw doo uhvxowv duh ydolg iru wkh wzr vwuxfwxulqj hohphqwv1

Gl�huhqfhv dulvh zkhq rqh zlvkhv wr h{whqg wkh vhw phdvxuhphqwv wr

55
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jud| wrqh lpdjhv1 Li k +{, vwdqgv iru wkh lqglfdwru ixqfwlrq ri vhw [/ wkhq
0 wzr srlqw { dqg { . k ehorqj wr [ zkhq n +{, � n +{. k, @ 4 ru

htxlydohqwo| lqi +n +{, > n +{. k,, @ 4
0 wkh vhjphqw ^{> {. k` ehorqjv wr vhw [ zkhq

lqi in +|, > | 5 ^{> {. k`j @ 4
Wklv doorzv wzr gl�huhqw jhqhudol}dwlrqv lq wkh fdvh ri wkh fryduldqfh/

exw rqh rqo| iru wkh olqhdu prphqw1 Wkh prvw xvhixo uhsuhvhqwdwlrq ri wkh
iruphu lv n +{, � n +{. k, @ 4/ ehfdxvh lw fruuhvsrqgv wr wkh yhu| sk|vlfdo
qrwlrq ri d srzhu vshfwuxp1 Xqiruwxqdwho| lw grhv qrw dgplw dq htxlydohqw
iru wkh olqhdu hurvlrq1

Dqrwkhu/ dqg ghhshu gl�huhqfh dsshduv iru vhwv dqg ixqfwlrqv dv vrrq dv
zh ohdyh wkh ylflqlw| ri wkh ruljlq1 Dv prgxoxv u lqfuhdvhv/ wkh olqhdu prphqw
fdq rqo| ghfuhdvh +lw lv hyhq d frqyh{ ixqfwlrq, zkhuhdv wkh fryduldqfh pd|
rvfloodwh/ zklfk uhvxowv lq wzr frpsohphqwdu| shufhswlrqv ri wkh remhfw xqghu
vwxg|1 Olqhdu prphqwv lqirup xv derxw vl}h phdvxuhphqw +judqxorphwulhv/
dyhudjh judlq/ vwdu 111, dqg fryduldqfh derxw sdfnlqj/ ideulf/ shulrglflwlhv/
vxshulpsrvlwlrq ri vfdohv/ hwf 111

Lq pdwkhpdwlfdo pruskrorj| wkh frpsdudwlyh vwxg| ri fryduldqfh dqg
olqhdu hurvlrq gdwhv iurp wkh hqg ri wkh vl{wlhv ^6<` > lw kdv ehhq suhvhqwhg
lq ixoo ohqjwk dqg zlwk qxpehu ri h{dpsohv lq ^45<` zkhuh lw rffxslhv <3
sdjhv1 Khuh/ pruh prghvwo|/ zh kdyh uhgxfhg wklv h{kdxvwlyh vwxg| wr 53
sdjhv/ dqg zh kdyh wdnhq qhz h{dpsohv1

2�2 A�i �L�@h�@?Ui
2�2�� 5i| �L�@h�L}h@4
Ohw k eh d yhfwru ri ruljlq 3/ prgxoxv u dqg gluhfwlrq �> lq U � 1 Wdnh iru
vwuxfwxulqj hohphqw E wkh srlqw grxeohw i3> kj dqg frqvlghu wkh hurvlrq

[ �E @ [ _[ 
�� = +514,
pdgh ri doo wkrvh srlqwv frpprq wr [ dqg wr lwv wudqvodwh e| yhfwru 0k1

Gh�qlwlrq 514 = Wkh Ohehvjxh phdvxuh ri [ _[ 
�� gh�qhv wkh vhw frydul0
rjudp ri [/ lw lv ghqrwhg e|

N+k, @ N � +u, @ Phv^[ _[ 
�� ` @ Phv^[ _[ � ` +515,
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Iljxuh 514= Frydulrjudp ri vhw [ lq gluhfwlrq �

Zh vhh wkdw
N � +3, @ Phv[ dqg wkdw

]

N+k,gk @ ^Phv[` � +516,

l1h1 wkh lqwhjudo ri wkh frydulrjudp htxdov wkh vtxduh ri wkh duhd +yroxph,
ri [1 Wkh wdqjhqw dw wkh ruljlq �N � �+3, @ �^CN�+u,@Cu` ��� � lv qrwklqj
exw wkh wrwdo yduldwlrq ri vhw [ lq gluhfwlrq �/ +h1j1 lq wkh frqyh{ fdvh lwv
dssduhqw frqwrxu,/ vr wkdw zh fdq zulwh/ dffruglqj wr Furiwrq*v irupxod

�]

N � �+3,g� @ 5X+[, +lq U
� ,>

�]

N � �+3,g� @ �V+[, +lq U
� ,

Wkh vhw v|perolvp ri uho1 515 pd| eh uhzulwwhq pruh dqdo|wlfdoo| e|
lqwurgxflqj wkh lqglfdwru ixqfwlrq ri vhw [1 Wklv jlyhv

N � +u, @ Phv^[ _[ � ` @
]

i+{,=i+{. k,g{ +517,

zkhuh wkh vxp lv h{whqghg wr wkh zkroh vsdfh1 Li qrz i lv qr orqjhu dq
lqglfdwru/ exw dq duelwudu| phdvxudeoh qxphulfdo ixqfwlrq/ wkh wkh deryh
lqwhjudo +517, gh�qhv lwv frydulrjudp1

Lw pd| kdsshq wkdw wkh remhfw uhsuhvhqwhg e| i eh uhsurgxfhg dv rqh
olnhv +h1j1 d fu|vwdo ri txduw}, ru/ hyhq li lw lv xqltxh/ uhsurgxfhv lwvhoi lqghi0
lqlwho| wkurxjk wkh vsdfh1 Ixqfwlrq i lv wkhq lqwhusuhwhg dv d uhdol}dwlrq ri
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d Udqgrp Ixqfwlrq1 Lq wkh �uvw fdvh/ iru i � doprvw vxuho| +d1v1, lqwhjudeoh/
wkh frydulrjudp ehfrphv

N � +k, @ HiPhv^[ _[ 
�� `j +iru vhwv,
N � +k, @ H^

]

i+{,=i+{. k,g{` +iru ixqfwlrqv,
Lq sduwlfxodu/ zkhq wkh remhfw xqghu vwxg| lv odujh zlwk uhvshfw wr wkh
zrunlqj pdvn/ d pruh frqyhqlhqw iudphzrun frqvlvwv lq lqwhusuhwlqj [/ ru
i lq whupv ri vwdwlrqdu| udqgrp forvhg vhwv/ ru ixqfwlrqv1 Iru wkh vdnh ri
fodulw|/ zh zloo wuhdw wkh vhw fdvh �uvw/ dqg wkhq wkh ixqfwlrq fdvh1

2�2�2 5|@|�L?@h) 5i| �L�@h�@?Ui
Lq d vwdwlrqdu| udqgrp forvhg vhw [/ wkh qrwlrq wkdw fruuhvsrqgv gluhfwo|
wr wkh deryh frydulrjudp N � +u, lv wkh qrq fhqwhuhg fryduldqfh

F � � +u> �, @ F+u> �, . s � @ Surei{ 5 [ _[ � j= +518,
E| gxdolw| zlwk uhvshfw wr wkh frpsohphqw/ zh fdq gh�qh wkh fryduldqfh
F � � +u> �, ri vhw [/ wkdw F � � +u> �, @ Surei{ 5 [ � _[ �

� j ri %sruhv%vhw [ � /
dqg dovr wkh furvv fryduldqfh F � � +u> �, @ Surei{ 5 [ � _ [ � j> dv zhoo dv
F � � +u> �, @ Surei{ 5 [ _[ �

� j1 Qrz wkhvh irxu prphqwv fruuhvsrqg wr d
xqltxh qrwlrq/ xs wr d frqvwdqw dqg wr d pxowlsolfdwlrq e| �41 Lqghhg/ wkh
suredelolw| wkdw d srlqw { ehorqjv wr vhw [ fdq eh ghfrpsrvhg lqwr
Surei{ 5 [j @ Surei{ 5 [ dqg {.k 5 [j.Surei{ 5 [ dqg {.k 5 [ � j

+519,
zklfk uhvxowv lq

F � � +u> �, @ s�F � � +u> �, @ s�F � � +u> �, @ s� +4� s, .F � � +u> �, +51:,
H{shulphqwdoo|/ wkh qrq fhqwhuhg vhw fryduldqfh lv hvwlpdwhg lq d }rqh ]
dv wkh udwlr F � � +k, � ri wkh idyrudeoh orfdwlrqv ri wkh grxeohw E ryhu doo lwv
srvvleoh orfdwlrqv lqvlgh wkh pdvn ] l1h1

F � � +k, � @ D^+[ _ ],�E`
D^] �E` +51;,

Ehkdylru dw wkh ruljlq dqg lq�qlw|= Zh �qg djdlq wkh surshuwlhv ri
wkh frydulrjudp N+k,/ qrz hqulfkhg zlwk vwrfkdvwlf lqwhusuhwdwlrqv1 Qhdu
wkh ruljlq 3/ zh kdyh

F � � +3> �, @ D � +[, @ s> +51<,
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Iljxuh 515= Svhxgr0shulrglflwlhv dqg fryduldqfh

Wkh gluhfwlrqdo dyhudjh ri wkh wdqjhqw dw wkh ruljlq htxdov wkh vshfl�f
shulphwhu +uhvs1 vxuidfh, lq U

� +uhvs1lq U
� ,

�+4@5�,
]

F � � +3> �,g� @ +5@�,X � +[, +lq U
� ,

�+4@7�,
]

F � � +3> $,g$ @ V � +[,@7 +lq U
� ,

Dv k lv yhu| odujh/ wkh wzr hyhqwv { 5 [ dqg { 5 [ � ehfrph lqghshqghqw/
khqfh olp F � � +u> �, @ s � @ ^D � +[,` � =

Svhxgr0shulrglflwlhv=Wkh pd{lpd ri wkh fryduldqfh/ zkhq wkhlu de0
flvvdh duh pxowlsoh ri hdfk rwkhu/ h1j1 wkh wkuhh ydoxhv 63/ 93/ <3 lq �j1+515,
/ lqglfdwh svhxgr0shulrglflwlhv ri wkh remhw1 Krzhyhu/ wkh fryduldqfh lv eolqg
wr frqqhfwlylw| = wkh fryduldqfhv ri wkh wzr vhwv ghslfwhg lq �j1515 duh judsk0
lfdoo| lghqwlfdo

Foxvwhuv dqg Qrlvh= Ihdwxuhv ri gl�huhqw vfdohv +lq �j1516/ wkh sduwl0
fohv dqg wkhlu foxvwhuv, dgg wkhlu fryduldqfhv dqg lq sduwlfxodu wkh dvvrfldwhg
wdqjhqwv dw wkh ruljlq1 Pruhryhu/ zh vhh lq wkh suhvhqw fdvh dq rvfloodwlrq
gxh wr wkh htxdo lqwhu sduwlfoh glvwdqfh lq wkh foxvwhuv1 Dv wkh olplw zkhq
wkh orzhu vfdoh whqgv wrzdugv 3> ru lq gljlwdo fdvhv lv htxdo wr 4> zh rewdlq
d Srlvvrq qrlvh ri yduldqfh s � +4� s � ,> wkdw dsshduv dv d mxps grzq ri wkh
ruglqdwh qhdu wkh ruljlq1

Uhfwdqjoh +ru Furvv, Fryduldqfh= Wkh glylvlrq ri wkh vsdfh lqwr d
vhw dqg lwv frpsohphqw lv vrphwlphv uhsodfhg e| d sduwlwlrq ri wkh vsdfh



FKDSWHU 51 FRYDULDQFH DQG OLQHDU HURVLRQ 5:

Iljxuh 516= wkh wzr vfdohv ri wkh judlqv dqg ri wkh foxvwhuv duh dgghg rq wkh
fryduldqfh1

lqwr q skdvhv [ � >[ � ===[ � 1 Wkh vwxg| ri wkhlu vsdfh uhodwlrqv lv wkhq fduulhg
rxw e| phdqv ri wkh uhfwdqjoh fryduldqfhv F � � +k, @ F � � +u> �, iru l> m 5 ^4> q`
Gh�qlwlrq 515 = Wkh uhfwdqjoh fryduldqfh ri d vwdwlrqdu| pxowlskdvhg vhw
lv wkh mrlqw suredelolw| wkdw srlqw { ehorqjv wr vhw [ � dqg srlqw {. k wr vhw

[� = F � � +u> �, @ Surei{ 5 [ � > {. k 5 [� j +5143,
Zh kdyh dw wkh ruljlq

D � +[ � , @ [F � � +u> �,dqg l 9@ m , F � � +3> �, @ 3= +5144,

Iru k odujh/ wkh wzr hyhqwv { 5 [ � dqg {.k 5 [� ehfrph lqghshqghqw/
khqfh olp � � � F � � +u> �, @ s � s� =Wkh gluhfwlrqdo dyhudjh ri wkh ghulydwlyh dw
wkh ruljlq lv uhodwhg wr wkh vshfl�f shulphwhu +uhvs1 vxuidfh, lq U

� +uhvs1lq
U

� , ehwzhhq skdvhv l dqg m e| wkh iroorzlqj htxdwlrq

�]

F �

� � +3> �,g� @ +5@�,X � +[ � @[� , @ V � +[ � @[� ,@7 +5145,

Wkh phwdoorjudsklfdo h{dpsoh ghslfwhg lq 517 frqfhuqv d vshflphq ri lurq
ruh vlqwhu iurp Oruudlqh +Iudqfh,^6:`1 Wkh +juh|, fu|vwdov ri ihuulwh duh gxh wr
d sduwldo uhgxfwlrq ri wkh +oljkw juh|, khpdwlwh gxulqj wkh vlqwhulqj surfhvv1
Wkhlu jhqhvlv dsshduv rq wkh furvv0fryduldqfh khpdwlwh0sruh wkdw vkrzv/ e|
lwv kroh h�hfw/ wkdw wkh ihuulwh fu|vwdov vxuurxqg wkh sduwlfohv ri khpdwlwh1
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Iljxuh 517= Vshflphq ri lurq ruh vlqwhu1Oljkw jud|= khpdwlwh > gdun jud| =
ihuulwh > eodfn= sruhv1 Wkh wzr furvv fryduldqfhv lqyroylqj ihuulwh duh txlwh
lghqwlfdo1 Wkdw ehwzhhq khpdwlwh dqg sruhv vwduwv iurp pruh ehorz +vpdoohu
frqwdfw vxuidfh, dqg h{klelwv d kroh h�hfw iru k@83/ zklfk lqglfdwhv d kdor
ri ihuulwh durxqg khpdwlwh

2�2�� 5|@|�L?@h) 6�?U|�L? �L�@h�@?Ui
Zh qrz dssurdfk wkh qxphulfdo ixqfwlrqv zkhq lqwhusuhwhg dv uhdol}dwlrqv
ri vwdwlrqdu| udqgrp ixqfwlrqv1 Wkh iruphu frydulrjudp N+k, ri wkh ghwhu0
plqlvwlf fdvh lv uhsodfhg khuh e| wkh fhqwuhg fryduldqfh
F+k, @ F+u> �, @ H^+i+{,�p,=+i+{. k,�p,` @ H^i+{,=i+{. k,`�p � =

+5146,
zkhuh p @ H^i+{,` vwdqgv iru wkh pdwkhpdwlfdo h{shfwdwlrq ri wkh surfhvv1
Wkh wudqvlwlrq vhwv , ixqfwlrqv vkrzv lwvhoi hvvhqwldoo| lq wkh ehkdylruv
qhdu wkh ruljlq dqg dw wkh lq�qlw|1 Iru k @ 4/ wkh fruuhodwlrq ehwzhhq
srlqwv { dqg {. k ydqlvkhv/ vr wkdw

F+k, @ H^+i+{,�p,`=H^+i+{. k,�p,` @ 3 +5147,

Ehkdylru qhdu wkh ruljlq Iru k @ 3/ zh �qg
F+3> �, @ H^+i+{,�p,` � @ � � = +5148,

Wkh ydoxh dw wkh ruljlq ri wkh fryduldqfh lv wkxv htxdo wr wkh yduldqfh ri wkh
surfhvv1 Lq sduwlfxodu zkhq ixqfwlrq i lv wkh lqglfdwru ixqfwlrq ri d forvhg
udqgrp vhw [/ zlwk d yroxph sursruwlrq p @ s> zh �qg F+3> �, @ s+4�s,>
l1h1 wkh yduldqfh ri wkh elqrpldo odz ri phdq s1
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Iljxuh 518= Wkh ixqfwlrq i ri wkh fkurprvrphv lv ghulydeoh lq txdgudwlf
phdq +krul}rqwdo wdqjhqw ri wkh fryduldqfh dw wkh ruljlq,> wkh Srlvvrq qrlvh
zklfk lv vxshulpsrvhg uhvxowv lq d %qxjjhw h�hfw% dw wkh ruljlq1

D udqgrp ixqfwlrq i lv t1 p1 frqwlqxrxv +%t1 p1% iru %txdgudwlf
phdq%, zkhq iru dq| srlqw { � zh kdyh

olp � � 
 ����� � � H^+i+{,� i+{ � ,` � @ 3 +5149,
Wkh t1p1 ghulydelolw| ri ixqfwlrq i zlwk uhvshfw wr hdfk ri lwv yduldeohv

lv gh�qhg lq d vlplodu zd|/ e| wdnlqj wkh pdwkhpdwlfdo h{shfwdwlrq ri wkh
vtxduh ri wkh fruuhvsrqglqj sduwldo ghulydwlyh1 Qxphulfdo udqgrp ixqfwlrqv
pd| eh t1 p1 ghulydeoh/ udqgrp forvhg vhwv +yld wkhlu lqglfdwru ixqfwlrqv,
duh qrw1 Wkh ydulrxv ohyhov ri uhjxodulw| ri ixqfwlrqv i duh wudqvfulehg rq
wkh ehkdylru ri wkhlu fryduldqfhv qhdu wkh ruljlq=

0 ixqfwlrq i lv ghulydeoh lq txdgudwlf phdq li dqg rqo| li lwv fryduldqfh
lv ghulydeoh dw wkh ruljlq/ zklfk lpsolhv e| v|pphwu| wkdw wkh wdqjhqw dw
wkh ruljlq lv krul}rqwdo>

0wkh slhfhzlvh frqwlqxrxv ixqfwlrqv +h1j1 lqglfdwruv, duh p1t1 frqwlqrxv
rqo|1 Khqfh/ wkhlu fryduldqfhv duh qrw ghulydeoh dw wkh ruljlq dqg h{klelw
reoltxh wdqjhqwv>

0dq dgglwlrqdo Srlvvrq qrlvh lv uh�hfwhg rq wkh fryduldqfh e| d mxps grzq
dw wkh ruljlq +fdoohg qxjjhw h�hfw,/ zkrvh ydoxh lv htxdo wr wkh yduldqfh ri
wkh qrlvh1 Krzhyhu/ li wkh skhqrphqrq dqg wkh qrlvh duh lqghshqghqw/ wkh
uhvw ri wkh fryduldqfh lv qrw ixuwkhu d�hfwhg = d yhu| xvhixo urexvwqhvv $

Vxpv ri Vwxfwxuhv Wkh fryduldqfh vxpv xs wkh vwuxfwxuhv wkdw duh
qrq fruuhodwhg1 Iru surylqj lw frqvlghu wkh vxp i @ S i � > 4 � l � q ri q
lqghshqghqw udqgrp ixqfwlrqv i � ri }hur phdqv +iru wkh vlpsolflw|,1 Wr vd|
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wkdw wkh| duh qrq fruuhodwhg lv htxlydohqw wr vd|lqj wkdw H^i � +{,i� +{.k,` @ 3
iru doo {> k dqg l> m zlwk l 9@ m Wkhuhiruh wkh fryduldqfh F+k,ri wkh vxp i lv
htxdo wr

F+k, @ H^i+{,i+{. k,` @ [H^i � +{,i � +{. k,` @ [F � +k, +514:,
Pruh ghhso|/ rqh pd| zrqghu derxw wkh olqn ehwzhhq d edvlf vkdsh +h1j1

wkh oxqj qrgxoh, dqg wkh vwdwlrqdu| vwuxfwxuh lw jhqhudwhv e| udqgrp gx0
solfdwlrq ryhu wkh vsdfh1 Fdq zh exlog d vwdwlrqdu| udqgrp ixqfwlrq zkrvh
fryduldqfh eh d jlyhq frydulrjudp B D yhu| vlpsoh prgho wr dqvzhu vxfk d
txhvwlrq frqvlvwv lq vwduwlqj iurp Srlvvrq srlqwv i{ � > l 5 Lj lq U

� / ri ydul0
dqfh � / sxwwlqj dw hdfk srlqw {� dq lqghshqghqw uhdol}dwlrq i � ri d sulpdu|
vhw +ru ixqfwlrq, ri frydulrjudp N � +u,/ dqg lq wdnlqj wkh vxp i @ S i � ri
doo wkhvh sulpdu| remhfwv1 Rqh suryhv hdvlo| ^45<` wkdw wkh uhvxowlqj udqgrp
ixqfwlrq i lv vwdwlrqdu| dqg dgplwv wkh fryduldqfh F+u> �, @ �N � +u,=

Fryduldqfh dqg Srzhu Vshfwuxp D sk|vlfdo lqwhusuhwdwlrq ri wkh
wkh ehkdylru dw wkh ruljlq lv surylghg e| wkh idprxv wkhruhp ri Zlhqhu0
Nklqfklqh
Wkhruhp 516 +Zlhqhu0Nklqfklqh, D jlyhq ixqfwlrq F+k, fdq prgho wkh
fryduldqfh ri d vwdwlrqdu| udqgrp ixqfwlrq i li dqg rqo| li lw lv wkh Irxulhu
wudqvirup ri d qrq qhjdwlyh phdvxuh1 Wkhq wkh Irxulhu wudqvirup ri F+k,
lv wkh hqhuj| vshfwuxp !+�, ri ixqfwlrq i 1
Fruroodu| 514 4 Wklv odvw frqglwlrq dprxqwv wr vd|lqj wkdw F+k, lv gh�qlwh
srvlwlyh/ l1h1 vxfk wkdw zh kdyh/ iru doo srvlwlyh zhljkwv � � dqg doo srlqwv { �

zh kdyh
[� � �� F+{ � � {� , � 3= +514;,

Fruroodu| 515 5 = Vlqfh Irxulhu wudqvirupdwlrq h{fkdqjhv wkh ehkdylruv dw
wkh ruljlq dqg dw lq�qlw|/ zh rewdlq/ lq sduwlfxodu

]

!+�,g� @ F+3, @ H^+i+{,�p,` � @ � �
� +514<,

Wkh vxp ri wkh hqhujlhv dvvrfldwhg zlwk doo iuhtxhqflhv lv wkxv htxdo wr
wkh srlqw yduldqfh � �

� > l1h1 wr wkh ydoxh F+3, ri wkh fryduldqfh1
Ehkdylru dw lq�qlw| E| gxdolw|/ wkh wkhruhp ri Zlhqhu0Nklqfklqh/ ru

pruh suhflvho| wkh vhfrqg fruroodu|/ dovr vxjjhvwv wkdw rqh wdnhv lqwr dffrxqw
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wkh ehjlqqlqj ri wkh srzhu vshfwuxp1 Wklv doorzv rqh wr lqwurgxfh wkh udqjh
d ri ixqfwlrq i dv iroorzv

!+3, @
]

F+k,gk @ dF+3, @ d� � +5153,

Jhrphwulfdoo| vshdnlqj/ wkh udqjh lv wkh glvwdqfh eh|rqg zklfk wzr gdwd
pd| eh frqvlghuhg dv lqghshqghqw1 Pruhryhu/ zkhq h{suhvvhg lq vwdwlvwlfdo
whupv/ wkh qrwlrq jdlqv dq hujrglf phdqlqj1 Ohw ] eh d odujh zrunlqj }rqh
dqg ghqrwh e| i � +{, wkh lqwhjudo U � i+{�|,g|/ wkhq/ dv ] $ 4/ wkh yduldqfh
� �

� ri i � +{, ryhu wkh zkroh vsdfh dgplwv wkh iroorzlqj olplw
� �

� @ H^+i � +{,�p,` � $ ^d@Phv]`F+3,= +5154,
Zlwk uhvshfw wr wkh yduldqfh � �

� ri d vdpsoh ]/ wkh udqjh wxuqv rxw wr
eh/ dv|pswrwlfdoo|/ wkh xqlw vl}h ri wkh skhqrphqrq xqghu vwxg|1 Pruh
jhqhudoo|/ zkdwhyhu odujh ] lv/ li � �

�� � vwdqgv iru wkh yduldqfh ri wkh srlqw
ixqfwlrq i lqvlgh ]/ lw fdq eh vkrzq wkdw

� �
�� � @ � � � � �

� = +5155,
Wklv uhpdundeoh lghqwlw|/ nqrzq dv Nuljhv irupxod/ frqvwlwxwhv wkh vwduwlqj
srlqw iru Jhrvwdwlvwlfv^:8`^:<`1

2�2�e W?|h�?t�U A�iLh)c V@h�L}h@4
Odujh wkrxjk wkh zrunlqj �hog ] lv/ wkh yduldqfh ri d forvhg udqgrp vhw
lqvlgh lw uhpdlqv qhfhvvdulo| erxqghg e| pd{lpxp srvvleoh yduldqfh

vxsis+4� s,> s 5 ^3> 4`j @ 3> 58= +5156,
Lq frqwudvw/ fhuwdlq sk|vlfdo skhqrphqd fdq h{klelw d txdvl lq�qlwh udqjh
ri �xfwxdwlrqv/ l1h1 d yduldqfh zklfk lqfuhdvhv zlwkrxw olplw zlwk wkh vl}h
ri wkh grpdlq ri h{shulphqwv +ruh ghsrvlwv/ udlqv111,1 Wkhq wkh hvwlpdwhg
yduldqfh^� �

�� � ` � ri d srlqw lqvlgh wkh grpdlq ] lqfuhdvhv lqgh�qlwho| zlwk ]/
dw dq| vfdoh ri dqdo|vlv1 Iurp Nuljhv irupxod/ wklv phdqv wkdw wkh vwdwlrqdu|
prgho lv mxvw lqdghtxdwh = � � @ F+3, ehlqj lq�qlwh/ wkh fryduldqfh qr
orqjhu h{lvwv1 Krzhyhu/ wkh lqfuhphqwv ri i pd| vwloo h{lvw dqg kdyh d
phdqlqj1 E| dvvxplqj wkhp vwdwlrqdu|/ zh fdq vwxg| wkhlu yduldqfhv/ dovr
fdoohg ydulrjudp �+k,

�+k, @ H^i+{,� i+{. k,` � +5157,
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Iljxuh 519= Vlpxodwlrq ri Srlvvrq vwhsv/ wkdw dgplw rqo| d ydulrjudp +dv0
fhqglqj fxuyh,1 Wkh h{shulphqwdo fryduldqfh +ghfhqglqj fxuyh, lv sxuh du0
wlidfw1

Fohduo|/ zh dozd|v kdyh �+3, @ 3 / dqg
� � ? 4 / �+k, @ 5^F+3,�F+k,` +5158,

Zkhq � � @ 4> dowkrxjk wkh fryduldqfh ydqlvkhv/ wkh ydulrjudp uhpdlqv
gh�qhg dqg qhz ehkdylruv dw lq�qlw| dsshdu1 Ri frxuvh/ rqh frxog dujxh
wkdw qxphulfdo gdwd duh dozd|v �qlwh$ Zh zloo dqvzhu wkh remhfwlrq e| phdqv
ri d yhu| vxjjhvwlyh prgho wkdw ohqgv lwvhoi wr hdv| fdofxodwlrqv/ qdpho| wkh
Srlvvrq vwhsv1

Vwduw iurp d Srlvvrq srlqw surfhvv ri yduldqfh � lq U
� > dqg sodfh d mxps

ri dpsolwxgh g dw hdfk Srlvvrq srlqw1 �j1 519 Wkh udqgrp yduldeoh g iroorzv
d odz ri phdq 3 dqg ri yduldqfh � � 1 Lq vxfk d prgho/ rqo| wkh lqfuhphqwv
duh gh�qhg/ wkhlu dyhudjh lv htxdo wr }hur dqg wkhlu ydulrjudp wr

�+k, @ u�� � +5159,
Zkhq wkh gdwd duh nqrzq dorqj d �qlwh vhjphqw ri ohqjwk O/ wkh ydulrjudp
lv hvwlpdwhg iurp h{shulphqwdo gdwd e| wkh uhodwlrqvkls

� � +k, @ 4@5+O� k,
] � 
��

� ^i+{. k,� i+{,` � g{ +515:,

zkhuh wkh uljkw phpehu dgplwv iru h{shfwdwlrq H^� � +k,` @ �+k, @ u�� � 1
Exw zkhuhdv wkh phdq ri wkh skhqrphqrq grhv qrw h{lvwv/ lw lv dozd|v srv0
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Iljxuh 51:= Ohiw= wklq vhfwlrq ri ehhfk/ ri vl}h 4839 { 4349 sl{hov/ zlwk 4 sl{ho
@ 4 plfurq1 Uljkw= wkh ydulrjudpv lq wkh wzr ruwkrjrqdo pdlq gluhfwlrqv/
dqg wkhlu ehjlqqlqjv +wkh orzhu fxuyhv,1

vleoh wr sxw i � @ 4@O U �
� i+{,g{/ dqg wr lqwurgxfh wkh svhxgr0fryduldqfh

Fry � +k, @ 4@+O� k,
] � 
��

� +i+{. k,� i � ,+i+{,� i � ,g{= +515;,

Vxfk d svhxgr0fryduldqfh dgplwv iru h{shfwdwlrq
H^Fry � +k,` @ O@6� 7@6=k. 5@6=k � @O +3 � k � O, +515<,

zkhuh wkh dfwxdo skhqrphqrq +ehkdylruv dw wkh ruljlq dqg dw lq�qlw|/
sduderolf lqfuhdvlqjqhvv lqvwhdg ri d olqhdu rqh, lv frpsohwho| glvwruwhg +�j1
519, 1

Wr frqfoxgh rq wklv srlqw/ zh zloo vd| wkdw zkhq gl�huhqw vfdohv lqwhu0
ihuh/ hyhq zkhq wkh vwuxfwxuh xqghu vwxg| lv elqdu|/ lw lv dozd|v suhihudeoh
wr lqyhvwljdwh lw e| ydulrjudpv udwkhu wkdq e| fryduldqfh1 Wkh zrrg vshfl0
phq ghslfwhg lq �jxuh 51: looxvwudwhv vxfk d vlwxdwlrq1 Lw lv d wklq vhfwlrq ri
ehhfk wdnhq qrupdoo| wr wkh d{lv ri wkh wuxqn 1 Wkh krul}rqwdo gluhfwlrq lv
wkdw ri wkh wkh udgll wkdw vwduw iurp wkh fhqwhu ri wkh wuhh> wkh yhuwlfdo rqh
lv wkdw ri wkh dqqxdo ulqjv 1 Lwv vwxfwxuh frpelqhv �ehuv ri d ihz plfurqv
zlwk yhvvhov wkdw duh wzhqw| wlphv odujhu exw erwk pruh ru ohvv hoolswlf1 Lq
vxshulpsrvlwlrq/ wzr ruwkrjrqdo gluhfwlrqdo vwuxfwxuhv dsshdu= krul}rqwdoo|
wkh| duh wkh udgll wkdw vwduw iurp wkh fhqwuh ri wkh wuhh/ dqg yhuwlfdoo| vrph
hohphqwv ri wkh dqqxdo ulqj1 Erwk krul}rqwdo dqg yhuwlfdo ydulrjudpv vkrz
d �qlwh yduldqfh dw 317 +wkh ruglqdwh ri wkh vloo,1 Qhyhuwkhohvv/ li zh zdqw wr
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vhh dfxudwho| wkh �ehu vwuxfwxuh wkdw jryhuqv wkh sk|vlfdo surshuwlhv ri wkh
zrrg/ zh pxvw pdjqli| whq wlphv pruh/ dqg wkhq wkh vloo lv idu iurp ehlqj
uhdfkhg �j151:1 Zh duh w|slfdoo| lq wkh vlwxdwlrq ri dq lq�qlwh d sulrul ydul0
dqfh/ vr wkdw fryduldqfh phdvxuhphqw zrxog surylgh d zurqj txdqwl}dwlrq
ri wkh vwuxfwxuhv1

2�� w�?i@h ihLt�L?
2���� �L4i?| �E��
Dv suhylrxvo|/ v|pero k ghqrwhv d yhfwru ri ruljlq 3/ ri prgxoxv u dqg ri
gluhfwlrq � lq U � / exw wkh vwuxfwxulqj hohphqw E qrz ehfrphv wkh zkroh
vhjphqw ^3> k` vr wkdw

[ �E @ i[ 
�� > x 5 ^3> k`j= +5163,
Wkh hurghg [ � E lv wkh vhw ri wkrvh srlqwv frpprq wr vhw [ dqg wr

wkh idplo| ri lwv wudqvodwhv e| doo yhfwruv frqwdlqhg ehwzhhq 3 dqg k 1
Wkh prphqw S+k, ri vhw [ lv wkh Ohehvjxh phdvxuh ri [ � E / lw lv

ghqrwhg e|
S +k, @ S � +u, @ S � � � +u, @ Phv^[ �E` +5164,

dqg wkh lqwhjudo Vw ri prphqw S +k,/ glylghg e| S +3,/ lv fdoohg wkh vwdu ri
[

Vw @ +4@S +3,,
]

S +k,gk @ +4@Phv[,
]

S +k,gk +5165,
Dq H{dpsoh Olqhdu Hurvlrq lv jlyhq lq �j1 51;1 Qhdu wkh ruljlq/ wkh

ehkdylru ri S +k, lv lghqwlfdo wr wkdw ri wkh qrq0fhqwuhg fryduldqfh/ dw ohdvw
iru qrq0iudfwdo Hxfolghdq vhwv dqg iru gljlwdo rqhv

S +3, @ N+3, @ Phv[�S �

� +3, @ �N �

� +3, @ gldphwudo yduldwlrq ri [=
Wkh urwdwlrq dyhudjhv dovr dgplw wkh vdph lqwhusuhwdwlrqv dv iru frydul0

dqfh1 Dv yhfwru k lqfuhdvhv S +k, ehfrphv vpdoohu wkdq N+k, vlqfh wkh
uhtxluhphqw ri kdylqj wkh zkroh vhjphqw ^{> {.k` lqfoxghg lq vhw [ lv pruh
ghpdqglqj wkdq kdylqj wkh wzr h{wuhplwlhv rqo| lqfoxghg lq [
;d = N � +u, � S � +u, � 3 dqg u � � u � , S � +u � , � S � +u � , � S � +4, @ 3=

+5166,
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Iljxuh 51;= Olqhdu hurvlrq frpsdudwhg zlwk wkh frydulrjudp1

Judqxorphwulhv Xqolnh frydulrjudpv dqg fryduldqfhv/ wkh prphqwv
S � +u, duh dvvrfldwhg wr judqxorphwulf phdvxuhv1 Khuh d suholplqdu| frp0
phqw lv zruwkzkloh1 Wkhuh h{lvw wzr gl�huhqw zd|v iru zhljkwlqj d vl}h
glvwulexwlrq1 Uhfdoo wkh vwru| ri wkh exwfkhu zkr vhoov odun slh/ dqg dgyhu0
wlvhv %H{fhoohqw pl{hg slh = 83( odun/ 83( kruvh%/ ehfdxvh kh jxdudqwhhv
wkh sursruwlrq ri rqh kruvh wr rqh odun1 Dv zhoo/ zkhq rqh ghdov zlwk vwdwlv0
wlfv derxw vl}hv ri remhfwv/ lw lv dgylvdeoh wr foduli| zkhwkhu hdfk lqglylgxdo
lv frxqwhg iru rqh vxfk dv eorrg irupxod/ lq phghflqh/ ru lq sursruwlrq ri
lwv yroxph +ru dq| lqfuhdvlqj sdudphwhu, vxfk dv vlhylqj whfkqltxhv1 Rqh
vshdnv ri dqdo|vlv lq qxpehu lq wkh �uvw fdvh/ dqg lq phdvxuh lq wkh vhfrqg1

Frplqj edfn wr wkh olqhdu hurvlrq/ vxssrvh gluhfwlrq � �{hg/ dqg frq0
vlghu wkh fkrugv wkdw lqwhuvhfw vhw[1 Wkhlu glvwulexwlrq ixqfwlrq lv h{suhvvhg
e|

sursruwlrq ri wkh fkrugv � k @ 4� I +k, @ S � +k,@S +3, +5167,
dv vkrzq lq �j 51<1 Lq vxfk d irupdolvp/ doo fkrugv kdyh wkh vdph zhljkw/
khqfh wkh| duh frxqwhg lq qxpehu1 Qrz/ zkdw derxw wkh judqxorphwu| lq
phdvxuh J/ zkhuh hdfk fkrug lv zhljkwhg e| lwv rzq ohqjwkB Frqvlghu wkh
dgmxqfwlrq rshqlqj [ � E @ [ �E �E ri vhw [ e| vhjphqw E+u> �,/ dqg
lwv phdvxuh1 Zh vhh irup �jxuh 51< wkdw

^4�J+k,`Phv[ @ Phv^[ �E` @ S +k,� kS � +k, +5168,
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Iljxuh 51<= Jhrphwulfdo lqwhusuhwdwlrq ri wkh duhd ri wkh rshqlqj [ �E=

