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4 Errohdq vlpxodwlrqv

Wklv h{huflfh/ zklfk lv pdlqo| ylvxdo/ lv dlphg dw kljkoljkwlqj wkh jhqhudo dvshfwv
dqg frqvwuxfwlrq  h{lelolw| ri errohdq prghov > lw zloo dovr jlyh dq lghd derxw
wkh yduldelolw| +yhu| odujh/ vrphwlphv, iurp rqh uhdol}dwlrq wr wkh rwkhu zkhq
wkh sdudphwhuv ri wkh prgho duh ghwhuplqhg1 Vrph ri wkhvh vlpxodwlrqv vkdoo eh
vdyhg dqg zloo eh xvhg iru wkh h{huflfh derxw whvwv1

41 Vlpxodwh errohdq vhwv zlwk vtxduh/ kh{djrqdo ru flufxodu judlqv/ zlwk d
�{hg ru yduldeoh vl}h1

^Iru wkh �uvw rqhv/ rqh rqo| kdv wr glodwh Srlvvrq srlqwv/ iru wkh vhfrqg
rqhv/ wr frqvlghu wkh xqlrq ri vhyhudo glodwlrqv ri ydulrxv vl}hv1 Wzr surfhgxuhv0
lvrerro dqg lvrerro 5 0 pd| dovr eh dssolhg `1

51 Wkh suhylrxv vlpxodwlrqv duh lvrwurslf/ dw ohdvw rq wkhlu gh�qlwlrq julg1
Fduu| rxw qrz vrph dqlvrwurslf vlpxodwlrqv iurp vhjphqwv ru hoolsvhv1

^Dv suhylrxo|/ pdnh d xqlrq zlwk Srlvvrq srlqwv glodwlrqv zlwk gl�huhqw vl}h
dqg rulhqwdwlrq vhjphqwv/ ru zlwk hoolsvhv + surfhgxuhv hoglo dqg hoerro,`

61 Vlpxodwh errohdq vhwv zlwk sulpdu| dv|pphwulf judlqv/ dv iru lqvwdqfh d
pl{wxuh ri htxlodwhudo xszdugv dqg grzqzdugv wuldqjohv1

^Xvh wkh surfhgxuh wulerro1 Wkh vkdshv fdwdorjxh pd| dovr eh jurzq zlwk
gursglo/ zklfk glodwhv dffruglqj wr dv|pphwulf gursohwv ri wkh hljkw srvvleoh
rulhqwdwlrqv`1

71 Dv d odvw h{dpsoh ri qrq frqyh{ sulpdu| judlqv/ zh zloo xvh grxeohwv ri
glvmrlqw glvnv zklfk fhqwhuv duh g dsduw +fhoo glylvlrq prgho,

^Pdnh d xqlrq ri d �uvw uhdol}dwlrq ri Srlvvrq srlqwv zlwk lwv krul}rqwdo
wudqvodwh ri glvwdqfh g/ wkhq d vhfrqg rqh zlwk lwv wudqvodwh dw dqjoh 78 � dqg ri
glvwdqfh g/ hwf 111 Pdnh d xqlrq ri doo wkh srlqwv |rx jrw/ dqg glodwh wkhp zlwk
d vpdoo glvn `1

81 Vwduw iurp d Srlvvrq srlqwv vlpxodwlrq zlwk d uhjlrqdol}hg ghqvlw| j +fi1
h{huflvh <08,/ dqg sdvv wr wkh errohdq v|vwhp zlwk vpdoo krprjudqxodu flufohv1
H{sodlq1

^Zh jhw d elqdul}dwlrq whfkqltxh ri wkh ixqfwlrq j`1

91 Vlpxodwh frqlf errohdq ixqfwlrqv +zh zloo xvh wkh frqhv vl}hv dqg khljkwv
zkhwkhu wr lvrodwh wkh lvohwv ru zkhwkhu wr lqydgh vsdfh,1 Vlpxodwh d frqhv
grxeohwv uhdol}dwlrq1

^Xvh surfhgxuhv frqhglo 4 dqg 5/ dssolhg wr Srlvvrq srlqwv/ frqvlghu wkh
vxs iru vhyhudo srlqwv ghqvlw|/ pdwfklqj vhyhudo frqhv vl}hv1 Lq fdvh ri grxeohwv/
dfw dv iru txhvwlrq 7 wr jhw wkh srlqwv/ dqg glodwh zlwk d frqh `1
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5 Errohdq whvwv

41 V|perov d3 dqg x3ghqrwh wkh phdq duhd dqg shulphwhu ri wkh sulpdu| judlq
uhvshfwlyho|/ dqg t dqg x wkh srurvlw| dqg vshfl�f shulphwhu diwhu d errohdql}d0
wlrq1 Zh nqrz wkdw

t @ h{si��d3j dqg x @ �x3 h{si��d3j
Fkhfn erwk uhodwlrqv rq vhyhudo vlpxodwlrqv ri wkh suhylrxv h{huflvh/ dqg

sduwlfxoduo| rq wkh glvnv grxeohwv1 Zkdw derxw wkh erdughu h�hfwv B
^Xvh wkh ixqfwlrq shulp1 Qrwh wkh jhqhudolw| ri wkh dssurdfk/ zklfk grhv

qrw lpso| wkdw wkh sulpdu| judlq lv frqqhfwhg1 Qrwh dovr wkdw/ rqo| wkh surgxfwv
�x3 dqg �d3 duh dffhvvleoh/ exw qhlwkhuw x3qru d3`

