Mathematical Morph ology in the L*a*b*
Colour Space

Allan Hanlury* andJeanSerra

30 August 2001

Techncal reportN-36/0L/MM
Centrede Morpholagie Mathémaique
EcoledesMinesde Paris
35, rue Saint-Honoré
77305Fontaindleaucede
France

*Hanbury@cmm.ensmp.fr



Abstract

The useof mathematicamorphology in the L*a*b* colour spaceis discussed.nitially, a de-
scription of the characteristicof the L*a*b* spaceand a comparisonto the HLS spaceare
given Thisis followed by a theoreticaldemonstratio of the useof weightingfunctionsto im-
poseacompleteorderon avectorspace Variouscolourweighting functionsareconsideredand
onebasedon a modelof an electrostatigotentialis choserfor further development. A lexico-
graphicalorderusingthis weighting functionallows oneto simulatea completeorderby colour
saturationa notionabsenfrom the definitionof the L*a*b* space Demonstratinsof thebasic
morphola@ical operatorandof thetop-hatoperatomakinguseof theproposedolourorderare
shawvn.

Keywords: L*a*b* colour space,mathematal morphobgy, lexicographcal ordet vector
order vectorweightingfunction, electrostatigotential.

Motsclés: EspaceouleurL*a*b*, morphologe mathématiqa, ordrelexicographque,ordre
vectoriel,fonctionde ponderatiorde vecteurspotentielélectrostatique.
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1. Intr oduction

Much researcthasbeencarriedout on the applicationof mathematal morphobgy [12, 14] to
colourimages,a subsetf the researchon its applicationto multivariatedata[13, 15]. While
the definition of ordersfor vectorsin the RGB colour space[5, 6] hasbeendiscussedthese
formulatiors usually presentthe disadwanige of having to arbitrarily chooseone of the red,
greenor blue channelgo play a dominantrole in the ordering. Attemptshave beenmadeto
overcomethis limitation throughthe useof, for example,bit-interlacing[4]. Theapplicationof
mathematicaimorphdogy in a colour spacewhich hasanangularhuecomponen{9] canover-
comethis disadwantge,allowing a non-constraine@hoiceof the dominanthue, or permitting
the implementationof rotationaly invariantoperatorandependentf the hue[8]. The useof
lexicographicalordersin the HLS colourspacd7] allow the pixelsto be orderedby physcally
intuitive characteristicsuchasluminance saturatioror huedifference.

However, the HLS spacesuffers from a numberof disadwantagessuchasan uneven distri-
bution of the huevalueswhenconverting from arectangulacoordinatesystemsuchasRGB [7,
chapter2]. As thisspacss closelylinkedto the RGB representationt is alsodevice-dependent,
thatis, the colour coordinateslependon the characteristic®f the devicesusedto captureand
displaytheimages.

TheCIE (Commisioninternationalelel’Eclairage),in 1976,introducedwo device-independent
spacestheL*a*b* andL*u*v* spacesThey weredesignedo beperceptuallyuniform,meaning
thatcolourswhich arevisually similar arecloseto eachotherin the colour space(if the proper
distancemetric is used). Thesespacesare basedon the CIE-XYZ spacewhich allows oneto
take into accountthe illumination characteristicof animage. The L*a*b* spaceis oftenused
in scientificimagingandcolourimetry asthe useof properlycalibratedinstrunentsallows the
exchangeof objectvely measureaolourinformationbetweerdifferentobseners. Nevertreless,
atransformatio from theRGB spaceo theL*a*b* spaceaesultsin anirregularly shapedyamut
of colours,its shapebeingdependenon theilluminationconditions,andwhich lacksthe notion
of colour saturation. It is thusdifficult to apply standardmorphologcal operatorgo assistin
making measurementsln addition a transformaton backto a rectangularcoordinatesystem
oftenresultsin thelossof somecolourinformation.

In this report,we begin with a discusgn of the L*a*b* spaceandits characteristicgchap-
ter 2). Due to the irregular shapeof the L*a*b* spacecolour gamut,we considerthe use of
a weighting functionin the spacewhich imposesa colour vector order analogoudo an order
by saturationin the HLS space(chapter3). Examplesof the useof the basicmorpholaical
operatorsaswell atop-hatoperatorareshavn. Chapterd concludes.