Khqfh wkh judqxorphwu| e| rshqlqjv ghulyhv iurp S +k,/ zklfk frqwdlqv doo
wkh lqirupdwlrq qhfhvvdu| wr fdofxodwh wkh glvwulexwlrq ixqfwlrq lq phdvxuh
J+k,1

Zhljkwv/ lqglylgxdov/ vdpsolqj/ dqg Vwhuhrorj| Wkh glvwlqfwlrq
ehwzhhq ydulrxv zd|v ri zhljkwlqj doorzv d shuwlqhqw dssurdfk wr txhvwlrqv
vxfk dv vdpsolqj ru vwhuhrorj|1 Zkhq wkh vsdfh lv vdpsohg dffruglqj wr
d uhjxodu julg/ wkh vdpsolqj surfhvv zhljkwv dxwrpdwlfdoo| lq yroxph/ iru
wkh suredelolw| ri �qglqj d yhuwh{ lq d judlq lv sursruwlrqdo wr lwv duhd +ru
lwv yroxph lq 60G,1 Iru wkh vdph uhdvrq/ zkhq h{wudfwlqj wkh judlq zklfk
frqwdlqv wkh ruljlq/ rqh lpsolflwo| lqwurgxfhv d phdvxuh zhljkwlqj lq wkh
gudzlqj orwv1 Vlploduo| djdlq/ d udqgrp vhfwlrq rq d 60G pdwhuldo zhljkwv
wkh lqglylgxdo remhfwv dffruglqj wr wkhlu gldphwudo yduldwlrq qrupdo wr wkh
vhfwlrq sodqh1 Li lq dgglwlrq wkh judlqv rq vhfwlrq duh wkhpvhoyhv zhljkwhg
e| d julg/ wkhq wkh surgxfw ri wkh wzr rshudwlrqv lv d zhljkwlqj lq yroxph1

Prphqwv lq Qxpehu dqg lq Phdvxuh Zh zloo gudz wkh prphqwv
lq qxpehu iurp uhodwlrq 4� I +k, @ S � +k,@S � +3, wkdw lpsolhv

H^k` @
] �

� ^4� I +k,`gk @ �S +3,@S � +3, +5169,

dqg pruh jhqhudoo|

H^k � ` @ ^q+q� 4,@� S � +3,`
] �

� k � � 
 ��� S +k,gk= +516:,

Frqfhuqlqj wkh prphqwv lq phdvxuh/ zh vxssrvh iru wkh vlpsolflw| wkdw
erwk glvwulexwlrqv I dqg J dgplw ghqvlwlhv i dqg j uhvshfwlyho|1 Wkhq zh
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Iljxuh 5143= i+k, vhhv wkdw wkh zklvnhuv ri wkh fdw kdyh ehhq fxw 111exw j+k,
vhhv wkdw lw dwh d prxvh $

gudz iurp wkh gh�qlwlrq j+k, @ ki+k,@H^k` wkh h{suhvvlrq ri wkh prphqw
lq phdvxuh P^k � `

P^k � ` @
] �

� k � j+k,gk @ ^q+q. 4,@S +3,`
] �

� k � 
 � S +k,`gk +516;,

Dq H{dpsoh ri Ghqvlwlhv i+k, dqg j+k,+BB,

2���2 5|@|�L?@h) +@?_L4 �TThL@U�
Mxvw dv suhylrxvo| zlwk wkh fryduldqfh/ wkh vwdwlrqdu| udqgrp yhuvlrq ri
S +k, lv rewdlqhg e| uhsodflqj wkh phdvxuh ri wkh olqhduo| hurghg vhw e|
wkh yroxph sursruwlrq ri wkh hurvlrq/ l1h1 e| glylglqj S +k, e| wkh xqlwdu|
yroxph +ru duhd/ ru ohqjwk,1 Vlqfh wklv xqlw lv d frqvwdqw/ doo deryh lqwhusuh0
wdwlrqv uhpdlq wuxh1 Wkhuhiruh/ iru wkh vdnh ri vlpsolflw|/ zh nhhs wkh vdph
v|pero S +k, lq wkh iroorzlqj1 Wkh vwdwlrqdu| yhuvlrq doorzv rqh wr pdnh
sod| v|pphwulfdo urohv wr S+k, dqg wr wkh hurghg T+k, ri wkh sruhv1 Li k �
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Iljxuh 5144= Vwdu \ � ri wkh sruhv dw srlqw {=

vwdqgv iru wkh judlq fkrugv dqg k � iru wkh sruh rqhv/ zh fdq zulwh
S +3, @ s @ O � +[, @ H^k � `@H^k � . k � `
T+3, @ 4� s @ O � +[ � , @ H^k � `@H^k � . k � `�S � +3, @ �T� +3, @ Q � +[, @ Q � +[ � , @ 4@H^k � . k � `

Wkh Vwdu Frqvlghu wkh sruhv iru vhw [/ dqg dvvljq wr hdfk srlqw { 5 [
wkh vhw \ � ri doo srlqwv | 5 [ wkdw duh vhhq gluhfwo| iurp {1 Wkh pdwkhpdw0
lfdo h{shfwdwlrq ri lqwhjudo

Phv+\ � , @
]

��� Lqg � +|,g| ^Lqg � +|, = lqglfdwru ixqfwlrq ri \ � `
+516<,

gh�qhv wkh vwdu Vw+[,/ ri vhw [1 Lqwhuhvwlqjo|/ wklv q0glphqvlrqdo phd0
vxuhphqw wxuqv rxw wr eh vwhuhrorjlfdo/ lq wkdw lw ghshqgv rq wkh olqhdu
prphqw S +k, rqo|> zh kdyh

Vw+[, @ H^Phv+\ � ,` @
]

� �
surei^{|` 5 [ m { 5 [jg|

@ 4@S +3,
]

��� S +| � {,g| @
]

S +k,gk@Phv[=

vlqfh e| vwdwlrqdulw| S +| � {, grhv qrw ghshqg rq srlqw {1 Lq wkh lvrwurslf
fdvh/ wkh frqqhfwlrq ehwzhhq vwdu dqg prphqwv lq phdvxuh lv pruh reylrxv/
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vlqfh wkh rulhqwdwlrqv duh holplqdwhg e| lqwhjudwlrq lq �> dqg zh rewdlq

Vw � +[, @ 7�@Y �

] �

� k � S +k,gk @ �@6P^k � ` lq U
�

Vw � +[, @ 5�@D �

] �

� kS +k,gk @ �@6P^k � ` lq U
�

Zkhq vhw [ lv d srsxodwlrq ri glvmrlqw frqyh{ vhwv wkh vwdu dgplwv d qlfh
vwhuhrorjlfdo lqwhusuhwdwlrq1 Hdfk srlqw { ri judlq [ � vhhv wkh wrwdolw| ri lwv
rzq judlq/ dqg qrwklqj hovh1 Khqfh wkh odwwhu lv zhljkwhg lq phdvxuh lq wkh
vwdu/ l1h1

Vw � +[, @ P^Y ` @ �@6P^k � ` lq U
�

Vw � +[, @ P^D` @ �@6P^k � ` lq U
�

Lq frqwudvw/ zkhq [ lv duelwudu|/ vxfk dv d sruxv phglxp iru h{dpsoh/ wkh
}rqh ri gluhfw ylvlrq \ � ydulhv iurp srlqw wr srlqw1 Wkh vwdu wkhq doorzv rqh
wr gh�qh d phdq yroxph ri wkh sruhv/ hyhq li wkh| duh frqqhfwhg/ dqg wr
fdofxodwh lw iurp sodqh vhfwlrqv 1

2���� ��h�@|�hit
Zh frqfoxgh wkh fkdswhu e| vrph frpphqwv derxw fxuydwxuhv wkdw duh dssol0
fdeoh wr erwk fryduldqfh dqg olqhdu hurvlrq/ vlqfh wkh| lqyroyh ehkdylruv qhdu
wkh ruljlq ri wkhvh fxuyhv1 Zh zloo dssurdfk wkhp yld olplwhg h{sdqvlrqv ri
wkh fkrug glvwulexwlrq/ dqg wuhdw vxffhvvlyho| wkh 50G dqg 60G fdvhv1

Phdq fxuydwxuh lq U
� Ohw [ 5 U

� eh d vhw zklfk dgplwv d �qlwh
fxuydwxuh F lq hdfk srlqw ri lwv erxqgdu| C[1 Frqvlghu d srlqw { 5 C[/
ri udglxv ri fxuydwxuh U @ 4@F dqg ri wdqjhqw gluhfwlrq �1 Lwv frqwulexwlrq
wr I � +u, lv sursruwlrqdo wr U�sU � � +u@5, � , � u � @;U/ khqfh/ li Q � � +�,
vwdqgv iru wkh frqyh{lw| qxpehu ri wkh judlqv gluhfwlrq � zh kdyh

Q � +�,I � +u, @ u=Q � � +�,
7 H^ 4U `> u vpdoo +5173,

Dv d ydulhv/ Q � � +�,g� @ gx@U zkhq U A 3 dqg 3 zkhq qrw > vr wkdw
wkh gluhfwlrqdo dyhudjh i � +u, ri wkh Q � +�,I � +u, ehfrphv

i � +u, @ u
7O+C[,

]

� � � gx@U
� = +5174,
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Iljxuh 5145= Urxjkqhvvhv ri kdqgzulwlqjv1

E| frpelqlqj wklv uhvxow zlwk wkh v|pphwulfdo rqh iru wkh sruhv/ zh rewdlq

i+u, @ i � +u, . i � +u,
5 @ u

; =O+C[,
]

� � gx@U � @ uH+F � ,
; +5175,

Vr/ iru u vpdoo/ wkh fkrug klvwrjudp i+u, lv olqhdu dqg lwv vorsh lv htxdo wr
wkh txdgudwlf phdq ri wkh fxuydwxuh ri [ glylghg e| hljkw 1

Zh vhh lq �jxuh 5145 d xvh ri urxjkqhvv phdvxuhqwv iru frpsdulqj ydulrxv
kdqgzulwlqjv1 Wkh dudphdq +g,/ wkh wdprxolf +d, dqg wkh vodyrqldq +f,/ gr
vdwlvi| wkh prgho ri �qlwh fxuydwxuhv +xs wr d qxjjhw h�hfw gx wr judsklfdo
qrlvh,> wkh vorsh ri i+k,/ sudfwlfdoo| }hur iru wkh dudphdq/ lqfuhdvhv iurp
wdprxolf wr vodyrqldq/ zkrvh fxuydwxuhv duh pruh dqg pruh qduurz1 Lq
frqwudvw/ wkh prgho lv qrw vdwlv�hg iru fodvvlfdo dudelf/ zlwk lwv vxuihlw ri
sxqfwxdwlrq1

Phdq dqg Wrwdo Fxuydwxuhv lq U
� Wkh suhylrxv prgho h{whqgv iurp

U
� wr U � dqg eulqjv lqwr sod|/ dw hdfk srlqw/ wkh dyhudjh fxuydwxuh F dqg wkh

wrwdo fxuydwxuh F � dvvrfldwhg zlwk wkh pdlq udgll ri fxuydwxuh U � dqg U � e|
wkh uhodwlrqv 5F @ 4@U � . 4@U � dqg F � @ 4@U � U � = Wkh olplwhg h{sdqvlrq
ri i+u, qhdu wkh ruljlq ehfrphv qrz

i+u, @ uH+6F � �F � ,
; = +5176,

Wzr fdvhv duh lqwhuhvwlqj =
� Vhw [ lv pdgh riQ � glvmrlqw judlqv krphrprusklf wr edoov/ wkhq i+u, @
uH+6F � � 7�Q � ,@;=
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Iljxuh 5146= Urxjkqhvvhv ri wzr urdgv/ iurp sur�ohv ri wkhlu vxuidfhv1

� Vhw [ lv wkh vxe0judsk ri d qxphulfdo ixqfwlrq> lq wklv fdvh wkh whup
lq F � ydqlvkhv dqg i+u, uhgxfhv wr

i+u, @ u6@;H+F � ,= +5177,

Wklv odvw uhodwlrq kdv ehhq vxffhvixoo| dssolhg wr urxjkqhvv fkdudfwhul0
vdwlrq ri urdgv/ iurp sur�ohv ri wkhlu vxuidfhv 51461

Wzr vhulhv ri 41333 dqg wkhq 431333 sdvvdjhv ri 9/8 wrqv wuxfnv jrlqj
dw 98np2k kdyh ehhq hpxodwhg rq d whvw ulqj1 E| phdvxulqj i+k, lq vl{
gluhfwlrqv dqg dsso|lqj wkh deryh irupxod/ zh �qg

H+F � , @ 5> 543 
 � pp 
 � ehiruh zhdu>
H+F � , @ 43 
 � pp 
 � diwhu zhdu=

Uhpdundeo|/ vxfk d uhjxodu prgho +fxuydwxuhv dw hdfk srlqw duh dvvxphg$,
vwloo surylghv shuwlqhqw lqirupdwlrq khuh1

2�e , ihU�tit
2�e�� #�t|h�M�|�L? u�?U|�L? Lu |�i _�@4i|iht Lu tT�ihit uhL4

|�i *@� Lu |�i�h �?|ihUiT|t
Zkhq vhw[ lv pdgh ri glvmrlqw vskhuhv/ rqh fdq jr edfn iurp wkh judqxorph0
wu| I � +u, ri wkh lqwhufhswv wr wkdw I � +u, ri wkhlu gldphwhuv1 Wkh frqwulexwlrq
ri d vskhuh ri gldphwhu G wr wkh fkrugv � u lv +�@7,+G � � u � ,/ zklfk |lhogv/
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diwhu lqwhjudwlrq ryhu wkh gldphwhuv

Q � ^4� I � +u,` @ Q �

] �

�
+�@7,+G � � u � ,I � +gG,= +5178,

E| gl�huhqwldwlqj erwk phpehuv zlwk uhvshfw wr u zh rewdlq wkh htxdwlrq
Q � i � +u, @ Q � I �

� +u,` @ Q � +�@5,u^4� I � +u,` +5179,
iurp zklfk zh ghgxfh wkh vshfl�f qxpehu ri wkh vskhuhv

Q � @ 5@�Q � I �

� +3, +517:,
dqg wkhlu prphqwv H � / P � dv ixqfwlrqv ri wkh fkrugv prphqwv H � / P � /
qdpho|
H � +G � , @ ^q@i 3 � +3,`H � +G � 
 � , dqg P � +G � , @ +q.6@6,P � +G � ,= +517;,

2�e�2 �L�ttL? |itti*@|�L?t
Wkh udqgrp ixqfwlrq zklfk lv vwxglhg khuh0ehorz frphv iurp wkh %wxuqlqj
edqg phwkrg%/ d phwkrg iurp J1 Pdwkhurq ^;4`/ dqg lv frqvwdqwo| xvhg lq
iudfwdov frqvwuxfwlrq1 Lw lv lqvwuxfwlyh iru vhyhudo uhdvrqv/ qrw rqo| dv dq
dssolfdwlrq ri Srlvvrq olqhv/ exw dovr dv d phdq dqg yduldqfh0iuhh h{dpsoh
ri d prgho/ dqg wkdw fdq rqo| eh uhdfkhg wkurxjk lwv lqfuhphqwv1 Frqvh0
txhqwo|/ zh zloo dovr zrqghu derxw wkh phdqlqj ri wkh lqgxfhg h{shulphqwdo
fryduldqfhv +fulwlfv dovr iurp J1 Pdwkhurq/ lq klv wkhru| ri uhjlrqdol}hg
yduldeohv^:<`,1

41 Lq U � / d Srlvvrq whvvhodwlrq lv gh�qhg dv iroorzv1 Jlyhq d uhdol}dwlrq
ri Srlvvrq srlqwv i{ � > l 5 Lj/ zh frqvlghu wkh ixqfwlrq i/ frqvwdqw ehwzhq
wzr frqvhfxwlyh srlqwv/ dqg zklfk mxps e| v � dw srlqw { � / zkhuh wkh v � duh
lqghshqghqw udqgrp yduldeohv/ zlwk d phdq 3 dqg d yduldqfh � � 1

Vlpxodwh i zkhq wkh mxpsv ydoxh 	4 zlwk d suredelolw| 425/ dqg zkhq
Srlvvrq ghqvlw| ydulhv iurp 4 wr 431

^Surfhgxuh vwhsv/ zlwk q � 73 > zkhq q lqfuhdvhv/ qrwlfh wkh �xfwxdwlrqv
iru odujhu dqg odujhu udqjhv`1

51 Suryh wkdw wkh udqgrp ixqfwlrq i kdv qr phdq qru yduldqfh/ zkhuhdv
wkh lqfuhphqw mi+{. k,� i+{,m lv vwdwlrqdu| / zlwk d }hur phdq dqg zlwk d
yduldqfh htxdov wr 5� � mkm vr wkdw wkh ydulrjudp ri i lv �+k, @ � � mkm
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^Zh �qg 5� � mkm e| srlvvrql}lqj wkh qxpehu ri mxpsv rq ^3> k``=
61 Iru k A 3/ zh nqrz wkdw wkh ydulrjudp ri rughu rqh/ � � +k,> lv jlyhq

e|

� � +k, @ H mi+k,� i+3,m @ 5@�
] �

� i^4� h{s�k+frvx� 4,@x`jgx +517<,

E| d gluhfw surri/ vkrz wkdw
iru vpdoo k � � +k, � 5�k� 7� � k � . %+k � , +5183,

iru odujh k � � +k, � +�k@�, � � � +5184,
Phdvxuh wkh � �

� v iru wkh deryh vlpxodwlrqv ri h{1 :141 Zk| grhv wkh
revhuyhg olqhdu ehkdylrxu frqwlqxhv rq txlwh orqj glvwdqfhv B

^Lq rughu wr vhw wkh olplwhg h{sdqvlrq qhdu wkh ruljlq wkdw dsshduv lq
uho1+5183,/ dvvljq wkh suredelolwlhv S � wr wkh xszdugv mxpsv dqg S* � wr wkh
grzqzdugv rqhv/ zlwk S � @ S* � @ h 
�� � +�k, � @q$1 Iru vpdoo k/ zh kdyh

� � +k, @ S � S �

� . S � S �

� . 5 �S � S �

� . S � S �

� . S � S �

�
�. === +5185,

zklfk ohdgv wr uhodwlrq +5183,1 Wkh odfn ri vhfrqg rughu whupv h{sodlqv
wkh txdvl0olqhdu h{shulphqwdo ehkdylrxu1 Iru odujh ydoxhv ri k/ vhw � @
+�k@5, ��� � =Wkh vxp ri wkh srvlwlyh mxpsv whqgv wrzdugv wkh yduldeoh � � .\ �>
dqg wkh qhjdwlyh mxpsv rqh wrzdugv 0� � .\ �/ zkhuh \ lv wkh uhgxfhg qrupdo
yduldeoh/ khqfh

� � +k, � �H m\ � � \ � m@ +�k@�, � � � = +5186,
Wkxv/ � � / zklfk zdv lqlwldoo| sursruwlrqdo wr �/ lv �qdoo| sursruwlrqdo wr

lwv vtxduh urrw`1
71 Exlog uhfwdqjxodu Srlvvrq whvvdodwlrqv/ e| vxpplqj wkh vlpxodwlrqv

ri krul}rqwdo dqg yhuwlfdo edqgv ri wkh �uvw txhvwlrq +wzr gl�huhqw ghqvlwlhv
� � dqg � � kdyh wr eh frqvlghuhg,1 Phdvxuh wkh � � +k, lq wkh gluhfwlrq �@51
Lqwhusuhw1 Zkdw kdsshqv zkhq wkhvh gluhfwlrqv lqfuhdvh B

^Zh frph edfn wr wkh suhylrxv fdvh/ dqg qrwh wkdw mxpsv rq d gl0
djrqdo vhjphqw ri ohqjwk k dgplw d ghfrpsrvlwlrq lqwr wzr lqghshqghqw
idplolhv ri srvlwlyh dqg qhjdwlyh mxpsv/ zlwk wkh vdph Srlvvrq sdudphwhu
+� � . � � ,k@5s5=Xs wr idfwru s5/ wklv uhvxowv lq wkh vxp ri dq krul}rqwdo
dqg d yhuwlfdo frpsrqhqw iru �/ dv zhoo dv iru � � zkhq k lv vpdoo dqg k
odujh1 Ilqdoo|/ dv wkhvh fkdudfwhulvwlfv gr qrw ghshqg xsrq wkh qxpehu ri
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gluhfwlrqv/ wkh| uhpdlq ydolg xqghu dyhudjlqj ri Srlvvrq edqgv lq doo gluhf0
wlrqv ri wkh vsdfh = qxphurxv iudfwdo uholhiv duh vlpxodwhg rq wklv sulqflsoh`1

81 Fulwlfv ri wkh %�qlwdu|% pdwkhpdwlfldq wr wkh deryh dssurdfk = %
Zkdw grhv d lq�qlwh udqgrp ixqfwlrq i phdq B \rx zloo hyhu kdyh �qlwh
phdqv wr exlog lw/ zklfk zloo ohdg wr �qlwh qxpehuv dv zhoo1 Vr/ sohdvh/ nhhs
|rxu vxewohwlhv dqg ydulrjudpv iru |rxuvhoi/ dqg xvh d fryduldqfh dv hyhu|rqh
hovh grhv%1

Zhoo/ ohw*v wu| iru d uhdol}dwlrq i ri yhuwlfdo Srlvvrq edqgv/ wkdw zh lq0
whuvhfw e| d vhjphqw ri ohqjkw O/ dqg zkrvh gluhfwlrq lv ruwkrjrqdo wr wkh
edqglqj1

+d, Hvwlpdwh wkh k|srwkhwlfdo fryduldqfh F+k,/ zklfk lq idfw grhv qrw
h{lvw khuh/ iurp wkh h{shulphqwdo txdqwlwlhv

p � @ +4@O,
] �

� i+{,g{ dqg F � +{> |, @ +i+{,�p � ,+i+|,�p � ,= +5187,

E| sxwwlqj

F � +k, @ +4@O� k,
] � 
��

� F � +{. k> {,g{ +5188,

Vkrz wkdw iru kA3
H ^F � +{. k> {,` @ 5O@6 . +{ � . +{ � . k � ,,@O� 5{� 5k +5189,

dqg/ e| lqwhjudwlqj lq {/ ghulyh
H ^F � +k,` @ O@6� 6@7k. 5k � @6O +518:,

Fdofxodwh wkh phdq ri wkh h{shulphqwdo ydulrjudp dqg fryduldqfh rq
vhyhudo edqg vlpxodwlrqv1 Frpphqw rq wkh uhvxowv1

^Dq dssduhqw yduldqfh H ^F � +3,` @ O@6 lv irxqg/ ghshqglqj rq wkh ohqjwk
O ri wkh vhjphqw frqvlghuhg1 Lw lv d sxuh duwhidfw/ vlqfh wkh wuxh yduldqfh lv
lq�qlwh1 Dowkrxjk wkhuh lv qr fryduldqfh +wkh ydulrjudp lv olqhdu,/ wkh eldvhv
lqwurgxfhg e| wklv surfhgxuh ri hvwlpdwlrq uhvxow lq dq dssduhqw frq�updwlrq
ri wkh h{lvwhqfh ri d fryduldqfh +zlwk d udqjh$,1 Lw zloo eh qrwhg dovr wkdw wkh
vwxfwxuh ri wkh skhqrphqrq lv h{wuhpho| glvwrughg= qrw rqo| lv wkh vwudljkw
olqh uhsodfhg e| d sduderod/ exw hyhq wkh vorsh dw wkh ruljlq lv fkdqjhg +6@7
lqvwhdg ri 4, Wkxv F � +k, uhsuhvhqwv doprvw qrwklqj ri wkh wuxh vwuxfwxuh`
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+e, Vkrz wkdw wkh h{shulphqwdo ydulrjudp

5� � +k, @ +4@O� k,
] � 
��

� ^i+{. k,� i+{,` � g{ +518;,

kdv dq h{shfwdwlrq
H^� � +k,` @ �+k, @ mkm +518<,

dqg grhv qrw uxq lqwr wkh vdph eldv sureohp dv F � +k,=Frpphqw
^Zh revhuyh wkdw wkh h{shulphqwdo ydulrjudp ri uhodwlrq +518;, grhv qrw

lqyroyh dq| fxpehuvrph phdq ydoxh +vr wkdw H+� � +k, @ �+k,,> lw lv olqnhg
wr F � +k, e| wkh h{suhvvlrq1

5F � +k, @ �5� � +k, . +O@O� k,p � .+4@O� k,
] � 
��

�
^+i+{,�p � ` � g{

+5193,
zklfk lqwurgxfhv d yduldqfh lq uljkw phpehu1 Zkhq wkh h{shulphqwdo

yduldqfh ri d skhqrphqrq lqfuhdvhv zlwk wkh vl}h ri wkh }rqh lqyhvwljdwhg/
zlwkrxw whqglqj wrzdugv d krul}rqwdo dv|pswrwh/ lw lv qrw zlvh wr �w wkh vwuxf0
wxuh xqghu vwxg| zlwk d vwrfkdvwlf prgho srvvhvvlqj d fryduldqfh1 Krzhyhu/
lq vxfk d fdvh/ wkh ydulrjudp vwloo h{lvwv dqg lwv hvwlpdwlrq lv vljql�fdqw1
Frqvhtxhqwo| lw surylghv d vdihu phwkrg wkdq wkh fryduldqfh1`
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1



��@T|ih �
�LL*i@? �L_i* @?_ +@?_L4
5i|t
��� W?|hL_�U|�L?G @ UL�?|ihTL�?|
Wkh txdqwlwdwlyh ghvfulswlrq ri udqgrp vhwv kdv wr eh fduulhg rxw dw wzr
gl�huhqw ohyhov1 Iluvw ri doo/ zh kdyh wr gh�qh wkhp surshuo|/ l1h1/ surylgh
wkhp zlwk dghtxdwh d{lrpdwlfv/ dqg wkhq ghulyh wkhlu pdlq pdwkhpdwlfdo
surshuwlhv +fkdudfwhul}dwlrq ri udqgrp vhwv e| wkhlu Fkrtxhw ixqfwlrqdov/
lq�qlwh glylvlelolw|/ hwf1,1 Krzhyhu/ d sxuho| pdwkhpdwlfdo dssurdfk zrxog
qrw eh vx�flhqw/ dqg pxvw eh frpsohphqwhg zlwk d iruwkuljkw ghvfulswlrq
ri wkh udqgrp vhwv/ l1h1/ e| h�hfwlyho| jlylqj uhflshv iru wkh frqvwuxfwlrq ri
udqgrp vhwv srvvhvvlqj ghvludeoh pruskrorjlfdo surshuwlhv1 Iru wkh vdnh ri
shgdjrj|/ lw lv ehwwhu wr vwduw zlwk wklv vhfrqg dvshfw/ dqg wr frqfhqwudwh rq
rqh sduwlfxodu prgho1 Zh sursrvh wkh Errohdq prgho/ vlqfh lw lv hvshfldoo|
lqwhuhvwlqj lq lwvhoi/ dqg ohqgv lwvhoi wr pdq| dwwudfwlyh ghulydwlrqv1 Pruhryhu/
wkh prgho/ dqg lwv ghulydwlrqv/ duh iru d odujh sduw gxh wr wkh Fhqwuh gh
Pruskrorjlh Pdwkhpdwltxh ri Irqwdlqheohdx1

Wkh frxqwhusrlqw ehwzhhq wkh Errohdq prgho dqg wkh jhqhudo surshuwlhv
ri udqgrp vhwv uhvxowv lq wkh iroorzlqj vhfwlrqv =

Errohdq prgho Udqgrp vhwv
5 Frqvwuxfwlrq

7 Ixqfwlrqdo Prphqwv
9 Frqyh{ Sulpdu| Judlqv
; Vshfl�hg Errohdq UDFV

6 Gh�qlwlrq dqg Edvlf Surshuwlhv
8 Lq�qlwh Glylvlelolw|
: Vhpl0Pdunry UDFV

< Ghulyhg prghov

7:
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��2 �L?t|h�U|�L? Lu �LL*i@? 5i|t
Wkh �uvw rxwolqh ri wkh Errohdq prgho dsshduv lq wkh olwhudwxuh zlwk Vrorprq
^47;`dqg E1 Pdwhuq ^:7` > wkh odwwhu wrrn d glvn zlwk d frqvwdqw udglxv dv
sulpdu| judlq/ dqg fdofxodwhg wkh fryduldqfh ri wkh prgho lq wklv sduwlfxodu
fdvh1 D ihz |hduv odwhu/ J1 Pdwkhurq ^:9` jdyh wkh jhqhudo gh�qlwlrq ri
wkh prgho/ wkdw zh dgrsw khuh/ dqg fdofxodwhg wkh nh| irupxod 6191 Wkh
olwhudwxuh rq Errohdq prghov dqg rq wkhlu xvhv lv frslrxv/ d qrq h{kdxvwlyh
olvw rq wkh vxemhfw lqoxghv wkh errnv ri G1 Mhxolq ^93` +xvh lq sk|vlfv,/
J1 D|dod ^6` +vwdwlvwlfdo lqihuhqfh,/ L1 Profkdqry ^435` +hvwlpdwlrqv lq wkh
jhqhudo fdvh,/ dqg wkh sdshuv ri D1 Juhfr dqg Do ^6:` +Pxowlskdvhg prgho,/
M1 Jrxwvldv ^67` +glvfuhwh dssurdfk,/ P1 Vfkplww ^477` +ghqvlw| hvwlpdwlrq
lq wkh jhqhudo fdvh,/ M1 Vhuud ^45;` +ryhuylhz dqg ghulydwhg prghov, dqg V1
Vwr|dq ^484` +vskhulfdo sulpdu| judlqv,1

Wkh gh�qlwlrq ri wkh Srlvvrq srlqw surfhvv lq U � lv zhoo nqrzq1 Wklv
udqgrp vhw ri srlqwv lv fkdudfwhul}hg e| wkh iroorzlqj wzr surshuwlhv =

+d, Li E dqg E � duh wzr vhwv vxfk wkdw E_E � @ !/ wkh qxpehuvQ+E, dqg
Q+E � , ri srlqwv idoolqj lq E dqg E � duh wzr lqghshqghqw udqgrp yduldeohv1

+e, Wkh hohphqwdu| yroxph gy frqwdlqv rqh srlqw zlwk suredelolw| � +gy,
dqg qr srlqwv zlwk suredelolw| 40 � +gy,1 Wkh phdvxuh � lv fdoohg wkh ghqvlw|
ri wkh surfhvv1 Khuh zh zloo wdnh � @ frqvwdqw/ ehfdxvh lw ohdgv wr pruh
jhrphwulfdoo| lqwhusuhwdeoh uhvxowv1

Vxssrvh zh wdnh d uhdol}dwlrq ri d Srlvvrq surfhvv ri frqvwdqw ghqvlw| �/
dqg frqvlghu hdfk srlqw dv wkh jhup ri d fu|vwdoolqh jurzwk1 Li wzr fu|vwdov
phhw hdfk rwkhu/ zh vxssrvh wkdw wkh| duh qrw glvwxuehg lq wkhlu jurzwk/
zklfk vwrsv lqghshqghqwo| iru hdfk frpsrqhqw1 Ohw xv wudqvsrvh wklv gh0
vfulswlrq lq whupv ri udqgrp vhwv1 Wkh L srlqwv ri wkh Srlvvrq uhdol}dwlrq
duh dw wkh srlqwv { � +l 5 L, lq U � 1 Wkh hohphqwdu| judlq lv dq doprvw vxuho|
frpsdfw udqgrp vhw [ � > zh slfn rxw ydulrxv uhdol}dwlrqv [ �

� ri [ � iurp lwv
vsdfh ri gh�qlwlrq/ dqg lpsodqw hdfk [ �

� dw wkh fruuhvsrqglqj srlqw { ��� Wkh
gl�huhqw [ �

� duh wkxv lqghshqghqw ri hdfk rwkhu1
Zh vkdoo fdoo wkh uhdol}dwlrq [ ri d Errohdq prgho/ wkh xqlrq ri wkh

ydulrxv [ �

� diwhu lpsodqwdwlrq dw wkh srlqwv { � =
[ @ ^

� ���
[ �

� +614,

Wkh Errohdq prgho lv h{wuhpho| �h{leoh = lw lv d �uvw vwhs/ zkhuh rqh
dgplwv rqo| qhjoljleoh lqwhudfwlrqv ehwzhhq wkh sduwlfohv [ �

� 1 Iljxuh 4 uhs0
uhvhqwv d w|slfdo Errohdq vwuxfwxuh1
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Iljxuh 614= Qdwxudo remhfwv wkdw �w zlwk Errohdq UDFV= zroiudp fduelgh
+rq wkh ohiw, dqg ihuulwh fu|vwdov +rq wkh uljkw,1

��� +@?_L4 5i|t
Zh kdyh mxvw lqwurgxfhg d udqgrp forvhg vhw [ +lq eulhi/ d UDFV, yld
wkh whfkqltxh zklfk doorzv xv wr frqvwuxfw lw +lq wkh iroorzlqj/ zh xvh wkh
vdph v|pero [ iru ghqrwlqj d UDFV dqg lwv uhdol}dwlrq,1 Krzhyhu/ mxvw
olnh d udqgrp yduldeoh/ d UDFV lv pdwkhpdwlfdoo| gh�qhg iurp d froohfwlrq
ri hyhqwv/ qdpho| wkh uhodwlrqvklsv %N plvvhv [%/ zkhuh N ghvfulehv wkh
fodvv ri frpsdfw vhwv1 Wkhvh hyhqwv duh jryhuqhg e| wkh fodvvlfdo d{lrpv ri
suredelolw|/ zklfk uhtxluh �uvw d �0dojheud/ fdoo lw � � dqg wkhq d suredelolw|
S rq wkh phdvxudeoh vsdfh +I / � � ,/ zkhuh I ghqrwhv wkh vhw ri forvhg vhwv
lq U � 1 Wkh �0dojheud � � lv jhqhudwhg e| doo frxqwdeoh xqlrqv ri wkh hyhqwv
dqg e| wkhlu frpsohphqwv1 Wr gh�qh S zh dvvrfldwh zlwk dq| hyhqw Y ri � �
wkh suredelolw| wkdw wklv uhodwlrq Y lv wuxh1

Khuh/ d ihz wrsrorjlfdo frpphqwv duh qhfhvvdu|1 Wr kdqgoh wkh udqgrp
vhwv fruuhfwo|/ zh pxvw eh deoh wr h{suhvv krz d vhtxhqfh i[ � j ri vhwv whqgv
wrzdugv d olplw [1 Rq wkh rwkhu kdqg/ zh kdyh wr uhvwulfw wkh fodvv S +U � ,
ri doo srvvleoh vxevhwv ri U � 1 Lqghhg wkh Hxfolghdq vsdfh lv wrr ulfk iru
rxu sxusrvh1 Iru h{dpsoh/ d vhw vxfk dv %doo wkh srlqwv zlwk luudwlrqdo
frruglqdwhv lq wkh sodqh% kdv devroxwho| qr sk|vlfdo phdqlqj1 Lq rughu wr
pdnh wklv vlpsol�fdwlrq/ gh�qh wkh glvwdqfh �/ iurp srlqw { wr vhw [/ dv
iroorzv =

� +{>[, @ lqi
� � � g+{> |,> { 5 U

� > [ 5 S +U � , > +615,
zkhuh g lv wkh Hxfolghdq glvwdqfh1 Zlwk uhvshfwv wr �/ wkhuh lv qr gl�huhqfh
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ehwzhhq d vhw [ dqg lwv wrsrorjlfdo forvxuh sff[ +l1h1/ [ soxv lwv erxqgdu|,/
vlqfh � +{>[, @ � +{>sff[, >;{/ ;[1 Lq rwkhu zrugv/ doo wkh qrwlrqv ghulyhg
iurp � zloo qrw eh uhodwhg wr wkh sduwv S +U � , ri U � / exw wr wkh htxlydohqfh
fodvvhv ri vhwv zklfk dgplw wkh vdph forvxuh1 Iru h{dpsoh/ wkh srlqwv zlwk
luudwlrqdo frruglqdwhv ri U � / dqg wkh zkroh sodqh lwvhoi/ zloo eh frqvlghuhg
dv lghqwlfdo1 Khqfh/ iurp qrz rq lw vx�fhv wr frqfhqwudwh xsrq wkh fodvv ri
wkh forvhg vhwv ri U � 1 Wkh glvwdqfh � jhqhudwhv d wrsrorj|/ fdoohg wkh klw0
ru0plvv wrsrorj|1 Pdwkhurq ^:;` ^;5` dqg Nhqgdoo ^96` h{kdxvwlyho| vwxglhg
lw lq d pruh jhqhudo iudph wkdq U � 1 E| gh�qlwlrq d vhtxhqfh i[ � j >[ � 5 I
/ frqyhujhv wrzdugv d olplw [ 5 I li dqg rqo| li/ iru dq| { 5 U � / wkh
vhtxhqfh�i{>[ � j frqyhujhv wrzdugv � +{>[, lq U � = Iurp wklv vwdqgsrlqw/
zh fdq ghulyh doo wkh edvlf wrsrorjlfdo qrwlrqv/ vxfk dv qhljkerukrrgv/ frq0
wlqxlw|/ vhplfrqwlqxlw|/ hwf1 Zh txrwh rqo| rqh uhvxow/ iru lw zloo eh xvhixo
ehorz1
Sursrvlwlrq 614 Dq lqfuhdvlqj pdsslqj � iurp I lqwr lwvhoi +ru pruh
jhqhudoo| iurp I � I $ I, lv xsshu vhpl0frqwlqxrxv +x1v1f1, li dqg rqo|
li [ � & [ lq I lpsolhv �+[ � , & �+[, lq I