51 Zkhq wkh sulpdu| judlq lv vxssrvhg wr eh frqyh{/ wkh �uvw errohdq whvw
lv edvhg rq olqhdu hurvlrqv/ zklfk pxvw eh qhjdwlyh h{srqhqwldov1 Li N lv wkh
vhjphqw zlwk ohqjwk O dqg gluhfwlrq �/ zh lqghhg kdyh

orjT+N, @ orjT4+O>�, @ ��+Og3� . d3, +4,

zkhuh g3� lv wkh phdq gldphwhu ri wkh sulpdu| judlq lq gluhfwlrq �= Whvw uhodwlrq
+4, rq rqh ri wkh frqyh{ judlqv vlpxodwlrqv ri h{huflvh 4/ dqg dsso| lw vxffhvvlyho|
wr judlqv dqg sruhv1 Whvw lw diwhuzdugv iru flufohv grxeohwv/ dqg iru sulpdu|
judlqv zlwk uhjlrqdol}hg ghqvlw|1

^Xvh wkh surfhgxuh syrqo +zklfk fruuhfwv erdughu h�hfwv, dqg uhsruw wkh phd0
vxuhphqwv rq vhpl0orj sdshu1 Qrwh wkdw � lv vwloo lqdffhvvleoh`1

61 Xvh wkh lpdjhv ri wkh suhylrxv txhvwlrq/ dqg hurgh wkhp qrz e| kh{djrqv
ru vtxduhv1 Suryh wkdw wkh orjdulwkp ri T+N,/ iru d vtxduh zlwk vlgh O dqg
gluhfwlrqv �> �/ lv

orjT+N, @ orjT5+O>�, @ �� �O5 . O+g3� . g3�, . d3
�

+5,

zklfk |lhogv hvwlpdwru � vxfk wkdw

�O5 @ orjT4+O>�, . orjT4+O>�. �@5,� orjT5+O>�,� orj t +6,

Glvfxvv wkh h{shulphqwdo uhvxowv1 Grhv wkh irupxod uhpdlq dgplvvleoh zkhq
wkh sulpdu| judlq lv qrw frqyh{ dq|pruh B

71 Phdvxuh wkh fryduldqfh ri wkh glvnv grxeohwv uhdol}dwlrq1 Lqwhusuhw wkh
uhvxowv1

^Wkh phdq glvwdqfh ehwzhhq wzr sulpdu| judlq glvnv wxuqv rxw wr dsshdu dv
d kroh h�hfw lq wkh fryduldqfh`1

81 Ghyhors wkh txhvwlrqv +5, dqg +6, iru errohdq lvohwv1
^Vwduw iurp wkh vlpxodwlrqv ri frqlf errohdq ixqfwlrqv ri wkh suhylrxv h{hu0

flvh1 Wkh ixqfwlrq lv errohdq li dqg rqo| li doo vhfwlrqv duh errohdq vhwv1 Whvwv
dulvlqj iurp uhodwlrqv +4, dqg +5, duh dssolhg wr hdfk juh| ohyho w1 E| lqwhjudwlqj
ryhu wkh jud| ohyhov w/ zh rewdlq
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orjT4+w>O>�,gw @ � ^O�3� . y3` +4*,

zlwk �3� dqg y3lqwhjudo ri wkh gluhfwlrqdo judglhqw dqg yroxph ri wkh sulpdu|
judlq uhvshfwlyho| +vlplodu h{whqvlrq iru uhodwlrq+5,,`

91 Fkhfn wkdw wkh vshfl�f qxpehu �+w, ri wkh pd{lpd dw dowlwxgh w ri d
udqgrp errohdq ixqfwlrq vlpxodwlrq ixo�oov wkh uhodwlrq =

�+w, @ �t+w,'+w,

zkhq '+w, uhsuhvhqwv wkh suredelolw| wkdw wkh sulpdu| judlq kdv d khljkw w1

6 Errohdq prgho dqg frxqwlqj

Wkh errohdq prgho doorzv wr fdofxodwh h{solflwo| d qxpehu ri uhodwlrqv ehwzhhq
revhuydeoh fkdudfwhulvwlfv ri wkh sulpdu| judlq1 Wkhvh uhodwlrqv fdq eh xvhg dv
whvwv +fi h{huflvh deryh,/ ru/ rq wkh frqwudu|/ fdq eh dgplwwhg lq d khxulvwlf
idvklrq/ zlwkrxw ixuwkhu glvfxvvlrq1

Iru lqvwdqfh/frqvlghu/ lq U5/ d udqgrp sulpdu| judlq zlwk d phdq duhd d*
dqg d phdq shulphwhu x*1 Diwhu errohdql}dwlrq/ wkh qxpehu � ri judlqv shu
xqlw duhd lv olqnhg wr wkh srurvlw| t dqg wr wkh vshfl�f shulphwhu v e| wkh wzr
uhodwlrqv

�d3 @ � orj t dqg �x3 @ v@t +4,

41 Vlpxodwh d vxffhvvlrq ri errohdq U1D1F1V1 zlwk flufxodu judlqv +iru wkh
vdnh ri vlpsolflw|, ri yduldeoh ghqvlwlhv/ krprjudqxodu ru qrw1 Rqfh v dqg t
kdyh ehhq phdvxuhg rq wkh vlpxodwlrqv +zkrvh sdudphwhu � lv jlyhq,/ fkhfn wkh
uhohydqfh ri wkh �uvw uhodwlrq +4, dqg ri wkh iroorzlqj uhodwlrq

x3@d3 @ �v@t orj t +5,

^Xvh surfhgxuhv lvrerro dqg lvrerro51 Gh�qh/ iru �� @ q �{hg/ iru lqvwdqfh/
dw 83/ wkh ydolglw| vfrsh ri uhodwlrqv +4, dqg +5, zlwk uhvshfw wr d* `