2. The L*a*b* space

Beforeapplyingimageanalysisoperatordo animagerepresenteth a certaincolourspaceijt is
usefulto know the characteristic®f the colour space. This helpsavoid unexpectedbehaiour
of the operatorsdueto colour spaceparticularities. The characteristicef the L*a*b* spaceare
examinedin detail in this chapter Sections2.1 to 2.3 provide basicinformatian on the colour
space,and sections2.4 and 2.5 examire the componentistributions and the relation of the
L*a*b* spaceo theHLS space.

2.1. Description

TheL*a*b* spaceis oneof two device-independentolour spacesievelopedby the CIE to be
approximatelyperceptuallyuniform. Thismeanghatcolourswhichappeasimilarto anobsener
arelocatedcloseto eachotherin theL*a*b* coordinatesystem.

In theL*a*b* colourspace:

e L* representthelightnesgluminance).

e o encodeshered-greersensationwith posiive ¢* indicatng a red colour, andnegative
a* agreencolour.

e b* encodedhe yellow-blue sensationwith positive b* indicatingyellow and negative b*
indicatingblue.

The grey-levels or colourlesspoints are locatedon the luminanceaxis (a¢* = 0, b* = 0), with
blackat L* = 0, andwhiteat L* = 100. Thecolourcharacteristicaresumnarisedschematically
in figure 2.1. As is clear it is possibleto definea polar representatiorof the chrominance
coordinatesThechromaC* andhueh* aredefinedas

C* — [(a*)Q + (b*)Q]%

h* = arctan (b—*>
a

The hue h* is obviously an angularvalue,andhasthe propertythath* = h* + 27n, n € Z.
CombiningtheC* andh* coordinatesvith L* leadsto acylindrical representatioof the L*a*b*
space.

and
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Figure2.1.: A schematiaepresentatioof the chrominancenformationin the L*a*b* colour
spacqfrom [1]).

2.2. Colour diff erence

Thetotal colourdifferenceA £, betweertwo colours,eachexpressedn termsof L*, a* andb*
is givenby the Euclideanmetric

N[

AE}, = [(AL")? + (Aa*)® + (Ab*)?] (2.1)

In the cylindrical representationthe Euclideandistancebetweentwo colours(L3, hf, Cy) and
(L3, h3,C3), is

=

AE}, = [(AL*)’ + Cf + C3 — 2C;C; cos (Ah")]

whereAh* = (h} — hj).
Theperceptualniformity of theL*a*b* spaceampliesthatif, for two colours,AE’; is small,
thenthe coloursarevisually similar.

(2.2)

2.3. Transformation from RGB to L*a*b*

Thetransformatiorirom theRGB to theL*a*b* colourspaceds doneby first transformingo the
CIE XYZ spaceandthento theL*a*b* space.The detailsof this transformatioraregiven,for
bothdirections,n appendixA.

Beforedoingthetransformatio from RGB to XYZ, oneneeddo specifythe coordinateof
thethreeprimarycolourstimul andof thewhite point (thenominally white object-colouistimu-
lus)in theXYZ space Theprimarycolourstimui dependnthehardwarecharacteristicef the
imagecapturedevice (i.e. the camera).Thewhite pointis usuallyspecifiedoy the spectrakadi-
antpower of oneof the CIE standardlluminants,suchasDgs (daylight)or A (tungsterfilament
lamp), reflectedinto the obsenrer’s eye by the perfectreflectingdiffuser[16]. If oneknowsthe



illuminationconditonsusedwhenacquiringtheimage thenthe specificatiorof the white point
is simple. If theilluminationconditiors areunknawn, a hypottesiscanbe made,or atechnique
for estimatingthe white point from the image[3] canbe used. For all the transformationsn
thisreport,the primarycolourstimuli andDg5 white pointspecifiedn theRec.709HDTV stan-
dard[11] have beenused. Thesecorrespondloselyto the displaycharacteristic®f computer
monitas. Thecoordinate®f the Rec.709 primariesandwhite pointaregivenin appendixA.