Khuh/ %[ � & [ % phdqv wkdw [ � � � � [ � dqg [ @ _
�
[ � 1 Lw lv qrw reylrxv

wkdw/ li [ lv d UDFV dqg � dq duelwudu| vhw wudqvirupdwlrq/ wkh wudqv0
irup �+[, lv vwloo d UDFV1 Krzhyhu/ li � lv d vhpl0frqwlqxrxv pdsslqj
iurp I $ I +ru I �I $ I,/ wkh uhvxowlqj vhw � +[, lv dozd|v d UDFV1
Khqfh/ [ ^ [ � / [ _ [ � / C[/ [ � > [ � N/ [ � N/ dqg wkh �qlwh lwhud0
wlrqv ri wkhvh wudqvirupdwlrqv surylgh UDFV +Qrwh wkdw d pdsslqj pd| eh
vhpl0frqwlqxrxv dqg qrw lqfuhdvlqj/ h1j1/ wkh erxqgdu| pdsslqj [ $ C[,1
Vlploduo|/ wkh yroxph/ Y +[,/ lq U

� > dqg wkh duhd D +[,/ lq U
� zklfk duh

vhpl0frqwlqxrxv pdsslqjv U
� $ U � +ru U

� $ U � , surylgh udqgrp ydul0
deohv1

Lw lv zhoo nqrzq wkdw wkh suredelolw| glvwulexwlrq dvvrfldwhg zlwk dq
ruglqdu| udqgrp yduldeoh lv frpsohwho| ghwhuplqhg li wkh fruuhvsrqglqj glv0
wulexwlrq ixqfwlrq lv jlyhq1 Wkhuh lv d vlplodu uhvxow iru UDFV1 Li [ lv d
UDFV dqg S wkh dvvrfldwhg suredelolw| rq � � gh�qh

T +E, @ S iE � [ � j +616,
wr eh wkh suredelolw| wkdw [ plvvhv d jlyhq frpsdfw vhw E 5 N1 Wkdw lv/
zh rewdlq d ixqfwlrq T rq N/ fdoohg wkh ixqfwlrqdo prphqw/ dvvrfldwhg zlwk
wkh suredelolw| S 1 Frqyhuvho|/ wkh suredelolw| S lv frpsohwho| ghwhuplqhg
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li wkh ixqfwlrq T rq N lv jlyhq +Pdwkhurq0Nhqgdoov*wkhruhp ^;3/ 96`,1 Lw lv
lqwhuhvwlqj wr �qg wkh qhfhvvdu| dqg vx�flhqw frqglwlrqv iru d jlyhq ixqfwlrq
T wr eh dvvrfldwhg zlwk d UDFV =

+l, Rqh pxvw kdyh 3 � T+E, � 4 +T lv suredelolw|, dqg T+!, @ 4/ vlqfh
wkh hpsw| vhw plvvhv doo wkh rwkhu rqhv1

+ll, Li E � & E lq N / zh pxvw kdyh T+E � , % T+E,=
+lll, Ohw V � +E � >E � ===E � , ghqrwh wkh suredelolw| wkdw [ plvvhv wkh frp0

sdfw vhw E � > exw klwv wkh rwkhu frpsdfw vhwv E � ===E � 1 Wkhvh ixqfwlrqv duh
rewdlqhg e| wkh iroorzlqj uhfxuuhqfh irupxod =

V � +E � >E � , @ T +E � ,�T +E � ^E � , >
V � +E � >E � ===E � , @ V � 
 � +E � >E � ===E � 
 � ,� V � 
 � +E � ^E � >E � ===E � 
 � ,=

Wkhvh V � / zklfk duh suredelolwlhv/ pxvw eh � 3 iru dq| lqwhjhu q dqg dq|
frpsdfw vhwv E � > E � ===E � =

Wkh odvw wzr suhuhtxlvlwhv pdnh wkh txdqwlw| 4�T dq dowhuqdwlqj Fkr0
txhw fdsdflw| ri lq�qlwh rughu1 Wkh wkuhh uhtxluhphqwv +l,/ +ll,/ +lll, pxvw
reylrxvo| eh vdwlv�hg e| wkh ixqfwlrq T1 Fkrtxhw ^53` suryhg wkdw wkh|
duh dovr vx�flhqw1 Klv edvlf wkhruhp rulhqwv xv wrzdug wkh fdofxodwlrqv wr
shuirup lq rughu wr fkdudfwhul}h d UDFV1 Wkh pruskrorjlfdo lqwhusuhwdwlrq
ri uho +616, lv fohdu1 Zkhq E lv fhqwhuhg dw srlqw {>T+E, lv qrwklqj exw
wkh suredelolw| wkdw { ehorqjv wr wkh sruhv ri wkh glodwh [ � sffE/ l1h1 wkh
srurvlw| t � +{, ri [ � sffE dw srlqw {1

��e �L4i?|t Lu |�i �LL*i@? 5i|t
Zh qrz dsso| Pdwkhurq0Nhqgdoo*v wkhruhp/ zklfk kdv mxvw ehhq vwdwhg/ wr
wkh fdvh ri wkh Errohdq prgho1 E| gh�qlwlrq/ wkh sulpdu| judlq[* lv nqrzq/
dqg wkh txhvwlrq lv wr h{suhvv wkh T +E,*v ri [ dv ixqfwlrqv ri wkrvh ri [*1
Frqvlghu dq duelwudu| srlqw d1 Ghqrwh e| �+d, wkh suredelolw| wkdw srlqw d
olh lq judlq [/ dqg orrn iru wkh suredelolw| wkdw d eh qrw lq vhw [1 Lq wkh
hohphqwdu| }rqh g}/ wzr pxwxdoo| h{foxvlyh idyrudeoh hyhqwv pd| rffxu

0 hlwkhu qr jhup/ zlwk d suredelolw| 4� t+g},
0 ru rqh jhup/ exw wkh judlq [ � grhv qrw uhdfk d = Suredelolw| t+g},^4�

�+d� },`1
E| frpsrvlwlrq ri wkhvh wzr suredelolwlhv dqg lqwhjudwlrq ri } ryhu U � /
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zh �qg iru srurvlw| t

t @ T+d, @ Sure=id 5 [ � j @ h{s^��
]

� � �+d� },g}` @ h{si��Phv[j
+617,

Pruh jhqhudoo|/ li E � vwdqgv iru d frpsdfw vhw fhqwhuhg dw srlqw d/ wkhq
E � � [ � / d 5 [ � �E / d 5 +[ � sffE, � @ ^i[ � � sffE> l 5 Lj � +618,

Khqfh/ E � lv lqfoxghg lq wkh sruhv ri wkh errohdq UDFV[ l� srlqw d ehorqjv
wr wkh sruhv ri wkh errohdq UDFV ri sulpdu| judlq [3 �E / l1h1
S +E � [ � , @ T+E, @ SureiE � [ � j @ h{si��Phv+[3 �E,j ;E 5 N

+619,
Qrz/ dffruglqj wr Pdwkhurq0Nhqgdoo wkhruhp/ d UDFV lv fkdudfwhul}hg e|
wkh suredelolwlhv T+E, dv E vsdqv wkh fodvv N ri wkh frpsdfw vhwv1 Wkxv/
uhodwlrq +619, ghvfulehv frpsohwho| wkh UDFV [ / dqg vkrzv/ dprqj rwkhuv/
wkdw lw lv vwdwlrqdu|1 Wklv uhodwlrq/ zklfk olqnv wkh ixqfwlrqdov ri [ wr wkrvh
ri [ � / lv wkh ixqgdphqwdo irupxod ri wkh prgho ^:9`^;5`1 Rqh ghulyhv iurp lw
d vhulhv ri lpsruwdqw surshuwlhv dqg irupxodv1

��e�� 5i| �hLTih|�it
�=Zh vhh iurp 619 wkdw T+E, grhv qrw ghshqg rq wkh orfdwlrq ri E1 Khqfh
wkh Errohdq prgho lv vwdwlrqdu|1 Rqh fdq dovr suryh wkdw lw lv hujrglf/ l1h1
wkh vsdwldo dyhudjhv iru rqh uhdol}dwlrq whqg wrzdug wkh fruuhvsrqglqj T +E,1
Wkxv/ zh fdq vshdn ri srurvlw| ri d vshfl�f vxuidfh/ fryduldqfh/ hwf1/ zlwkrxw
uhihuulqj wr d sduwlfxodu sruwlrq ri wkh vsdfh1

�= UDFV [ lv forvhg xqghu glodwlrq1 Zh ghulyhg iurp 619 wkdw wkh glodwh
ri [ e| N +N d ghwhuplqlvwlf frpsdfw vhw, lv vwloo errohdq zlwk sulpdu|
judlq [ � � sffN=

�= Wkh furvv0vhfwlrqv ri [ duh Errohdq/ vlqfh 619 grhv qrw ghshqg rq wkh
idfw wkdw E ehorqjv wr d vxevsdfh ri U � 1 Vlploduo|/ li zh fxw d wklfn volfh ri
[/ olplwhg e| wzr sdudooho sodqhv/ ri qrupdo $/ dqg li zh surmhfw wkh volfh
rq d sodqh qrupdo wr $/ wkh surmhfwlrq vhw lv vwloo Errohdq1

�= Wkh Errohdq prgho lv lq�qlwho| glylvleoh +wklv edvlf surshuw| lq idfw
lpsolhv doo wkh rwkhu rqhv ri wklv vhfwlrq,1 %Lq�qlwho| glylvleoh% phdqv wkh
iroorzlqj = li rqh slfnv rxw wzr uhdol}dwlrqv ri wkh prgho/ dqg vxshulpsrvhv
wkhp/ wdnlqj wkh vhw xqlrq ri skdvhv [/ wkhq wkh uhvxow lv djdlq d prgho ri
wkh vdph idplo|1
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Iljxuh 615= Wkh xqlrq ri wzr Errohdq vhwv lv vwloo Errohdq

�= Grpdlq ri dwwudfwlrq1 Mxvw dv wkh qrupdo odz dsshduv dv wkh olplw ri
dq dyhudjh ri lqghshqghqw udqgrp yduldeohv/ wkh Errohdq prgho dovr wxuqv
rxw wr eh wkh �qdo whup ri dq lq�qlwh xqlrq ri rwkhu udqgrp vhwv1 Rqh vd|v
wkdw lw kdv d fhuwdlq grpdlq ri dwwudfwlrq1 Wkh iroorzlqj uhvxow +^5:`/ ^45<`,
looxvwudwhv wklv srlqw1
Ohw [ eh d udqgrp sduwlwlrq ri wkh vsdfh/ duelwudu| exw vwdwlrqdu| dqg
hujrglf1 Iurp [/ frqvwuxfw d vhw \ e| dvvljqlqj hdfk fodvv [ � ri wkh sdu0
wlwlrq wr wkh skdvh %judlq% zlwk d suredelolw| s/ lqghshqghqwo| iurp rqh
fodvv wr dqrwkhu 1 Qrz vxshulpsrvh q uhdol}dwlrqv ri \ / dqg ohw \ � gh0
qrwh wkh lqwhuvhfwlrq ri wkh judlqv ri wkh q uhdol}dwlrqv1 Dvvxplqj wkdw
qs $ � +3 ? � ? 4, dv q $ 4 +li qrw/ \ & lv wulyldoo| htxdo wr >$,/ dqg
ghqrwlqj e| T � +E, wkh ixqfwlrqdo prphqwv ri \ � / zh kdyh

olp� � � T � +E, @ h{s ��� Phv [ � � 
 �
� Phv

�

[ � �E
�

> +61:,
l1h1/ dffruglqj wr Pdwkhurq0Nhqgdoo*v wkhruhp/ d Errohdq prgho ri ghqvlw|
�+Phv [ � , 
 � dqg zlwk sulpdu| judlqv wkh fodvv [ � ri wkh lqlwldo sduwlwlrq1

�= Wkh qxpehu ri sulpdu| judlqv klwwlqj E iroorzv d Srlvvrq glvwulexwlrq
ri sdudphwhu �Phv +[ � � sffE,1 Wklv lv d gluhfw frqvhtxhqfh ri wkh lq�qlwh
glylvlelolw|1 G1Vwr|dq ^484` hqodujhg wklv uhvxow wr wkh fdvh ri d ghqvlw| � +{,
yduldeoh ryhu wkh vsdfh1

��e�2 �TT*�U@|�L?t Lu |�i 6�?_@4i?|@* 6Lh4�*@
�= Srurvlw|1 Uhgxfh wkh vwuxfwxulqj hohphqw E wr rqh srlqw > wkhq

E @ i=j , T +E, @ t @ h{s ��� Phv [ � � +61;,
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�= Fryduldqfh1 Wdnh iru E wzr srlqwv wkdw duh yhfwru k dsduw
E @

q

= �' =
r

@, T +E, @ F � � +k, @ t � h � � � � > +61<,
zkhuh N+k, @ Phv +[ � _[ �

� , lv wkh jhrphwulf frydulrjudp ri vhw [1 Wkh
fryduldqfh F � � +k, uhsuhvhqwv wkh suredelolw| wkdw wkh wzr srlqwv ri E olh
lq wkh sruhv1 Iru wkh fryduldqfh F � � +k, ri wkh judlqv +l1h1/ S +E 5 [,,/ zh
kdyh

F � � +k, @ 4� 5t .F � � +k, @ 4� 5t . t � h � � � � � +6143,
�1 Odz ri wkh �uvw frqwdfw1 Vxssrvh d udqgrp srlqw { lq wkh sruhv lv

fkrvhq xqlirupo|/ dqg ohw U eh lwv glvwdqfh wr wkh judlqv1 Ghqrwlqj e| I +u,
wkh glvwulexwlrq ixqfwlrq ri wkh udqgrp yduldeoh U/ zh rewdlq

4� I +u, @ T +Eu,
t > +6144,

zkhuh E � lv wkh edoo ri udglxv u +ru wkh glvn lq U
� ,1

�= Vshfl�f vxuidfh dqg shulphwhu1 Wr dyrlg vrph sdwkrorjlfdo dqrpdolhv/
vxfk dv iudfwdo vhwv/ zh dvvxph [ � wr eh uhjxodu hqrxjk +d �qlwh xqlrq ri
frpsdfw frqyh{ vhwv/ iru h{dpsoh,1 Wkhq wkh vshfl�f vxuidfh ri [/ l1h1/ wkh
vxuidfh V � ri C[ shu xqlw yroxph/ lq U

� / dqg wkh vshfl�f shulphwhu X � ri
[/ lq U

� / duh wkh ghulydwlyh ri T +Eu, lq u @ 3/ wkdw lv
V � @ �=sffV �[ � � =h 
 � � � ��� � lq U

� > +6145,
X � @ �=X �[ � � =h 
 � � � � � � lq U

� =
Ehiruh jrlqj rq zlwk wkh Errohdq prgho iru pruh vshfl�f fdvhv/ zh qrz
uhvxph wkh dqdo|vlv ri wkh jhqhudo surshuwlhv vxjjhvwhg e| wklv vhfwlrq1

��D W?�?�|i #���t�M�*�|)
Wkh nh| qrwlrq zh phw lq wkh suhfhglqj vhfwlrq lv wkdw ri lq�qlwh glylvlelolw|1
Gh�qlwlrq 615 Zh vd| wkdw d UDFV [ lv lq�qlwho| glylvleoh zlwk uhvshfw
wr wkh xqlrq/ li iru dq| lqwhjhu q A 3/ [ lv htxlydohqw wr wkh xqlrq ^\ � ri
q lqghshqghqw UDFV \ � / l @ 4===q/ htxlydohqw wr hdfk rwkhu1

Wklv surshuw| ghshqgv rqo| rq wkh ixqfwlrqdo T1 Wkh iroorzlqj wkhruhp/
iurp J1 Pdwkhurq ^;5`/ fkdudfwhul}hv wkh lq�qlwho| glylvleoh UDFV1
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Wkhruhp 616 D ixqfwlrq T rq N lv dvvrfldwhg zlwk dq lq�qlw| glylvleoh
UDFV zlwkrxw �{hg srlqwv/ li dqg rqo| li wkhuh h{lvwv dq dowhuqdwlqj fdsdflw|
ri lq�qlwh rughu * vdwlvi|lqj * +!, @ 3 dqg T+E, @ h{s i�*+E,j1

Wklv wkhruhp rshqv wkh grru wr wkh Errohdq vhwv/ exw qrw rqo| wr wkhp1
Lpdjlqh/ iru h{dpsoh/ wkh xqlrq lq U

� ri d Errohdq vhw dqg wudmhfwrulhv ri
Eurzqldq prwlrqv1 Wkh uhvxow lv lq�qlwho| glylvleoh/ exw qrw uhgxfleoh wr
Errohdq vwuxfwxuhv1 Iru udqgrp yduldeohv/ d fodvvlfdo wkhruhp ri S1 Ohy|
vwdwhv wkdw dq lq�qlwho| glylvleoh yduldeoh lv d vxp ri lqghshqghqw Jdxvvldq
dqg Srlvvrq yduldeohv1 Lw vhhpv wkdw wkh htxlydohqw ri vxfk d wkhruhp grhv
qrw h{lvw iru udqgrp vhwv/ dowkrxjk wkh Errohdq vhwv dqg wkh Srlvvrq �dwv
duh lq idfw wkh pdmru uhsuhvhqwdwlyhv ri wklv w|sh ri prgho1

Eh|rqg wkh lq�qlwh glylvlelolw| lv dqrwkhu pruh ghpdqglqj vwuxfwxuh/
qdpho|/ wkdw ri wkh UDFV vwdeoh zlwk uhvshfw wr xqlrq1 D UDFV [ ehorqjv
wr wklv fdwhjru| zkhq/ iru dq| lqwhjhu q/ d srvlwlyh frqvwdqw � � fdq eh irxqg/
vxfk wkdw wkh xqlrq [ � ^[ � ===^[ � ri q lqghshqghqw UDFV htxlydohqw wr [
lv lwvhoi htxlydohqw wr � � [1 Reylrxvo| d vwdeoh UDFV lv qhfhvvdulo| lq�qlwho|
glylvleoh/ exw wkh frqyhuvh lv idovh1 Wkh iroorzlqj wkhruhp +Pdwkhurq ^;5`,
fkdudfwhul}hv vwdeoh UDFV1 D UDFV [ zlwkrxw �{hg srlqwv lv vwdeoh zlwk
uhvshfw wr xqlrq li dqg rqo| li lwv ixqfwlrqdo T+E, @ h{s +�*+E,, iru d
fdsdflw| ri lq�qlwh rughu * vdwlvi|lqj *+!, @ 3 dqg krprjhqhrxv ri ghjuhh
� A 3/ l1h1/

* +�E, @ � � *+E, +� A 3> E 5 N, +6146,
Wkh Srlvvrq olqhv +lq U

� , ru sodqhv +lq U
� ,/ dqg wkh Eurzqldq wudmhfwrulhv

+lq U
� ,/ duh vwdeoh UDFV1 Lqghhg lw uhvxowv iurp wkhlu gh�qlwlrq wkdw wkh

vwdeoh UDFV duh vhoi0vlplodu/ dqg prgho wkh vhwv ghvfulehg e| E1 Pdqghoeurw
^:3`1

��S �L?�i �h�4@h) Bh@�?t
Zh jr edfn wr wkh Errohdq wkuhdg ri lghdv1 Iru wkh uhvxowv zh ghulyhg
iurp uho1+619, xqwlo qrz/ zh glg qrw qhhg wr pdnh h{solflw wkh txdqwlw| Phv
+[ � � sffE,1 Li zh zdqw wr jr ixuwkhu lq wkh dqdo|vlv/ zh qrz pxvw wu| wr
h{sorlw lw1 Wkhuh lv d sduwlfxodu/ exw sduwlfxoduo| lpsruwdqw fdvh/ zkhuh Phv
+[ � �E, dgplwv d vlpsoh h{suhvvlrq > lw lv zkhq erwk [ � dqg E duh frqyh{1
Wkhq Vwhlqhu*v irupxod lv dssolfdeoh +M1 Vwhlqhu +4;73, uhhglwhg lq Plohv
dqg Vhuud ^433`/ Eodvfknh ^46`,/ dqg surylghv vhyhudo qhz iuxlwixo uhvxowv1
Frqvhtxhqwo|/ zh qrz dvvxph wkh frpsdfw udqgrp vhw [ � wr eh doprvw
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Iljxuh 616= Wzr Fdxfdvldq grohulwhv ri wkh vdph yrofdqr/ exw iurp wzr
gl�huhqw huxswlrqv1

vxuho| frqyh{1 Iru wkh vdnh ri vlpsolflw| zh dovr dvvxph wkdw wkh ydulrxv
[ � zklfk frqvwlwxwh [ duh xqlirupo| rulhqwhg1 Wklv odwwhu k|srwkhvlv lv
qrw frpsxovru|/ exw doorzv xv wr uhgxfh wkh qrwdwlrq zlwkrxw vxevwdqwldoo|
prgli|lqj wkh phdqlqj ri wkh uhvxowv1 +Iru pruh ghwdlohg h{suhvvlrqv/ vhh
^:9` dqg ^45<`,1

��S�� 5|ihiL*L})
Vwduw iurp d Errohdq vhw [ � lq U

� / zlwk d Srlvvrq ghqvlw| � � / dqg sulpdu|
judlq [ �

� ri yroxph y � > vxuidfh v � > phdq zlgwk g � 1 Rq dq| whvw sodqh � / [ �

lqgxfhv d Errohdq vhw [ � @ [ � _ � ri ghqvlw| � � / ri sulpdu| judlq duhd d �

dqg shulphwhu x � =
Vlqfh wkh fryduldqfh lv wkh vdph iru erwk UDFV ri U � dqg ri U � / zh

fdq zulwh
� � y � @ � � d � > �� � v � @ 7� � x � > � � g � @ � � +6147,

Wkh sulpdu| judlqv [ �

� lqgxfhg rq � duh uhodwhg wr [ �

� e| wkh iroorzlqj
irupxod =

y � @ 4
5� � d � � g � +6148,

+Irupxodv +6147, dqg +6148, fdq eh jhqhudol}hg wr wkh qrqfrqyh{ fdvh> ^45<`,1
Wkh uhodwlrqv lqyroyhg lq +6147, doorz xv wr vhw dqg wr vroyh wkh fodvvlfdo
sureohp ri %Qxfohdwlrq yhuvxv Jurzwk%/ wkdw zh lqwurgxfh khuh e| phdqv
ri dq h{dpsoh1Iljxuh 616 ghslfwv urfnv plfurjudskv iurp wzr huxswlrqv ri
wkh vdph yrofdqr1 Wkh vhfrqg rqh glvsod|v pruh sruhv +lq eodfn, 1 Glg wkh
sk|vlfdo surfhvv jhqhudwh pruh 6G sruhv/ ru odujhu rqhv B
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Qrz/ wkh dyhudjh sruh qxpehu lq vhfwlrq lv wkh surgxfw ri wkh 6G qxpehu
ri sruhv e| wkhlu phdq zlgwk/ zklfk suhyhqw xv iurp vhsdudwlqj wkh h�hfw ri
qxfohdwlrq iurp wkdw ri jurzwk/ xqohvv zh xvh d prgho1 Dvvxph wkdw erwk
wh{wxuhv duh prghohg e| errohdq UDFV zkhuh wkh judlqv ri wkh prgho duh
wkh sk|vlfdo sruhv1 Ohw +� �

� > y � > v � > g � , eh wkh sdudphwhuv ri wkh �uvw rqh/ dqg
+� � %> y%> v%>g%, wkrvh ri wkh vhfrqg rqh1 D sxuh jurzwk zrxog lpso| wkdw

� � %y%@� �

� y � @ n � > � � %v%@� �

� v � @ n � > � � %g%@� �

� g � @ n +6149,
zkhuhdv lq d sxuh qxfohdwlrq/ wkhvh wkuhh udwlrv duh htxdo1 Qrz/ zh gudz
iurp wkh vwhuhrorjlfdo uhodwlrqv +6147, wkdw
� � %y%@� �

� y � @ � � %d%@� �

� d � @ 4=55: dqg � � %v%@� �

� v � @ � � %x%@� �

� x � @ 4=557=
+614:,

Wkhuhiruh/ lq wkh suhvhqw fdvh/ wkh sk|vlfdo surfhvv pd| eh frqvlghuhg dv d
qxfohdwlrq1

��S�2 �L?�i ihLt�L?t
Frqvlghu d 50G Errohdq vhw [ � / zlwk sdudphwhuv +� � >[ �

� ,/ dqg wdnh iru E � v/
�uvw wkh vhjphqwv ri ohqjwk o dqg vhfrqg wkh idplolhv �E ri vhwv vlplodu wr
d jlyhq sodqh frqyh{ vhw E/ kdylqj qrq}hur duhd1 Dffruglqj wr Vwhlqhu*v
irupxod zh fdq zulwh

T+o, @ h{s ��� �
�D �[ �

�
�. +o@�,X �[ �

�
��� > +614;,

T +�E, @ h{s ��� �
�D �[ �

�
�. +�@5�,X +E, sffX �[ �

�
�. � � D +E,�� = +614<,

Zh lpphgldwho| ghulyh iurp +614;, wkh sruh wudyhuvh ohqjwk glvwulexwlrq
J +o, >

4�J +o, @ T� +o,
T � +R, @ h{s ��� �

�sffX �[ �

�
� @�� � o� > +6153,

dqg iurp +614<, dqg +6144,/ wkh odz I +u, ri wkh �uvw frqwdfw>
4� I +u, @ h{s +�� �

�usffX �[ � �. �u �
�,= +6154,

Qrz zh fdq shuihfwo| zhoo frqvlghu [ � dv wkh sodqh furvv vhfwlrq ri d
Errohdq vhw [ � lq vsdfh1 Zkdw nqrzohgjh ri [ � fdq zh jhw iurp [ � B
Reylrxvo| qrw dq h{kdxvwlyh rqh +wdnh/ iru h{dpsoh/ wkh xqlrq ri [ � dqg d
60G Srlvvrq srlqw surfhvv ]> [ � dqg [ � ^] lqgxfh wkh vdph [ � ,1 Krzhyhu/
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Iljxuh 617= Ohiw= srolvkhg vhfwlrq ri iruphg frnh J�43 � +sruhv lq eodfn,>
uljkw= olqhdu hurvlrqv ri wkh sruhv +lq eodfn, dqg ri wkh fduerq +lq juh|,
sorwwhg lq vhpl0Orj frruglqdwhv1

xvlqj +6147,/ +6148, dqg +615<,/ zh fdq lqwhusuhw wkh ixqfwlrqdov +614;, dqg
+614<, lq whupv ri U � / l1h1/

T +o, @ h{s ��� �
�sffY �[ �

�
�. +o@7, sffV �[ �

�
��� > +6155,

T +�E, @ h{s ��� �
�sffY �[ �

�
�. +�@;,X +E, sffV �[ �

�
�. �� � @5��D +E, sffP �[ �

�
��� =

+6156,
Frpsdulvrq ri +614<, dqg +6156, lv lqvwuxfwlyh1 Lq U

� zh vhh wkdw zkhq E
ghvfulehv wkh fodvv ri frpsdfw frqyh{ vhwv/ T +E, lqyroyhv rqo| wkuhh sdudp0
hwhuv ri [/ qdpho| � � / sffD +[ �

� , dqg sffX +[ �

� , > zklfk fdq hdvlo| eh hvwlpdwhg
iurp +614<,1 Krzhyhu/ wkhvh wkuhh sdudphwhuv gr qrw h{kdxvwlyho| fkdudfwhu0
l}h [/ vlqfh E rqo| vsdqv wkh fodvv ri frpsdfw frqyh{ vhwv1 Lq rwkhu zrugv/
wkh pruskrorjlfdo qrwlrqv uhodwhg wr wkh frqyh{lw| ri E/ vxfk dv vl}h glvwul0
exwlrqv/ fdq hdvlo| eh vwxglhg/ exw rwkhuv/ dqjxodulwlhv/ iru h{dpsoh/ fdqqrw1
Lq U

� zh kdyh d vlplodu uhvxow/ vlqfh UDFV [ wxuqv rxw wr eh ghvfulehg e|
wkh irxu sdudphwhuv � � / sffY +[ � ,/ sffV +[ � , dqg sffP +[ � , = Xqiruwxqdwho|/
zkhq wkh vwuxfwxulqj hohphqw E pryhg lq U

� lv sodqdu/ lw grhv qrw doorz
xv wr dffhvv doo wkh sdudphwhuv/ exw rqo| wkhlu olqhdu frpelqdwlrqv jlyhq
e| Orj T +�E, lq +6156,/ zklfk surylgh rqo| wkh wkuhh whupv � � sffY +[ �

� ,/
� � sffV +[ �

� ,/ dqg � � sffP +[ �

� ,1 Lq rughu wr jr ixuwkhu/ zh fdq dowhuqdwlyho|
vshfli| wkh sulpdu| judlq pruh frpsohwho| dv zh zloo gr ehorz/ ru fdofxodwh
wkh wzr0glphqvlrqdo T +�E, iru wkh surmhfwlrq ri wkh wklfn vhfwlrqv ri [ � =
Iru h{dpsoh/ li g lv wkh wklfnqhvv ri wkh vhfwlrq/ dqg E lv d sro|jrq zlwk q
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vlghv/ zh kdyh =

T +�E, @ h{s
��� �

� sffY +[ �

� , . � � ^X+E, . g+q� 5,` sffV +[ �

� ,
. � �

� ^5D+E, . gX+E,` sffP +[ �

� , . � � gD+E,
��

+6157,
zklfk hqdeohv xv wr hvwlpdwh wkh irxu fkdudfwhulvwlfv ri [ � + ^45<` > vhh dovr
^<;`,1

Wdnh iru h{dpsoh wkh irup frnh ghslfwhg lq �j16171 Zh vhh iurp wkh
sorw rq wkh uljkw wkdw wkh sruhv pd| eh frqvlghuhg dv Errohdq/ exw wkdw wkh
vrolg skdvh fdqqrw1 Wkh zh gudz iurp wkh sorw wkdw
� � d � @ �Orj 3=8; @ 3=87 dqg y � @ � � x � @ �;@Orj 3=8; @ 47=; +6158,

dqg iurp wkh vwhuhrorjlfdo uhodwlrqv +6147, wkdw � � d � @ � � y � @ 3=87 dqg � � x � @
+�@7,� � v � @ 44=9= Qhyhuwkhohvv/ rqh fdqqrw h{wudfw � � dqg y � iurp wkhvh rqo|
slhfhv ri lqirupdwlrq1

��. 5i4���@h!L� +��5
Wkh xqghuo|lqj frqfhsw zklfk jryhuqv Errohdq wh{wxuhv zlwk frqyh{ sul0
pdu| judlqv lv wkh vhpl0Pdunry surshuw|1 Dv vrrq dv wkh fkrug glvwulexwlrqv
iru wkh sruhv duh h{srqhqwldo +614;,/ zh fdq vxvshfw wkh prgho wr eh vrph0
krz Pdunry1 Qhyhuwkhohvv wkh judlq fkrugv duh qrw h{srqhqwldo / dqg wkxv
[ qhyhu lqgxfhv d 40G Pdunry surfhvv rq dq| olqhdu furvv vhfwlrq1 Vxfk dq
dv|pphwu| ohdgv xv wr wkh Pdwkhurq gh�qlwlrq ri wkh vhpl0Pdunry surshuw|
^;3`1
Gh�qlwlrq 617 Wzr frpsdfw vhwv E dqg E � duh vdlg wr eh vhsdudwhg e| d
frpsdfw vhw F li dq| vhjphqw +{> { � , mrlqlqj d srlqw { 5 E wr d srlqw { � 5 E �

klwv F1 Wkhq d UDFV [ lv vdlg wr eh vhpl0Pdunry li iru dq| E dqg E �

vhsdudwhg e| F wkh UDFV [ _E dqg [ _E � duh frqglwlrqdoo| lqghshqghqw/
jlyhq F _[ @ >1
Sursrvlwlrq 618 Wkh UDFV [ lv vhpl0Pdunry li dqg rqo| li lwv ixqfwlrqdo
T vdwlv�hv wkh uhodwlrqvkls

T �E ^E � ^ F� �T +F, @ T +E ^ F, �T �E � ^ F� > +6159,
zkhuh E dqg E � duh vhsdudwhg e| F1
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Lq sduwlfxodu/ li wkh xqlrq E ^E � lv frpsdfw dqg frqyh{/ wkhq wkh| duh
vhsdudwhg e| wkhlu lqwhuvhfwlrq E_E � dqg wkh vhpl0Pdunry surshuw| lpsolhv

T �E ^E � � �T �E _E � � @ T +E, �T �E � � = +615:,
Pruhryhu/ li [ lv lqgh�qlwho| glylvleoh/ wkh frqyhuvh lv wuxh/ dqg uho +615:,

lpsolhv wkdw [ lv vhpl0Pdunry1 Rqh fdq uhglvfryhu wklv uhvxow lqwxlwlyho|
lq wkh iroorzlqj zd|1 Lqwhuvhfw [ e| wkh vwudljkw olqh �/ dqg slfn xs rqh
srlqw { lq wkh sruhv ri [ _ �= { vhsdudwhv � lqwr wzr kdoi0olqhv � � dqg
� � 1 D sulpdu| judlq [ � ri [ zklfk klwv � � fdqqrw klw � � vlqfh [ � lv
frqyh{ > pruhryhu/ wkh ydulrxv sulpdu| judlqv duh lqghshqghqwo| orfdwhg/
wkxv dq| hyhqw rq [ _� � lv lqghshqghqw ri dq| rwkhu rqh rq [ _� � / jlyhq
{ 5 [ � 1

Wkh fkdudfwhul}dwlrq uhodwlrq +6145, srlqwv rxw wkdw lw lv lqwhuhvwlqj wr
frpelqh wkh wkuhh surshuwlhv ri vwdwlrqdulw|/ lq�qlwh glylvlelolw| dqg vhpl0
Pdunryldqqhvv1 Lqghhg/ dffruglqj Pdwkhurq ^;5`/ dq| UDFV ri U � vdwlvi|lqj
wkhvh wkuhh frqglwlrqv lv htxlydohqw wr wkh xqlrq ri wkuhh vwdwlrqdu| lqgh0
shqghqw UDFV/ [ � ===[ �

� [ � lv d Errohdq vhw zlwk frqyh{ judlqv> [ � dqg [ �

duh wkh xqlrqv ri f|olqghuv wkh edvhv ri zklfk duh 50G dqg 40G Errohdq vhwv
zlwk frqyh{ judlqv1 Qrwh wkdw li wkhvh wzr odwwhu Errohdq prghov kdyh srlqwv
dv sulpdu| judlqv/ wkh dvvrfldwhg f|olqghuv ehfrph Srlvvrq olqhv dqg sodqhv/
uhvshfwlyho|1 Lq rwkhu zrugv/ wkh Srlvvrq sodqh dqg olqh qhwzrunv dqg wkh
Errohdq prghov duh wkh wzr surwrw|shv iurp zklfk dq| vwdwlrqdu|/ lq�qlwho|
glylvleoh vhpl0Pdunry vhw pd| eh frqvwuxfwhg +wkh vdph frpphqw dssolhv
wr wkh UDFV lq U

� ,= Li zh qrz uhsodfh lq�qlwh glylvlelolw| e| wkh vwdelolw|
frqglwlrq/ wkhq zh uhvwulfw wkh srvvleoh fodvv ri vhwv1 Lqghhg wkh rqo| UDFV
zklfk duh vwdwlrqdu|/ vwdeoh dqg vhpl0Pdunry duh wkh Srlvvrq �dw qhwzrunv
+sodqhv dqg olqhv lq U

� / olqhv lq U
� ,=

Xqolnh wkh fodvvlfdo Pdunry fkdlqv/ wkh vhpl0Pdunry frqfhsw grhv qrw
uhtxluh dq| rughulqj uhodwlrq lq U

� / dqg wkxv lv lvrwurslf1 Gh�qhg lq wkh
frqwlqxrxv vsdfh/ lw fdq ohqg lwvhoi wr gljlwdo vdpsolqj/ dqg gh�qhg lq U

� ru
U

� / lw lv frqqhfwhg zlwk vsdwldo wh{wxuhv gluhfwo|/ dqg qrw yld olqh vhfwlrqv1
Lwv qdwxudo �hog ri dssolfdwlrq lv wh{wxuhv suhvhqwlqj d olplwhg qxpehu ri
skdvhv/ zklfk fdq wkxv eh prghohg e| vhwv1
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��H Ait|�?} �LL*i@? +��5
��H�� Ait| @TThL@U�
Djdlq zh jr edfn wr wkh Errohdq wkuhdg ri lghdv dqg zh zrqghu krz wr
whvw zkhwkhu d wh{wxuh lv Errohdq1 Dowrxjk jhqhudo dssurdfkhv kdyh ehhq
sursrvhg e| P1 Vfkplww ^477`/ dqg e| L1 Profkdqry ^435` iru wkh jhqhudo fdvh/
lw lv pdlqo| wkh frqyh{ +dqg prvw iuhtxhqw, fdvh wkdw ohqgv lwvhoi wr h�flhqw
whvwv/ edvhg rq wkh Vwhlqhu irupxod1 Lqghhg e| pdnlqj ydu|lqj wkh sodqdu
vkdshv ri wkh vwuxfwxulqj hohphqw E +h1j1 vhjphqwv/ vtxduhv/ kh{djrqv,/ rqh
rewdlqv =