51 Vlpxodwh klhudufklfdo U1D1F1V1 +wkhuhiruh qrq errohdq,/ iru zklfk doo
yduldeohv wdnlqj sodfh lq uhodwlrqv +4, dqg +5, duh nqrzq1 Wr zkdw h{whqw duh
wkhvh uhodwlrqv vwloo fruuhfw B H{sodlq1

^\rx fdq vwduw iurp wkh surfhgxuh urvh/ ru gluhfwo| iurp lvrerro/ zkhq d
uhdol}dwlrq lv lqwhuvhfwhg zlwk d Srlvvrq srlqwv vhw/ iroorzhg zlwk d flufxodu gl0
odwlrq1 Wkh �uvw uhodwlrq +4, lpsolhv wkdw zh kdyh txlwh d suhflvh lghd derxw wkh
phdq vl}h ri wkh sulpdu| judlq > wkh uhodwlrq +5, udwkhu lpsolhv wkdw lwv vkdsh
lv nqrzq/ dqg wkdw lwv vl}h fkdqjhv yhu| olwwoh1 Wkhuhiruh uho1 +5, pd| eh ehwwhu
iru wkh orz ydoxhv ri t1 Irupxod +4, dqg +5, duh dq|krz vdwlv�hg dv orqj dv wkh
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remhfw xqghu vwxg| fdq eh orfdoo| prghoohg e| d errohdq prgho/ wkdw doorzv iuhh
fryhulqj`

61 H{whqg wkh �uvw uhodwlrq +4, wr errohdq udqgrp ixqfwlrqv/ dqg whvw lw e|
vlpxodwlqj errohdq lvohwv1

^Glodwh Srlvvrq srlqwv e| frqhv/ e| frqvlghulqj wkh vxs ri wzr ru wkuhh uhdo0
l}dwlrqv zlwk gl�huhqw ghqvlwlhv ru vl}hv ri frqhv1 Wkh uhodwlrq +4, pxvw qrz eh
lqwhjudwhg zlwk uhvshfw wr juh| ohyhov =

�y3 @ �
]

orj twgw

Fkhfn qxphulfdoo| wkh udqjhv ri ydolglw| ri wkh ydulrxv sdudphwhuv `

7 Klhudufklfdo prghov

Wkh dgmhfwlyh �klhudufklfdo� lqglfdwhv khuh wkh lpsohphqwdwlrq ri d vhfrqg
errohdq jhqhudwlrq +�5>[

3

5,> frqglwlrqdoo| wr d �uvw rqh +�4> [
3

4,= Wkh vhfrqg
judlqv pd|v ohdq rq wkh �uvw rqhv ru dyrlg wkhp1 Wklv ohdgv wr djjuhjdwhv lq wkh
�uvw fdvh/ dqg wr vhsdudwh vhwv lq wkh vhfrqg rqh1 Dowkrxjk wkhvh prghov duh
udslgo| lqfdofxodeoh/ wkh| fdq qhyhuwkhohvv eh ghyhorshg lq hdv| dqg lqvwuxfwlyh
vlpxodwlrqv1

41 Vlpxodwh klhudufklfdo prghov iru hdfk ri erwk w|shv/ dqg fkrrvh �4 9@ �5
dqg sulpdu| judlqv ri gl�huhqw vl}hv1

^ Surfhgxuh urvh+dv lq ghvhuw urvh, dqg kdug`1

51 Lwhudwh wkh klhudufklhv lq rughu wr frqvwuxfw d vhtxhqfh1 Errohdq prghov
zloo eh frqvlghuhg zlwk uhvshfw wr vpdoohu dqg vpdoohu glvnv1

^Surfhgxuh  dnh +dv lq Yrq Nrfk �vqrz  dnh�, dqg glvmrlqw`1

8 Errohdq grpdlq ri dwwudfwlrq

Fkrrvh kdoi d gr}hq ruglqdu| whvvhodwlrqv1 Iru lqvwdqfh/ wkh vwduwlqj srlqw
pd| eh wkh zdwhuvkhg olqhv ri lpdjhv vxfk dv hohfwurs ru eduulhu +diwhu d vpdoo
suholplqdu| �owhulqj lq rughu wr dyrlg wrr pdq| fodvvhv,1 Vnhohwrqv pd| dovr
wr gudzq dffruglqj wr lq xhqfh }rqhv ru hyhq Srlvvrq olqhv1 Lq hdfk sduwlwlrq/
dvvljq wkh ydoxh 4 ru 3 wr hdfk fodvv zlwk d orz suredelolw| s iru wkh 4v1 Frqvlghu
wkh xqlrq ri wkh uhvxowv/ dqg whvw li lw fdq eh frqvlghuhg dv errohdq1 Gudz wkh
frqfoxvlrqv1

9 Srlvvrq olqhv lq wkh sodqh

41 Xvh d vtxduh julg dqg vlpxodwh Srlvvrq srlqwv +ghqvlw| �, rq wkh d{hv R{ dqg
R|=Wdnh wkh shushqglfxoduv rq wkhvh srlqwv1 Wklv ohdgv wr d idplo| ri Srlvvrq
dqlvrwurslf olqhv/ wkdw vhjphqw wkh vsdfh lqwr uhfwdqjohv1
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Frqyhuw wkh suhylrxv gudzlqj lqwr dq dssur{lpdwho| lvrwurslf surfhvv/ e|
lqfrusrudwlqj olqhv zlwk vorshv 	4> 	5 dqg 	4@51 Vlpxodwh vhyhudo uhdol}dwlrqv
iru erwk phwkrgv dqg qrwh wkh lpsruwdqw vl}h yduldelolw|1