2.4. Characteristic s of the L*a*b* space

The transformationfrom an RGB cubecompletelyfilled with pointsdoesnot fill the L*a*b*
spaceput producesa gamutof colourswhoseshapedependn the primariesandwhite point.
In this sectionwe invegigatethe shapeof theresultantcolourgamu. Thisanalysigs performed
for the specificcaseof an RGB spacetransformedto the L*a*b* spaceusingthe Rec. 709
standardgrimariesandwhite point, but caneasilybe adaptedo othersituatons.

2.4.1. Component distrib utions

An analysisof the componentistributionsin the L*a*b* spacecangive anideaof the shape
of the colour gamut. This is similar to the analysisof the HLS spacein [7]. To allow the
distributions of the L*a*b* components$o be visualised,a transformatiorfrom an RGB colour
cubecontainingpointsequallyspacedy ; throughoutheregion [0,1] x [0, 1] x [0, 1] to the
L*a*b* spaceis done. For eachpoint [R, G, B], the correspondingraluesof L*, ¢*, and b*,
C* andh* areroundedto the nearesinteger andthe correspondinginsin the histagramsare
incrementedThe L*, C*, h*, a* andb* histogramsareshavn in figure2.2.

TheC*, L*, o* andb* distributionsareall smooh, with thepeaksf thea* andb* distributions
closeto zero. The chrominancelistibution shavs thattherearevery few pixels which areon
theluminanceaxis(i.e. atC* = 0). A comparisorof thehuedistribution with thecorresponding
distribution for the HLS space[7] shaws that the L*a*b* hue componenth* doesnot suffer
from regularly spacedspikesin the histogramlike the HLS huecomponentd. However, the h*
componentoesnothave aflat distribution,andtherearesomevaluesof A* whichappeato have
anexcessof pixelsassignedo them. Thisis examinedfurtherby calculatinga two-dimensonal
chrominancénistogram.

For the calculationof thetwo-dimensbnal chrominancéhistogram the transformatiorfrom
anRGB colourcubecontainingpointsequallyspacedy 5= throughoutheregion [0, 1] x [0, 1] x
[0, 1] to the L*a*b* spaceis done.For eachpoint[R, G, B], theresultingcoordinates.* andb*
areroundedto the nearesinteger, andthe bin [a*, b*] of the histogramis incremented.A plot
of the histogramis shown in figure 2.3. In thisimage,the grey-level at eachpoint [a*, b*] indi-
catesthe numberof pixelsin the RGB cubemappedo this point. In thefull three-dimensinal
L*a*b* spacethesepixelswould be mappedo differentluminancevalues.However, this two-
dimensimal histogramallows oneto make someusefulobsenations:

1. Thelargestnumberof pointsareconcentratedeartheorigin, theposition of theluminance
axis
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Figure2.2.: Thehistogram®f theHue h*, Chrominance’* andLuminanceL*, andthe chromi-
nanceCartesiarcoordinates:* andb* calculatedfrom a setof equally-spacegointsfilling an
RGB cube.
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Figure2.3.: The a*b* hisbgramwhich resultsfrom transformingan RGB cubeto the L*a*b*
space. The grey-level at eachpoint [a*, b*| indicatesthe numberof pixels in the RGB cube
mappedo this point Thezero-\aluedregionsareindicatedin blue.

2. Thedistribution of coloursis not circular— the maximum valueassumedy C* depends
onh*.

2.4.2. Extrema

The extremalpointsof the L*a*b* colourgamu arethosepointswhich arefurthestaway from
the luminanceaxis, that is, the points with the maximun valuesof C'*. Theseextremacan
be seenon the histogramin figure 2.3. It is, however, interestingto find the luminancevalue
correspondingo eachof theseextremalchromapoints

For the transformatiorfrom the RGB cube,for eachinteger valueof ~*, the point with the
largestchromaC™ is found. In figure 2.4, the value of C* is plottedfor the extremal points
correspondindo eachinteger valueof ~*, alongwith the luminanceL* of the extremalpoint.
ThesefunctionsarehenceforttrdenotedasCey; (k) and L.y (h), wherethevaluescanbereadoff
thegraphfor integervaluesof ~*, andinterpolaedfor non-integervalues.