0 ydulrxv ixqfwlrqv OrjT+�E, wr eh �wwhg zlwk vwudljkw olqhv/ sduderodh/
hwf>

0 dqg/ li wkh �wv duh vdwlvidfwru|/ ydulrxv hvwlpdwhv ri �d � / �x � dqg � +lq
U

� , dqg ri �y � / �v � dqg �g �

Wkhvh whvwv krog rq erwk Errohdq k|srwkhvlv dqg frqyh{lw| ri [*1 Rqh
fdq ghvljq rwkhu pruh ru ohvv vrsklvwlfdwhg whvwv/ edvhg rq wkh yduldqfh ri
[ � iru h{dpsoh/ wkdw dyrlg frqyh{lw| dvvxpswlrq1 Wkh rqh zklfk iroorzv lv
mxvw edvhg rq srurvlw| dqg rq qxpehu ri lqwhufhswv1 Vwduw iurp wkh Fkrtxhw
ixqfwlrqdo T+o> �, iru E d vpdoo vhjphqw ri ohqjwk o dqg gluhfwlrq �1 Dv
o $ 3 zh kdyh dw wkh ruljlq

srurvlw| t @ T+3, @ h{si��dj
�� vshfl�f gldphwhu @ T�

� +3, @ ��g �

� T+3,
zklfk surylgh wzr uhodwlrqv wr hvwlpdwh t d dqg t gd iurp wkh h{shul0

phqwdo gdwd +qrwh wkdw qr frqyh{lw| dvvxpswlrq iru wkh sulpdu| judlq kdv
ehhq pdgh dw wklv ohyho,1 Zh zloo fkhfn wkh vrxqgqhvv ri wkh dssurdfk rq d
vlpxodwlrq/ zkhuh wkh dfwxdo gdwd duh wkh iroorzlqj

Gdwd ri wkh vlpxodwlrq [ Sdudphwhuv wr hvwlpdwh
ilhog duhd ;33� 933 sl{hov � @ 7@7;33 @ ;=66� 43 
 �
phdq duhd d � ri [ � @ 955 �d � @ ;=66� 3=3955 @ 3=84;
gldphwhu g � ri [ � @ 57=< �g � @ 57=;;� ;=66� 43 
 �

phdq qxpehu ri jhupv @ 733 @ 53:5� 43 
��
Wkh h{shulphqwv pdgh rq wkh vlpxodwlrq vkrzq lq �j1618 +ohiw, |lhog wkh

iroorzlqj ydoxhv
Phdvxuhg ydoxhv lq �hog ] Hvwlpdwhg sdudphwhuv
sruhv duhd [ � _ ] @ 5:64<4 +�d � , � @ oq+4@t � , @ 3=897

gldphwudo yduldwlrq ri [ _ ] @ 8968 +�g � , � @ 4<86� 43 
��
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Iljxuh 618= Ohiw= vlpxodwlrq wr eh whvwhg > uljkw= glodwh ri wkh vlpxodwlrq e|
dq kd{djrq ri vl}h 431

D uhvxow zklfk lv dffhswdeoh1 Lw uhpdlqv wr hvwlpdwh �1 Zh zloo surfhhg
e| glodwlqj wkh vlpxodwlrq dffruglqj wr dq kh{djrq K ri vl}h 43 +khqfh ri d
yhuwlfdo gldphwhu 54,/ zklfk uhvxowv lq d qhz errohdq UDF ri vdph ghqvlw|
� dv suhylrxvo| exw ri yhuwlfdo gldphwhu g � � @ g � . 54= Khqfh zh rewdlq
� @ +�g � � ��g � ,@54/ dq htxdolw| zklfk surylghv wkh edvlf uhodwlrq ri wkh whvw1
Qxphulfdoo| vshdnlqj/ zh kdyh wr phdvxuh wkh duhd ri wkh sruhv ri vhw [�K
dqg dovr lwv gldphwudo yduldwlrq lq wkh hurghg �hog ] �K + l1h1433 664 dqg
6976 uhvshfwlyho|,/ vr wkdw

� � @ ^+�g � � , � � +tg � , � `@54 @ +6964� 4<86,@54 @ :=<;=43 
 � = +615;,
Zlwkrxw ehlqj dv suhflvh dv wkh wzr hvwlpdwhv +�d, � dqg +�g, � / wkh hvwlpdwh
� � lv vwloo dffhswdeoh1

��H�2 Oi�h�t|�U @TThL@U�
Wkh Errohdq prgho surylghv vhyhudo uhodwlrqvklsv ehwzhhq dffhvvleoh sdudp0
hwhuv dqg lqgluhfw rqhv 1 Wkh Fhqwudo Olplw Wkhruhp vxjjhvwv wr xvh wkhp
d sulrul/ l1h1 lq vlwxdwlrqv zkhuh wkh prgho lv srvvleo| qrw vdwlv�hg1 Wkh
frxqwlqj dojrulwkp iru sduwo| fryhulqj remhfwv lv d w|slfdo h{dpsoh ri vxk d
khxulvwlf xvh1 Li d � vwdqgv iru wkh duhd ri wkh �hog ] xqghu vwxg| dqg d � iru
wkh phdq duhd ri wkh sulpdu| judlq [* +hvwlpdwhg iurp d ihz lvrodwhg judlqv
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Iljxuh 619= Khxulvwlf xvh ri wkh Errohdq UDFV iru frxqwlqj uhg eorrg fhoov1

lq ] ,/ wkhq/ li wkh vwuxfwxuh lv errohdq/ ixqfwlrqdo T+ D, lpsolhv wkdw
iqxpehu ri remhfwv lq ]j @ �+d]@d � ,Orj t +615<,

Qrz/ hyhq zkhq wkh vwuxfwxuh lv qrw errodq/ uho1+615<, lv jhqhudoo| vwloo yhu0
l�hg zlwk dq dffxudf| � 48( 1 Iru h{dpsoh/ vwduw iurp wkh ohiw plfurjudsk
ri 537 +qrq frqyh{$, uhg eorrg fhoov ghslfwhg lq �j1619/ wkuhvkrog lw ehwzhhq
433 dqg 588 +srurvlw| t @ 31973 iru d �hog ri 6<693 sl{hov,/ dqg h{wudfw
whq lvrodwhg fhoov +uljkw lpdjh,/ zkrvh dyhdujh duhd lv <613 sl{hov1Wkhq e|
dsso|lqj uho1+615<, zh �qg

Q @ �+6<693@<6, Orj 3=973 @ 4;; +6163,
Wkh hvwlpdwh lv urexvw= li wkh orz wkuhvkrog lv uhsodfhg e| <3/ zh rewdlq

d @ 433=4 > t @ 3=93< > Q @ 4<8 +6164,

��b 5TiU��i_ �LL*i@? +��5
Frplqj edfn wr wkh Errohdq prgho/ zh qrz suhvhqw wkuhh pruh vshfl�f
prghov/ zklfk udwkhu riwhq dsshdu lq dssolfdwlrqv1 Qrwh wkdw lq doo wkhvh
fdvhv wkh 60G ghqvlw| lv dffhvvleoh iurp 50G vhfwlrqv1

��b�� WtL�L*�4i �h�4@h) Bh@�?t
Ohw [ eh d Errohdq prgho ri ghqvlw| � � dqg sulpdu| judlq [ � vxfk wkdw
Y +[ � , lv frqvwdqw dqg qrw udqgrp1 Wkhq iurp wkh sruh fryduldqfh F � � +k,/
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dffhvvleoh iurp olqh vhfwlrqv/ zh jhw
orjF � � +3, @ orj t @ � � Y �[ � � >

4
j �

]

� � orjF � � +k, gk @ � � Y �
�[ � � >

zklfk doorzv xv wr hvwlpdwh � � dqg Y +[ � ,1 Rqh fdq dovr whvw wkh k|srwkhvlv
%Y +[ � , lv frqvwdqw% iurp pruh vrsklvwlfdwhg phdvxuhphqwv shuiruphg rq
50G vhfwlrqv +^45<`,1

��b�2 5T�ih�U@* �h�4@h) Bh@�?t
Wkh 60G sulpdu| judlqv duh edoov1 Ghqrwh wkh glvwulexwlrq ixqfwlrq ri wkhlu
udgll e| I � +u,1 Wkh prgho lv frpsohwho| ghwhuplqhg e| wkh fryduldqfh
F � � +k,1Zh kdyh

4
5�u ^orjF

� � +5u,` � � � � @ � � ^4� I � +u,` +6165,
dqg lq sduwlfxodu zkhq u $ 3

4
� ^orjF � � +5u,`

� � � � �

��� � @ � � +6166,
^Lq sudfwlfh/ xvlqj wkh ohiw0kdqg vlgh wr hvwlpdwh � � zrxog uhvxow lq d odujh
hvwlpdwlrq yduldqfh/ vr lw vhhpv zlvhu wr rshq wkh prgho zlwk d vpdoo edoo
ri udglxv u ��� l1h1/ hvvhqwldoo| uhsodfh � � e| � � ^4� I � +u � ,` jlyhq e| 6165`1

��b�� �L�ttL? �L*)�i_hL? �h�4@h) Bh@�?t
Lq d sduwlwlrq ri wkh vsdfh e| lvrwurslf Srlvvrq sodqh qhwzrunv/ slfn rxw wkh
sro|khgurq frqwdlqlqj wkh ruljlq/ dqg wdnh lv dv d sulpdu| judlq [ � 1 Wklv
frpsdfw udqgrp vhw ghshqgv rq rqh sdudphwhu rqo|/ qdpho|/ wkh lqwhqvlw|
� ri wkh Srlvvrq sodqhv +^<:`/ ^<<`,1 Wkh jhrphwulf frydulrjudp N +k, ri [ �

lv jlyhq e| wkh irupxod
N +k, @ sffY +[ _[ � , @ 9

� � � � h 
 ��� � � � = +6167,
Wkh wzr edvlf txdqwlwlhv xvhg iru hvwlpdwlrq duh T +o, ri +43, dqg wkh fr0
yduldqfh F � � +k,1 Sxwwlqj � � @ 9�@� � � � / zh rewdlq

T +o, @ th 
 ��� � ��� zlwk t @ h 
 � � > +6168,
F � � +k, @ t � h � � h 
 ��� � � � @ t � h � � � � � +6169,

zklfk doorzv xv wr hvwlpdwh wkh wzr sdudphwhuv � dqg � ri wkh prgho1
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���f #ih��i_ �L_i*t
Wkh Errohdq prgho lv wkh vhhg iru d frqvlghudeoh qxpehu ri udqgrp vhwv1
Lq zkdw iroorzv/ zh jlyh rqo| d vkruw suhvhqwdwlrq ri d ihz ri wkhp +pruh
ghwdlohg lqirupdwlrq dqg h{dpsohv pd| eh irxqg lq Mhxolq ^87` dqg lq Vhuud
^45<`,1 Zh krsh wkdw wkhvh ihz ghulydwlrqv zloo vxjjhvw lghdv wr wkh uhdghu
iru lqyhqwlqj klv rzq prghov1

���f�� A�hii���@ti_ 5|h�U|�hit
Wkhuh duh pdq| zd|v ri exloglqj xs prghov iru pxowlskdvhg wh{wxuhv1 Gh0
shqglqj xsrq zkhwkhu ru qrw zh zlvk wr hpskdvl}h wkh ghshqghqfh ehwzhhq
wzr skdvhv/ zh frxog xvh hlwkhu wkh iroorzlqj phwdoorjudsklf ru shwurjudsklf
prghov1

61431414 Phwdoorjudsklf prgho1
Zh ghyhorshg wklv prgho lq frqmxqfwlrq zlwk Juhfr dqg Mhxolq ^6:` lq rughu
wr ghvfuleh wkh pruskrorj| ri vlqwhu wh{wxuhv1 Lw riwhq kdsshqv/ lq phwdo0
orjudsk|/ wkdw rqh w|sh ri fu|vwdo/ vd| [ � / zlshv rxw doo rwkhuv/ zklfk fdq
vxuylyh rqo| lq sodfhv ohiw e| [ � +l1h1/ lq [ �� ,1 Iru h{dpsoh/ dvvxph wkdw [ �

dqg [ � duh wzr lqghshqghqw Errohdq vhwv/ dqg wkdw [ � zlshv rxw [ � 1 Wklv
ohdgv wr d wkuhh0skdvh wh{wxuh [ � / [ � / [ � / zlwk

[ � > [ � @ [ � _[ �� > [ � @ [ �� _[ �� @ [ �� _[ �� = +616:,
Li wkh sulpdu| judlqv [ �

� dqg [ �

� duh frqyh{ wkh lqwhufhsw klvwrjudskv ri
[ �

��� dqg ri [ � vkrxog eh qhjdwlyh h{srqhqwldov +whvwv iru wkh prgho uhvxow,1
Dq lqwhuhvwlqj slhfh ri lqirupdwlrq iru wkh wkuhh0skdvh vwuxfwxuhv lv jlyhq e|
wkh fr0rffxuuhqfh pdwul{/ zklfk lv htxlydohqw khuh wr wkh wkuhh fryduldqfhv
F � / F � dqg F � ri wkh wkuhh skdvhv wkdw duh suhvhqw1 Zh kdyh

F � +k, @ F � +k, +xqfkdqjhg,
F � +k, @ F � +k, ^4� 5t � .F � +k,` >
F � +k, @ ^4� 5t � .F � +k,` ^4� 5t � .F � +k,` =

61431415 Shwurjudsklf prgho1
Wklv UDFV zdv sursrvhg e| Vhuud wr prgho v|qwkhwlf vrlov lq zklfk wkh
fod| sduwo| vxuurxqgv wkh txduw} judlqv/ dqg sduwo| vsuhdgv rxw lq wkh sruhv/
orrnlqj olnh vpdoo vsrwv1 D Errohdq prgho lv fkrvhq/ zkrvh sulpdu| judlq lv
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0 zlwk suredelolw| s/ d edoo ri txduw} ri udglxv u � vxuurxqghg e| d vskhu0
lfdo furzq ri fod| ri wklfnqhvv u � � 5/ zklfk zh fdoo frqwrxu fod|/

0 zlwk suredelolw| 40s/ d edoo ri fod| ri udglxv u �

� / zklfk zh fdoo lvrodwhg
fod|1

Zh Errohdql}h dqg uxoh wkdw zkhq txduw} dqg fod| ryhuods/ wkh txduw}
reolwhudwhv wkh fod|1 Dv lq wkh iruphu fdvh/ wzr skdvhv h{klelw lqwhufhsw klv0
wrjudpv zklfk duh qhjdwlyh h{srqhqwldo +wkh sruhv dqg wkh sruh0fod| xqlrq,1
Wkh frrffxuuhqfh pdwul{ lv hdvlo| fdofxodeoh/ dqg frqvwlwxwhv wkh pdlq slhfh
ri lqirupdwlrq rq wkh prgho1 Wkh 60G fkdudfwhulvwlfv s/ u � / u � dqg u �

� duh
ghulyhg iurp wkhvh fryduldqfhv1

���f�2 #i@_ wi@�it �L_i*
Wklv rwkhu yduldwlrq ri wkh Errohdq prgho wkdw zh qrz suhvhqw lv gxh wr
Pdwkhurq ^::` dqg kdv ehhq h{whqghg e| G1 Mhxolq wr pxowlskdvhg vwuxfwxuhv
dv zhoo dv wr qxphulfdo ixqfwlrqv ^8;`^8<`1 Lw kdv wkh gxdo dgydqwdjh wkdw
lw surylghv xv zlwk d whvvhoodwlrq ri wkh vsdfh/ dv zhoo dv d prgho iru qrq0
ryhuodsslqj sduwlfohv1
Ghdg ohdyhv sduwlwlrq1 Zkhq rqh orrnv dw d forxg| vn|/ rqh vhhv rqo| wkh
orzhvw forxgv/ zklfk klgh wkrvh deryh1 Wkh ghdg ohdyhv prgho lv mxvw d
txdqwlwdwlyh ghvfulswlrq ri wklv w|sh ri vxshusrvlwlrq1 Dowkrxjk wkh edvlf
uhodwlrq 616; lv lqghshqghqw ri wkh glphqvlrq ri wkh vsdfh/ zh zloo wdnh rxu
uhdol}dwlrqv wr eh lq U

� / dqg ghyhors wkh prgho lq wklv vsdfh1
Ohw [ � eh d sulpdu| judlq lq U

� 1 Sodfh wkh ruljlq ri wlph w lq wkh glvwdqw
sdvw/ dw 041 Iurp wkh ruljlq wr wkh suhvhqw +l1h1/ w @ 3, wdnh wkh uhdol}dwlrq ri
Errohdq vhwv/ lqghshqghqw ri hdfk rwkhu/ zlwk lghqwlfdoo| glvwulexwhg sulpdu|
judlqv [ � dw wlph lqvwdqwv jlyhq e| d frqvwdqw vsdwldo Srlvvrq ghqvlw| �gw1
Wkh judlqv dsshdulqj ehwzhhq �w dqg �w.gw klgh wkh sruwlrqv ri wkh iruphu
judlqv1
Dw wlph }hur wkh sodqh lv frpsohwho| fryhuhg +vlqfh wkh ruljlq ri w lv 04,/
jlylqj d udqgrp vwdwlrqdu| sduwlwlrq ri wkh vsdfh1 Wkh suredelolw| T +E,
wkdw d jlyhq frpsdfw vhw E lv lqfoxghg lq rqh fodvv ri wkh sduwlwlrq lv

T +E, @ Phv +[ � � sffE,
Phv +[ � � sffE, +616;,

Wklv uhodwlrqvkls frpsohwho| fkdudfwhul}hv wkh sduwlwlrq/ dqg rshqv wkh zd|
wr wkh fodvvlfdo phdvxuhphqwv +vl}h glvwulexwlrq/ frqyh{ hurvlrq/ fryduldqfh/
hwf1,1
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Uholhi judlqv1 Iurp qrz rq/ wkh dvvxpswlrq ri frqqh{lw| ri [ � lv yhu|
hvvhqwldo > krzhyhu/ rxu uhvwulfwlrq wr d 50G lvrwurslf dqdo|vlv lv rqo| iru
shgdjrjlfdo uhdvrqv1 Lpdjlqh wkdw wkh revhuyhu lv qrz deoh wr ghflgh zkhwkhu
ru qrw d jlyhq fodvv ri wkh �qdo sduwlwlrq fruuhvsrqgv wr dq hqwluh sulpdu|
judlq [ � wkdw kdv qrw ehhq sduwldoo| revfxuhg e| dqrwkhu1 Wkh xqlrq ri
doo wkhvh fodvvhv jhqhudwhv d vwdwlrqdu| udqgrp vhw [ pdgh xs ri glvmrlqw
frpsdfw frqyh{ judlqv1

Ghqrwh e| D � dqg X � wkh udqgrp duhd dqg shulphwhu ri wkh sulpdu| judlq
[ � / ohw I +gD � > gX � , eh wkh odz ri wkhvh wzr yduldeohv/ dqg sff$ ^E>D � > X � ` eh
wkh suredelolw| wkdw E � [ � / zkhuh [ � lv d sulpdu| judlq zlwk ixqfwlrqdov
D � dqg X � dqg orfdwhg dw wkh ruljlq ri U � = Li E lv d frqqhfwhg frpsdfw vhw
+dqg rqo| lq wklv fdvh,/ zh kdyh

T+E, @
]

� � g{
] sff$ +E 
 � >D � > X � ,I +gD � > gX � ,

D � .sffD � . X � sffX � @5� +616<,

Iurp wklv uhodwlrq/ zh fdq ghulyh wkh vshfl�f qxpehu Q � dqg wkh glv0
wulexwlrq I � +gD � > gX � , ri wkh duhdv D � dqg wkh shulphwhuv X � ri wkh uholhi
judlqv [ � =

Q � @
] I +gD � > gX � ,

D � . sffD � .X � sffX � @5� > Q � I � +gD � > gX � , @ I +gD � > gX � ,
D � .sffD � . X � sffX � @5�

+6173,
Zh vhh lq wkh ghqrplqdwru wkh eldv d�hfwlqj wkh vl}h glvwulexwlrqv ri wkh

duhdv dqg shulphwhuv > l1h1/ odujh ydoxhv dsshdu zlwk d orzhu iuhtxhqf| lq wkh
uholhi judlqv [ � wkdq lq wkh sulpdu| judlqv [ � 1

���f�� O�ih@hU��U@* �L_i*t
E| klhudufklfdo prghov +Vhuud ^45:`, zh phdq wkh iroorzlqj1 Gxulqj wkh
wlph lqwhuydo +3/ gw, zh jhqhudwh dq lqlwldo Errohdq prgho zlwk ghqvlw| �gw
dqg sulpdu| judlq [ �

� > dw wkh lqvwdqw gw zh jhqhudwh d vhfrqg hohphqwdu|
surfhvv wkdw zloo lqwhudfw zlwk wkh �uvw/ hwf1 Wkh uhvxowlqj vhw dw wlph w lv
ghqrwhg e| [ � 1 Lq erwk sduwlfxodu fdvhv wkdw zh suhvhqw ehorz +� dqg �,/
wkh sulpdu| judlqv duh dvvxphg wr eh ghwhuplqlvwlf vhwv1

�1Vhsdudwhg judlqv Dq| sulpdu| judlq [ �

� � � � dsshdulqj gxulqj wkh lqwhuydo
^w> w. gw` lv vxssuhvvhg li lw wrxfkhv [ � > wklv zloo jhqhudwh d udqgrp vhw zlwk
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vhsdudwh judlqv +Ilj143d,1 Wkhq/ ghqrwlqj e| T� +E, wkh suredelolw| wkdw
E � [ �

� / dqg e| T �

� +E, lwv ghulydwlyh zlwk uhvshfw wr w> zh kdyh
T �

� +E, @ �� Phv �E � sff[ �

�
� �T �

�[ �

�
� +6174,

�1J|svxp fu|vwdov Hdfk sulpdu| judlq [ �

� � � � wkdw grhv qrw wrxfk [ �

lv vxssuhvvhg1 Li lw grhv wrxfk [ � / zh wdnh lwv xqlrq zlwk [ � iru frqvwuxfwlqj
[ � � � � 1 Wklv zloo jhqhudwh d udqgrp vhw zlwk foxvwhuv ri lqwhushqhwudwlqj
fu|vwdov/ dv lq d j|svxp fu|vwdo/ iru h{dpsoh1 Zh qrz kdyh

T �

� +E, @ �� Phv �E � sff[ �

�
� �4�T �

�[ �

�
�� = +6175,

Wkh lqwhjudo htxdwlrqv 6174 dqg 6175 fdqqrw eh vroyhg lq jhqhudo/ exw rqo|
frpsxwhg e| qxphulfdo phdqv1

Krzhyhu/ zkhq wkh qxpehu ri vwhsv ri wkh klhudufk| lv �qlwh/ wkh| fdq
h�hfwlyho| eh fdofxodwhg1 Rqh sduwlfxoduo| lqwhuhvwlqj fdvh kdsshqv zkhq
wkhuh duh rqo| wzr vwhsv1 Vwduwlqj iurp d �uvw Errohdq prgho +� � >[ �

� ,/ zh
jhqhudwh d vhfrqg rqh +� � >[ �

� , dqg doorz wkhp wr lqwhudfw lq rqh ri wkh wzr
zd|v ghvfulehg deryh1 Wkh %vhsdudwh judlqv% prgho qrz ehfrphv d wkuhh0
skdvhg prgho +[ � >[ � > dqg wkh edfnjurxqg, zkhuh [ � dqg [ � duh glvmrlqw
iurp hdfk rwkhu1 Wkh suredelolw| T +E, lv

h{s
� �� � Phv +sff[ �

� �E,� � � Phv +sff[ �

� �E, =
h{s ��� � Phv +sff[ �

� �[ �

� ,�
�

+6176,
+Iru wkh j|svxp fu|vwdo w|sh prgho/ uhsodfh h{s^ ` e| 4 0 h{s ^ `1

���f�e �LL*i��L�ttL? �L_i*
Dowkrxjk Frqudg dqg Mdftxlq ^55` frqvwuxfwhg wkh iroorzlqj prgho +61:, wr
ghvfuleh dhuldo skrwrjudskv ri jhrorjlfdo fudfnv/ e| xvlqj Srlvvrq sro|jrqv
dqg Errohdq �vvxuhv/ wkhlu %pl{hg udqgrp vhw% lv h{wuhpho| jhqhudo1 Iru
vlpsolflw|/ zh zloo suhvhqw lw dv lw zdv ruljlqdoo|1 Vwduw iurp dq dqlvrwurslf
Srlvvrq olqh surfhvv lq U

� / zlwk ghqvlw| � dqg ghqrwh lw dv [ � 1 Lqwhuvhfw hdfk
sro|jrq � ri wkh sduwlwlrq zlwk d vwdwlrqdu| udqgrp vhw [ � lq wkh iroorzlqj
vshfldo zd|1 Iru hdfk sro|jrq ri wkh jlyhq uhdol}dwlrq ri [ � xvh d gl�huhqw
uhdol}dwlrq [ � ri [ �

� 1 Wkh xqlrq ri doo wkhvh sruwlrqv ri [ � / wrjhwkhu zlwk
[ � / pdnhv xs wkh vhw zh vkdoo fdoo \= Li T � +E, > T � +E, dqg T +E, ghqrwh
wkh ixqfwlrqdo suredelolwlhv zlwk [ � / [ � dqg \ / uhvshfwlyho|/ zh kdyh

T +E, @ T � +E, �T � +E, @ h{s ��^�X +E, . � sffD �[ �

� �E�`� > +6177,
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Iljxuh 61:= Ohiw= vhw ri idxowv revhuyhg iurp dhuldo skrwrjudskv > uljkw=
vlpxodwlrq ri d Erroh0Srlvvrq UDFV dgplwwlqj wkh vdph sdudphwhuv1

���� , ihU�tit
������ �LL*i@? t�4�*@|�L?t
Wklv h{huflfh/ zklfk lv pdlqo| ylvxdo/ lv dlphg dw kljkoljkwlqj wkh jhqhudo
dvshfwv dqg frqvwuxfwlrq �h{lelolw| ri errohdq prghov > lw zloo dovr jlyh dq
lghd derxw wkh yduldelolw| +yhu| odujh/ vrphwlphv, iurp rqh uhdol}dwlrq wr
wkh rwkhu zkhq wkh sdudphwhuv ri wkh prgho duh ghwhuplqhg1 Vrph ri wkhvh
vlpxodwlrqv vkdoo eh vdyhg dqg zloo eh xvhg iru wkh h{huflfh derxw whvwv1

41 Vlpxodwh errohdq vhwv zlwk vtxduh/ kh{djrqdo ru flufxodu judlqv/ zlwk
d �{hg ru yduldeoh vl}h1

^Iru wkh �uvw rqhv/ rqh rqo| kdv wr glodwh Srlvvrq srlqwv/ iru wkh vhf0
rqg rqhv/ wr frqvlghu wkh xqlrq ri vhyhudo glodwlrqv ri ydulrxv vl}hv1 Wzr
surfhgxuhv0lvrerro dqg lvrerro 5 0 pd| dovr eh dssolhg`1

51 Wkh suhylrxv vlpxodwlrqv duh lvrwurslf/ dw ohdvw rq wkhlu gh�qlwlrq
julg1 Fduu| rxw qrz vrph dqlvrwurslf vlpxodwlrqv iurp vhjphqwv ru hoolsvhv1

^Dv suhylrxo|/ pdnh d xqlrq zlwk Srlvvrq srlqwv glodwlrqv zlwk gl�hu0
hqw vl}h dqg rulhqwdwlrq vhjphqwv/ ru zlwk hoolsvhv + surfhgxuhv hoglo dqg
hoerro,`
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61 Vlpxodwh errohdq vhwv zlwk sulpdu| dv|pphwulf judlqv/ dv iru lqvwdqfh
d pl{wxuh ri htxlodwhudo xszdugv dqg grzqzdugv wuldqjohv1

^Xvh wkh surfhgxuh wulerro1 Wkh vkdshv fdwdorjxh pd| dovr eh jurzq
zlwk gursglo/ zklfk glodwhv dffruglqj wr dv|pphwulf gursohwv ri wkh hljkw
srvvleoh rulhqwdwlrqv`1

71 Dv d odvw h{dpsoh ri qrq frqyh{ sulpdu| judlqv/ zh zloo xvh grxeohwv
ri glvmrlqw glvnv zklfk fhqwhuv duh g dsduw +fhoo glylvlrq prgho,

^Pdnh d xqlrq ri d �uvw uhdol}dwlrq ri Srlvvrq srlqwv zlwk lwv krul}rqwdo
wudqvodwh ri glvwdqfh g/ wkhq d vhfrqg rqh zlwk lwv wudqvodwh dw dqjoh 7833{e3
dqg ri glvwdqfh g/ hwf 111 Pdnh d xqlrq ri doo wkh srlqwv |rx jrw/ dqg glodwh
wkhp zlwk d vpdoo glvn`1

81 Vwduw iurp d Srlvvrq srlqwv vlpxodwlrq zlwk d uhjlrqdol}hg ghqvlw| j
+fi1 h{huflvh <08,/ dqg sdvv wr wkh errohdq v|vwhp zlwk vpdoo krprjudqxodu
flufohv1 H{sodlq1

^Zh jhw d elqdul}dwlrq whfkqltxh ri wkh ixqfwlrq j`1
91 Vlpxodwh frqlf errohdq ixqfwlrqv +zh zloo xvh wkh frqhv vl}hv dqg

khljkwv zkhwkhu wr lvrodwh wkh lvohwv ru zkhwkhu wr lqydgh vsdfh,1 Vlpxodwh
d frqhv grxeohwv uhdol}dwlrq1

^Xvh surfhgxuhv frqhglo 4 dqg 5/ dssolhg wr Srlvvrq srlqwv/ frqvlghu
wkh vxs iru vhyhudo srlqwv ghqvlw|/ pdwfklqj vhyhudo frqhv vl}hv1 Lq fdvh ri
grxeohwv/ dfw dv iru txhvwlrq 7 wr jhw wkh srlqwv/ dqg glodwh zlwk d frqh`1

�����2 �LL*i@? |it|t
41 V|perov d3 dqg x3 ghqrwh wkh phdq duhd dqg shulphwhu ri wkh sulpdu|
judlq uhvshfwlyho|/ dqg t dqg x wkh srurvlw| dqg vshfl�f shulphwhu diwhu d
errohdql}dwlrq1 Zh nqrz wkdw

t @ h{si��d � j dqg x @ �x � h{si��d � j
Fkhfn erwk uhodwlrqv rq vhyhudo vlpxodwlrqv ri wkh suhylrxv h{huflvh/ dqg

sduwlfxoduo| rq wkh glvnv grxeohwv1 Zkdw derxw wkh erdughu h�hfwv B
^Xvh wkh ixqfwlrq shulp1 Qrwh wkh jhqhudolw| ri wkh dssurdfk/ zklfk

grhv qrw lpso| wkdw wkh sulpdu| judlq lv frqqhfwhg1 Qrwh dovr wkdw/ rqo| wkh
surgxfwv �x � dqg �d � duh dffhvvleoh/ exw qhlwkhuw x � qru d � `
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51 Zkhq wkh sulpdu| judlq lv vxssrvhg wr eh frqyh{/ wkh �uvw errohdq
whvw lv edvhg rq olqhdu hurvlrqv/ zklfk pxvw eh qhjdwlyh h{srqhqwldov1 Li N
lv wkh vhjphqw zlwk ohqjwk O dqg gluhfwlrq �/ zh lqghhg kdyh

orjT+N, @ orjT � +O>�, @ ��+Og �

� . d � , +6178,
zkhuh g �

� lv wkh phdq gldphwhu ri wkh sulpdu| judlq lq gluhfwlrq �= Whvw uh0
odwlrq +6178, rq rqh ri wkh frqyh{ judlqv vlpxodwlrqv ri h{huflvh 4/ dqg dsso|
lw vxffhvvlyho| wr judlqv dqg sruhv1 Whvw lw diwhuzdugv iru flufohv grxeohwv/
dqg iru sulpdu| judlqv zlwk uhjlrqdol}hg ghqvlw|1

^Xvh wkh surfhgxuh syrqo +zklfk fruuhfwv erdughu h�hfwv, dqg uhsruw wkh
phdvxuhphqwv rq vhpl0orj sdshu1 Qrwh wkdw � lv vwloo lqdffhvvleoh`1

61 Xvh wkh lpdjhv ri wkh suhylrxv txhvwlrq/ dqg hurgh wkhp qrz e|
kh{djrqv ru vtxduhv1 Suryh wkdw wkh orjdulwkp ri T+N,/ iru d vtxduh zlwk
vlgh O dqg gluhfwlrqv �>�/ lv

orjT+N, @ orjT � +O>�, @ �� �O � . O+g �

� . g �

� , . d � � +6179,
zklfk |lhogv hvwlpdwru � vxfk wkdw
�O � @ orjT � +O>�, . orjT � +O>�. �@5,� orjT � +O>�,� orj t +617:,
Glvfxvv wkh h{shulphqwdo uhvxowv1 Grhv wkh irupxod uhpdlq dgplvvleoh

zkhq wkh sulpdu| judlq lv qrw frqyh{ dq|pruh B
71 Phdvxuh wkh fryduldqfh ri wkh glvnv grxeohwv uhdol}dwlrq1 Lqwhusuhw

wkh uhvxowv1
^Wkh phdq glvwdqfh ehwzhhq wzr sulpdu| judlq glvnv wxuqv rxw wr dsshdu

dv d kroh h�hfw lq wkh fryduldqfh`1
81 Ghyhors wkh txhvwlrqv +5, dqg +6, iru Errohdq lvodqgv1
^Vwduw iurp wkh vlpxodwlrqv ri frqlf Errohdq ixqfwlrqv ri wkh suhylrxv

h{huflvh1 Wkh ixqfwlrq lv Errohdq li dqg rqo| li doo vhfwlrqv duh Errohdq
vhwv1 Whvwv dulvlqj iurp uhodwlrqv +6178, dqg +6179, duh dssolhg wr hdfk juh|
ohyho w1 E| lqwhjudwlqj ryhu wkh jud| ohyhov w/ zh rewdlq

�]

� orjT � +w>O>�,gw @ � �O� �

� . y � � +617;,
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zlwk � �

� dqg y � lqwhjudo ri wkh gluhfwlrqdo judglhqw dqg yroxph ri wkh sul0
pdu| judlq uhvshfwlyho| +vlplodu h{whqvlrq iru uhodwlrq+5,,`

91 Fkhfn wkdw wkh vshfl�f qxpehu �+w, ri wkh pd{lpd dw dowlwxgh w ri d
udqgrp errohdq ixqfwlrq vlpxodwlrq ixo�oov wkh uhodwlrq =

�+w, @ �t+w,'+w, +617<,
zkhuh'+w, uhsuhvhqwv wkh suredelolw| wkdw wkh sulpdu| judlq kdv d khljkw

w1

������ �LL*i@? 4L_i* @?_ UL�?|�?}
Wkh Errohdq prgho doorzv wr fdofxodwh h{solflwo| d qxpehu ri uhodwlrqv eh0
wzhhq revhuydeoh fkdudfwhulvwlfv ri wkh sulpdu| judlq1 Wkhvh uhodwlrqv fdq
eh xvhg dv whvwv +fi h{huflvh deryh,/ ru/ rq wkh frqwudu|/ fdq eh dgplwwhg lq
d khxulvwlf idvklrq/ zlwkrxw ixuwkhu glvfxvvlrq1

Iru lqvwdqfh frqvlghu/ lq U � / d udqgrp sulpdu| judlq zlwk d phdq duhd
d* dqg d phdq shulphwhu x*1 Diwhu errohdql}dwlrq/ wkh qxpehu � ri judlqv
shu xqlw duhd lv olqnhg wr wkh srurvlw| t dqg wr wkh vshfl�f shulphwhu v e|
wkh wzr uhodwlrqv

�d � @ � orj t dqg �x � @ v@t +6183,
41 Vlpxodwh d vxffhvvlrq ri errohdq U1D1F1V1 zlwk flufxodu judlqv +iru

wkh vdnh ri vlpsolflw|, ri yduldeoh ghqvlwlhv/ krprjudqxodu ru qrw1 Rqfh v
dqg t kdyh ehhq phdvxuhg rq wkh vlpxodwlrqv +zkrvh sdudphwhu � lv jlyhq,/
fkhfn wkh uhohydqfh ri wkh �uvw uhodwlrq +6183, dqg ri wkh iroorzlqj uhodwlrq

x � @d � @ �v@t orj t +6184,
^Xvh surfhgxuhv lvrerro dqg lvrerro51 Gh�qh/ iru � � @ q �{hg/ iru

lqvwdqfh/ dw 83/ wkh ydolglw| vfrsh ri uhodwlrqv +6183, dqg +6184, zlwk uhvshfw
wr d*`

51 Vlpxodwh klhudufklfdo U1D1F1V1 +wkhuhiruh qrq errohdq,/ iru zklfk doo
yduldeohv wdnlqj sodfh lq uhodwlrqv +6183, dqg +6184, duh nqrzq1 Wr zkdw
h{whqw duh wkhvh uhodwlrqv vwloo fruuhfwB H{sodlq1