^Wkh surfhgxuh olqhv fuhdwhv Srlvvrq uhfwdqjohv/ dqg gldjv/ Srlvvrq sro|0
jrqv lq wkh vl{ rwkhu gluhfwlrqv1 Lq olqhv/ q lv wkh h�hfwlyh qxpehu ri srlqwv rq
hdfk d{lv > lq gldjv/ q

s
5 srlqwv duh lpsohphqwhg rq hdfk gldjrqdo/ dqg q

s
8@5

srlqwv rq hdfk d{lv zlwk 	5 dqg 	4@5 judglhqw1 Wkhvh rshudwlrqv fdq eh ghfrq0
glwlrqdol}hg zkhq h{wudfwlqj ehiruhkdqg q ydoxhv lq Srlvvrq odz zlwk sdudphwhuv
�O +O ehlqj wkh xqlw ohqjwk ri wkh d{hv,`1

51 Suryh wkdw Srlvvrq olqhv lqgxfh/ rq hdfk olqh/ d Srlvvrq srlqwv surfhvv/
zlwk d ghqvlw| 5� lq wkh lvrwurslf fdvh1 Frpsduh wklv uhvxow zlwk wkh suhylrxv
; gluhfwlrqv dssur{lpdwlrq1

^Lvrwurslf fdvh = wkh olqhv zlwk gluhfwlrqv +�> �.g�, lqgxfh d vpdoo Srlvvrq
zlwk d ghqvlw| � vlq�g�/ zklfk lpsolhv/ wkurxjk d vxppdwlrq ryhu �> d wrwdo
ghqvlw| ri 5�1 Lq gljlwdo fdvh/ wkh srlqwv lqgxfhg rq wkh d{lv R{ +iru lqvwdqfh,
kdyh d ghqvlw| ri + 4 .

s
5 . 9

s
8,@� @ 4> 95`=

61 Frqglwlrqdo vhfwlrqv1 Vxssrvh N dqg N* eh wzr frpsdfw frqyh{ vhwv zlwk
uhvshfwlyh shulphwhuv x dqg x3/ dqg N*� N= Suryh wkdw li rqh dqg rqo| rqh olqh
lqwhuvhfwv N/ wkhq/ wkh suredelolw| lw dovr lqwhuvhfwv N* htxdov wkh shulphwhuv
udwlr x3@x1

^Li d olqh kdv d gluhfwlrq +�> � . g�,/ vxfk d suredelolw| htxdov wkh gldph0
whuv udwlr G3

�@G� lq wkh gluhfwlrq �1 Dv dqg ydulhv wkh vhdufkhg frqglwlrqdo
suredelolw| lv wkhq jlyhq e| ] �

3

G3

�

G3

�

G�

x
g� @

x3

x
`

71 Phdq fkrug1 Nqrzlqj wkdw d olqh lqwhuvhfwv N zlwk dq duhd d/ suryh wkdw
wkh frqglwlrqdo h{shfwdwlrq ri wkh lqwhuvhfwhg ohqjwk lv �d@x1

^Lq gluhfwlrq �/ wklv h{shfwdwlrq htxdov d2G� > zkhq ghfrqglwlrqdol}lqj lq
�/ zh jhw �d@x`=

81 Vshfl�f qxpehu ri shdnv1 Suryh wkdw li wzr olqhv lqwhuvhfw d glvn ri udglxv
u/ wkhuh lv rqh fkdqfh rxw ri wzr wkh| lqwhuvhfw lqvlgh wkh glvn1 Lqihu wkdw wkh
qxpehu ri lqwhuvhfwlrqv shu vxuidfh xqlw htxdov � @ ��5=

^4vw srlqw = li wkh lqwhufhswhg fkrug rq wkh �uvw olqh kdv d ohqjwk o/ wkh vhfrqg
rqh lqwhuvhfwv lw zlwk wkh suredelolw| 5o@5�u +txhvwlrq 6,1 Exw wkh frqglwlrqdo
h{shfwdwlrq ri o lv �u@5 +txhvwlrq 7,/ zklfk ohdgv wr wkh uhvxow1

5qg srlqw = wkh d0sulrul suredelolw| wkdw wzr olqhv lqwhuvhfw wkh glvn htxdov
+5�u�,5

5 h{s i�5�u�j = Zkhq u$ u3/
kdoi wkh qxpehu htxdov ��5`=

91 Ghwhuplqh wkh uhodwlyh yduldqfh ydu+D,/ lq qxpehu/ ri wkh sro|jrqv vl}h/e|
phdqv ri wkhlu dyhudjh lq phdvxuh P+D,1 Lw lv uhplqghg wkdw

ydu+D, @
�5+D,

^H+D,`
@
P+D,

H+D,
� 4 +4,
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^Ohw \3 eh wkh sro|jrq lqfoxglqj wkh ruljlq1 Wkh suredelolw| lw dovr frqwdlqv
wkh vpdoo duhd u gu g� htxdov h{s i�5�uj/ zklfk ohdgv wr =

P+\3, @

] 5�

3

g�

]
4

3

h{s+�5�u,ugu @ �@5�

Rq wkh rwkhu kdqg/ vlqfh hdfk shdn odehov rqh dqg rqo| rqh sro|jrq/ zh kdyh
H+D, @ 4@y/ dqg +4, lqgxfhv ydu+D, @ �5@5 � 4 � 71 Wklv sduwlfxoduo| kljk
ydoxh h{sodlqv wkh odujh glvsdulw| ri wkh vl}hv frqvlghuhg lq vlpxodwlrq `1