10
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Figure2.4.: The valuesof the extremaof the chromaC* andtheir correspondindguminancel*
asafunctionof hueh* in theL*a*b* space.
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Figure2.5.: Thecolourscorrespondingo the extremalC* values.Thefirst line hasvaluesof h*
from 0° to 59°, thesecondrom 60° to 119°, etc.

2.5. Comparison between the HLS and L*a*b* spaces

In the HLS (double-cone)space the pointswith highestsaturation(S = 1) have luminance
valuesof half the maximum(L = %). It is interestingto examinethe relation betweenthese
pointsandthe extremalchromapointsin the L*a*b* colourgamut.For thecasewe aretreating,
whereuseis madeof primariesandawhite pointwell adaptedo computemonitors,theextrema
of thetwo spaceshouldcoincide.

The extremalchromapointsof the L*a*b* colourgamutarethoseplottedin figure 2.4,and
the colourscorrespondingo thesepointsfor integer huesbetween0® and 360° are shavn in
figure2.5. Theh*, L* andC* valuescorrespondingo thesecoloursareshown in the grey-level
imagesn figure 2.6.

To testthatthe extremalpointsof the L*a*b* colourgamutcorrespondo thoseof the HLS
space figure 2.5 was corvertedto the HLS space(via the RGB space). TheseH, L and S
componentgareshownn in figure 2.7. Thevaluesfor all the pixelsin the L band(figure2.7b)are
%, andfor all the pixelsin the S band(figure 2.7c)are1. Apartfrom a small displacemenof
the hueorigin betweenthe two spacesit is clearthatthe extremalpointsof the L*a*b* colour
gamutcorresponaxactly to the pointsof highestsaturatiorin the HLS space.

2.6. Notation

In this report,we dealwith a colourimagein theL*a*b* space

72 =R :x=(z,y) = c=(L*a*b")

12
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Figure2.6.: Theh*, L* andC* bandsof theimagein figure2.5.
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Figure2.7.: The H, L and S bandsof the colourimagein figure 2.5, obtainedby transforming
theimageto the RGB spaceandthento the HLS space.
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or its associategolarrepresentation
7R :x=(r,y) = c=(L*h",C)

where(0° < h* < 360°. The component®f thetwo possiblerepresentationarewritten L* (x),
a* (x), b* (x), h* (x) andC* (x).

To simplify the notationin somesectionswe assignanindex i to eachof then vectorsin
theimage,writtenasc; = (L*,a*,b*),. Theindividual componers of the vectorwith index i
arewrittenasL?, a7, b7, h; andC}. B is astructuringelementand By indicatesthe structuring

17 Ve

elementat pointx in theimage.
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3. Mathematical Morpholo gy

The L*a*b* spacedoesnot have a notion of colour saturation. Neverthelessywe have shaovn
in the previous chapterthat for the chosensetof primariesand white point, the mosthighly
saturategbointsin theHLS spacecorrespondo the extremalpointsof the L*a*b* colourgamu.
In this chapter we make useof this andof the factthatthe leastsaturategointsarefound on
the luminanceaxisto develop an analogueo the lexicographicalorderby saturationdescribed
in [7].

Duetotheirregularshapeof theL*a*b* colourgamut onecannotsimgdy, in analogywith the
HLS spacedefinethe supremunto be the pixel with the largestvalue of C*, asthe maximum
possibé value of C* varieswith hue. We thereforeproceedby defininga weighting function
which assignsaweightto eachcolourbasednits distanceto anextremalcolour. In Section3.1,
thetheoryrelatingto the useof weightingfunctionsfor colour morphology(or morphobgy on
vectorvaluedimages)s presentedThe developmentleadingto the choiceof a goodweighting
functionis givenin section3.2,andtheuseof thisweightingfunctionin morphologcal operators
is demongtatedin section3.3. Lastly, thetop-hat(section3.4), statistcs on the lexicographical
order(section3.5) androtationalinvariance(section3.6) arediscussed.