^\rx fdq vwduw iurp wkh surfhgxuh urvh/ ru gluhfwo| iurp lvrerro/ zkhq
d uhdol}dwlrq lv lqwhuvhfwhg zlwk d Srlvvrq srlqwv vhw/ iroorzhg zlwk d flufxodu
glodwlrq1 Wkh �uvw uhodwlrq +6183, lpsolhv wkdw zh kdyh txlwh d suhflvh lghd
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derxw wkh phdq vl}h ri wkh sulpdu| judlq > wkh uhodwlrq +6184, udwkhu lpsolhv
wkdw lwv vkdsh lv nqrzq/ dqg wkdw lwv vl}h fkdqjhv yhu| olwwoh1 Wkhuhiruh
uho1+6184, pd| eh ehwwhu iru wkh orz ydoxhv ri t1 Irupxodh +6183, dqg +6184,
duh dq|krz vdwlv�hg dv orqj dv wkh remhfw xqghu vwxg| fdq eh orfdoo| prghoohg
e| d errohdq prgho/ wkdw doorzv iuhh fryhulqj`

61 H{whqg wkh �uvw uhodwlrq +6183, wr Errohdq udqgrp ixqfwlrqv/ dqg whvw
lw e| vlpxodwlqj errohdq lvohwv1

^Glodwh Srlvvrq srlqwv e| frqhv/ e| frqvlghulqj wkh vxs ri wzr ru wkuhh
uhdol}dwlrqv zlwk gl�huhqw ghqvlwlhv ru vl}hv ri frqhv1 Wkh uhodwlrq +6183,
pxvw qrz eh lqwhjudwhg zlwk uhvshfw wr juh| ohyhov =

�y � @ �]

orj t � gw +6185,

Fkhfn qxphulfdoo| wkh udqjhv ri ydolglw| ri wkh ydulrxv sdudphwhuv`

�����e O�ih@hU��U@* 4L_i*t
Wkh dgmhfwlyh %klhudufklfdo% lqglfdwhv khuh wkh lpsohphqwdwlrq ri d vhfrqg
errohdq jhqhudwlrq +� � >[ �

� ,> frqglwlrqdoo| wr d �uvw rqh +� � >[ �

� ,= Wkh vhfrqg
judlqv pd|v ohdq rq wkh �uvw rqhv ru dyrlg wkhp1 Wklv ohdgv wr djjuhjdwhv
lq wkh �uvw fdvh/ dqg wr vhsdudwh vhwv lq wkh vhfrqg rqh1 Dowkrxjk wkhvh
prghov duh udslgo| lqfdofxodeoh/ wkh| fdq qhyhuwkhohvv eh ghyhorshg lq hdv|
dqg lqvwuxfwlyh vlpxodwlrqv1

41 Vlpxodwh klhudufklfdo prghov iru hdfk ri erwk w|shv/ dqg fkrrvh � � 9@
� � dqg sulpdu| judlqv ri gl�huhqw vl}hv1

^ Surfhgxuh urvh+dv lq ghvhuw urvh, dqg kdug`1
51 Lwhudwh wkh klhudufklhv lq rughu wr frqvwuxfw d vhtxhqfh1 Errohdq

prghov zloo eh frqvlghuhg zlwk uhvshfw wr vpdoohu dqg vpdoohu glvnv1
^Surfhgxuh �dnh +dv lq Yrq Nrfk %vqrz �dnh%, dqg glvmrlqw`1

�����D �LL*i@? _L4@�? Lu @||h@U|�L?
Fkrrvh kdoi d gr}hq ruglqdu| whvvhodwlrqv1 Iru lqvwdqfh/ wkh vwduwlqj srlqw
pd| eh wkh zdwhuvkhg olqhv ri lpdjhv vxfk dv hohfwurs ru eduulhu +diwhu d
vpdoo suholplqdu| �owhulqj lq rughu wr dyrlg wrr pdq| fodvvhv,1 Vnhohwrqv
pd| dovr wr gudzq dffruglqj wr lq�xhqfh }rqhv ru hyhq Srlvvrq olqhv1 Lq
hdfk sduwlwlrq/ dvvljq wkh ydoxh 4 ru 3 wr hdfk fodvv zlwk d orz suredelolw| s
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iru wkh 4v1 Frqvlghu wkh xqlrq ri wkh uhvxowv/ dqg whvw li lw fdq eh frqvlghuhg
dv errohdq1 Gudz wkh frqfoxvlrqv1

�����S �L�ttL? *�?it �? |�i T*@?i
41 Xvh d vtxduh julg dqg vlpxodwh Srlvvrq srlqwv +ghqvlw| �, rq wkh d{hv R�
dqg R� =Wdnh wkh shushqglfxoduv rq wkhvh srlqwv1 Wklv ohdgv wr d idplo| ri
Srlvvrq dqlvrwurslf olqhv/ wkdw vhjphqw wkh vsdfh lqwr uhfwdqjohv1

Frqyhuw wkh suhylrxv gudzlqj lqwr dq dssur{lpdwho| lvrwurslf surfhvv/
e| lqfrusrudwlqj olqhv zlwk vorshv 	4> 	5 dqg 	4@51 Vlpxodwh vhyhudo
uhdol}dwlrqv iru erwk phwkrgv dqg qrwh wkh lpsruwdqw vl}h yduldelolw|1

^Wkh surfhgxuh olqhv fuhdwhv Srlvvrq uhfwdqjohv/ dqg gldjv/ Srlvvrq
sro|jrqv lq wkh vl{ rwkhu gluhfwlrqv1 Lq olqhv/ q lv wkh h�hfwlyh qxpehu
ri srlqwv rq hdfk d{lv > lq gldjv/ qs5 srlqwv duh lpsohphqwhg rq hdfk gl0
djrqdo/ dqg qs8@5 srlqwv rq hdfk d{lv zlwk 	5 dqg 	4@5 judglhqw1 Wkhvh
rshudwlrqv fdq eh ghfrqglwlrqdol}hg zkhq h{wudfwlqj ehiruhkdqg q ydoxhv lq
Srlvvrq odz zlwk sdudphwhuv �O +O ehlqj wkh xqlw ohqjwk ri wkh d{hv,`1

51 Suryh wkdw Srlvvrq olqhv lqgxfh/ rq hdfk olqh/ d Srlvvrq srlqwv surfhvv/
zlwk d ghqvlw| 5� lq wkh lvrwurslf fdvh1 Frpsduh wklv uhvxow zlwk wkh suhylrxv
hljkw gluhfwlrqv dssur{lpdwlrq1

^Lvrwurslf fdvh = wkh olqhv zlwk gluhfwlrqv +�> � . g�, lqgxfh d vpdoo
Srlvvrq zlwk d ghqvlw| � vlq�g�/ zklfk lpsolhv/ wkurxjk d vxppdwlrq ryhu
�> d wrwdo ghqvlw| ri 5�1 Lq gljlwdo fdvh/ wkh srlqwv lqgxfhg rq wkh d{lv R �
+iru lqvwdqfh, kdyh d ghqvlw| ri +4 .s5 . 9s8,@� @ 4> 95`=

61 Frqglwlrqdo vhfwlrqv1 Vxssrvh N dqg N* eh wzr frpsdfw frqyh{ vhwv
zlwk uhvshfwlyh shulphwhuv x dqg x3/ dqg N*� N= Suryh wkdw li rqh dqg rqo|
rqh olqh lqwhuvhfwv N/ wkhq/ wkh suredelolw| lw dovr lqwhuvhfwv N* htxdov wkh
shulphwhuv udwlr x � @x1

^Li d olqh kdv d gluhfwlrq +�>�.g�,/ vxfk d suredelolw| htxdov wkh gldph0
whuv udwlr G �

� @G � lq wkh gluhfwlrq �1 Dv dqg ydulhv wkh vhdufkhg frqglwlrqdo
suredelolw| lv wkhq jlyhq e|

] �

�

G �

�

G �

�

G �

x g� @ x �

x ` +6186,

71 Phdq fkrug1 Nqrzlqj wkdw d olqh lqwhuvhfwv N zlwk dq duhd d/ suryh
wkdw wkh frqglwlrqdo h{shfwdwlrq ri wkh lqwhuvhfwhg ohqjwk lv �d@x1
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^Lq gluhfwlrq �/ wklv h{shfwdwlrq htxdov d2G � > zkhq ghfrqglwlrqdol}lqj
lq �/ zh jhw �d@x`=

81 Vshfl�f qxpehu ri shdnv1 Suryh wkdw li wzr olqhv lqwhuvhfw d glvn ri
udglxv u/ wkhuh lv rqh fkdqfh rxw ri wzr wkh| lqwhuvhfw lqvlgh wkh glvn1 Lqihu
wkdw wkh qxpehu ri lqwhuvhfwlrqv shu vxuidfh xqlw htxdov � @ �� � =

^4vw srlqw = li wkh lqwhufhswhg fkrug rq wkh �uvw olqh kdv d ohqjwk o/ wkh
vhfrqg rqh lqwhuvhfwv lw zlwk wkh suredelolw| 5o@5�u +txhvwlrq 6,1 Exw wkh
frqglwlrqdo h{shfwdwlrq ri o lv �u@5 +txhvwlrq 7,/ zklfk ohdgv wr wkh uhvxow1

5qg srlqw = wkh d0sulrul suredelolw| wkdw wzr olqhv lqwhuvhfw wkh glvn htxdov� � � � � � �
� h{s i�5�u�j = Zkhq u $ u � � kdoi wkh qxpehu htxdov �� � `=
91 Ghwhuplqh wkh uhodwlyh yduldqfh ydu+D,/ lq qxpehu/ ri wkh sro|jrqv

vl}h/e| phdqv ri wkhlu dyhudjh lq phdvxuh P+D,1 Lw lv uhplqghg wkdw

ydu+D, @ � � +D,
^H+D,` @

P+D,
H+D, � 4 +6187,

^Ohw \ � eh wkh sro|jrq lqfoxglqj wkh ruljlq1 Wkh suredelolw| lw dovr frq0
wdlqv wkh vpdoo duhd u gu g� htxdov h{s i�5�uj/ zklfk ohdgv wr =

P+\ � , @
]

� �

� g�
] �

� h{s+�5�u,ugu @ �@5� +6188,

Rq wkh rwkhu kdqg/ vlqfh hdfk shdn odehov rqh dqg rqo| rqh sro|jrq/
zh kdyh H+D, @ 4@y/ dqg +6187, lqgxfhv ydu+D, @ � � @5 � 4 � 7 1 Wklv
sduwlfxoduo| kljk ydoxh h{sodlqv wkh odujh glvsdulw| ri wkh vl}hv frqvlghuhg lq
vlpxodwlrq`1

�����. �L�ttL? T@h|�|�L?t
Wkh prgho khuh0xqghu zdv lqlwldoo| sursrvhg e| I1 Frqudg +^55`, lq rughu
wr ghvfuleh dhuldo skrwrjudskv ri jhrorjlfdo fudfnv dv wkrvh suhvhqwhg lq wkh
frxuvh1 Exw wkh dssurdfk e| %pl{hg% udqgrp vhw/ rq zklfk wkh prgho lv
edvhg/ lv h{wuhpho| jhqhudo dqg dssolhv wr dq| vhw ru udqgrp ixqfwlrq lq U � =
Zh vkdoo olplw rxuvhoyhv khuh wr U � =

41 Ohw [ � eh d whvvhodwlrq dqg [ � d U1D1F1V1 ri wkh hxfolgldq sodqh1 Ohw
xv exlog d uhdol}dwlrq [ �

� ri [ = hdfk sro|jrq lv nhsw ru uhmhfwhg/ lqghshq0
ghqwo| ri wkh rwkhuv/ zlwk d suredelolw| s1 D�hfw wkh uhvwulfwlrq ri d glvwlqfw
uhdol}dwlrq lq [ � wr hdfk uhpdlqlqj sro|jrq �1 Wkh xqlrq ri wkhvh sruwlrqv/
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wrjhwkhu zlwk [ �
� / pd| eh frqvlghuhg dv wkh uhdol}dwlrq ri d udqgrp forvhg

vhw D1
Ghqrwlqj e| T wkh fkdudfwhulvwlf ixqfwlrqdo ri D/ suryh wkdw wkh iroorzlqj

uhodwlrq +4, lv vdwlv�hg iru dq| frqqhfwhg frpsdfw vhw N
T+N, @ T � +N, ^t . s T � +N,` +6189,

zkhuh t @ 40s/ dqg zkhuh T � dqg T � vwdqg iru wkh fkdudfwhulvwlf ixqf0
wlrqdov ri [ � dqg [ � uhvshfwlyho|1

^Li N plvvhv [ �
� / wkhq lw lv frqwdlqhg lq d vlqjoh sro|jrq �> wkhuhiruh zh

fdq htxlydohqwo| vd| wkdw N plvvhv D/ ru plvvhv wkh uhvwulfwlrq [ �
� _�/ ru

djdlq plvvhv [ �
� = Wklv ohdgv wr wkh uhodwlrq +6189,`1

51 Ohw [ � dqg [ � eh wzr whvvhodwlrqv ri lvrwurslf Srlvvrq olqhv lq wkh
sodqh/ zlwk uhvshfwlyh ghqvlwlhv � � dqg � � 1 Wkh uhodwlrq +6189, ehfrphv

T+N, @ h{s i�� � x+N,j ^t . s h{s i�� � x+N,j` +618:,
zkhuh x lv wkh shulphwhu1 Vlpxodwh D lq d vtxduh julg/ dqg fkhfn uhodwlrq
+618:,1 Zkhq s @ 4/ lv T+N, gl�huhqw iurp wkh Srlvvrq olqhv ixqfwlrqdo B
Zkdw lv wkh h{sodqdwlrq B

^Zh fdq xvh wkh surfhgxuh olqhv 5/ zklfk gluhfwo| exlogv D dffruglqj wr
wkh vtxduh julg lvrwurs|/ ru vwduw dv zhoo iurp d vlpxodwlrq gldjv/ ulfkhu lq
gluhfwlrqv/ dqg wkhq vlpxodwh D sro|jrq diwhu sro|jrq1 Wdnh d � � dw ohdvw
wzhqw| wlphv odujhu wkdq � � > dqg iru N d vtxduh ru dq kh{djrq zlwk vlgh
n1 T+n, lv hvwlpdwhg e| wkh surfhgxuh elqhurwhvw1 Ghqrwh/ zkhq vhwwlqj
rq vhpl0orjdulwkplf frruglqdwhv/ wkdw orj T+n, orrnv olnh wzr vxffhvvlyh vhj0
phqwv/ zkrvh dqjoh lv doo wkh odujhu dv s lv vpdoo`1

61 Vlploduo|/ gudz d vlpxodwlrq D zkhuh [ � lv d errohdq U1D1F1V1/ dqg
dqrwkhu rqh zkhuh [ � lv d udqgrp ixqfwlrq ri Srlvvrqv wxehv1

^Lq wkh odwwhu fdvh/ zh zloo jhw [ � e| glodwlqj wkh vlpxodwlrqv gldjv e|
frqhv`1

�����H � ui� TL�?| 4L_i*t
41 Rughu wzr dqdo|vlv1 Wkh srlqwv prghov wkdw iroorz duh vwdwlrqdu| dqg
jhqhudoo| dgplw d fryduldqfh phdvxuh F+g{,/ zklfk fdq eh ghfrpsrvhg lqwr
wkh vxp ri d Gludf phdvxuh dqg d ixqfwlrq j+{,

F+g{, @ p�+g{, . j+{,g{ +618;,
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Wkh phdq qxpehu ri srlqwv ] � lq wkh eruholdq vhw E lv
p+] � , @ p d+E, +618<,

dqg wkh fryduldqfh ehwzhhq wkh qxpehuv lq E dqg lq E* lv
F+] � > ] � � , @ p d +E _E � , .

]

� �

]

� � 4 � +{,4 � � +|,j+{� |,g{ g| +6193,

Lq wkh lvrwurslf fdvh/ wkhuh lv d vlpsohu zd| wr uhdfk j iurp h{shulphqwv1
Qrwh K+u,/ wkh dyhudjh qxpehu ri srlqwv zklfk duh lqfoxghg lq wkh glvf ri
udglxv u/ fhqwhuhg rq d srlqw { � +qrw frxqwhg,/ zklfk lv lwvhoi sduw ri wkh vhw
prgho1 E| wdnlqj iru E* wkh glvf ri udglxv gv fhqwhuhg { � /dqg iru E wkh glvf
+u/ { � , plqxv E*/ uhodwlrq +6193, ehfrphv =

F+] � > ] � � , @ 5 � g{
] �

� j+v, v gv +6194,
Exw/ wklv fryduldqfh lv qrwklqj hovh wkdq wkh fhqwhuhg yhuvlrq ri pK+u,

F+] � > ] � � , @ H ^] � �p+] � ,` ^] � � �p+] � � ,` @ p �K+u,� �u � p� g{
+6195,

zkhuh wkh sulplwlyh �K+u,� �u � p� ri vj+u, lv h{shulphqwdoo| dffhvvleoh1
Zulwh d frpsxwlqj surfhgxuh iru K+u,
^Surfhgxuh ss/ iru %srlqw sdfnlqj%`1
51 Dqlvrwurslf Srlvvrq srlqwv1 Zrun djdlq zlwk surfhgxuh srlqwv dqg

glylgh wkh vlpxodwlrq e| vhwwlqj lq d phpru| wkh udqgrp srlqwv +{ � / | � , dqg
lq wkh rwkhu +{ � / | � @5,1 Wr zklfk h{whqg grhv wkh d�qlw| ri udwlr 425 pdnh
wkh vlpxodwlrq pruh dqlvrwurslf iurp d ylvxdo srlqw ri ylhz B Lqwhusuhw e|
fdofxodwlqj wkh qxpehu ri srlqwv zklfk duh lqfoxghg lq wkh �dw +vlghv 5/4,
dqg orqj +vlgh 4/5, uhfwdqjohv1

^Rqo| wkh ghqvlw| ydulhv/ khuh grxeohv1 Vxfk wklqj dv Srlvvrq srlqwv
fdqqrw eh dqlvrwurslf $`

61 Phdvxuh wkh sulplwlyh K+u, iru Srlvvrq srlqwv vlpxodwlrqv/ dqg iru wkh
fhqwuhv lq wkh prgho ri glvf grxeohwv1 Ghulyh j+v, dqg h{sodlq1 Fdofxodwh
K+u, iru wkh jhupv fhqwhuv lq wkh klhudufklfdo vhwv ghulyhg iurp wkh errohdq
prgho1

^Iru Srlvvrq srlqwv zlwk d ghqvlw| �/ zh �qg/ lq vtxduh julg K+n, � �+n
. u, � dqg lq kh{djrqdo julg K+n, � �+6 n � . 6 n . 4,/ zklfk gxo| fruuh0
vsrqgv wr Srlvvrq odz yduldqfh/ dqg lpsolhv j+v, � 31 Lq fdvh ri grxeohwv
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iurp g dsduw/ K+u, xqghujrhv d wkuxvw/ dw glvwdqfh g1 Lq klhudufklfdo fdvhv/
foxvwhulqj vlwxdwlrqv +urvh/ �dnh, ohdg wr dq dgglwlrqdo lqfuhdvh ri K+u,/
dqg uhsxovlyh rqhv +kdug/ glvmrlqw, wr d ghfuhdvh/ iroorzhg dq dv|pswrwh lq
erwk fdvhv1 Wkh udqjh ri ixqfwlrq K+u, 0 �u � p fruuhvsrqgv wr wkh dyhudjh
vl}h ri wkh lqwhudfwlrqv ehwzhhq srlqwv`1

71 Fdofxodwh K+u, iru wkh vhw ri srlqwv jhqhudwhg e| wkh furvvlqj ri
lvrwurslf Srlvvrq olqhv/ zlwk dq lqwhqvlw| �1 Ghulyh wkh phdvxuh j+u, @ 7� � @u1
Vlpxodwh vxfk d surfhvv dqg fdofxodwh lwv K+u,1 Jlyh dq lqwhusuhwdwlrq1

^Zh zloo vlpxodwh d surfhvv zlfk lv forvh wr wkh prgho/ exw hdvlhu wr
lpsohphqw/ e| frqvlghulqj wzr uhdol}dwlrqv ri olqhv ^ gldjv/ dqg e| lqwhu0
vhfwlqj wkhp1 D olqhdu lqfuhdvh ri K+u, lv qrwlfhg/ xqolnh doo wkh rwkhu srlqw
surfhvvhv frqvlghuhg xqwlo qrz1 Lq wkhru|/ li { � lv d srlqw ri wkh vhw/ wkh
glvn E+u/ { � , lqfoxghv/ rq wkh rqh kdqg/ olqhv lqwhuvhfwlrqv gl�huhqw iurp
wkrvh zklfk gh�qh { � +dyhudjh qxpehu �u � � � > vhh %Srlvvrq olqhv% h{huflfh,/
dqg/ rq wkh rwkhu kdqg/ wkh srlqwv ri wkh wzr olqhv wkdw lqwhuvhfw dw srlqw { �

+dyhudjh qxpehu ;�u,1 Frqvhtxhqwo|/ K+u, @ �u � � � . ;�u/ dqg
] �

� vj+v, gv @ 7� � @u wkhuhiruh j+u, @ 7� � @u ` +6196,

81 Uhjlrqdol}hg ghqvlw|1 Lq wklv odvw h{huflfh/ zh frph edfn wr lpdjh
surfhvvlqj1 Ohw i eh d qxphulfdo ixqfwlrq ri wkh sodqh1 Vlpxodwh Srlvvrq
srlqwv zlwk d yduldeoh ghqvlw| i1 Dsso| wkh vlpxodwlrq e| fkrvlqj iru i d
juh| wrqh lpdjh1 H{sodlq1

^Surfhgxuh uhjsrlqwv1 Wklv vlpxodwlrq lv h{sodlqhg dv wkh elqdul}dwlrq
ri wkh qxphulfdo juh| lpdjh/ zkrvh txdolw| lv doo wkh vpdoohu vlqfh wkh lq0
yroyhg judglhqwv duh vwhhshu dqg vwhhshu`1
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Wkh yhu| vwduwlqj srlqw ri wkh wkhru| ri Errohdq ixqfwlrqv olhv lq d wkhruhp
ri J1Pdwkhurq gdwlqj iurp 4<9< ^:;`/ zklfk suryhv wkdw wkh xsshu vhpl0
frqwlqxrxv ixqfwlrqv/ frqvlghuhg yld wkhlu vxe0judskv/ irup d frpsdfw vsdfh
zlwk uhvshfw wr wkh klw0ru0plvv wrsrorj| +d uhvxow wkdw doorzv rqh wr frqvwuxfw
suredelolwlhv,1 Exw Pdwkhurq glg qrw frqwlqxh lq wklv gluhfwlrq dqg klv pdlq
errn ^;5` grhv qrw hyhq phqwlrq wkh wkhruhp1 Lq idfw wkh jhqhudolvdwlrq ri
wkh Pdwkhurq0Nhqgdoo wkhruhp wr qxphulfdo ixqfwlrqv lv gxh wr Vhuud ^45<`/
fkdswhu [LL1 Wklv vhfrqg vwduwlqj srlqw durvh gxulqj wkh hljkwlhv/ dqg diwhu
d uhodwlyho| vorz ehjlqlqj wkh wkhru| kdv vsuhdg lq gl�huhqw gluhfwlrqv1 Lw lv
qrz dssolhg lq jhrvwdwlvwlfv/ iru fdofxodwlqj lvridfwruldo prghov dqg fkdqjh ri
vxssruwv ^;6`/^446`/ lq pdwhuldo vflhqfhv iru prghoolqj wkh sk|vlfv ri uxswxuh
^8:`/ dqg iru fkdudfwhul}lqj wkh urxjkqhvv ri vwhho sodwhv ^89`/ lq phglfdo
udglrorj| ri wkh erqh ^444` dqg dovr iru vlpxodwlqj wh{wxuhv wkdw vdwlvi|
jlyhq surshuwlhv ^4<`1 Dq h{kdxvwlyh suhvhqwdwlrq ri wkh phwkrg fdq eh
irxqg lq ^467`1 Wkh fxuuhqw fkdswhu iroorzv wkh vdph sodq/ exw lq d vlpsohu
vw|oh1

Wkh lghd wr wkuhvkrog urxjkqhvv sur�ohv dqg wr frqvlghu wkh uhvxowlqj
vhfwlrqv dv Errohdq dsshduv lq G1 dqg S1 Mhxolq ^88`1 Wkh �uvw irupdo vwxg|
lv gxh wr Vhuud +^45<`,/ zkr gh�qhv d uhvwulfwhg yhuvlrq ri Errohdq ixqfwlrqv
+fdoohg khuhdiwhu edvlf Errohdq ixqfwlrqv +EEI, ru Errohdq lvodqgv,/ jlyhv
lwv fkdudfwhulvwlf ixqfwlrqdo T� +E, dqg ghyhorsv T � +E, iru E/ d �dw frp0

;3
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sdfw frqyh{ vhw1 Odwhu rq/ wkh vdph dxwkru ^466` lpsuryhg wkh dqdo|vlv ri
Errohdq lvodqgv e| vwxg|lqj lqwhjudov ri orj T � +E,1 Mhxolq ^89` fdofxodwhg d
vhulhv ri sro|khgudo sulpdu| judlqv/ zklfk duh xvhixo lq hohfwurq plfurvfrs|/
dqg hvwdeolvkhg vhyhudo xvhixo vwhuhrorjlfdo uhvxowv1 Suahwhx{ ) Vfkplww ^444`
vlpxodwhg Errohdq lvodqgv lq rughu wr fkhfn wkh h{shulphqwdo dffhvv wrT +E,/
xvlqj d wkuhh0glphqvlrqdo dssurdfk/ dqg kdyh xvhg wkh prgho wr ghvfuleh
yhuwheudo vsrqj| erqh wh{wxuhv lq vfdqqhu lpdjhu|1 Wkh lqlwldo EEI prgho
ohg wr d vhfrqg sduwlfxodu prgho/ qdpho| wkh urfn| ghhsv/ dqg wr wkh jhqhu0
dol}hg Errohdq ixqfwlrqv +fdoohg ehorz Errohdq ixqfwlrqv, lq ^464`/ fkdswhu
481 Pdwkhpdwlfdo dvshfwv frqfhuqlqj wkh phdvxudelolw| ri wkh sulpdu| judlq
i �

� dfffruglqj wr yduldeoh w/ dqg dovr wkh ghwhuplqdwlrq ri Errohdq ixqfwlrqv
kdyh ehhq dssurdfkhg e| Suahwhx{ dqg Vfkplww +lq^464`/ fkdswhu 4;,1

e�2 �LhT�L*L}�U@* +@?_L4 6�?U|�L?t
Wkh wrsrorj| ri wkh vhpl0frqwlqxrxv ixqfwlrqv kdv douhdg| ehhq lqwurgxfhg
vhfwlrq 71515/ zkhq vsdfh H lv phwulf1 Khuh zh eulh�| vnhwfk J1 Pdwkhurq*v
dssurdfk wr wkh xsshu vhpl0frqwlqxrxv ixqfwlrqv iurp dq O1F1G vsdfhH lqwr
U1 Mxvw dv lq fkdswhu 7/ wkh| duh frqvlghuhg/ yld wkhlu vxejudskv/ dv forvhg
vhwv lq H U1 Lq wklv dssurdfk/ wkh idploo| F ri wkrvh vhwv F 5 I �H U

�

wkdw vdwlvi| wkh wzr frqglwlrqv
l2 F � H 
 �

ll2 ;{ 5 H>;w 5 U> +{> w, 5 F , i{j  ^�4> w` � F
lv lghqwl�hg zlwk wkh fodvv I ri wkh x1v1f1 ixqfwlrqv H $ U/ dqg lw lv

suryhg wr eh d frpsdfw idplo| lq I �H U
�1 Wkh wrsrorj| rq I lv rewdlqhg

dv wkh uhvwulfwlrq wr F ri wkh wrsrorj| rq I+HU,1 Frqvhtxhqwo|/ wkh rshq
vhwv lq I duh jhqhudwhg e| wkh sduwv ri I zkrvh hohphqwv i vdwlvi| wkh wzr
frqglwlrqv=
[ � +J, @ vxs ii+{,> { 5 Jj A e dqg lqi �[ � +J, >J � N� ? d +714,

dv J vsdqv wkh rshq vhwv ri H/ dqg N lwv frpsdfw vhwv +d> e 5 U,1 Wklv
uhvxowv lq wkh iroorzlqj fulwhulrq ri frqyhujhqfh ^wkhruhp 61514 lq ^:;``

Sursrvlwlrq 714 D vhtxhqfh i � frqyhujhv wrzdugv i lq I li dqg rqo| li
lw vdwlv�hv wkh wzr iroorzlqj frqglwlrqv= 42 iru doo { 5 H/ wkhuh h{lvwv d
vhtxhqfh { � $ { lq H vxfk wkdw wkh vhtxhqfh i � +{ � , $ i+{, lq U1 52 Li d
vhtxhqfh { ��� frqyhujhv wrzdugv { lq H/ wkhq wkh vhtxhqfh i ��� +{ ��� , vdwlv�hv



FKDSWHU 71 ERROHDQ UDQGRP IXQFWLRQV ;5

olpi � � +{� � , � i+{,1

Wkh qh{w vwhs frqvlvwv lq htxlsslqj I zlwk wkh �0dojheud jhqhudwhg e| lwv
wrsrorj|/ l1h1 e| wkh hyhqwv [ � +J, lqwurgxfhg lq uho1+714,1 Ilqdoo| d udqgrp
x1v1f1 ixqfwlrq i lv gh�qhg e| surylglqj wkh phdvxudeoh vsdfh +I> �, zlwk
d suredelolw| S 1 Wkh frpsdfwqhvv ri vhw I hqvxuhv wkdw wkhuh dfwxdoo| h{lvw
suredelolwlhv rq �1

Mxvw dv d udqgrp yduldeoh lv fkdudfwhul}hg e| lwv glvwulexwlrq ixqfwlrq/ d
udqgrp ixqfwlrq i 5 +I> �>S , lv frpsohwho| ghwhuplqhg e| wkh mrlqw sured0
elolwlhv

Su ivxs ii +{, > { 5 E � j ? � � > === vxsii +{, > { 5 E � j ? � � j +715,
iru hyhu| �qlwh vhtxhqfh E � ===E � ri frpsdfw vhwv lq H dqg ri uhdo ydoxhv
� � ===� � 1 Irupxod +715,/ gxh wr e| M1Vhuud ^45<`/ h{suhvvhv d jhqhudo wkhruhp
rq udqgrp vhwv gxh wr J1 Fkrtxhw ^54` dqg J1 Pdwkhurq ^;5`/ zklfk lv lq0
whusuhwhg khuh iru udqgrp ixqfwlrqv 1

e�� #i�?�|�L? Lu @ �LL*i@? u�?U|�L?
Wr pdnh wkh wudqvlwlrq iurp Errohdq vhwv wr Errohdq ixqfwlrqv/ lw vx�fhv wr
glodwh Hxfolghdq Errohdq vhwv e| d kdoi vwudljkw olqh1 Pruh suhflvho|/ frqvlghu
d �0�qlwh phdvxuh � +gw, rq U +l1h1 vxfk wkdw wkh phdvxuh ri dq| erxqghg
lqwhuydo lv �qlwh,1 Dvvrfldwh zlwk wkh Hxfolghdq vsdfh U � � U wkh phdvxuh
� +gw,g{ zklfk uhsuhvhqwv wkh lqwhqvlw| phdvxuh ri d Srlvvrq srlqw surfhvv M
ryhu U � � U/ zkhuh g{ vwdqgv iru wkh hohphqwdu| yroxph lq wkh %krul}rqwdo%
vsdfh U � / dqg gw iru wkh hohphqwdu| ohqjwk dorqj wkh %yhuwlfdo% d{lv U1 Wkh
phdvxuh � +gw,g{ lv dvvxphg wr eh frqvwdqw rq krul}rqwdo volfhv/ dqg yduldeoh
dorqj wkh w0d{lv1 Wkh krul}rqwdo vwdwlrqdulw| zklfk uhvxowv lv qrw qhfhvvdu|
iru wkh wkhru|/ exw lw doorzv d pruh h{suhvvlyh irupdolvp/ dqg vx�fhv lq
sudfwlfh1 Lw zloo eh lpsolhg iru wkh uhvw ri wklv sdshu/ h{fhsw iru Vhfwlrq 81

Vxssrvh zh wdnh d uhdol}dwlrq ri wkh Srlvvrq srlqw surfhvv zlwk lqwhqvlw|
phdvxuh � +gw,g{ dqg frqvlghu hdfk ri lwv srlqwv dv wkh jhup ri d fu|vwdoolqh
jurzwk/ wkh fu|vwdo ehlqj wkh xpeud/ ru vxejudsk/ ri d ixqfwlrq i � +{, = Zh
fdoo i � wkh %sulpdu| judlq%/ e| dqdorj| zlwk wkh vhw fdvh dqg xvh wkh qrwdwlrq
i � +{, iru erwk xpeud dqg ixqfwlrq1 Wkh udqgrp ixqfwlrq i � lv x1v1f1/ doprvw
vxuho| erxqghg dqg zlwk frpsdfw krul}rqwdo furvv0vhfwlrqv iru doo w A �41
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Lw lv/ e| frqvwuxfwlrq/ lpsodqwhg dw wkh ruljlq/ dqg lwv wudqvodwh wr srlqw |>
w 5 U � � U lv i ��� � 1

Frqvlghu wkh L +gw, Srlvvrq srlqwv orfdwhg lq wkh volfh +w> w.gw,/ dqg
jhqhudwh L +gw, uhdol}dwlrqv ri d vdph udqgrp sulpdu| judlq i �

� / zklfk duh
vkliwhg wr wkh srlqwv ri wkh volfh1 Uhshdw wkhq wkh vdph surfhgxuh iru doo
krul}rqwdo hohphqwdu| volfhv1 Wkh sulpdu| judlq i �

� +{, @ i � +{@w, pd| ydu|
dv d ixqfwlrq ri wkh ghswk w1 Wkh Errohdq ixqfwlrq i lv �qdoo| rewdlqhg e|
wdnlqj wkh vxs ri doo wkh i �

��� � iru doo volfhv1 Lq rwkhu zrugv/ zh fdq vwdwh wkh
iroorzlqj1
Gh�qlwlrq 715 Ohw � � +g{, eh wkh Ohehvjxh phdvxuh lq U � dqg � +gw, eh d
���qlwh phdvxuh rq U1 Frqvlghu wkh Srlvvrq srlqw surfhvv M lq U � � U/
zkrvh lqwhqvlw| phvxuh lv � � +g|, � +gw, > | 5 U � > w 5 U1 Ohw ii � +{@w,j eh
d idplo| ri x1v1f1/ lqghshqghqw udqgrp ixqfwlrqv iurp U � lqwr�U/ zklfk duh
sdudphwhul}hg e| w dqg vxfk wkdw doo fxw0r� vhwv \ � li U � � U

\ � @ i{> i � +{@w, = i � +{@w, � xj x A �4 +716,
duh d1v1 frpsdfw1 Wkh i � +{@w, duh fdoohg sulpdu| judlqv fhqwuhg dw wkh rul0
jlq1 Wkhq wkh Errohdq ixqfwlrq i / ri sulpdu| judlq i � +{@w, dqg ri lqwhqvlw|
�+gw, lv rewdlqhg e| wdnlqj wkh iroorzlqj vxs =

i +{, @ Vxs ii ��� � +{@w, > +|> w, 5 Mj +717,
Wkh vlpxodwlrqv ghslfwhg lq �jxuh 714/ gxh wr M1P Fkdxwux ^4<`/ looxvwudwh

wklv gh�qlwlrq e| vkrzlqj wzr w|shv ri Errohdq ixqfwlrqv wkdw zh zloo vwxg|
odwhu rq1 Lq htxdwlrq +717, zh lpsolflwo| dgplw vrph phdvxudelolw| frqglwlrqv
ri i � +{@w, zlwk uhvshfw wr w/ zklfk zloo qr orqjhu eh ghyhorshg khuh +iru
wkhruhwlfdo ghyhorsphqwv rq wklv srlqw/ vhh ^445`,1

e�e A�i ��@h@U|ih�t|�U 6�?U|�L?@* T EE�
Ohw E eh d frpsdfw vhw frqwuhg dw srlqw +3/ w � , rq wkh w0d{lv1 Dffruglqj wr
wkh Pdwkhurq0Nhqgdoo wkhruhp +^;5`/ s163,/ wkh suredelolwlhv T +E, wkdw E
olhv lq wkh sruhv +l1h1 plvvhv doo wkh i � , dv E vsdqv wkh fodvv ri wkh frpsdfw
vhwv ri U � � U dqg dv w � vsdqv wkh w0d{lv/ fkdudfwhul}h wkh Errohdq ixqfwlrq
i=

Lq wkh fdvh ri Errohdq ixqfwlrqv/ wkh ixqfwlrqdo T +E, fdq eh fdofxodwhg
hdvlo| +Vhuud/^464`/ s1654, dqg doorzv d udwkhu vlpsoh h{suhvvlrq1 Lqghhg/ zh
pd| vwdwh dv iroorzv1
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Iljxuh 714= Vlpxodwlrqv ri wkh wzr pdmru w|shv ri Errohdq ixqfwlrqv=
Errohdq lvodqgv +ohiw/ frqh judlqv, dqg Urfn| ghhsv +uljkw/ sduderorlgv
judlqv,

Wkhruhp 716 Wkh fkdudfwhulvwlf ixqfwlrqdo T +E, ri wkh Errohdq ixqfwlrq
i @ ^i � +{@w, > � +gw,` lv