: Srlvvrq whvvhodwlrqv

Wkh udqgrp ixqfwlrq zklfk lv vwxglhg khuh0ehorz frphv iurp wkh �wxuqlqj edqg
phwkrg�/ d phwkrg iurp J1 Pdwkhurq/ dqg lv frqvwdqwo| xvhg lq iudfwdov frq0
vwuxfwlrq1 Lw lv lqvwuxfwlyh iru vhyhudo uhdvrqv/ qrw rqo| dv dq dssolfdwlrq ri
Srlvvrq olqhv/ exw dovr dv d phdq dqg yduldqfh0iuhh h{dpsoh ri d prgho/ dqg
wkdw fdq rqo| eh uhdfkhg wkurxjk lwv lqfuhphqwv1 Frqvhtxhqwo|/ zh zloo dovr
zrqghu derxw wkh phdqlqj ri wkh lqgxfhg h{shulphqwdo fryduldqfhv +fulwlfv dovr
iurp J1 Pdwkhurq/ lq klv wkhru| ri uhjlrqdol}hg yduldeohv,1

41 Lq U4/ d Srlvvrq whvvhodwlrq lv gh�qhg dv iroorzv1 Jlyhq d uhdol}dwlrq ri
Srlvvrq srlqwv i{4> l 5 Lj/ zh frqvlghu wkh ixqfwlrq i/ frqvwdqw ehwzhq wzr frq0
vhfxwlyh srlqwv/ dqg zklfk mxps e| vl dw srlqw {l / zkhuh wkh vl duh lqghshqghqw
udqgrp yduldeohv/ zlwk d phdq 3 dqg d yduldqfh �51

Vlpxodwh i zkhq wkh mxpsv ydoxh 	4 zlwk d suredelolw| 425/ dqg zkhq Srlv0
vrq ghqvlw| ydulhv iurp 4 wr 431

^Surfhgxuh vwhsv/ zlwk q � 73 > zkhq q lqfuhdvhv/ qrwlfh wkh  xfwxdwlrqv
iru odujhu dqg odujhu udqjhv`1

51 Suryh wkdw wkh udqgrp ixqfwlrq i kdv qr phdq qru yduldqfh/ zkhuhdv wkh
lqfuhphqw mi+{. k,� i+{,m lv vwdwlrqdu| / zlwk d }hur phdq dqg zlwk d yduldqfh
htxdov wr 5�5 mkm vr wkdw wkh ydulrjudp ri i lv �+k, @ �5 mkm

^Zh �qg 5�5 mkm e| srlvvrql}lqj wkh qxpehu ri mxpsv rq ^3> k``=

61 Iru k A 3/ zh nqrz wkdw wkh ydulrjudp ri rughu rqh/ �4+k,> lv jlyhq e|

�4+k, @ H mi+k,� i+3,m @ 5@�

]
4

3

i^4� h{s�k+frvx� 4,@x`j gx +4,

E| d gluhfw surri/ vkrz wkdw

iru vpdoo k �4+k, � 5�k� 7�6k6 . %+k6, +5,

iru odujh k �4+k, � +�k@�,4@5 +6,

Phdvxuh wkh �34v iru wkh deryh vlpxodwlrqv ri h{1 :141 Zk| grhv wkh revhuyhg
olqhdu ehkdylrxu frqwlqxhv rq txlwh orqj glvwdqfhv B

9



^Lq rughu wr vhw wkh olplwhg h{sdqvlrq qhdu wkh ruljlq +5,/ dvvljq wkh sure0
delolwlhv Sq wr wkh xszdugv mxpsv dqg S*q wr wkh grzqzdugv rqhv/ zlwk Sq @
S*q @ h��k+�k,q@q$1 Iru vpdoo k/ zh kdyh

�4+k, @ S3S
3

4 . S4S
3

3 . 5 ^S3S
3

5 . S5S
3

3 . S4S
3

4` . ===

zklfk ohdgv wr uhodwlrq +5,1 Wkh odfn ri vhfrqg rughu whupv h{sodlqv wkh txdvl0
olqhdu h{shulphqwdo ehkdylrxu1 Iru odujh ydoxhv ri k/ vhw � @ +�k@5,4@5=Wkh vxp
ri wkh srvlwlyh mxpsv whqgv wrzdugv wkh yduldeoh �5.\ �> dqg wkh qhjdwlyh mxpsv
rqh wrzdugv 0�5 . \ �/ zkhuh \ lv wkh uhgxfhg qrupdo yduldeoh/ khqfh

�4+k, � �H m\4 � \5m@ +�k@�,4@5 =

Wkxv/ �4/ zklfk zdv lqlwldoo| sursruwlrqdo wr �/ lv �qdoo| sursruwlrqdo wr lwv
vtxduh urrw `1

71 Exlog uhfwdqjxodu Srlvvrq whvvdodwlrqv/ e| vxpplqj wkh vlpxodwlrqv ri
krul}rqwdo dqg yhuwlfdo edqgv ri wkh �uvw txhvwlrq +wzr gl�huhqw ghqvlwlhv �4 dqg
�5 kdyh wr eh frqvlghuhg,1 Phdvxuh wkh �4+k, lq wkh gluhfwlrq �@51 Lqwhusuhw1
Zkdw kdsshqv zkhq wkhvh gluhfwlrqv lqfuhdvh B

^Zh frph edfn wr wkh suhylrxv fdvh/ dqg qrwh wkdw mxpsv rq d gldjrqdo vhj0
phqw ri ohqjwk k dgplw d ghfrpsrvlwlrq lqwr wzr lqghshqghqw idplolhv ri srvlwlyh
dqg qhjdwlyh mxpsv/ zlwk wkh vdph Srlvvrq sdudphwhu +�4 . �5,k@5

s
5=Xs wr

idfwru
s
5/ wklv uhvxowv lq wkh vxp ri dq krul}rqwdo dqg d yhuwlfdo frpsrqhqw iru