3.1. Colour morph ology theory

We know thatthe morpholaical operatorsareexpressedsproductsof the supremandinfima
of the elementsf the lattice understudy Whenwe dealwith numericalfunctionsin R™ or Z",
which alsoform avectorspacewe appendadditionsandmultiplicationto theoperatorsused.In
practice we arealwaysled to take the biggestor smallestvalueof afamily with afinite number
of elementsavaluewhich obviouslybelongsto thefamily.

However, oncewe definethe lattice £ asthe productof two numericallattices,lets say R
andG for redandgreen this propertyceaseso betrue. Thesupremunof (r; = 10,¢; = 1) and
(ro =1, g9 = 10) is (10, 10), differentfrom the two operands.The propositian developedhere
indicateghe conditiors underwhich onehasthedesirablgropertyof “remainingin thefamily”.
We formulateit in the generalframewvork of a compactattice with closedorder which hasthe
adwantageof modeling all the colourspacesandalsoallows usto placeoursehesin R™ or Z".
A lattice £ is calledtopolagical if we assignit atopolagy, andits orderis closedif two families
{zi,yi,1 € 1} satistyz; < y;, x; = z,y; — yin L, thenz < y.

A family {z;, 7 € I} in alattice £ isfiltering increasingresp.decreasingif thesetof indices
I hasanorderrelationverifying thefollowing two properties:

16



1.7:>j=xz >z (resp.z; < z;)
2. Foreveryi, j € I, thereexistsak € I whichis biggerthe: and;.

We alsonotethatin a completdattice £, the notionof amonotae limit of afiltering increasing
(resp.decreasindgamily {a;, 7 € 1}, i.e.

my = Va; (resp. mg = Aa;) (3.1)

is purelyalgebraicanddoesnot useary topology([10], pg. 16).

Finally, Matheronshavedthatif the completelattice £ is completey ordered,it permitsa
uniquetopologywhich rendersit compactwith closedorder (CCO) ([10], criterion6-1). This
topology satisfieghefollowing two equivalentpropertieg[10], theoremb-2)

1. Themonobneandtopologcal limits coincide(i.e. equation3.1is equvalentto a; — m).

2. Whenthe family {a;} is closedin £, the operators{a;} — Va; and{a;} — Aa; are
continuots.

Thesepreliminariesleadto the propertyfor which we areaiming, thatis

Proposition Let £ bea completdattice, and {a;,: € I} an arbitrary family of elementf L,
with mg = Aa; andm, = Va,;. Theelementsn, andm; belongto thefamily {a;} (finite or not)
if andonlyif thelattice £ is completelyorderedand{q;} is a closedsubsedf L.

Proof Supposehat £ is completelyordered. All filtering families{a;,i € I} of elementsare
orderedin thelattice by deceasingvalues{a}}, andby increasingvalues{a; }. For theunique
topolagy CCOinducedon L by its completeorder, we have by theoemb5-2 of Matheion

0 _ 1 _
a; = my=Aa; and a; =+ my =V,

If we assumehat the family {a;} is closed,and hencethat it containsits adheent points,we
havemo € {CLZ} andm, € {al}

Corversely supposthat £ containsa classof families F which containtheir extremalelements.
Asthis classcontainghefinite families,by hypothess, it contairs all thepairsof elementswhich
are therefore all compagble. It followsfromthis that the lattice £ is completelyordered, and
fromtheMatheon criterion thatthe classof familiesF is the classof closedsetsof L. -

The propostion saysthatwe mustusea completelyorderedattice, withoutimposng a par
ticularone. Thereforeary lattice derivedfrom a corvenientoneby anorderpreservingoijection
is alsousable.This allows alarge numberof solutiors.

Whenwe applythispropositonto acolourspacel . *h*C* for example,it shavsthatif wedo
notwantto generatenew colours,it is essentiato constructascalarfunctionw : (L*, h*,C*) —
R for which we can constructthe supremaand infima. The propositon doesnot give ary
indication on the physcal pertinenceof a function w, but guaranteeghat the procedureis
sufficient if w is injective. As this is not generallythe case,it is necessaryo completethe
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numericalorder of w, so that one can order the points (L7, h}, C;) and (L%, h’ C*) where

77 7 7 3 ]7
w(Lihi, C) =w (L;, h}, C*) Onecan,for exampk, usecascadesf lexicographcal orders,
possiby dependenbn the valuesof w. In this new completelyorderedattice,thefunctionw is
replacedby acomposie functionu, bi-unique,which permitsoneto assigratriplet (L*, h*, C*)

to a supremunor infimum of {u,}.