T +E, @ h{s
��] � �


 �
� +gw, sff� �

��i � +{@w,� sffE� _� 
 �
�

�

> +718,
lw vkrzv wkdw wkh udqgrp ixqfwlrq i lv vwdwlrqdu|1

Lq wklv irupxod/ E kdv ehhq fhqwuhg dw wkh ruljlq dqg sffE ghqrwhv wkh
v|pphwulf ri E zlwk uhvshfw wr wkh ruljlq lq U � � U1 Zkhq E lv vkliwhg xs
ru grzq e| w � / zh mxvw kdyh wr uhsodfh w e| w� w � lq uho1+718,1 � 
 � ghqrwhv
wkh krul}rqwdo sodqh dw ohyho w1 Zh fdq looxvwudwh wkhvh ydulrxv sdudphwhuv
e| wdnlqj dq h{dpsoh1 Vxssrvh wkdw � +gw, @ � � � � � . � � � � � lv wkh vxp ri
wzr Gludf phdvxuhv dw ohyhov w � ? 3 dqg w � A 3 1 Wdnh i � +{@w � , @ i �

� +{,
dqg i � +{@w � , @ i �

� +{, wr eh wkh wzr sulpdu| ixqfwlrqv dqg wkh glvf E dv
vwuxfwxulqj hohphqw1 Li sffL � +uhvs1sffL � , ghvljqdwhv wkh dyhudjh ohqjwk ri wkh
vhfwlrq O � ri i �

� +{,�E e| wkh krul}rqwdo olqh � 
 � � +uhvs/ wkh vhfwlrq O � ri
i �

� +{, �E e| � 
 � � ,/ wkhq wkh suredelolw| T +E, wkdw E lv deryh wkh judsk
ri wkh Errohdq ixqfwlrq i lv/ dffruglqj wr uho1+718,

T +E, @ h{s i�� � sffL � � � � sffL � j +719,
Wkh h{dpsoh vkrzv krz vrph sdudphwhuv ri wkh sulpdu| judlq/ ru pruh
suhflvho|/ ri lwv glodwhg yhuvlrqv/ duh uhdfkhg yld txdqwlwlhv wkdw zh fdq h{0
shulphqwdoo| dffhvv +ohiw phpehu ri uho1+719,,1



FKDSWHU 71 ERROHDQ UDQGRP IXQFWLRQV ;8

e�e�� #iUL4TLt�|�L?t @?_ �?�^�i?itt
Exw wklv h{dpsoh dovr h{klelwv d fhuwdlq dpeljxlw|1 Frqvlghu wkh Errohdq
ixqfwlrq i � rewdlqhg e| rqo| rqh Gludf phdvxuh/ qdpho| +� � . � � , � � � / dqg
zkrvh sulpdu| judlq lv hlwkhu i �

� zlwk d suredelolw| � � +� � . � � , 
 � / ru i �

� .
+w � � w � , zlwk d suredelolw| � � +� � . � � , 
 � 1 Fohduo| i @ i � / zkhuhdv erwk
ghqvlwlhv dqg sulpdu| judlqv gl�hu iurp hdfk rwkhu1 D vdph Errohdq ixqfwlrq
wxuqv rxw wr dgplw vhyhudo ghfrpsrvlwlrqv1 Wkh udqjh ri wklv dpeljxlw| lv
jlyhq e| wkh iroorzlqj sursrvlwlrq/ gxh wr Suahwhx{ ) Vfkplww +^445`/ s1 6;5,1
Sursrvlwlrq 717 Ohw i @ ^i � +{@w, > � +gw,` eh d Errohdq ixqfwlrq1 Hyhu|
ghfrpsrvlwlrq ri i |lhogv dq lqwhqvlw| phdvxuh ! +gw, vxfk wkdw

]

� � +gw, @
]

� * +gw, +71:,
+l, Li U

� � +gw, ? 4/ wkhq wkhuh h{lvwv d ghfrpsrvlwlrq ri i ri wkh irup
^j � +{, > d� � ` l1h1 dv Errohdq lvodqgv1

+ll, Li U � � +gw, @ 4/ wkhq wkhuh h{lvwv d ghfrpsrvlwlrq ri i ri wkh irup
^j � +{@w, > � 
 `/ zkhuh � 
 lv wkh Ohehvjxh phdvxuh rq wkh qhjdwlyh w0 d{lv1

Lq w|sh +l,/ zklfk lv wkh pruh riwhq xvhg lq sudfwlfh/ wkh Srlvvrq srlqwv
duh frqfhqwudwhg lq wkh sodqh � � 1 Lq w|sh +ll, wkh lqwhqvlw| phdvxuh dgplwv
d xqlirup ghqvlw|1 Khuh wkh vlpsohvw fdvh rffxuv zkhq wkh fruuhvsrqglqj
sulpdu| ixqfwlrq j � +{@w, lv lqghshqghqw ri wkh dowlwxgh ri lwv orfdwlrq1 Zh
wkhq �qg wkh urfn| ghhs prgho +^464` fkdswhu 48,1

Lq wkh suhylrxv fkdswhu/ zh kdg wr dvvxph wkh frpsdflw| ri wkh sulpdu|
judlq [ � ri wkh Errohdq UDFV [ iru dyrlglqj d ixoo fryhulqj ri wkh vsdfh1
Khuh wkh fruuhvsrqglqj qrwlrq frqvlvwv lq wdnlqj sulpdu| ixqfwlrqv i � doo ri
zkrvh krul}rqwdo furvv vhfwlrqv [ � +i � ,> w ? 4 duh frpsdfw1 Zh vwloo kdyh
wr dvvrfldwh dq ruljlq/ l1h1 d fkdudfwhulvwlf srlqw/ zlwk hdfk i � 1 Lq fdvh ri
Urfn| ghhsv/ zh fdq slq wkhp xs e| wkhlu wrsv/ exw iru Errohdq lvodqgv lw
lv suhihudeoh wr �{ wkh fkdudfwhulvwlf srlqw dw d fhqwurlg ri wkhlu vxssruw/ lq
rughu wr kdyh doo wkh edvhv +udwkhu wkdq doo wkh wrsv, orfdwhg lq wkh vdph
krul}rqwdo sodqh ^445`1

e�D 5T@|�@* *@�
Dprqj rwkhuv/ wkh fkdudfwhulvwlf ixqfwlrqdo T +E, jlyhq e| +718, doorzv xv wr
fdofxodwh wkh vsdwldo odz ri wkh prgho/ l1h1 wkh mrlqw glvwulexwlrq ri i +{, dw q



FKDSWHU 71 ERROHDQ UDQGRP IXQFWLRQV ;9

srlqwv { � 111 { � / q �qlwh1 Dv dq h{dpsoh/ zh zloo ghwhuplqh wkh suredelolwlhv
ri rughu rqh dqg d prphqw ri rughu wzr1

Zh vwduw e| fkrrvlqj E dv wkh srlqw +3> w,/ orfdwhg dw dowlwxgh w rq wkh
w0 d{lv/ dqg e| vhwwlqj t @ T +3> w,1 t � lv wkh srurvlw| ri wkh vhfwlrq ri i dw
dowlwxgh w1 Uhodwlrq +718, lpsolhv

Su ii +{, ? wj @ t � @ h{s
��] � �


 �
� +gx, sff� �

�+i � +{. x,, 
 � _� 
��
�

�

=
+71;,

Wkxv/ wkh suredelolw| glvwulexwlrq ri i lqyroyhv rqo| wkh q�yroxphv ri
wkh krul}rqwdo furvv0vhfwlrqv ri wkh sulpdu| judlqv/ zklfk duh zhljkwhg e|
� +gw,1 Zkhq lw h{lvwv/ wkh pdwkhpdwlfdo h{shfwdwlrq ri i +{, ghulyhv lpph0
gldwho|

p @
] �

� +4� t � , gw� ]
�


 �
t � gw= +71<,

Wkh suredelolwlhv ri rughu wzr/ dqg wkh dvvrfldwhg prphqwv +fryduldqfh/
ydulrjudp, pd| eh fdofxodwhg lq d vlplodu zd|1 Exw wkhlu lpsohphqwdwlrq
lqyroyhv d grxeoh lqwhjudo lq w1 Lq wkh suhvhqw fdvh wkh ydulrjudp ri rughu rqh/
l1h1 5� � +k, @ H m^i +3,� i +k,`m ehwwhu vxlwv wkh frpsxwdwlrqdo dvshfw ri wkh
prgho1 � � grhv qrw kdyh wkh vwdwlvwlfdo surshuwlhv ri wkh fryduldqfh ri wkh
ydulrjudp dqg fdqqrw vhuyh wr suhglfw yduldqfhv1 Krzhyhu/ pruskrorjlfdoo|
vshdnlqj/ lw uhyhdov wkh vdph ihdwxuhv ri i +{, dv wkrvh ghwhfwhg e| wkh
xvxdo ydulrjudp � � +dqlvrwurslhv/ shulrglflwlhv/ vxshulpsrvlwlrq ri vfdohv/
kroh h�hfwv/ qxjjhw h�hfwv/ udqjhv/ hwf,1 Zh zloo rewdlq � � +k, e| qrwlflqj
wkdw

mi +3,� i +k,m @ vxs ii +3, > i +k,j � lqi ii +3, > i +k,j > +7143,
dqg wkdw

Vxs ii +3, > i +k,j @ i +3, . i +k,� lqi ii +3, > i +k,j > +7144,
wkxv m+i,� i +k,m @ i +3, . i +k,� 5 lqi ii +3, > i +k,j = +7145,

Qrz/ li E vwdqgv iru wkh krul}rqwdo grxeohw ^+3> 3, > +k> 3,` dqg li
T � +E, @ Su ii +3, ? w> i +k, ? wj > +7146,

wkhq
H ^lqi ii +3, > i +k,j` @ ] � �


 �
�4� t � +E,`gw +7147,
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dqg �qdoo|=

� � +k, @ 4
5H mi +3,� i +k,m @ ] � �


 �
^t � �T � +E,`= +7148,

e�S #���t�M�*�|) �?_ih 5�Thi4�4
Errohdq udqgrp ixqfwlrqv vdwlvi| wzr pdmru vwuxfwxudo surshuwlhv/ qdpho|
glylvlelolw| xqghu wkh vxs rshudwlrq / dqg vhpl Pdunryl}dwlrq1 Lq wklv vhf0
wlrq/ zh suhvhqw vrph uhvxowv frqfhuqlqj rqo| wkh �uvw dvshfw1 Wkh vhfrqg
rqh lv vwxglhg lq +^464`/ fk148,/ zkhuh wkh uhdghu zloo dovr �qg wkh surriv
zklfk duh plvvlqj khuh1

Ehiruh suhvhqwlqj wkhvh uhvxowv lw vkrxog eh qrwhg wkdw �uvw/ wkh krul}rq0
wdo vwdwlrqdulw|/ zklfk zdv qhfhvvdu| wr irupxodwh uhodwlrq +718, dqg wkh vsd0
wldo odz/ lv qr orqjhu uhtxluhg khuh/ dqg sursrvlwlrqv 80< uhpdlq ydolg zlwkrxw
wklv dvvxpswlrq1 Vhfrqgo|/ frqfhuqlqj wkh idfw wkdw d udqgrp vhw dssurdfk
wr ixqfwlrqv yld wkhlu vxejudskv lv dssolhg= doo wkhvh udqgrp vxejudskv vkduh
d �{hg sduw/ zklfk lv pdgh ri doo wkh srlqwv +{>�4,/ { 5 U � =Vlploduo|/ zkhq
zh wudqvirup wkh vxejudskv e| dq dqdpruskrvlv vxfk dv h � / zh |lhog qhz
vxejudskv/ +dvvrfldwhg zlwk wkh srvlwlyh udqgrp ixqfwlrq, zklfk doo frqwdlq
wkh kdoi U � � � vsdfh ri w � 3/ dv d �{hg sduw1 Lqghhg/ wkh surshuwlhv dvvr0
fldwhg zlwk lq�qlwh glylvlelolw| duh ydolg rqo| zkhq wkh udqgrp vhwv xqghu
vwxg| kdyh qr �{hg srlqwv +^;5`/ s1 88,1 Iru wklv uhdvrq/ zh kdyh uhvwulfwhg
rxuvhoyhv/ lq wkh gh�qlwlrq htxdwlrq +716,/ wr wkh sduwv ri wkh sulpdu| vxe0
judskv zklfk duh deryh doo wkh wkuhvkrogv w � 9@ �41 Lq wkh vdph zd|/
zkhq srvlwlyh Errohdq ixqfwlrqv duh frqfhuqhg/ zh kdyh wr xvh h{foxvlyho|
frpsdfw vwuxfwxulqj hohphqwv E ri U � � � zklfk plvv wkh kdoi vsdfh ri wkh
qhjdwlyh ru qxoo w1 Wklv dssurdfk frphv wr zrun rq wkh vxejudskv plqxv
wkhlu �{hg srlqwv1 Xqghu wkhvh frqvwudlqwv/ zh pd| vwdwh wkh iroorzlqj1
Sursrvlwlrq 718 Wkh Plqnrzvnl vxp ri d Errohdq udqgrp ixqfwlrq i e|
dq duelwudu| frpsdfw vhw N � U � � U lv vwloo d Errohdq udqgrp ixqfwlrq1
+Wkh Plqnrzvnl dgglwlrq i � N ri ixqfwlrq i e| vhw N � U � � U lv/ e|
gh�qlwlrq/ wkh ixqfwlrq zkrvh vxejudsk lv wkh Plqnrzvnl vxp ri wkh vxejudsk
ri i e| N=,
Fruroodu| 714 Ohw i eh d Errohdq ixqfwlrq lq U � �U1 Wkh furvv0vhfwlrq ri
i e| dq| vxevsdfh K lv d Errohdq ixqfwlrq zkhq K lv sdudooho wr wkh w0d{lv/
dqg d Errohdq vhw zkhq lw lv ruwkrjrqdo wr wkh w0d{lv1
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Iljxuh 715= Vxsuhpd ri Errohdq Ixqfwlrqv/ lqyroylqj dqlvrwuslf frqlf dqg
f|olqgulf lvodqgv/ dqg sduderorlglf urfn| ghhsv1

Lw vx�fhv/ iru surylqj wkh fruroodu|/ wr frqvlghu wkh krul}rqwdo furvv0
vhfwlrqv ri i dqg ri i _K1 Wkhvh lqgxfhg Errohdq ixqfwlrqv zloo eh lqyhv0
wljdwhg zlwk pruh ghwdlov iru wkh Errohdq Lvodqgv/ zkhq K lv sdudooho wr wkh
w0d{lv +Vhfwlrq rq vwhuhrorj|,1
Sursrvlwlrq 719 Li ii� j @

q

i �

� > �� +gw,
r

> m 5 M lv d idplo| ri Errohdq
ixqfwlrqv zkrvh vxp � @ S

�
U

� �� +gw, lv �qlwh/ wkhq i @ Vxs ii � j lv d
Errohdq ixqfwlrq ri lqwhqvlw| �1

Iljxuh 715 looxvwudwhv sursrvlwlrq 7191 Qrz/ zkdw derxw wkh frqyhuvh
srlqw ri ylhz/ l1h1 wkdw ri wkh lq�qlwh glylvlelolw| xqghu vxsuhpxpB D udq0
grp forvhg vhw [ lv vdlg wr eh lq�qlwho| glylvleoh xqghu ^ li/ iru dq| lqwhjhu
n A 3/ [ lv htxlydohqw wr wkh xqlrq _[ ri n lqghshqghqw udqgrp forvhg vhwv
[ � > l @ 4> 5> ===> n/ zklfk duh htxlydohqw wr rqh dqrwkhu1 Lq sduwlfxodu/ dq|
Errohdq udqgrp forvhg vhw lv lq�qlwho| glylvleoh xqghu ^1 Pruhryhu/ rzlqj
wr d Pdwkhurq wkhruhp + ^;5`/ s1 89, dqg wr htxdwlrq +718, zh fdq vwdwh wkh
iroorzlqj1
Wkhruhp 71: Dq| udqgrp Errohdq ixqfwlrq i iurp U � lqwr U lv lq�qlwho|
glylvleoh xqghu Vxs> l1h1 iru hdfk lqwhjhu n/ lw fdq eh zulwwhq dv

i @ Vxs ii � > l 5 ^4> ===> n`j > +7149,
lq zklfk i � duh n htxlydohqw lqghshqghqw Errohdq udqgrp ixqfwlrqv1
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Iljxuh 716= Wkh ixqfwlrq n � ai � = Wkh udqgrp ixqfwlrq i � lv slhfhzlvh uhsodfhg
e| }hur1

Qrwh wkdw wkhuh h{lvw lq�qlwho| glylvleoh udqgrp ixqfwlrqv zklfk duh qrw
Errohdq +h1j1 wkh Srlvvrq ixqfwlrqv +lq ^45<`/ s1 7:4,/ zkrvh krul}rqwdo
vhfwlrqv duh Srlvvrq k|shusodqhv,1

Wkh iroorzlqj lqvwuxfwlyh surshuw| ghulyhv iurp lq�qlwh glylvlelolw| dqg
vkrzv wkdw Errohdq ixqfwlrqv/ mxvw dv Errohdq vhwv/ dgplw d grpdlq ri dw0
wudfwlrq1 Frqvlghu p uhdol}dwlrqv ii � j > 4 � l � p/ ri d vwdwlrqdu| udqgrp
ixqfwlrq i ri U � zklfk lv qrq0qhjdwlyh/ x1v1f1/ dqg d1v1 erxqghg1 Ixuwkhu0
pruh/ ohw wkhuh eh p uhdol}dwlrqv i[ � j ri d vwdwlrqdu| udqgrp sduwlwlrq ri
U � lqwr d1v1 erxqghg fodvvhv ri qrq0}hur phdvxuhv1

Doo srlqwv ri wkh wrsrorjlfdo forvxuh sff[ � +m, ri hdfk fodvv [ � +m, ri wkh
uhdol}dwlrq [ duh frghg zlwk wkh ydoxh 04 ru .4 zlwk d suredelolw| s
zklfk lv lqghshqghqw ri wkh fodvv1 Wklv uhvxowv lq wkh ixqfwlrq n � +{,1 Qh{w/
frqvwuxfw wkh udqgrp ixqfwlrq

* � @ y in � a i � > 4 � l � pj > +714:,
Ilj1716 looxvwudwhv n � a i � lq U

� = Ghqrwh e| n � wkh udqgrp ixqfwlrq zklfk
dvvljqv wkh ydoxh 4 wr wkh forvxuh ri wkh fodvv ri [ zklfk frqwdlqv wkh ruljlq/
dqg wkh ydoxh 3 hyhu|zkhuh hovh1 Wklv jlyhv xv=
Sursrvlwlrq 71; Zkhq s $ 3 dqg p $ 4 vxfk wkdw ps $ � ? 4/
wkhq wkh udqgrp ixqfwlrq * � gh�qhg lq htxdwlrq +714:, frqyhujhv wr wkh
vwdwlrqdu| Errohdq lvodqgv zlwk sulpdu| judlq i a n � dqg zlwk � +gw, @ � � �/
zkhuh � lv wkh Gludf phdvxuh orfdwhg lq w @ 3/ vxss vwdqgv iru wkh vxssruw/
dqg

� � @ � �sff� �
�vxss �i a n � ��� 
 �

= +714;,
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Iljxuh 717= Lq Errohdq lvodqgv/ wkh Srlvvrq srlqwv duh frqfhqwudwhg lq wkh
krul}rqwdo sodqh � � dqg wkh sulpdu| judlqv duh srvlwlyh ixqfwlrqv= wkh vwxg|
ri wkh Errohdq lvodqgv pd| eh uhvwulfwhg wr wkh srvlwlyh w1

Zh wkxv glvfryhu d grpdlq ri dwwudfwlrq iru wkh Errohdq prgho dqg wklv
lv/ zlwkrxw grxew/ d vwurqj uhdvrq zk| wklv prgho lv vr zhoo0vxlwhg wr wkh
ghvfulswlrq ri ydulrxv sk|vlfdo skhqrphqd1

e�. A�i �LL*i@? Wt*@?_t
Wkh Errohdq lvodqgv prgho lv rewdlqhg e| wdnlqj iru � +gw, d Gludf phdvxuh
lpsodqwhg dw wkh ruljlq ri wkh w0d{lv/ l1h1 e| sxwwlqj � +gw, @ �� � +gw,1 Wkh
jhupv wxuq rxw wr eh dq q0glphqvlrqdo vwdwlrqdu| Srlvvrq srlqw surfhvv
orfdwhg lq � � dqg kdylqj dq lqwhqvlw| � +vhh Ilj1717,1 Fohduo|/ wklv ghvljqv
wkh vlpsohvw Errohdq ixqfwlrq wkdw fdq eh lpdjlqhg> lqghhg/ lw kdv ehhq wkh
�uvw wr eh sursrvhg lq wkh olwhudwxuh1
Li zh uhsodfh � +gw, lq uho1+718,/ wkh fkdudfwhulvwlf ixqfwlrqdo ehfrphv

T +E, @ h{s��� sff� �
��i � � sffE� _� �

�� = +714<,
Zkhq E lv pryhg e| d yhuwlfdo wudqvodwlrq ri yhfwru w/ sffE lv uhsodfhg

e| sffE 
 � dqg
�i � � sffE 
 �

� _� � @ �i � � sffE�


 � _� � @ ��i � � sffE� _� �
�


 � � +7153,
wkxv

T +E � , @ h{s��� sff� �
��i � � sffE� _� �

�� > +7154,
zklfk lv Vhuud*v ruljlqdo irupxod +^45<`/ s1 7:3,1 Iru wkh vdnh ri vlpsolflw|/
wkh sulpdu| judlq i � lv frqvlghuhg wr eh d qrq0qhjdwlyh ixqfwlrq= lw lv dozd|v
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srvvleoh wr prgli| wkh w0d{lv e| wkh dqdpruskrvlv w � @ +sulqflsdo ydoxh ri
wdq 
 � w, @ �@5= Vlqfh wkh E duh frpsdfw zh fdq dovr frqvlghu wkdw wkh
h{suhvvlrq %E lv lpsodqwhg dw wkh ruljlq% phdqv %wkh ruljlq lv wkh kljkhvw
srlqw ri E% +ru rqh ri wkh kljkhvw srlqwv lq fdvh ri qrq0xqlflw|,1 Wkhq/
i � � sffE lv vwloo qrq0qhjdwlyh1

Wr vd| wkdw srlqw +{> w, ehorqjv wr +i � � sffE, _ � � lv htxlydohqw wr vd|0
lqj wkdw +i � � sffE, +{, � w1 Vxfk dq hyhqw rffxuv zlwk d suredelolw| 40
I � +w> i � � sffE, zkhuh I � +w> i � � sffE, lv wkh glvwulexwlrq ixqfwlrq ri wkh
udqgrp yduldeoh i � � sffE= Zh nqrz iurp Pdwkhurq +^;5`/ s17:, wkdw zh
fdq lqyhuw lqwhjudwlrq ryhu U � dqg pdwkhpdwlfdo h{shfwdwlrq/ dqg zulwh=

P +n>E, @ �] �

� w � 
 � orjT +E � , gw

@ �
]

��� g{
] �

� w � 
 �
�4� I � �w> i � � sffE�� gw>

@ �
nH

�]

���

�i � � sffE� � +{,g{
�

=

Wkxv wkhuh lv d rqh wr rqh dqg rqwr fruuhvsrqghqfh ehwzhhq wkh prphqwv
ri orj T +E � , dqg wkh dyhudjh vsdfh lqwhjudov ri wkh srzhuv ri i � � sffE1 Lq
sduwlfxodu/ iru n @ 4/ rqh �qgv +Mhxolq/ 4<;8> Vhuud/ 4<;8,=

P +4> E, @ �] �

� orjT +E � , gw @ �H
�]

� �

�i � � sffE� +{,g{
�

= +7155,

Ohw xv vxppdul}h wkhvh uhvxowv e| vwdwlqj =
Wkhruhp 71< D Errohdq lvodqgv prgho lv d Errohdq ixqfwlrq zlwk phd0
vxuh � +gw, ehlqj � wlphv d Gludf phdvxuh frqfhqwudwhg lq w @ 3> dqg zlwk
d qrq0qhjdwlyh sulpdu| judlq i � +{,1 Lw doorzv wkh iroorzlqj fkdudfwhulvwlf
ixqfwlrqdo

T +E � , @ h{s��� sff� �
��i � � sffE� _� �

�� > +wA3,
vxfk wkdw

�] �

� w � 
 � orjT +E � , gw @ �
nH

�]

� �

�i � � sffE� � +{,g{
�

= +7156,

Zh zloo qrz frpsohwh wkh vwxg| ri wklv prgho e| fdofxodwlqj � dqg
ydulrxv phdvxuhphqwv rq i � iurp wkh T +E, = E| vlpsoli|lqj wkh qrwdwlrq/
zh frqvlghu wkdw
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0 y +i � , dqg k +i � ,/ l1h1 yroxph dqg pd{lpdo khljkw/
0 t � / v � / srurvlw| dqg vshfl�f vxuidfh ri i _� � >
0 v �

� / vxuidfh ri i _� � >
duh dozd|v pdwkhpdwlfdo h{shfwdwlrqv1

e�.�� VL*�4i Lu i � @?_ �|t t�TTLh|
Iluvw/ zh wdnh E wr eh wkh ruljlq1 E| dsso|lqj uho1+7155, zh �qg

P +4> i�j, @ �] �

� orj t � gw @ �
]

� � H
�i � +{,�g{ @ �y �i � � = +7157,

Frqvlghu qrz wkh vxssruw vxss+i � , ri i � +l1h1 wkh vhw ri srlqwv { 5 U �

zkhuh i � +{, 9@ 3,/ dqg wdnh E wr eh wkh yhuwlfdo vhjphqw ri ohqjwk � zkrvh
wrs srlqw lv wkh ruljlq1 Irupxod +7155, jlyhv

P +4> E, @ �y �i � �. �� sff� �
�vxss �i � �� = +7158,

Lq gljlwdo lpdjhu|/ wkh glodwlrq e| dq hohphqwdu| yhuwlfdo vhjphqw frq0
vlvwv lq dgglqj rqh wr wkh ixqfwlrq i xqghu vwxg|1 Pruh vlpso|/ wkh deryh
surfhgxuh frphv wr zrun rq wkh vhw [ � @ i{ = i +{, � 4j dqg wr frpsxwh
lwv srurvlw| t � � 1 Wkh Errohdq dvvxpswlrq lpsolhv wkdw =

orj t � @ � sff� �
�vxss �i � �� = +7159,

e�.�2 �ti�_L�UL�@h�@?Ui
Fkrrvh E wr eh d sdlu ri srlqwv glvwdqw iurp wkh krul}rqwdo yhfwru k/ ri
prgxoxv mkm dqg gluhfwlrq �1 Ohw T� +k, @ T � +mkm > �, eh wkh suredelolw| wkdw
E plvvhv wkh xpeud ri i 1 Wkh htxdwlrq +7155, qrz wdnhv wkh iroorzlqj irup

�] �

� orjT � +k, gw @ 5�y � � �
]

� � lqi
�i � +{, > i � +{. k,�g{> +715:,

ru/ li N �

� +mkm > �, ghqrwhv wkh q0glphqvlrqdo jhrphwulf frydulrjudp ri vhfwlrq
[ �

� ri wkh sulpdu| judlq i � e| wkh k|shusodqh � � / htxlydohqwo|

�] �

� orjT � +k, gw @ �
] �

�

�5N �

� +3>�,�N �

� +mkm > �,�gw= +715;,

Zh pd| frqvlghu wklv lqwhjudo dv d vruw ri svhxgr0fryduldqfh ehfdxvh lw
fdq h{klelw qxjjhw h�hfwv/ kroh h�hfwv/ ru pruh ru ohvv shulrglf rvfloodwlrqv/
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hwf1 mxvw olnh wkh wuxh fryduldqfh +^45<`/ fkdswhu <,1 Qrwh wkdw wkh ydulrjudp
ri rughu rqh zklfk fdq eh gudzq iurp uho1+715:, frqfhuqv ixqfwlrq i � dqg
qrw ixqfwlrq i / dv zdv wkh ydulrjudp � � +k, ri Vhfwlrq 71

Ixuwkhupruh/ lw lv d ixqfwlrqdo zklfk lv gluhfwo| uhodwhg wr wkh sulpdu|
judlq i � / dqg zklfk fdq eh fdofxodwhg wkhruhwlfdoo| zkhq rqh zdqwv wr whvw
d vshfl�f prgho1

e�.�� Bh@_�i?|
Vxssrvh wkdw wkh sulpdu| judlq ixqfwlrq i � +{, lv uhjxodu hqrxjk vr wkdw zh
fdq wdnh wkh ghulydwlyh zlwk uhvshfw wr mkm xqghu vxppdwlrq lq uho1+715:,
+wklv lpsolhv wkdw wkh sulpdu| judlq lv qrw iudfwdo,1 Zh rewdlq iru k @ 3 =

] �

� T �

� +3>�, @T � +3, gw @ �
] �

�

�

�CN �

� +mkm >�, @C mkm�� � � � gw= +715<,

Khuh/ T �

� +3>�, lv wkh +vshfl�f, yduldwlrq ri wkh gldphwhu ri wkh Errohdq
vhw [ � @ i _ � � lq wkh gluhfwlrq �/ dqg N �

� lv wkh +joredo, frydulrjudp
ri wkh sulpdu| judlq [ �

� @ i � _ � � 1 E| dyhudjlqj ryhu wkh gluhfwlrqv �
shushqglfxodu wr wkh w0d{lv/ htxdolw| +715<, ehfrphv d uhodwlrqvkls ehwzhhq
wkh vshfl�f vxuidfh v � +ri q/ qrw q . 4/ glphqvlrqv, ri wkh vhw [ � dqg wkh
+qrq0vshfl�f, vxuidfh v �

� ri lwv sulpdu| judlq vhfwlrq [ �

� =
]

� �
g�

] �

� T �

� +r>�, @T � +r, gw @
] �

� v � @t � gw @ �
] �

� v �

� +gw,> +7163,

d uhodwlrqvkls zkrvh ohiw phpehu lv h{shulphqwdoo| dffhvvleoh1 Wklv vhw uhod0
wlrq/ zklfk lv lqirupdwlyh lq lwvhoi/ fdq eh lqwhusuhwhg lq whupv ri ixqfwlrqv1
E| lqwurgxflqj wkh prgxoh c � +{, ri wkh judglhqw ri wkh sulpdu| judlq ixqf0
wlrq i � +{, dqg xvlqj sursrvlwlrq +4707, lq ^464` zh rewdlq

] �

� v � @t � gw @ �H
�]

� �
c � +{, g{

�

= +7164,

e�.�e ��4Mih Lu 4@ �4@
Zh zloo hqg zlwk d uhvxow derxw wkh pd{lpd ^89`1 Wdnh iru sulpdu| judlq d
udqgrp ixqfwlrq i � wkdw kdv +d1v1,rqo| rqh pd{lpxp ydoxh/ k � vd|/ dqg orfdwh
frqyhqwlrqdoo| wkh pd{lpxp dw wkh yhuwlfdo ri wkh ruljlq1 Wkh suredelolw|
wkdw wkh udqgrp yduldeoh k � olhv lq wkh lqwhuydo +w> w. gw, lv $+gw, dqg �+gw,
vwdqgv iru wkh vshfl�f qxpehu ri pd{lpd ri i +l1h1diwhu errohdql}dwlrq, lq
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wkh lqwhuydo +w> w.gw,1 Wkhq wkh hohphqwdu| }rqh gY ri vl}h g{�gw frqwdlqv
d pd{lpxp ri i li wkhuh lv d jhup lq g{> li wkh fruuhvsrqglqj judlq dv
d khljkw k � / dqg �qdoo| li wklv pd{lpxp lv qrw fryhuhg e| dq rwkhu judlq/
zklfk rffxuv zlwk d suredelolw|T+gY , * t � +4��g{gw,= Wkhuhiruh wkh vshfl�f
qxpehu y+gw, ri pd{lpd ri i +l1h1 wkh dyhudjh qxpehu ri pd{lpd shu xqlw
yroxph lq U � , ehwzhhq wkh dowlwxghv w dqg w. gw lv jlyhq e|

y+gw, @ �=t � =$+gw,> +7165,
d uhodwlrq wkdw doorzv wr hvwlpdwh wkh xqnqrzq suredelolw| $+gw, iurp wkh
h{shulphqwdo gdwd1

e�H �L?�i �|) @?_ �LL*i@? Wt*@?_t
Jhqhudoo|/ frqyh{lw| rffxuv lq Errohdq prghov +vhwv ru ixqfwlrqv, iru wzr
uhdvrqv1 Yld wkh Vwhlqhu uhodwlrqvkls/ lw surylghv d phdqv iru fdofxodwlqj
sff� � +i � � sffE, iru ydulrxv E/ dqg frqvhtxhqwo| iru whvwlqj wkh prgho> pruh0
ryhu lw doorzv xv wr irupxodwh dqg vroyh vwhuhrorjlfdo txhvwlrqv1 Lq whvwlqj
sureohpv/ wkuhh ohyhov ri dvvxpswlrqv kdyh wr eh glvwlqjxlvkhg=

+l, wkh vxssruw vxss+i � , ri i � lv frpsdfw frqyh{ +lq U � ,
+ll, doo wkh krul}rqwdo furvv0vhfwlrqv ri i � duh frpsdfw frqyh{ +lq U � ,
+lll, wkh vxejudsk ri i � lv frpsdfw frqyh{ lq U � �U � =
Hdfk k|srwkhvlv frqwdlqv wkh suhfhglqj rqhv1 Ehorz/ zh ghyhors wkh �uvw

wzr fdvhv rqo|1 Dv d pdwwhu ri idfw qrwklqj uhdoo| qhz lv uhdfkhg zlwklq wkh
iudphzrun ri dvvxpswlrq +lll, +iru ixuwkhu glvfxvvlrq vhh ^464`/ ss1 667 dqg
6<;,1

Ehiruh frpsdulqj wkh �uvw wzr dvvxpswlrqv/ zh uhfdoo wkh fodvvlfdo
Vwhlqhu irupxodh +^45<`/ s1444,1 Lq U

� / zkhq E lv vxffhvvlyho| d vhjphqw
ri ohqjwk o/ d glvf ri udglxv u ru d edoo ri udglxv �/ wkh dyhudjh yroxphv ri
wkh glodwhv ri d frpsdfw frqyh{ vhw D e| oE/ uE dqg �E duh jlyhq e| =

;

?