�/ dv zhoo dv iru �4 zkhq k lv vpdoo dqg k odujh1 Ilqdoo|/ dv wkhvh fkdudfwhulvwlfv
gr qrw ghshqg xsrq wkh qxpehu ri gluhfwlrqv/ wkh| uhpdlq ydolg xqghu dyhudjlqj
ri Srlvvrq edqgv lq doo gluhfwlrqv ri wkh vsdfh = qxphurxv iudfwdo uholhiv duh
vlpxodwhg rq wklv sulqflsoh`1

81 Fulwlfv ri wkh ��qlwdu|� pdwkhpdwlfldq wr wkh deryh dssurdfk = � Zkdw
grhv d lq�qlwh udqgrp ixqfwlrq i phdq B \rx zloo hyhu kdyh �qlwh phdqv wr
exlog lw/ zklfk zloo ohdg wr �qlwh qxpehuv dv zhoo1 Vr/ sohdvh/ nhhs |rxu vxewohwlhv
dqg ydulrjudpv iru |rxuvhoi/ dqg xvh d fryduldqfh dv hyhu|rqh hovh grhv�1

Zhoo/ ohw*v wu| iru d uhdol}dwlrq i ri yhuwlfdo Srlvvrq edqgv/ wkdw zh lqwhuvhfw
e| d vhjphqw ri ohqjkw O/ dqg zkrvh gluhfwlrq lv ruwkrjrqdo wr wkh edqglqj1

+d, Hvwlpdwh wkh k|srwkhwlfdo fryduldqfh F+k,/ zklfk lq idfw grhv qrw h{lvw
khuh/ iurp wkh h{shulphqwdo txdqwlwlhv

p� @ +4@O,

] O

3

i+{,g{ dqg F�+{> |, @ +i+{,�p�,+i+|,�p�,=

E| sxwwlqj

F�+k, @ +4@O� k,

] O�k

3

F�+{. k> {,g{ +7,

:



Vkrz wkdw iru kA3

H ^F�+{. k> {,` @ 5O@6 . +{5 . +{5 . k5,,@O� 5{� 5k +8,

dqg/ e| lqwhjudwlqj lq {/ ghulyh

H ^F�+k,` @ O@6� 6@7k. 5k5@6O +9,

Fdofxodwh wkh phdq ri wkh h{shulphqwdo ydulrjudp dqg fryduldqfh rq vhyhudo
edqg vlpxodwlrqv1 Frpphqw rq wkh uhvxowv1

^Dq dssduhqw yduldqfh H ^F�+3,` @ O@6 lv irxqg/ ghshqglqj rq wkh ohqjwk
O ri wkh vhjphqw frqvlghuhg1 Lw lv d sxuh duwhidfw/ vlqfh wkh wuxh yduldqfh lv
lq�qlwh1 Dowkrxjk wkhuh lv qr fryduldqfh +wkh ydulrjudp lv olqhdu,/ wkh eldvhv
lqwurgxfhg e| wklv surfhgxuh ri hvwlpdwlrq uhvxow lq dq dssduhqw frq�updwlrq
ri wkh h{lvwhqfh ri d fryduldqfh +zlwk d udqjh$,1 Lw zloo eh qrwhg dovr wkdw wkh
vwxfwxuh ri wkh skhqrphqrq lv h{wuhpho| glvwrughg= qrw rqo| lv wkh vwudljkw olqh
uhsodfhg e| d sduderod/ exw hyhq wkh vorsh dw wkh ruljlq lv fkdqjhg + 6@7 lqvwhdg
ri 4, Wkxv F�+k, uhsuhvhqwv doprvw qrwklqj ri wkh wuxh vwuxfwxuh `

+e, Vkrz wkdw wkh h{shulphqwdo ydulrjudp

5��+k, @ +4@O� k,

] O�k

3

^i+{. k,� i+{,`
5
g{ +:,

kdv dq h{shfwdwlrq

H^��+k,` @ �+k, @ mkm

dqg grhv qrw uxq lqwr wkh vdph eldv sureohp dv F�+k,=Frpphqw
^Zh revhuyh wkdw wkh h{shulphqwdo ydulrjudp ri uhodwlrq +:, grhv qrw lqyroyh

dq| fxpehuvrph phdq ydoxh +vr wkdw H+��+k, @ �+k,,> lw lv olqnhg wr F�+k, e|
wkh h{suhvvlrq1

5F
�+k, @ �5��+k, . +O@O� k,p�.+4@O� k,

] O�k

k

^+i+{,�p�`5 g{

zklfk lqwurgxfhv d yduldqfh lq uljkw phpehu1 Zkhq wkh h{shulphqwdo ydul0
dqfh ri d skhqrphqrq lqfuhdvhv zlwk wkh vl}h ri wkh }rqh lqyhvwljdwhg/ zlwkrxw
whqglqj wrzdugv d krul}rqwdo dv|pswrwh/ lw lv qrw zlvh wr �w wkh vwuxfwxuh xq0
ghu vwxg| zlwk d vwrfkdvwlf prgho srvvhvvlqj d fryduldqfh1 Krzhyhu/ lq vxfk d
fdvh/ wkh ydulrjudp vwloo h{lvwv dqg lwv hvwlpdwlrq lv vljql�fdqw1 Frqvhtxhqwo| lw
surylghv d vdihu phwkrg wkdq wkh fryduldqfh1`

; Srlvvrq sduwlwlrqv

Wkh prgho khuh0xqghu zdv lqlwldoo| sursrvhg e| I1 Frqudg +4<:5, lq rughu
wr ghvfuleh dhuldo skrwrjudskv ri jhrorjlfdo fudfnv dv wkrvh suhvhqwhg lq wkh
frxuvh1 Exw wkh dssurdfk e| �pl{hg� udqgrp vhw/ rq zklfk wkh prgho lv edvhg/

;



lv h{wuhpho| jhqhudo dqg dssolhv wr dq| vhw ru udqgrp ixqfwlrq lq Uq= Zh vkdoo
olplw rxuvhoyhv khuh wr U5=

41 Ohw [4 eh d whvvhodwlrq dqg [5 d U1D1F1V1 ri wkh hxfolgldq sodqh1 Ohw xv
exlog d uhdol}dwlrq [�4 ri [ = hdfk sro|jrq lv nhsw ru uhmhfwhg/ lqghshqghqwo| ri
wkh rwkhuv/ zlwk d suredelolw| s1 D�hfw wkh uhvwulfwlrq ri d glvwlqfw uhdol}dwlrq
lq [5 wr hdfk uhpdlqlqj sro|jrq �1 Wkh xqlrq ri wkhvh sruwlrqv/ wrjhwkhu zlwk
[�4/ pd| eh frqvlghuhg dv wkh uhdol}dwlrq ri d udqgrp forvhg vhw D1

Ghqrwlqj e| T wkh fkdudfwhulvwlf ixqfwlrqdo ri D/ suryh wkdw wkh iroorzlqj
uhodwlrq +4, lv vdwlv�hg iru dq| frqqhfwhg frpsdfw vhw N

T+N, @ T4+N, ^t . s T5+N,` +4,

zkhuh t @ 40s/ dqg zkhuh T4 dqg T5 vwdqg iru wkh fkdudfwhulvwlf ixqfwlrqdov
ri [4 dqg [5 uhvshfwlyho|1

^Li N plvvhv [ �

4/ wkhq lw lv frqwdlqhg lq d vlqjoh sro|jrq �> wkhuhiruh zh fdq
htxlydohqwo| vd| wkdw N plvvhv D/ ru plvvhv wkh uhvwulfwlrq [ �

5 _�/ ru djdlq
plvvhv [ �

5= Wklv ohdgv wr wkh uhodwlrq +4,`1

51 Ohw [4 dqg [5 eh wzr whvvhodwlrqv ri lvrwurslf Srlvvrq olqhv lq wkh sodqh/
zlwk uhvshfwlyh ghqvlwlhv �4 dqg �51 Wkh uhodwlrq +4, ehfrphv

T+N, @ h{s i��4x+N,j ^t . s h{s i��5x+N,j` +5,

zkhuh x lv wkh shulphwhu1 Vlpxodwh D lq d vtxduh julg/ dqg fkhfn uhodwlrq +5,1
Zkhq s @ 4/ lv T+N, gl�huhqw iurp wkh Srlvvrq olqhv ixqfwlrqdo B Zkdw lv wkh
h{sodqdwlrq B

^Zh fdq xvh wkh surfhgxuh olqhv 5/ zklfk gluhfwo| exlogv D dffruglqj wr wkh
vtxduh julg lvrwurs|/ ru vwduw dv zhoo iurp d vlpxodwlrq gldjv/ ulfkhu lq gluhf0
wlrqv/ dqg wkhq vlpxodwh D sro|jrq diwhu sro|jrq1 Wdnh d �5 dw ohdvw wzhqw|
wlphv odujhu wkdq �4> dqg iru N d vtxduh ru dq kh{djrq zlwk vlgh n1 T+n, lv hv0
wlpdwhg e| wkh surfhgxuh elqhurwhvw1 Ghqrwh/ zkhq vhwwlqj rq vhpl0orjdulwkplf
frruglqdwhv/ wkdw orj T+n, orrnv olnh wzr vxffhvvlyh vhjphqwv/ zkrvh dqjoh lv doo
wkh odujhu dv s lv vpdoo `1

61 Vlploduo|/ gudz d vlpxodwlrq D zkhuh [5 lv d errohdq U1D1F1V1/ dqg
dqrwkhu rqh zkhuh [5 lv d udqgrp ixqfwlrq ri Srlvvrqv wxehv1

^Lq wkh odwwhu fdvh/ zh zloo jhw [ 5 e| glodwlqj wkh vlpxodwlrqv gldjv e| frqhv`1

< D ihz srlqw prghov

41 Rughu wzr dqdo|vlv1 Wkh srlqwv prghov wkdw iroorz duh vwdwlrqdu| dqg jhqhu0
doo| dgplw d fryduldqfh phdvxuh F+g{,/ zklfk fdq eh ghfrpsrvhg lqwr wkh vxp
ri d Gludf phdvxuh dqg d ixqfwlrq j+{,

F+g{, @ p�+g{, . j+{,g{ +4,

<



Wkh phdq qxpehu ri srlqwv ]E lq wkh eruholdq vhw E lv

p+]E, @ p d+E,

dqg wkh fryduldqfh ehwzhhq wkh qxpehuv lq E dqg lq E* lv

F+]E> ]E3, @p d +E _E3, .

]
U5

]
U5

4E+{,4E3+|,j+{� |,g{ g| +5,

Lq wkh lvrwurslf fdvh/ wkhuh lv d vlpsohu zd| wr uhdfk j iurp h{shulphqwv1
Qrwh K+u,/ wkh dyhudjh qxpehu ri srlqwv zklfk duh lqfoxghg lq wkh glvf ri udglxv
u/ fhqwhuhg rq d srlqw {l +qrw frxqwhg,/ zklfk lv lwvhoi sduw ri wkh vhw prgho1 E|
wdnlqj iru E* wkh glvf ri udglxv gv fhqwhuhg {l/dqg iru E wkh glvf +u/ {l, plqxv
E*/ uhodwlrq +5, ehfrphv =