=

y +D� oE, @ y +D, . �
� v +D,

y +D� uE, @ y +D, . �
� uv +D, . �u � g +D,

y +D� �E, @ y +D, . �v +D, . � � �
� g +D, . �

� �� �
+7166,

+y> v dqg g ghqrwh wkh yroxph/ vxuidfh dqg phdq zlgwk uhvshfwlyho|, =
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Iljxuh 718= V|qwkhwlf lpdjh rewdlqhg iurp urxjkqhvv sur�ohv ri dq lurq sodwh
+G1 Mhxolq,1

Lq U � / zkhq E lv vxffhvvlyho| d vhjphqw ri ohqjwk o/ wkhq d glvf ri udglxv
u/ zh �qg vlploduo| =

d +D� oE, @ d +D, . x +D,
� o +7167,

d +D� �E, @ d +D, . �x +D, . �� �

+d @ duhd/ x @ shulphwhu,1 Wklv vdlg/ dyhudjlqj dffruglqj wr wkh urwdwlrqv
ri wkh vsdfh lv qrw d grjpd1 Zh fdq dowhuqdwlyho| shuirup f|olqgulfdo glod0
wlrqv1 Lq wkh fdvh ri d sulpdu| judlq i � ri U � �U � / wklv whfkqltxh frphv wr
dyhudjlqj zlwk uhvshfw wr wkh urwdwlrqv ri U � > wkh yroxph ri wkh glodwh lv
wkhq jlyhq e| d Vwhlqhu sro|qrpldo ri U � +lq zklfk E lv wkh flufxodu edvlv
ri wkh f|olqghu, pxowlsolhg e| wkh wklfnqhvv � ri wkh f|olqghu1

Odvwo|/ zh fdq uhpdun wkdw wkh olqhdu vwuxfwxuh ri wkh uho1+7166, pd| vxe0
vlvw lq sudfwlfh hyhq zkhq qrqh ri wkh wkuhh frqyh{lw| dvvxpswlrqv lv vwulfo|
vdwlv�hg1 D fodvvlfdo h{dpsoh lv jlyhq e| Mhxolq*v vwxg| rq wkh urxjkqhvv ri
lurq sodwhv +^89`,1 Wkh uroolqj surfhvv kdv wruq xs vpdoo %fuhvfhqwv ri prrq%
zklfk duh ylvleoh rq wkh skrwrjudsk lq 7181Wklv uholhi ri dq lurq sodwh lv uh0
frqvwuxfwhg iurp d vhulhv ri urxjkqhvv sur�ohv/ zkhuh wkh w0d{lv lv vwurqjo|
hpskdvl}hg1 Zkhuhdv wkh sulpdu| ixqfwlrqv duh reylrxvo| qrq0frqyh{/ G1
Mhxolq vxffhhghg lq surylqj wkh Errohdq vwuxfwxuh ri wkh uholhi e| xvlqj
qrq0lvrwurslf Vwhlqhu irupxodh + ^89`,1

Dowkrxjk wkhvh sulpdu| ixqfwlrqv duh qrw frqyh{/ wkh yroxphv ri wkhlu
glodwlrqv e| krul}rqwdo vhjphqwv ri ohqjwk � fdq eh �wwhg zlwk olqhdu ixqf0
wlrqv ri �1

e�H�� �L?�i �|) Lu |�i t�TTLh| t�TT Ei � �
Dvvxpswlrq +l, frqfhuqv deryh doo wkh fdofxodwlrq ri �= Zkhq lw lv vdwlv�hg/
wkh suredelolw| T +�E, wkdw d edoo �E ri U � / o|lqj lq � � / plvvhv wkh vxssruw
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vxss+i, lv vxfk wkdw
orjT +�E, @ �� sff� �

�vxss �i � �� � sffE� = +7168,
E| wdnlqj vxss+i � , iru D lq wkh wklug uho1+7166, +uhvs1 wkh vhfrqg

uho1+7167,, zh rewdlq d sro|qrpldo ri ghjuhh 6 +uhvs1 5, lq �/ zkrvh fr0
h�flhqw ri wkh whup ri kljkhvw ghjuhh doorzv rqh wr hvwlpdwh �1 Wkhq wkh
rwkhu whupv jlyh wkh Plqnrzvnl ixqfwlrqdov ri vxss+i � ,1 Wkh uhdghu zloo �qg
d pruh ghwdlohg suhvhqwdwlrq ri wklv whfkqltxh lq Vhuud +^45<`/ ss1 7<80835,1

Qrwlfh wkdw wklv surfhgxuh whvwv wkh Errohdq vwuxfwxuh ri vxss +i, dqg/
dw wkh vdph wlph/ ghwhuplqhv � dqg wkh pdmru fkdudfwhulvwlfv ri vxss+i � ,1
Krzhyhu/ wkhuh lv qr fhuwdlqw| wkdw i lwvhoi lv Errohdq exw rqo| suhvxpswlrqv1

e�H�2 �L?�i �|) Lu |�i �Lh�3L?|@* UhLtt�tiU|�L?t Lu i �

Dv idu dv frqyh{lw| lv frqfhuqhg/ dvvxpswlrq +ll, lv dq lpsruwdqw rqh1 Iluvw/
li zh h{whqg wkh suhylrxv surfhgxuh wr wkh vhulhv ri wkh furvv0vhfwlrqv i / zh
fdq whvw zkhwkhu doo wkhvh vhfwlrqv duh Errohdq/ dqg kdyh vwurqj suhvxps0
wlrqv wkdw i lv Errohdq1

Vhfrqgo|/ li wkh vhfwlrq dw ohyho w lv Errohdq zlwk d ghqvlw| � � / wkhq � � lv
� pxowlsolhg e| wkh suredelolw| wkdw wkh sulpdu| ixqfwlrq i � lv kljkhu wkdq
w1 Ghqrwlqj e| J +w, wkh glvwulexwlrq ixqfwlrq ri wkh pd{lpxp khljkw ri i �

zh kdyh=
� � @ � ^4�J +w,` > +7169,

d uhodwlrq zklfk fdq eh xvhg wr hvwlpdwh J +w, iurp h{shulphqwdo ydoxhv ri
� � 1

Wklugo|/ xvlqj Vwhlqhu*v irupxodh zh dffhvv wkh dyhudjh Plqnrzvnl ixqf0
wlrqdov ri wkh vhfwlrq dv ixqfwlrqv ri wkh ohyho w1 Li zh zdqw wr h{suhvv wkhp
pruh v|qwkhwlfdoo|/ zh fdq xvh ixqfwlrqdov ri P +E, w|sh uho1+7155,1 Iru
h{dpsoh/ lq U

� �U � / iru E d frpsdfw frqyh{ vhw zlwk dq duhd d +E, dqg d
shulphwhu x +E,/ zh fdq zulwh

�] �

� orjT +�E � , gw @ �
�

y �i � �. �x +E,
5� H

�]

� � c
� +{, g{

�

. � � d +E,k �i � �

�

>
+716:,

zkhuh k +i � , lv wkh pdwkhpdwlfdo h{shfwdwlrq ri wkh pd{lpdo khljkw ri i � /
l1h1

k �i � � @
] �

� ^4�J +w,` gw= +716;,
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Iljxuh 719= Wzr qdwxudo wh{wxuhv wkdw fdq eh prghoohg e| Errohdq lvodqgv1
Wkh hohphqwdu| fu|vwdov ri ihuulwh +ohiw, duh frqyh{1 Lq frqwudvw/ qhlwkhu wkh
uhg eorrg fhoov/ qrw wkhlu vxssruwv +uljkw, duh frqyh{1

+Lq uho1+716:,/ wkh Errohdq ixqfwlrq lv dvvxphg wr eh lvrwurslf1 Zkhq qrw/
rqh pxvw dyhudjh wkh ohiw phpehu zlwk uhvshfw wr wkh urwdwlrqv ri E lq U

� 1,
Qrwlfh wkdw wkh dyhudjh lqwhjudo y +i � , ri i � / dqg wkdw ri lwv judglhqw

c � frxog eh fdofxodwhg gluhfwo|/ vhh uho1+7157, dqg +7164, zlwkrxw dvvxplqj
frqyh{lw|/ exw dovr zlwkrxw dq| jxdudqwhh wkdw wkh Errohdq prgho/ khqfh
wkh irupdolvp/ lv ydolg1

e�H�� Oi�h�t|�U �ti Lu �LL*i@? �t*@?_t
Lq wkh suhylrxv fkdswhu/ zh gudz iurp wkh Errohdq UDFV d frxqwlqj do0
jrulwkp wkdw suryhg wr eh h�flhqw hyhq zkhq wkh vwuxfwxuh xqghu vwxg|
zdv qrw Errohdq dw doo1 Wkh Errohdq lvodqgv ohqg wkhpvhoyhv wr wkh vdph
xvh1 Wkh dojrulwkp ghulyh qrz iurp wkh lqwhjudo +7157,/ zklfk doorz xv wr
hvwlpdwh � � dv vrrq dv zh nqrz d sulrul y +i � ,/ ru e| gluhfw phdvxuhphqwv
rq lvrodwhg judlqv 1 Wkh qxpehu ri uhg eorrg fhoov +hvwlpdwhg e| 4;; lq wkh
elqdu| dssurdfk ri wkh suhylrxv fkdswhu, lv qrz jlyhq e| wkh deryh irupxod
+7157, =

�] �

� orj t � gw @ � � y �i � � = +716<,
zklfk uhvxowv lq Q @ 0 +�hog duhd 1 � U

� � �
� � orj t � gw, 2 y +i � , @ 6<693 � :3/388

2 471353 @ 4<:1
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e�b 5|ihiL*L}) uLh �LL*i@? Wt*@?_t
Wkh vlwxdwlrqv zklfk uhtxluh d vwhuhrorjlfdo dssurdfk duh/ lq jhqhudo/ ri wzr
w|shv1 Iluvw/ wkh| fdq frqfhuq d +60G, pdwhuldo zlwk d yduldeoh juh| wrqh
dw hdfk srlqw1 Iru h{dpsoh/ lq udglrorj| zh frxog frqvlghu wkh [0ud|v ru
wkh QPU wrprjudsk| ri dq rujdq1 +Zh dvvxph khuh wkdw zh kdyh dffhvv
rqo| wr lqglylgxdo sodqdu furvv0vhfwlrqv ri wkh pdwhuldo/ dqg qrw wr vhulhv ri
vhfwlrqv1, Vhfrqgo|/ wkh pdwhuldo xqghu vwxg| pd| eh wzr0glphqvlrqdo dqg
lv dffhvvhg e| yhuwlfdo sur�ohv +h1j1 urxjkqhvv phdvxuhphqwv,1 Wkh eorfn
gldjudp uhsuhvhqwdwlrq ri Ilj1 : fohduo| vkrzv wkh wzr vlwxdwlrqv/ vlqfh lw
h{klelwv rqh yhuwlfdo vhfwlrq/ dqg lv lwvhoi wkh furvv0vhfwlrq ri d 60G juh| wrqh
ixqfwlrq1

Li d 60G ixqfwlrq lv d Errohdq lvodqg i � ri lqwhqvlw| � � dqg zlwk sulpdu|
judlq i �

� / wkhq lw lv hdv| wr vhh wkdw lw lqgxfhv d 50G Errohdq lvodqg ixqfwlrq
i � rq hdfk sodqdu furvv0vhfwlrq ri wkh vsdfh1 Ohw � +', eh rqh ri wkh sodqdu
furvv0vhfwlrqv/ zlwk rulhqwdwlrq '> ohw � � @ � � +', dqg i �

� @ i �

� +', ghqrwh
uhvshfwlyho| wkh lqgxfhg lqwhqvlw| dqg wkh lqgxfhg sulpdu| judlq1 Wr i � dqg
i �

� wkhuh fruuhvsrqg vhwv lq wkh 60G vsdfh U
� � U dqg wr i � dqg i �

� wkhuh
fruuhvsrqg vhwv lq wkh irxu0glphqvlrqdo vsdfh U

� �U1
Zh �uvw vkrz wkdw � � lv sursruwlrqdo wr � � 1 D judlq i � +{, dw wkh srlqw {

lq U
� lqgxfhv dqrwkhu judlq lq wkh vhfwlrq � +', li dqg rqo| li wkh vxssruw

vxss^i +{, ` ri i +{, klwv � +',1 Wklv ohdgv xv wr d sureohp frqfhuqlqj wkh
vxssruwv ri Errohdq vhwv1 Zh nqrz +^:9`/ s1:3> ^45<`/ s17;<, wkdw

t � @ � � G �

� +', > +7173,
zkhuh G �

� +', lv wkh dyhudjh dssduhqw gldphwhu/ ru zlgwk/ ri vxss^i �

� +{,`
lq gluhfwlrq '1 Olnhzlvh/ zh fdq jr iurp wkh ixqfwlrq i � wr wkh ixqfwlrq
i � lqgxfhg rq wkh olqhdu furvv0vhfwlrq �+', lq wkh gluhfwlrq ' xvlqj wkh
iroorzlqj uhodwlrq=

� � @ � � V � +', > +7174,
lq zklfk � � lv wkh lqgxfhg lqwhqvlw| rq �+', dqg V � +', lv wkh dyhudjh
dssduhqw 50G vxuidfh ri vxss^i �

� +{,` shushqglfxodu wr wkh gluhfwlrq '=
Zh rewdlq d vhfrqg uhodwlrqvkls ehwzhhq wkh sdudphwhuv ri i � dqg ri i �

e| qrwlqj wkdw wkh srurvlw| t � lv wkh vdph li lw lv phdvxuhg lq U � ru lq dq|
yhuwlfdo furvv0vhfwlrq/ l1h1

�] �

� orj t � gw @ � � y �
�i �

�
� @ � � y �

�i �

�
� @ � � y �

�i �

�
� +7175,
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dqg e| frpelqlqj zlwk uho1+7173,=
y �

�i �

�
� @ y �

�i �

�
�G �

� +', @ y �
�i �

�
�V �

� +', = +7176,
Wklv dvvhuwv wkdw wkh pdwkhpdwlfdo h{shfwdwlrq ri wkh lqwhjudo ri wkh ruljlqdo
sulpdu| judlq lv htxdo wr wkh surgxfw ri wkh h{shfwdwlrq ri wkh lqwhjudo ri wkh
lqgxfhg judlq dqg wkh phdvxuhphqw ri wkh dssduhqw frqwrxu ri lwv vxssruw
lq wkh frpsohphqwdu| vxe0vsdfh ri wkh vhfwlrq1

E| dsso|lqj vlplodu uhdvrqlqj lq U
� �U � 1 Zh rewdlq

;

?

=

� � y � +i �

� , @ � � +�, y � +i �

� ,
dqg

y � +i �

� , @ y � +i �

� ,G �

� +�, >
+7177,

zkhuh � 5 +3> 5�, lv wkh qrupdo wr wkh yhuwlfdo furvv0vhfwlrq xqghu vwxg| +h1j1
yhuwlfdo sur�ohv rq d urxjk phwdoolf vxuidfh,1 Zh fdq vwdwh wkh iroorzlqj1
Wkhruhp 7143 Ohw i eh d Errohdq lvodqg ixqfwlrq lq U

� � U= Wkh furvv0
vhfwlrqv ri i � e| 60G dqg 50G vxe0vsdfhv sdudooho wr wkh w�d{lv duh vwloo
Errohdq lvodqgv lq U

� � U dqg lq U � U uhvshfwlyho|1 Wkh fruuhvsrqglqj
lqwhqvlwlhv dqg phdq yroxphv duh jlyhq e| uho1+7175, dqg +7176,1 Vlplodu
vwdwhphqwv dqg uhvxowv h{lvw iurp U

� �U wr U�U> vhh uho1+7177,1
Frpphqwv =
+4, Reylrxvo|/ wkh wkhruhp frxog eh vwdwhg lq U � =
+5, Wkhvh uhvxowv uhpdlq udwkhu jhqhudo lq wkh vhqvh wkdw wkh| gr qrw

dvvxph frqyh{lw| qru lvrwurs| iru wkh sulpdu| ixqfwlrqv1
+6, Krzhyhu/ wkhvh uhvxowv vx�hu iurp wkh lqhylwdeoh vwhuhrorjlfdo olpl0

wdwlrq wkdw phdvxuhphqwv lq vxe0vsdfhv ri U � fdq jlyh doo Plqnrzvnl ixqf0
wlrqdov ri wkh vsdfh/ h{fhsw wkh odvw rqh/ l1h1 wkh frxqwdelolw|1 Khuh/ lw lv
� � ^ru y +i �

� ,` zklfk uhpdlqv lqdffhvvleoh1 Lq uho1+7173, dqg +7175, wkh ohiw
phpehuv pd| eh hvwlpdwhg e| h{shulphqwv1 Vr zh rqo| nqrz wkh surgxfw
� � y � +i �

� , =
+7, Lqvwhdg ri vhfwlrqv zh frxog dovr frqvlghu volfhv V zlwk d qrq0}hur

wklfnqhvv g'/ dqg sdudooho wr wkh w0d{lv1 Wkh vxs ri wkh juh| lqwhqvlw| wdnhq
dw hdfk srlqw { 5 V/ dorqj g'/ jhqhudwhv d Errohdq lvodqg1 Wkh whfkqltxh iru
vwxg|lqj lw lv wkdw suhvhqwhg iru Errohdq vhwv lq Vhuud +^45<`/ ss1 7<907<:,1

e�b�� Nti Lu t|ihiL*L})
Zkdw fdq zh jdlq iurp wkhvh vwhuhrorjlfdo fdofxodwlrqv B
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+d, Iluvw/ zh fdq xvh wkhp iru vwxg|lqj hyroxwlrqv1 Iru h{dpsoh/ lq U
� /

li zh zlvk wr nqrz li � � kdv lqfuhdvhg e| 43( iurp rqh vwdwh wr dqrwkhu/ lw
lv qrw qhfhvvdu| wr nqrz y �

� = zh vlpso| dvvxph wkdw lw lv frqvwdqw1
+e, Gxulqj dq hyroxwlrqdu| surfhvv/ zh fdq dovr vhsdudwh wkh sduw gxh wr

wkh qxfohdwlrq ri qhz judlqv iurp wkh sduw gxh wr wkh lqfuhdvh +ru uhgxfwlrq,
lq vl}h ri wkh douhdg| h{lvwlqj judlqv1 Khuh djdlq zh pxvw dvvxph wkdw wkh
judlqv duh frqyh{1 Ohw xv ghqrwh wkh sdudphwhuv ri wkh �qdo vwdwh e| fdslwdo
ohwwhuv1 Li yduldwlrq e| vlpsoh jurzwk kdv rffxuhg +lq U

� �U � iru h{dpsoh,/
wkhq

�� � Y �

�
� @ �� � y �

�
� @ n � >

�� � V �

�
� @ �� � v �

�
� @ n � >

�� � K �

�
� @ �� � k �

�
� @ n>

vlqfh � � @ � �

� 1 Rq wkh frqwudu|/ wkhvh wkuhh udwlrv duh htxdo li wkhuh lv qx0
fohdwlrq zlwkrxw prgl�fdwlrq lq wkh suredelolw| glvwulexwlrq ri wkh sulpdu|
judlq1 Lq wkh vdph zd|/ zh fdq whvw wkh lqfuhdvh lq yroxph zlwk frqvwdqw
lqwhqvlw| +fkdqjh ri vfdoh ri wkh sulpdu| judlq lq U

� rqo|,/ hwf1
�] �

� orj t � gw @ � � y �

� @ � � y �

� +7178,
zh fdq ghgxfh d frxqwlqj dojrulwkp1 Li zh nqrz y �

� dqg y �

� d sulrul/ ru iurp
gluhfw phdvxuhphqw ri lvrodwhg judlqv/ wkhq iurp +7178, lw vx�fhv wr fdofxodwh
wkh sursruwlrq ri vxuidfh t � rq hdfk ohyho wr ghgxfh dq hvwlpdwh ri � � +ru � � ,1
Lw wxuqv rxw wkdw hyhq zkhq wkh Errohdq prgho idlov/ iru odujh glvwdqfhv lq
sduwlfxodu/ +7178, uhpdlqv d jrrg hvwlpdwh +zlwklq 43 (, ri wkh qxpehu ri
remhfwv lq d vfhqh1 Ixuwkhupruh/ wklv hvwlpdwh lv txlwh lqvhqvlwlyh wr qrlvh +dv
rssrvhg wr wkh Hxohu0Srlqfdu�h frqvwdqw, dqg lv zhoo dgdswhg wr wkh fdvh ri
sduwldo fryhulqjv1 Ilqdoo|/ d wkuhvkrog lv xqqhfhvvdu| ehfdxvh +7178, dvvhuwv
wkdw doo ohyhov duh h{dplqhg1

Lq frqfoxvlrq/ qrwh wkdw rqh fdq dovr ghflgh wr uhmhfw vwhuhrorj|/ dqg
fkrrvh d vhtxhqfh ri sodqdu furvv0vhfwlrqv zklfk duh forvh wr hdfk rwkhu1
Wklv lv riwhq wkh ehvw vroxwlrq lq [0ud| wrprjudsk| dqg lq qxfohdu pdj0
qhwlf uhvrqdqfh lpdjhv1 Lw wkhq vx�fhv wr glodwh wkh ixqfwlrq e| vhyhudo
vlpsoh sro|khgurqv lq rughu wr rewdlq d uhdvrqdeoh hvwlpdwh ri � � iurp d
ihz furvv0vhfwlrqv1 Wkh phdvxuhphqw ri wkh uhpdlqlqj sdudphwhuv fdq eh
rewdlqhg iurp sodqdu dqg olqhdu vwuxfwxulqj hohphqwv/ dqg wkh olvw ri sdudp0
hwhu hvwlpdwhv ri wkh prgho lv wkhuhiruh frpsohwh1 Qrwh wkdw wkh k|srwkhvlv
ri frqyh{lw| lv vwloo lqglvshqvdeoh iru wkh fdofxodwlrq ri wkh lqwhqvlwlhv � � dqg
� � +lw lqyroyhv wkh Vwhlqhu irupxod,1
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e��f A�i +LU!) #iiTt �L_i*
Zkhq rqh frqwhpsodwhv wkh ylhz ri d vxepdulqh frudo uhhi/ zkhuh wkh ghhshu
wkh urfnv wkh gdunhu wkh| dsshdu/ rqh kdv wkh lpsuhvvlrq ri glylqj lqwr
lq�qlwh ghhsv1 Wkh wkhru| ri Errohdq ixqfwlrqv doorzv rqh wr prgho vxfk d
uholhi dv iroorzv ^464`=

+d, wkh hohphqwdu| Srlvvrq srlqw lqwhqvlw| lv
� � +gw, @ 3 zkhq w A 3

� +gw, @ � mgwm zkhq w � 3> +7179,

+e, wkh sulpdu| judlq i � lv lqghshqghqw ri w
i � +{@w, @ i � +{, +w � 3, = +717:,

Iljv1714 dqg 71: jlyh dq lghd ri wkh prgho/ wkdw zh vkdoo fdoo %urfn|
ghhsv%1 Lq idfw lw lv d Errohdq udqgrp ixqfwlrq ri wkh jhqhudo w|sh/ dqg
hyhq wkh vlpsohvw rqh/ vlqfh wkh sulpdu| judlqv h{klelw wkh vdph vkdsh dqg
vl}h hyhu|zkhuh1 Vr/ zh fdq uhdvrqdeo| h{shfw vlpsoh h{suhvvlrqv iru wkh
fkdudfwhulvwlf ixqfwlrqdov1

Ohw E +k, eh d frpsdfw vhw lpsodqwhg dw khljkw k1 Wkh suredelolw|
T +E � , wkdw E+k, plvvhv wkh urfnv lv jlyhq e| wkh fkdudfwhulvwlf ixqfwlrqdo
+718,/ zklfk ehfrphv lq wkh suhvhqw fdvh=

T +E � , @ h{s
���

]
�


 �
sff� �

��i � � sffE +�k,� _� 
 �
�g +�w,

�

>

T +E � , @ h{s
���

] �

�
sff� �

k

�i � � sffE�


�� _� �

l

gw
�

>

T +E � , @ h{s
���

] �

�
sff� �

��i � � sffE� _� � �gx
�

= +717;,

H{dpsoh ri Errohdq urfn| ghhsv> wkh Srlvvrq ghqvlw| lv xqlirup ryhu wkh
qhjdwlyh kdoi vsdfh dqg qxoo iru srvlwlyh w1 Wkh sulpdu| judlq +khuh d frqh,
lv wkh vdph iru doo ghswkv/ dqg kdv wkh ruljlq orfdwhg dw lwv wrs1

Wklv uhodwlrqvkls lv wkh ixqgdphqwdo irupxod ri wkh prgho1 Wkh ghulyd0
wlrq dqg wkh lqwhjudo ri orj T +E � , duh lqvwuxfwlyh1 Lqghhg/

4
T +E � , � gT +E � ,

gk @ �sff� �
��i � � sffE� _� � � > +717<,
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Iljxuh 71:= H{dpsoh ri Errohdq urfn| ghhsv> wkh Srlvvrq ghqvlw| lv xqlirup
ryhu wkh qhjdwlyh kdoi vsdfh dqg qxoo iru srvlwlyh w1 Wkh sulpdu| judlq +khuh
d frqh, lv wkh vdph iru doo ghswkv/ dqg kdv wkh ruljlq orfdwhg dw lwv wrs1

l1h1 wkh orjdulwkplf ghulydwlyh ri T +E � , htxdov � wlphv wkh dyhudjh phdvxuh
ri wkh furvv0vhfwlrq ri i � � sffE dw ohyho k1 Vr wkh ohiw phpehu ri Ht1+717<,
pxvw eh srvlwlyh dqg ghfuhdvh dv k lqfuhdvhv/ dqg wkhvh wzr surshuwlhv fdq
eh whvwhg iurp wkh hvwlpdwhv ri T +E � ,1 Li zh qrz fdofxodwh wkh prphqw ri
rughu s ri orj T +E � ,/ +s A 4,/ zh rewdlq/ e| lqwhjudwlqj e| sduwv =

�] �

� k� 
 � orjT +E � , gk @ �
s� 4

] �

� k� 
 � sff� �
��i � � sffE� _� � �gk=

+7183,
Zh kdyh douhdg| lqwhusuhwhg wkh uljkw phpehu ri wklv htxdolw| lq whupv

ri lqwhjudov ri +i � � sffE,� zkhq vwxg|lqj wkh Errohdq lvodqgv1 Wklv ohdgv wr
wkh iroorzlqj edvlf irupxod ri wkh Urfn| ghhsv prgho=

�] �

� k� 
 � orjT +E � , gk @ �
s +s� 4,H

�]

� �

�i � � sffE�� +{, g{
�

> s A 4=
+7184,

Lw h{klelwv wkh vdph vwuxfwxuh dv wkh fruuhvsrqglqj uhodwlrq iru Errohdq
lvodqgv +vhh Ht +7156,, exw zlwk gl�huhqw lqwhjudqgv1
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e��� , ihU�tit
e����� +@?_L4 $�UL?|�?�L�t u�?U|�L?t
Wklv h{huflvh dlpv wr surylgh d udqgrp vwdwxv wr wkh $0frqwlqxrxv fodvvhv
lqwurgxfhg lq fkdswhu 71

41 Frqvwuxfw wkh fodvv ri wkh udqgrp $0frqwlqxrxv ixqfwlrqv
^Jlyhq d prgxoxv ri frqwlqxlw| $/ wkh odwwlfh O � lv frpsdfw dv d forvhg

vxevhw ri wkh +frpsdfw, vhw I ri wkh xsshu vhpl0frqwlqxrxv ixqfwlrqv iurp H
lqwr U1 Wkh hyhqwv +714, wkdw jhqhudwh wkh �0dojheud � rq I dgplw d vlplodu
phdqlqj lq O� / dqg wkh frpsdfwqhvv ri O� hqvxuhv wkdw wkhuh gr h{lvw
suredelolwlhv rq wkh �0dojheud ri wkh phdvxudeoh vsdfh +O � > �,1 Pruhryhu/
zh gudz iurp Wkhruhp 7147 wkdw wkh glodwlrqv +dqg wkh hurvlrqv, dfwlqj rq
O� / dv zhoo dv wkhlu �qlwh vxs/ lqi/ dqg frpsrvlwlrqv suhvhuyh fodvv O � lq wkh
vwdwlrqdu| fdvh/ dqg wkhq duh frqwlqxrxv1

Wkh udqgrp ixqfwlrqv zklfk zloo eh rewdlqhg iurp +O� � �, zloo uhvxow
lq uhodwlyho| uhjxodu uhdol}dwlrqv1 Iru h{dpsoh/ d Olsvfklw} Errohdq ixqfwlrq
zloo dffhsw vkdus ydooh|v/ exw zlwkrxw vwulfw yhuwlfdolwlhv1`

51 Hvwdeolvk �uvw wkh iroorzlqj ohppd =
Ohppd 7144 = D ixqfwlrq i = H $ U/ H d phwulf vsdfh/ lv $�frqwlqxrxv
li dqg rqo| li iru doo { 5 H> w 5 U dqg k A 3/ zh kdyh

i +{, ? w dqg | 5 E � � � � @, i +|, ? w. k +7185,
zkhuh ixqfwlrq � ghvljqdwhv wkh odujhvw lqyhuvh ri prgxoxv $/ l1h1

� +k, @ vxs ig = $+g, � kj k> g 5 U � +7186,
dqg zkhuh E � � � � +{, lv wkh forvhg edoo fhqwhuhg dw { dqg ri udglxv � +k, =

^ Vxssrvh i wr eh $0frqwlqxrxv/ dqg i +{, ? w iru vrph { 5 H dqg vrph
w 5 U1 Il{ wkh ydoxh k1 Li srlqw | 5 E � � � � +{,/ wkhq g +{> |, @ � +k, >l1h=
$ ^g +{> |,` � k= Vlqfh i lv $0frqwlqxrxv/ zh kdyh

i +|, � i +{, . $ ^g +{> |,` ? w. k +7187,
Frqyhuvho|/ vxssrvh wkdw lpsolfdwlrq +7185, lv wuxh iru doo { 5 H> w 5 U

dqg k A 31 Li wkhuh lv qr sdlu +{> w, vxfk wkdw i +{, ? w/ wkhq i @ .4/ khqfh
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lv $0frqwlqxrxv1 Li qrw/ i +{, dgplwv �qlwh xsshu erxqgv w dqg uho1+7185,
lpsolhv/ iru dq| srlqw | dw glvwdqfh � +k, iurp { dsduw/ wkdw
i +|, ? k. w @, i +|, � k.a iw> w A i +{,j @ k. i +{, +7188,
dqg �qdoo| mi +|,� i +{,m � k @ $ ^g +{> |,` =
Qrz srlqw | pd|/ lq wxuq/ sod| wkh uroh ri vwduwlqj srlqw iru dq duelwudu|

srlqw }/ vlqfh i +|, ? 4/ dqg wklv dfklhyhv wkh surri1`
Lq pruh jhrphwulfdo whupv/ wkh ohppd vd|v wkdw zkhq d srlqw +{> w, lv

vwulfwo| deryh wkh vxejudsk ri wkh $�frqwlqxrxv ixqfwlrq i / lq wkh surgxfw
vsdfh H � U/ wkhq wkh zkroh frqh ri vxpplw +{> w,/ ri jhqhudwru $ +g, dqg
rulhqwhg xszdugv/ lv vwulfwo| deryh wkh vxejudsk ri i 1

61 Krz grhv wkh $0frqwlqxlw| d�hfw wkh fkdudfwhulvwlf ixqfwlrqdo
uho1+718,B

Lq whupv ri Udqgrp Vhwv/ wkh surshuw| ghslfwhg e| wkh suhylrxv ohppd
kdv d phdqlqj ri d frqglwlrq = zkhq zh nqrz wkdw frpsdfw vhw N plvvhv
wkh vxejudsk ri i / wkhq doo wkh vhfwlrqv ri wkh frqh jhqhudwhg iurp N/ plvv
lw wrr1 Suryh wkdw wklv uhvxow fdq eh vwdwhg dv iroorzv =
Sursrvlwlrq 7145 Ohw i eh d udqgrp x1v1f1 ixqfwlrq iurp d phwulf vsdfh
H lqwr U= Ixqfwlrq i lv doprvw vxuho| $�frqwlqxrxv li dqg rqo| li wkhuh
h{lvwv d ixqfwlrq $ = U � $ U � frqwlqxrxv dw wkh ruljlq/ dqg vxfk wkdw zh
kdyh iru doo N 5 N> w 5 U dqg k � 3 =

Su�vxs�i +{, > { 5 � � � � � +N,� ? w. k@ vxs ii +{, > { 5 Nj ? w� @ 4
+7189,

zkhuh � +k, @ vxs ig = $ +g, � kj =
^ Revhuyh wkdw lpsolfdwlrq +7185, h{whqgv wr frpsdfw vhwv N/ vlqfh wkh

glodwh ri vhw � � � � � +N, ri vhw N e| wkh forvhg edoo E � � � � lv wkh xqlrq ri wkh
edoov E � � � � +{,/ dv { vsdqv N1 Khqfh zh kdyh

vxs ii +{, > { 5 Nj ? w @, vxsii +{, > { 5 � � � � � +N,j ? w. k
+718:,

Wkhuhiruh wkh hyhqw ri wkh ohiw phpehu ri Ht1+7189, lv doprvw vxuh/ zklfk
|lhogv Ht1+7189,1 Frqyhuvho|/ wkh gdwxp ri Ht1+7189, phdqv doprvw vxuho|
lpsolfdwlrq +718:,/ khqfh wkh d1v1 $0frqwlqxlw| ri i 1`



��M*�L}h@T�)
^4` U1 Doehuq|/ M1 Vhuud dqg P1 Wxuslq/ Xvh ri frydulrjudpv iru

Ghqgulwh Dup Vsdflqj Phdvxuhphqwv/ Wudqv1 DLPH 578/ 8808</4<9<1
^5` F1 Dufhool dqg J1 Vdqlwl gl Edmd/ %Zlgwk0lqghshqghqw idvw wklq0

qlqj dojrulwkpv%/ LHHH Wudqv1 Sdwwhuq Dqdo1 Pdfklqh Lqwhoo1/ yro1 :/
ss1 79607:7/ 4<;81

^6` J1 D|dod Lqihuhqfld lq prghorv Errohdqrv1 Wkhvlv Grf1 Vfl1 Xqlyhu0
vlwdw gh Ydohqfld/ Vsdlq>4<;;1

^7` J1M1I1 Edqrq/ dqg M1 Eduuhud/ Plqlpdo uhsuhvhqwdwlrq iru
wudqvodwlrq0lqyduldqw vhw pdsslqjv e| pdwkhpdwlfdo pruskrorj|1
VLDP M1 Dsso1 Pdwk1 4<<4/yro184/ ss14:;504:<;1

^8` J1 Ehuwudqg/ %Vlpsoh srlqwv/ wrsrorjlfdo qxpehuv dqg jhrghvlf
qhljkerukrrgv lq fxelf julgv%/ Sdwwhuq Uhf1 Ohwwhuv/ yro1 48/ ss1 43360
4345/ 4<<71

^9` V1 Ehxfkhu/ Lqwhusrodwlrq ri vhwv/ ri sduwlwlrqv dqg ri ixqfwlrqv/
Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg vljqdo sur0
fhvvlqj/ K1Khlmpdqv dqg M1 Urhuglqn hgv Noxzhu/4<<;/

^:` V1 Ehxfkhu ) F1 Odqwxhmrxo/ Xvh ri zdwhuvkhgv lq frqwrxu ghwhf0
wlrq/ Surf1 Lqw1 Zrunvkrs rq lpdjh surfhvvlqj/ uhdo0wlph hgjh dqg
prwlrq ghwhfwlrq2hvwlpdwlrq/ Uhqqhv +Iudqfh,/ Vhswhpehu 4<:<1

^;` V1 Ehxfkhu/ Dqdo|vh gh gldjudsklhv �hohfwultxhv sdu pruskrorjlh
pdwk�hpdwltxh/ lqw1 uhsruw/ FPP/ Vfkrro ri Plqhv/ Sdulv/ Mdqxdu|
4<;<1

^<` V1 Ehxfkhu ) O1 Ylqfhqw/ Lqwurgxfwlrq dx{ rxwlov pruskrorjltxhv
gh vhjphqwdwlrq/ M1 gh Vshfwurvfrslh hw gh Plfurvfrslh Hohfwurqltxh/
76 s1/ Vhswhpehu 4<;<1

438
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^43` S1 Ekdqx Sudvdg/ M1S1 Mhuqrw/ P1 Frvwhu/ M1O1 Fkhupdqw/
%Dqdo|vh pruskrorjltxh wulglphqvlrqqhooh ghv pdw�huldx{ frqghqv�hv%/
lq Surf1 SL[LP/ 4<;;/ ss1 640751

^44` S1 Ekdqx Sudvdg/ M1S1 Mhuqrw Wkuhh glphqvlrqdo krprwrslf wklq0
qlqj ri gljlwl}hg vhwv/ Dfwd Vwhuhrorjlfd/ yro1 </ ss1 5680574/ 4<<3

^45` J1 Elunkr�/ Odwwlfh wkhru|/ 6 � � hglwlrq/ D1P1V1 Froort1 sxeo1/ yro1
58/ 4<;61

^46` Z1 Y1 Eodvfnkh/ Yruohvxqjxq �xehu lqwhjudo Jhrphwulh/ Whxeqhu/
Ohls}lj/ 4<6<1

^47` W1V1 Eo|wk ) P1I1 Mdqrzlw}/ Uhvlgxdwlrq wkhru| Shujdprq
Suhvv/ R{irug/ 4<:5

^48` J1 Erujhiruv Glvwdqfh wudqvirupdwlrqv lq gljlwdo vsdfh1 Frpsxwhu
Ylvlrq/ Judsklfv dqg Lpdjh Srufhvvlqj/ yro 67/ ss167706:/4<;91

^49` V1 Erxfkhw Vhjphqwdwlrq hw txdqwl�fdwlrq g*lpdjhv wulglphqvlrq0
qhoohv1 Whfkq1 Uhsruw1 Hfroh ghv Plqhv gh Sdulv/ Mxqh 4<<</435 s1

^4:` M1U1 Fdvdv/ Lpdjh frpsuhvvlrq edvhg rq shufhswxdo frglqj whfkqltxhv/
SkG wkhvlv/ XSF/ Edufhorqd/ Pdufk 4<<91

^4;` D1W1 Fodun/ U1M1 \rxqj dqg M1I1 Ehuwudp Lq ylwur vwxglhv
rq wkh urohv ri wudqviruplqj jurzwk idfwru0ehwd4 lq udw phwdskuhqlf
ghyhorsphqw/ Nlgqh| Lqw 8< ss 497404986 +5334,1

^4<` M10P1 Fkdxwux/ Wkh xvh ri Errohdq udqgrp ixqfwlrqv lq Jhrvwdwlv0
wlfv1 Wklug Lqw1 Jhrvwdwlvwlfv Frqj1/ Dyljrq1 Uhlgho Sxeo1/ Gruguhfkw/
Wkh Qhwkhuodqg/4<;< 1

^53` J1 Fkrtxhw/ Wkhru| ri Fdsdflwlhv/ Dqq1 Lqvw1 Irxulhu 8/ 46405<8/
4<861

^54` J1 Fkrtxhw Wrsrorjlh Dfdghplf Suhvv/ Q1\1 4<991
^55` I1 Frqudg dqg F1 Mdftxlq/ Uhsu�hvhqwdwlrq g*xq u�hvhdx el0

glphqvlrqqho gh idloohv sdu xq prg�hoh suredelolvwh1 Lqw1 uhsruw/ Fhqwuh
gh Pruskrorjlh Pdwk�hpdwltxh/ Irqwdlqheohdx/ Iudqfh/ 4<:51

^56` P1 Frvwhu ) M0O1 Fkhupdqw/ Su�hflv g*dqdo|vh g*lpdjhv/ FQUV
hg1/ Sdulv/ 4<;8 +5qg Hglwlrq 4<;<,1
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^57` M1 Fuhvsr/ M1 Vhuud/ U1Z1 Vfkdihu Wkhruhwlfdo dvshfwv ri pruskr0
orjlfdo �owhuv e| uhfrqvwuxfwlrq1 Vljqdo Surfhvvlqj/ 4<<8/ Yro1 7:/ Qr
5/ ss1 53405581

^58` M1 Fuhvsr/ U1Z1 Vfkdihu/ Orfdolw| dqg dgmdfhqf| vwdelolw| frq0
vwudlqwv iru pruskrorjlfdo frqqhfwhg rshudwruv1 Mrxuqdo ri Pdwkhpdw0
lfdo Lpdjlqj dqg Ylvlrq :/ 4 +4<<:,/ ;804351