F+]E > ]E3, @ 5 � g{

] u

3

j+v, v gv +6,

Exw/ wklv fryduldqfh lv qrwklqj hovh wkdq wkh fhqwhuhg yhuvlrq ri pK+u,

F+]E> ]E3, @ H ^]E �p+]E,` ^]E3 �p+]E3,` @ p
�
K+u,� �u5p

�
g{ +7,

zkhuh wkh sulplwlyh
�
K+u,� �u5p

�
ri vj+u, lv h{shulphqwdoo| dffhvvleoh1

Zulwh d frpsxwlqj surfhgxuh iru K+u,
^Surfhgxuh ss/ iru �srlqw sdfnlqj�`1

51 Dqlvrwurslf Srlvvrq srlqwv1 Zrun djdlq zlwk surfhgxuh srlqwv dqg
glylgh wkh vlpxodwlrq e| vhwwlqj lq d phpru| wkh udqgrp srlqwv +{l/ |l, dqg
lq wkh rwkhu +{l/ |l@5,1 Wr zklfk h{whqg grhv wkh d!qlw| ri udwlr 425 pdnh
wkh vlpxodwlrq pruh dqlvrwurslf iurp d ylvxdo srlqw ri ylhz B Lqwhusuhw e|
fdofxodwlqj wkh qxpehu ri srlqwv zklfk duh lqfoxghg lq wkh  dw +vlghv 5/4, dqg
orqj +vlgh 4/5, uhfwdqjohv1

^Rqo| wkh ghqvlw| ydulhv/ khuh grxeohv1 Vxfk wklqj dv Srlvvrq srlqwv fdqqrw
eh dqlvrwurslf $ `

61 Phdvxuh wkh sulplwlyh K+u, iru Srlvvrq srlqwv vlpxodwlrqv/ dqg iru wkh
fhqwuhv lq wkh prgho ri glvf grxeohwv1 Ghulyh j+v, dqg h{sodlq1 Fdofxodwh K+u,
iru wkh jhupv fhqwhuv lq wkh klhudufklfdo vhwv ghulyhg iurp wkh errohdq prgho1

^Iru Srlvvrq srlqwv zlwk d ghqvlw| �/ zh �qg/ lq vtxduh julg K+n, � �+n .
u,5 dqg lq kh{djrqdo julg K+n, � �+6 n5 . 6 n . 4,/ zklfk gxo| fruuhvsrqgv
wr Srlvvrq odz yduldqfh/ dqg lpsolhv j+v, � 31 Lq fdvh ri grxeohwv iurp g
dsduw/ K+u, xqghujrhv d wkuxvw/ dw glvwdqfh g1 Lq klhudufklfdo fdvhv/ foxvwhulqj
vlwxdwlrqv +urvh/  dnh, ohdg wr dq dgglwlrqdo lqfuhdvh ri K+u,/ dqg uhsxovlyh
rqhv +kdug/ glvmrlqw, wr d ghfuhdvh/ iroorzhg dq dv|pswrwh lq erwk fdvhv1 Wkh
udqjh ri ixqfwlrq K+u, 0 �u5p fruuhvsrqgv wr wkh dyhudjh vl}h ri wkh lqwhudfwlrqv
ehwzhhq srlqwv `1

43



71 Fdofxodwh K+u, iru wkh vhw ri srlqwv jhqhudwhg e| wkh furvvlqj ri lvrwurslf
Srlvvrq olqhv/ zlwk dq lqwhqvlw| �1 Ghulyh wkh phdvxuh j+u, @ 7�6@u1 Vlpxodwh
vxfk d surfhvv dqg fdofxodwh lwv K+u,1 Jlyh dq lqwhusuhwdwlrq1

^Zh zloo vlpxodwh d surfhvv zlfk lv forvh wr wkh prgho/ exw hdvlhu wr lp0
sohphqw/ e| frqvlghulqj wzr uhdol}dwlrqv ri olqhv ^ gldjv/ dqg e| lqwhuvhfwlqj
wkhp1 D olqhdu lqfuhdvh ri K+u, lv qrwlfhg/ xqolnh doo wkh rwkhu srlqw surfhvvhv
frqvlghuhg xqwlo qrz1 Lq wkhru|/ li { l lv d srlqw ri wkh vhw/ wkh glvn E+u/ { l,
lqfoxghv/ rq wkh rqh kdqg/ olqhv lqwhuvhfwlrqv gl�huhqw iurp wkrvh zklfk gh0
�qh { l +dyhudjh qxpehu �u

5�5> vhh �Srlvvrq olqhv� h{huflfh,/ dqg/ rq wkh rwkhu
kdqg/ wkh srlqwv ri wkh wzr olqhv wkdw lqwhuvhfw dw srlqw { l +dyhudjh qxpehu ;�u,1
Frqvhtxhqwo|/ K+u, @ �u5�5 . ;�u/ dqg

] u

3

vj+v, gv @ 7�6@u wkhuhiruh j+u, @ 7�6@u `

81 Uhjlrqdol}hg ghqvlw|1 Lq wklv odvw h{huflfh/ zh frph edfn wr lpdjh sur0
fhvvlqj1 Ohw i eh d qxphulfdo ixqfwlrq ri wkh sodqh1 Vlpxodwh Srlvvrq srlqwv
zlwk d yduldeoh ghqvlw| i1 Dsso| wkh vlpxodwlrq e| fkrvlqj iru i d juh| wrqh
lpdjh1 H{sodlq1

^Surfhgxuh uhjsrlqwv1 Wklv vlpxodwlrq lv h{sodlqhg dv wkh elqdul}dwlrq ri
wkh qxphulfdo juh| lpdjh/ zkrvh txdolw| lv doo wkh vpdoohu vlqfh wkh lqyroyhg
judglhqwv duh vwhhshu dqg vwhhshu `1
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