^59` S1H1 Gdqlhovvrq/ Hxfolghdq glvwdqfh pdsslqj Frpsxwhu Judsklfv
dqg Lpdjh Surfhvvlqj/ +4<;3,47/ 55:057;1

^5:` S1 Gho�qhu/ Oh vfk�hpd Erro�hhq0Srlvvrqlhq1 Lqw1 uhsruw/ Fhqwuh gh
Pruskrorjlh Pdwksffhpdwltxh/ Irqwdlqheohdx/ Iudqfh/ 4<:31

^5;` H1 Grxjkhuw|/ Dssolfdwlrq ri wkh Kdxvgru� phwulf lq jud| vfdoh
pruskrorj| yld wuxqfdwhg xpeudh/ MYFLU 5+5,/ 4<<4/ ss1 4::04;:

^5<` J1 Iulfrxw Nlgqh| dqg Vnhohwrql}dwlrq Lqw1 uhsruw FPP/ Hfroh ghv
Plqhv gh Sdulv qry 53331

^63` J1 Iulfrxw/ O1D1 Fxoohq0Pf Hzhq/ L1D1 Kdushu/ G1 Mhxolq /
M1I1 Ehuwudp D txdqwlwdwlyh phwkrg iru dqdo|vlqj 6G eudqfklqj lq
hpeu|rqlf nlgqh|v +: s1, = ghyhorsphqw ri d whfkqltxh dqg suholplqdu|
gdwd Lpdjh Dqdo Vwhuro 5334/ 53 +vxsso 4, ss1 690741

^64` V1 Jhvehuw/ F1Y1 Krzdug/ G1 Mhxolq dqg I1 Ph|hu Wkh xvh
ri edvlf pruskrorjlfdo rshudwlrqv iru 6G elrorjlfdo lpdjh dqdo|vlv/
Wudqv1 Ur|1 Plfurvf1 Vrf1/ yro1 4/ ss1 5<605<9/ 4<<31

^65` J1 Jlhu} hw Do1 D Frpshqglxp rq Frqwlqxrxv Odwwlfhv1 Vsulqjhu/
4<;31

^66` P1M1H1 Jrod| Kh{djrqdo sdudooho sdwwhuq wudqvirupdwlrq1 LHHH
Wudqv1 Frpsxw1 +4<9<, F04;/ :660:731

^67` M1 Jrxwvldv Pruskrorjlfdo dqdo|vlv ri glvfuhwh udqgrp vkdshv1 Mrxu0
qdo ri Pdwkhpdwlfdo Lpdjlqj dqg Ylvlrq/4<<5/ 5/ 4<605481

^68` F1 Judwlq dqg I1 Ph|hu Pdwkhpdwlfdo Pruskrorj| lq wkuhh gl0
phqvlrqv/ Dfwd Vwhuhro1 yro1 44/ ss1 884088;/ 4<<41

^69` F1 Judwlq/ Gh od uhsu�hvhqwdwlrq ghv lpdjhv hq wudlwhphqw pru0
skrorjltxh g*lpdjhv wulglphqvlrqqhoohv/ SkG wkhvlv/ Hfroh ghv Plqhv
gh Sdulv/ 4<<61
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^6:` D1 Juhfr/ G1 Mhxolq dqg M1 Vhuud Wkh xvh ri wkh wh{wxuh dqdo|vhu
wr vwxg| vlqwhu vwuxfwxuh/ M1 Plfu1 449/ sw15/ 4<:<

^6;` P1 Julpdxg D qhz phdvxuh ri frqwudvw = g|qdplfv1 Lq Surf1 VSLH/
Lpdjh Dojheud dqg Pruskrorjlfdo Lpdjh Surfhvvlqj LLL/ Vdq Glhjr/
4<<5/ Yro1 4:9</ ss1 5<506381

^6<` D1 Kddv/ J1 Pdwkhurq hw M1 Vhuud Pruskrorjlh pdwk�hpdwltxh hw
judqxorp�hwulhv hq sodfh1 Dqq1 Plqhv +4<9:,44/ :690:86 hw 45/ :9:0:;5
+WKH Uhihuhqfh Sdshu rq Vhw Fryduldqfh/ dqg rq Olqhdu Hurvlrq,

^73` K1 KdgzljhuYruvhvxqjhq �xehu Lqkdow/ Rehu��dfkh xqg Lvrshulphwulh/
Vsulqjhu/ 4<8:1

^74` S1U1 Kdoprv Ohfwxuhv rq Errohdq Dojheudv1 G1 Ydq Qruvwdqg Frp0
sdq|/ Lqf1/ Sulqfhwrq/ 4<961

^75` U1P1 Kdudolfn dqg O1J1 Vkdslur Frpsxwhu dqg urerw ylvlrq1 Yro1
L1 Dgglvrq Zhvoh|/ 4<<5/ ss1 4<404<;1

^76` K1 Khlmpdqv ) F1 Urqvh Wkh dojheudlf edvlv ri pdwkhpdwlfdo pru0
skrorj|/ sduw rqh= hurvlrqv dqg glodwlrqv/ Frpsxwhu Ylvlrq/ Judsklfv
dqg Lpdjh Surfhvvlqj 83 ss ;70435 +4<<3,1

^77` K1M1D1P1 Khlmpdqv dqg M1 Vhuud Frqyhujhqfh/ Frqwlqxlw|/ dqg
Lwhudwlrq lq Pdwkhpdwlfdo Pruskrorj|/ Mrxuqdo ri Ylvxdo Frppxql0
fdwlrq dqg Lpdjh Uhsuhvhqwdwlrq/ Yro1 6/ Q � 4/ Pdufk 4<<5/ ;704351

^78` K1M1D1P1 Khlmpdqv Pruskrorjlfdo lpdjh rshudwruv1 Dgydqfhv lq
Hohfwurqlfv dqg Hohfwurq Sk|vlfv/ 4<<7/ vxsso1 57/ Yro1 83/ Kdznhv S1
hg1/ Ervwrq= Df1 Suhvv1

^79` K1M1D1P1 Khlmpdqv Frqqhfwhg pruskrorjlfdo rshudwruv1 Whfk1 Uhs1
FZL Qr SQD0U<:3;/ Dsulo 4<<:1

^7:` J1 Kh|jvwhu/ Udqn �owhuv lq gljlwdo lpdjh surfhvvlqj/ Frpsxwhu
Judsklfv ) Lpdjh Surfhvvlqj 4< +5,/ ss 47;~497/ Mxqh 4<;51

^7;` Y1F1 Krzdug dqg N1 Vdqgdx Phdvxulqj wkh vxuidfh duhd ri d fhoo
e| wkh phwkrg ri wkh vsdwldo julg zlwk d FVPOP/ M1 ri Plfu1 yro1 498/
ss 4;604;;/ 4<<51
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^7<` G1S1 Kxwwhqorfkhu/ J1D1Noxqghupdq/ Z1M1 Uxfnolgjh Frp0
sdulqj lpdjhv xvlqj wkh Kdxvgru� glvwdqfh/ LHHH SDPL/ 48+<,/ Vhsw1
4<<81

^83` P1 Lzdqrzvnl dqg M1 Vhuud Pruskrorjlfdo Lqwhusrodwlrq dqg
Frorxu Lpdjhv/ Surf1 Lqwhuqdwlrqdo Frqihuhqfh rq Lpdjh Surfhvvlqj
LFLDS*<< Yhqlfh/ vhsw 4<<<1

^84` P1 Lzdqrzvnl dqg M1 Vhuud Wkh Pruskrorjlfdo0d�qh remhfw ghiru0
pdwlrq/ Pdwkhpdwlfdo Pruskrorj| dqg lwv Dssolfdwlrqv wr Lpdjh dqg
Vljqdo Surfhvvlqj/ M1 Jrxwvldv/ O1 Ylqfhqw/ G1V1 Eorrpehuj +Hgv1,
Noxzhu Df1 Sxeo1 5333/ ss1;40<31

^85` P1 Lzdqrzvnl Dssolfdwlrq gh od Pruskrorjlh Pdwk�hpdwltxh srxu
o*lqwhusrodwlrq g*lpdjhv qxp�hultxhv Skg wkhvlv Hfrohv ghv Plqhv gh
Sdulv0 Hfroh Sro|whfklqtxh gh Yduvrylh/ 48 qry1 5333/

^86` Mdphv dqg Mdphv Pdwkhpdwlfv Glfwlrqdu|/ Ydq Qrvwudqg/ 4<;51
^87` G1 Mhxolq Pxowlfrpsrqhqw Udqgrp Prghov iru wkh Ghvfulswlrq ri

Frpsoh{ Plfurvwuxfwxuhv/ Iliwk Frqjuhvv iru Vwhuhrorj|/ Vdo}erxuj/
Dxvwuld/ 4<:<1

^88` G1 Mhxolq ) S1 Mhxolq V|qwkhvlv ri urxjk vxuidfhv e| udqgrp pru0
skrorjlfdo prghov1 Vwhuhro1 Lxjrvo1 6/ Vxsso1 4/ 56<0579/ 4<;41

^89` G1 Mhxolq Dqlvrwurslf urxjk vxuidfh prghoolqj e| udqgrp pruskr0
orjlfdo ixqfwlrqv/ Surf1 7wk V|ps1 rq Vwhuhrorj|/ J�rwheruj/ 4<;8=
DfwdVwhuhro=/ 9 +4<;:,/ ss1 4;604;<1

^8:` G1 Mhxolq Prg�hohv pruskrorjltxhv hw fkdqjhphqw g*�hfkhooh hq vwdwlv0
wltxh gh uxswxuh1 Hfroh ghv Plqhv/ Sdulv/ 4<;;1

^8;` G1Mhxolq Pruskrorjlfdo prghoolqj ri lpdjhv e| vhtxhqwldo udq0
grp ixqfwlrqv1 VljqdoSurfhvvlqj � Vshfldo Lvvxh rq Pdwkhpdwlfdo
Pruskrorj|/ Yro1 49/ Qr 71 Dsulo 4<;</ ss1 73607641

^8<` G1 Mhxolq Prg�hohv pruskrorjltxhv gh vwuxfwxuhv do�hdwrluhv hw gh
fkdqjhphqw g*�hfkhooh/ Wk�hvh Grfwrudw �hv Vflhqfhv Sk|vltxhv/ Xqly1
Fdhq 4<<41

^93` G1 Mhxolq +hg1, Dgydqfhv lq Wkhru| dqg Dssolfdwlrqv ri Udqgrp Vhwv1
Zruog Vflhqwl�f/ 4<<:1
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^94` S1S1 Mrqnhu Sdudooho surfhvvlqj lq frpsxwhu ylvlrq dqg froolvlrq iuhh
sdwk sodqqlqj ri dxwrqrprxv v|vwhpv/ lq 59wk LVDWD/ 4<<61

^95` S1S1 Mrqnhu/ D1P1 Yrvvhsrho Pdwkhpdwlfdo pruskrorj| iru 6G
lpdjhv = frpsdulqj 5G dqg 6G vnhohwrql}dwlrq dojrulwkpv/ Vxpphu
Vfkrro rq pruskrorjlfdo lpdjh dqg vljqdo surfhvvlqj/ Ghoiw Xqlyhuvlw|/
4<<81

^96` G1J1 Nhqgdoo Irxqgdwlrqv ri d wkhru| ri udqgrp vhwv lq Vwrfkdvwlf
Jhrphwu| +H1I1 Kduglqj dqg G1J1 Nhqgdoo/ hgv,/ Zloh|/ 4<:71

^97` M1F1 Nohlq Frqfhswlrq hw u�hdolvdwlrq g*xqh xqlw�h orjltxh srxuO*dqdo|vh txdqwlwdwlyh g*lpdjhv1 Wkhvlv/ Xqlyhuvlw| ri Qdqf|/ 4<:91
^98` H1Q1 Nrorphqvnl ) M1 Vhuud Wurlv �hwxghv gh pruskrorjlh

pdwk�hpdwltxh hq j�hrorjlh gh o*lqj�hqlhxu1 Exoo Dvvrf1 Lqw1 gh J�hro1
gh o*Lqj1 46/ Nuhihog/ ss1 ;<0<:/ 4<:91

^99` W1 Nrqj dqg D1 Urvhqihog Gljlwdo wrsrorj|= Lqwurgxfwlrq dqg
vxuyh|/ Frps1 Ylv1 Lpdjh Surf1/ yro1 7;/ ss1 68:06<6/ 4<;71

^9:` Fk1 Odqwxhmrxo Od vtxhohwwlvdwlrq hw vrq dssolfdwlrq dx{ phvxuhv
wrsrorjltxhv ghv prvdltxhv sro|fulvwdoolqhv1 SkG wkhvlv/ Hfroh ghv
Plqhv gh Sdulv/ 4<:;1

^9;` Fk1 Odqwxhmrxo Vnhohwrql}dwlrq lq txdqwlwdwlyh phwdoorjudsk|1 Lvvxhv
lq Gljlwdo Lpdjh Surfhvvlqj +U1P1 Kdudolfn dqg M1F1 Vlprq Hgwv, Vl0
mwkrri dqg Qrrugr�/ 4<;31

^9<` F1 Odqwxhmrxo ) V1 Ehxfkhu/ Rq wkh xvh ri jhrghvlf phwulf lq
lpdjh dqdo|vlv/ M1 ri plfurvfrs|/ 454/ ss 6<~7</ 4<;41

^:3` E1E1 Pdqghoeurw/ Iudfwdov= Irup/ fkdqfh dqg glphqvlrq1 Z1 K1
Iuhhpdq/ Vdq Iudqflvfr0Orqgrq/ 4<::1

^:4` S1 Pdudjrv ) U1Z1 Vfkdihu Pruskrorjlfdo �owhuv�sduw L= wkhlu
vhw0wkhruhwlf dqdo|vlv dqg uhodwlrqv wr olqhdu vkliw0lqyduldqw �owhuv/
LHHH wudqvdfwlrqv rq dfrxvwlfv/ vshhfk dqg vljqdo surfhvvlqj/ Yro1
DVVS068 +;,/ ss 4486~449</ Dxjxvw 4<;:1

^:5` S1 Pdudjrv ) U1Z1 Vfkdihu Pruskrorjlfdo �owhuv�sduw LL= wkhlu
uhodwlrqv wr phgldq/ rughu0vwdwlvwlfv/ dqg vwdfn �owhuv/ LHHH wudqvdf0
wlrqv rq dfrxvwlfv/ vshhfk dqg vljqdo surfhvvlqj/ Yro1 DVVS068 +;,/ ss
44:3~44;7/ Dxjxvw 4<;:1
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^:6` E1 Pdufrwhjxl dqg I1 Ph|hu Pruskrorjlfdo vhjphqwdwlrq ri lp0
djh vhtxhqfhv1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr
lpdjh surfhvvlqj/ Vhuud M1 dqg Vrlooh S1 hgv1/ Noxzhu/ 4<<7/ ss1 4340
43;1

^:7` E1 Pdwhuq Vsdwldo yduldwlrq/ Phgg1 Vwdwhqv vnrjviruvnlqjvlqvwlw/
4<931

^:8` J1 Pdwkhurq Ohv yduldeohv u�hjlrqdolv�hhv hw ohxu hvwlpdwlrq/ Sdulv/
Pdvvrq/ 4<98/ 635 s1

^:9` J1 Pdwkhurq/ Ho�hphqwv srxu xqh wk�hrulh ghv plolhx{ sruhx{/ Pdv0
vrq/ Sdulv/ 4<9:1

^::` J1 Pdwkhurq Vfk�hpd erro�hhq v�htxhqwlho gh sduwlwlrqv do�hdwrluhv/ Lqw1
uhsruw/ Fhqwuh gh Pruskrorjlh Pdwk�hpdwltxh/ Irqwdlqheohdx/ Iudqfh/
4<9;1

^:;` J1 Pdwkhurq Wk�hrulh ghv hqvhpeohv do�hdwrluhv1 Fdklhuv gx FPP/
idvflfxoh 71 Hfroh ghv Plqhv Sdulv/4<9<1

^:<` J1 Pdwkhurq Wkh wkhru| ri uhjlrqdol}hg yduldeohv dqg lwv dssolfd0
wlrqv/ Fdklhuv gx Fhqwuh gh Pruskrorjlh Pdwk�hpdwltxh/ Idvf1 81 Sdulv
= HQVPS/ 4<:4/ 544 s1

^;3` J1 Pdwkhurq Sro|�hguhv srlvvrqlhqv hw hqvhpeohv vhpl0pdunrylhqv/
Dgydqfhv lq Dssolhg Sure1/ 4<:41

^;4` J1 Pdwkhurq Wkh lqwulqvlf udqgrp ixqfwlrqv/ dqg wkhlu dssolfdwlrqv/
Dgy1 Dsso1 Sure1/ Yro1 8/ 4<:6/ ss1 76<079;1

^;5` J1 Pdwkhurq Udqgrp vhwv dqg lqwhjudo jhrphwu|/ Zloh|/ Qhz0\run/
4<:81

^;6` J1 Pdwkhurq Wzr fodvvhv ri lvridfwruldo prghov1 Wklug Lqw1 Jhr0
vwdwlvwlfv Frqj1/ Dyljqrq1 Uhlgho Sxeo1/ Gruguhfkw/ Wkh Qhwkhuodqgv/
4<;<1

^;7` J1 Pdwkhurq Ilowhuv dqg Odwwlfhv1 Fk 9 lq Lpdjh Dqdo|vlv dqg Pdwk0
hpdwlfdo Pruskrorj|1 Yro1 51 Vhuud M1 hg1 Orqgrq= Dfdg1 Suhvv/ +4<;;,/
ss144804731
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^;8` J1 Pdwkhurq dqg M1 Vhuud Vwurqj �owhuv dqg frqqhfwlylw|1Fk :
lq Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|1 Yro1 51 Vhuud M1 hg1
Orqgrq= Dfdg1 Suhvv +4<;;,/ ss1 474048:1

^;9` J1 Pdwkhurq Wuhloolv frpsdfwv hw wuhloolv frsulpdluhv1 Whfk1 uhs1 Q0
562<32J/ Hfroh ghv Plqhv gh Sdulv/ Sduw 4/ 4<<3/ sduw 5/ 4<<91

^;:` J1 Pdwkhurq Ohv qlyhoohphqwv1 Whfk1 Uhs1 Hfroh ghv Plqhv gh Sdulv/
Qr Q03:2<:2PP/ Ihe1 4<<:1

^;;` I1 Ph|hu Udssruw gh vwdjh qrwh lqwhuqh FPP/ +4<:9,1
^;<` I1 Ph|hu F|wrorjlh txdqwlwdwlyh hw pruskrorjlh pdwk�hpdwltxh/ Sk1G1

Wkhvlv/ Vfkrro ri Plqhv/ Sdulv/ 4<:<1
^<3` I1 Ph|hu ) M1 Vhuud Frqwudvwv dqg dfwlylw| odwwlfh/ Vljqdo Sur0

fhvvlqj/ vshfldo lvvxh rq Pdwk1 Prusk1/ yro1 49 +7,/ ss 636~64:/ Dsulo
4<;<1

^<4` I1 Ph|hu ) M1 Vhuud Ilowhuv= iurp wkhru| wr sudfwlfh/ Dfwd Vwhuh0
rorjlfd/ ;25/ ss 836083;/ 4<;<1

^<5` I1Ph|hu ) V1Ehxfkhu Pruskrorjlfdo Vhjphqwdwlrq1 M1ri Ylvxdo
Frppxqlfdwlrq dqg Lpdjh Uhsuhvhqwdwlrq/ 4<<3/ Yro14 +4,/ ss1540791

^<6` I1 Ph|hu Pdwkhpdwlfdo Pruskrorj|= iurp wzr glphqvlrqv wr wkuhh
glphqvlrqv/ M1 ri Plfu1/ yro1 498/ ss1 805</ 4<<51

^<7` I1 Ph|huPlqlpxp vsdqqlqj iruhvwv iru pruskrorjlfdo vhjphqwdwlrq1
Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg vljqdo
surfhvvlqj/ Pdudjrv S1 hw do1 hgv1/ Noxzhu/4<<91

^<8` I1 Ph|hu D pruskrorjlfdo lqwhusrodwlrq phwkrg iru prvdlf lpdjhv/
lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg vljqdo
surfhvvlqj/ Pdudjrv S1 hw do1 hgv1 Noxzhu/ 4<<91

^<9` I1 Ph|hu Wkh ohyholqjv1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssol0
fdwlrqv wr lpdjh dqg vljqdo surfhvvlqj/ K1 Khlmpdqv dqg M1 Urhuglqn
hgv1/ Noxzhu/ 4<<;1

^<:` U1 H1 Plohv Udqgrp Sro|wrshv/ Sk1G1 wkhvlv/ Fdpeulgjh/ Hqjodqg/
4<971
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^<;` U1 H1 Plohv Rq hvwlpdwlqj djjuhjdwh dqg ryhudoo fkdudfwhulvwlfv iurp
wklfn vhfwlrqv e| wudqvplvvlrq plfurvfrs|/ Irxuwk Frqjuhvv iru Vwhuh0
rorj|/ QEV vshf1 sxe1 764/ 4<:91

^<<` U1 H1 Plohv Srlvvrq Iodwv lq Hxfolghdq Vsdfhv/ Sduw1 L/ Dgy1 Dsso1
Sure1 4<9</ 4/ 544056:1

^433` U1 H1 Plohv dqg M1 Vhuud +hgv1, Jhrphwulfdo Suredelolwlhv dqg El0
rorjlfdo Vwuxfwxuhv1 Vsulqjhu Yhuodj/ Ohfwxuh Qrwhv lq Elrpdwkhpdwlfv
4<:;1

^434` K1 Plqnrzvnl Yroxphq dqg Rehu��dfkh/ Pdwk1 Dqq1 8:/ 77:07<8/
4<361

^435` L1 Profkdqry Vwdwlvwlfv ri wkh Errohdq prgho iru Sudfwlwlrqhuv dqg
Pdwkhpdwlfldqv1 M1 Zloh| dqg Vrqv/4<<:1

^436` S1 Pruhdx dqg Fk1 Urqvh Jhqhudwlrq ri vkdglqj0r� rq lpdjhv
e| h{wudsrodwlrqv ri Olsvfklw} ixqfwlrqv/ Judsk1 Prghov dqg Lpdjh
Surfhvvlqj/ 8;+9,/ Mxo| 4<<9/ ss1 647066611

^437` H1K1 Prruh Lqwurgxfwlrq wr d irup ri jhqhudo Dqdo|vlv/ DPV
froort= sxe= yro15 Qhz Kdyhq 4<431

^438` M1F1 Pxoolnlq Glvfuhwh dqg Frqwlqxrxv Phwkrgv iru Wkuhh Glphq0
vlrqdo Lpdjh Dqdo|vlv/ Ghoiw= Xqly1 Suhvv/ 4<<61

^439` M1 Pxnnhumhh dqg E1Q1 Fkdwwhuml/ %Vhjphqwdwlrq ri wkuhh0
glphqvlrqdo vxuidfhv%/ Sdwwhuq Uhf1 Ohwwhuv/ yro1 44/ ss1 5480556/ 4<<31

^43:` Q1 Qlnrodlglv ) L1 Slwdv 60G Lpdjh Surfhvvlqj Dojrulwkpv/ Zloh|
/ 5334/ 4:9 s1

^43;` \1 Srphdx dqg M1 Vhuud Frqwdfwv lq udqgrp sdfnlqjv ri vskhuhv/
M1 ri Plfu1/ yro1 46;/ ss1 4:<04;:/ 4<;81

^43<` N1 Suhvwrq ) P1 Gx�/ Prghuq Fhooxodu Dxwrpdwd/ Sohqxp/ Qhz
\run/ 4<;81

^443` F1 Urqvh Odwwlfh wkhruhwlfdo �{srlqw wkhruhpv lq pruskrorjlfdo lp0
djh �owhulqj/ Mrxuqdo ri Pdwkhpdwlfdo Lpdjlqj ) Ylvlrq/ Yro17/ qr14/
ss14<074/4<<71
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^444` I1Suahwhx{/ ) P1Vfkplww/ Irqfwlrqv erro�hhqqhv hw prg�holvdwlrq gx
vsrqjlhx{ yhuw�heudo1 Lqw1 Hohfwurqlf Lpdjh Zhhn/ Qlfh/ Dsulo 4<;9/ 5/
7:907;41

^445` I1Suahwhx{/ ) P1Vfkplww 1 Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pru0
skrorjlh1 Yro 5= Wkhruhwlfdo Dgydqfhv +M1 Vhuud Hg,/ ss1 6::07331 Dfd0
ghplf Suhvv/ Orqgrq/ 4<;;1

^446` M1 Ulyrludug Prghov zlwk ruwkrjrqdo lqglfdwru uhvlgxdov1 Wklug Lqw1
Jhrvwdwlvwlfv Frqj1/ Dyljqrq1 Uhlgho Sxeo1/ Gruguhfkw/ Wkh Qhwkhu0
odqgv/ 4<;<

^447` F1 Urqvh/ Hurvlrq ri qduurz lpdjh ihdwxuhv e| frpelqlqj orfdo udqn
dqg pd{ �owhuv/ Surf1 5 � � Lqw1 Frqi1 rq Lpdjh Surfhvvlqj dqg lwv
Dssolfdwlrqv/ Orqgrq/ ss ::~;4/ 4<;91

^448` F1 Urqvh Vhw wkhruhwlfdo dojheudlf dssurdfkhv wr frqqhfwlylw| lq frq0
wlqxrxv ru gljlwdo vsdfhv1 MPLY/ 4<<;/ Yro1 ;/ ss1 7408;1

^449` F1 Urqvh/ M1Vhuud Jhrghv| dqg frqqhfwlylw| lq julgv Ixqgdphqwd
Lqirupdwlfdh/ Yro 79/ lvvxh 7/ vhsw1 53341 79+7,= ss1 67<06<81

^44:` D1 Urvhqihog Frqqhfwlylw| lq gljlwdo slfwxuhv Mrxuqdo ri wkh dvvrf1iru
Frps1Pdfk1/Yro14: +4,/ 4<:3/ ss1 47904931

^44;` D1 Urvhqihog dqg D1F1 Ndn Gljlwdo slfwxuh surfhvvlqj1 Df1Suhvv/
Qhz0\run/ 4<:91

^44<` S1 Vdohpelhu dqg D1 Rolyhudv Sudfwlfdo h{whqvlrqv ri frqqhfwhg
rshudwruv1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh
dqg vljqdo surfhvvlqj/ Pdudjrv S1 hw do1/ hgv1 Noxzhu/ 4<<9/ ss1 <:04431

^453` O1D1 Vdqwdor Lqwhjudo Jhrphwu| dqg Jhrphwulfdo Suredelolw|/ Hqf|0
forshgld ri Pdwkhpdwlfv dqg lwv Dssolfdwlrqv/ Dgglvrq Zhvoh|/ Uhdg0
lqj/ Pdvv1/ XVD14<:91

^454` M1 Vhuud O*dqdo|vh ghv wh{wxuhv sdu od j�hrp�hwulh do�hdwrluh1 Frpswhv0
uhqgxv gx Frplw�h Vflhqwl�txh gh o*LUVLG/ 5 Qry1 4<98/ : s1

^455` M1 Vhuud/ Uhpdutxh vxu xqh odph plqfh gh plqhudl oruudlq1 Exoohwlq
gx E1U1J1P1 q � 9/ G�hf1 4<99/ 59 s1

^456` M1 Vhuud Htxlfrqwlqxrxv ixqfwlrqv= d prgho iru pdwkhpdwlfdo pru0
skrorj|/ VSLH Vdq Glhjr Frqi1/ Yro1 4:9</ ss1 5850596/ Mxo| 4<<51
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^457` M1 Vhuud Kdxvgru� glvwdqfh dqg Lqwhusrodwlrqv/ Pdwkhpdwlfdo
Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg vljqdo surfhvvlqj/
K1Khlmpdqv dqg M1 Urhuglqn hgv Noxzhu/4<<;/ ss143:0448

^458` M1 Vhuud Lqwurgxfwlrq �d od Pruskrorjlh Pdwk�hpdwltxh/ Fdklhuv gx
FPP/ Hfroh ghv Plqhv gh Sdulv/ 4<9<1

^459` M1Vhuud Hfkdqwloorqqdjh hw Hvwlpdwlrq orfdoh ghv sk�hqrp�hqhv gh wudq0
vlwlrq plqlhuv1 Wrphv L hw LL1 Wkhvlv/ Xqly1 gh Qdqf|1 Qry1 4<9:/ 9:3
s1

^45:` M1 Vhuud Klhudufklfdo udqgrp vhw prghov/ Lqw1 uhsruw/ Fhqwuh gh Pru0
skrorjlh Pdwk�hpdwltxh/ Irqwdlqheohdx/ Iudqfh/ 4<:71

^45;` M1 Vhuud Wkh errohdq Prgho dqg Udqgrp Vhwv/ Frpsxwhu judsklfv
dqg Lpdjh Surfhvvlqj 45/ <<0459/ 4<;31

^45<` M1 Vhuud Lpdjh dqdo|vlv dqg pdwkhpdwlfdo pruskrorj|/ Dfdghplf
Suhvv/ Orqgrq/ 4<;51

^463` M1 Vhuud Ghvfulswruv ri �dwqhvv dqg urxjkqhvv/ M1 ri Plfu1/ yro1 467/
ss1 55:0576/ 4<;71

^464` M1 Vhuud/ Lpdjh dqdo|vlv dqg pdwkhpdwlfdo pruskrorj|/ sduw LL= wkh0
ruhwlfdo dgydqfhv/ M1 Vhuud hg1/ Dfdghplf Suhvv/ Orqgrq/ 4<;;1

^465` M1 Vhuud Pdwkhpdwlfdo Pruskrorj| iru Errohdq odwwlfhv/ fkdswhu 5 lq
Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|/ yro1 5/ M1 Vhuud +hg1,/
Orqgrq= Dfdg1 Suhvv/ 4<;;

^466` M1 Vhuud Ohv irqfwlrqv do�hdwrluhv erro�hhqqhv/ Lqwhuqdo uhsruw FPP08:
Hfroh ghv Plqhv/ Sdulv/ +4<;8,1

^467` M1 Vhuud/ Errohdq udqgrp ixqfwlrqv/ M1 ri Plfurvfrs|/ Yro1 489/ Q � 4/
74096/ 4<;<1

^468` M1 Vhuud Wrjjoh pdsslqjv/ lq _iurp Sl{hov wr Ihdwxuhv%/ M1F1 Vlprq
hg1/ ss 94~:5/ Qruwk Kroodqg/ 4<;<1

^469` M1 Vhuud dqg O1 Ylqfhqw Dq Ryhuylhz ri Pruskrorjlfdo �owhulqj
/ LHHH Wudqv1 rq Flufxlwv/ V|vwhpv dqg Vljqdo Surfhvvlqj/ Yro1 44/
Q � 4/ ss17:043;/4<<5 1
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^46:` M1 Vhuud/ Ohfwxuh Qrwhv rq Pruskrorjlfdo Rshudwruv lqw1 uhsruw
FPP/ 483 s1/ Vfkrro ri Plqhv/ Sdulv/ Mxqh 5334^F392342PP`1

^46;` M1 Vhuud Htxlfrqwlqxrxv ixqfwlrqv/ d prgho iru pdwkhpdwlfdo pru0
skrorj|1 Lq Qrq olqhdu dojheud dqg pruskrorjlfdo lpdjh surfhvvlqj
VSLH/ Yro1 4:9</ Vdq Glhjr/ Mxo| 4<<5/ ss1 58505961

^46<` M1 Vhuud dqg S1 Vdohpelhu Frqqhfwhg rshudwruv dqg s|udplgv1
Lq Qrq olqhdu dojheud dqg pruskrorjlfdo lpdjh surfhvvlqj VSLH/ Yro1
5363/ Vdq Glhjr/ Mxo| 4<<6/ ss1 980:91

^473` M1 Vhuud Fxeh/ fxeh0rfwdkhgurq ru ukrpergrghfdkhgurq dv edvhv
iru 60G vkdsh ghvfulswlrqv%/ Dgydqfhv lq Ylvxdo Irup Dqdo|vlv/ F1
Dufhool dqg Do1 +hgv1, Zruog Vflhqwl�f 4<<:/ 835084<1

^474` M1 Vhuud Frqqhfwlylw| rq frpsohwh odwwlfhv MPLY/ 4<<;/ Yro1 </ ss1
5640584

^475` M1 Vhuud Frqqhfwlylw| iru vhwv dqg ixqfwlrqv ixqgdphqwd Lqirupdwl0
fdh/ 74 +5333, 47:04;9

^476` M1 Vhuud Pruskrorjlfdo ghvfulswlrqv xvlqj wkuhh0glphqvlrqdo zdyh0
iurqwv +wr eh suhvhqwhg dw LVV*5334>Erughdx{/ Iudqfh vhsw1 5334,

^477` P1 Vfkplww Hvwlpdwlrq ri wkh ghqvlw| lq d vwdwlrqdu| Errohdq prgho1
M1 ri Dssolhg Sure1/4<<4/ yro1 5;

^478` S1 Vrlooh Vsdwldo glvwulexwlrqv iurp frqwrxu olqhv = dq h�flhqw
phwkrgrorj| edvhg rq glvwdqfh wudqvirupdwlrqv/ Mrxuqdo ri Ylvxdo
Frppxqlfdwlrq dqg Lpdjh Uhsuhvhqwdwlrq 5+5,/ +4<<4,/ 46;04831

^479` S1 Vrlooh/ M1I1 Ulyhvw dqg M1 Vhuud Glphqvlrqdolw| lq lpdjh dqdo0
|vlv dqg surfhvvlqj1 Surf1 VSLH/ Lpdjh Vflhqfh dqg Whfkqrorj|/ Vdq
Mrvh/ Ihe1 4<<5/ Yro1498;1

^47:` S1 Vrlooh Pruskrorjlvfkh Elogyhuduehlwxqj/ Vsulqjhu/ 4<<</ 649 s1
^47;` K1U1 Vrorprq/ Glvwulexwlrq ri wkh Phdvxuh ri d Udqgrp Wzr0

Glphqvlrqdo Vhw1 Dqq1 Pdwk Vwdw1 57/ 9830989/ 4<861
^47<` P1 Vwdxe +shuvrqqdo frppxqlfdwlrq,1
^483` V1U1 Vwhuqehuj Pruskrorj| iru juh|0wrqh ixqfwlrqv/ Frpsxwhu Yl0

vlrq/ Judsklfv dqg Lpdjh Surfhvvlqj 68/ ss 666~688/ 4<;91
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^484` G1 Vwr|dq Rq vrph Txdolwdwlyh Surshuwlhv ri wkh Errohdq Prgho ri
Vwrfkdvwlf Jhrphwu|/ lqw uhsruw iuhlehuj Dndghplh4<:;1

^485` D1 Wduvnl Vxu ohv fodvvhv forvhv sdu udssruw �d fhuwdlqhv rs�hudwlrqv
�ho�hphqwdluhv/ Ixqg1 Pdw49/ ss14;40638 +4<5<,

^486` H1H1 Xqghuzrrg Txdqwlwdwlyh Vwhuhrorj|/ Dgglvrq Zhvoh| 4<:3 1
^487` F1Ydfklhu H{wudfwlrq gh fdudfw�hulvwltxhv/ vhjphqwdwlrq g*lpdjhv hw

pruskrorjlh pdwk�hpdwltxh1 SkG wkhvlv/ Hfroh ghv pLqhv gh Sdulv/
4<<81

^488` S1Z1 Yhuehhn/ K1D1 Yurrpdq dqg O1M1 ydq Yolhw Orz ohyho
lpdjh surfhvvlqj e| pd{0plq �owhuv/ Vljqdo Surfhvv1/ yro1 48/ ss1 57<0
58;/ 4<;;1

^489` O1 Ylqfhqw/ HoPdwkhpdwlfdo pruskrorj| iru judskv dssolhg wr lpdjh
ghvfulswlrq dqg vhjphqwdwlrq/ hohfwurqlf Lpdjlqj Zhvw/ Sdvhghqd FD
+XVD,/ ss 646~64;/ Dsulo 4<;<1

^48:` O1 Ylqfhqw Judskv dqg pdwkhpdwlfdo pruskrorj|/ Vljqdo Surfhvv0
lqj/ vshfldo lvvxh rq Pdwk1 Prusk1/ yro1 49 +7,/ ss 698~6;;/ Dsulo
4<;<1

^48;` S1G1 Zhqgw/ H1M1 Fr|oh ) Q1F1Mu1 Jdoodjkhu Vwdfn �owhuv/ LHHH
wudqvdfwlrqv rq dfrxvwlfv/ vshhfk dqg vljqdo surfhvvlqj/ yro1 DVVS067
+7,/ ss1 ;<;~<44/ Dxjxvw 4<;91

^48<` H1 U1 Zhleho Vwhuhrorjlfdo Phwkrgv/ Yro 4 dqg 5/ Df1 Suhvv/ Orqgrq
4<;41

^493` R1 \ol0Kdumd/ M1 Dvwrod ) \1 Qhxyr Dqdo|vlv ri wkh surshuwlhv
ri phgldq dqg zhljkwhg phgldq �owhuv xvlqj wkuhvkrog orjlf dqg vwdfn
�owhu uhsuhvhqwdwlrq/ vxeplwwhg wr DVVS0HGLFV 7171/ 83 s1/ 4<;<1