3.2. The weighting functio n

In this section,we develop a weighting function allowing the colour vectorsto be ordered,as
discussedhn section3.1. Theweightingfunctionw associatea weightw; with eachcolourc;

w: R —R:¢c; = (L*,h*,C*)z—>wZ

It is definedsothata lower weightimplies a colour closerto the extremalpoints(morehighly
saturated)anda higherweightindicatesa colourcloseto theluminanceaxis (lesssaturated).

Four possiblemethodsof definingweighting functionsare discused. The threemethods
basedon distancefunctionsarerejectedfor reasongliscusedin section3.2.1,whereaghe best
weighting function was found to be one modelledon an electrostatigpotential, the details of
which aregivenin section3.2.2.

3.2.1. Distance methods

Two possble methodswere consideredandrejected. The first is to measurehe distancefrom
a colourin the L*a*b* spaceto the extremal point with the samehue. In symbolc form, the
weightingw; of eachcolourpoint (L*, k*, C*), is calculatedas

wi = {[L} = Low () +[C} — Coxt ()P} (3.2)

whereCe (h) and Ly (h) aretheextremalpoints (section2.4.2).However, this approachdoes
not work asthe L*a*b* colour gamutis not spherical. A two-dimensionalillustration of this
problemis shawvn in figure 3.1. The extremal pointsof a simple two-dimensionalnon-circular
spacewith centreo areshavn. Usinga two-dimensionalversionof equation3.2, pointa would
be assigned weightw, equalto thedistancel, thedistanceo the extremalpointwith thesame
hue. However, the distanceto the closestextremalpointis actuallye. This form of weighting
functionthereforeassigngoo high a weightto somecolours.

Thesecondlistance-baseadpproachattemps to overcone the previouslimitationby setting
theweightasthedistanceo the closestextremalpoint, or

wi= inf  {[L7 = Loq (W2 +[CF = Coxe (W)’ (3.3)

0°<h<360°

With this formulation, however, we arehinderedby thefactthatthe luminanceaxisis notin the
geometricaktentreof the space.Thegrey coloursarethereforenot atanequaldistancerom the

18



Figure3.1.: An illustrationof the principaldisadwantageof thefirst distancemethodproposed.

extremalpointsfor all thecolours.Thusthecoloursassignedhe highestweightsdo notcoincide
with the luminanceaxis. This leadsto the undesireceffect of sometimesassigninga non-grey
colourahigherweightingthana grey on theluminanceaxis.

Thethird approachriedis to make useof two-dimensimalhomothetidunctionsin theplanes
perpendiculato the luminanceaxis. A homothett functionis definedsothat, if we denoteby
d; thedistancerom thecentreto theextremalpointatanglej, thez-homothett functionpasses
throughall the points zd;, where0 < j < 360 and0 < z < 1. The weightof a colouris
simply takento be (1 — z). With this approachwe cannottake the extremalpoints correctly
into account— Every point on the envelopesurroundinghe colourgamutis givena minimum
weightof zero.

3.2.2. Electrical potential

Thebestsolutionfoundis to take theweightirg asthevalueof a% potentialin theL*a*b* space.
We chooseto modelthis as an electrostatigpotentialobtainedby placing“charges” at various
astutelychoserpositions Notethatthe electrostatiqotentialmodelis choserfor corvenience.
We arein no way modellng a physicalsituation,only makinguseof a conceptwhich is well
understoodo simgdify the problemat hand. We thereforedo not make use of ary units or
constantdrom electrostaticheory One could just as easily visualisethis modelin termsof
gravitational potental, but with negative massesllowed. The actualnumericalvaluesof the
potentialarenotimportant,only the orderwhich they impose onthecolours.

Thepotental is setupin theL*a*b* spaceby placingaline of posiive “charge” onthelumi-
nanceaxis, therebyensuringthatthe surroundiig greys have the highestpotential;andplacing
negative “charges”atthe extremalpoints,imposing minima on the potentialfield. This configu-
rationis illustratedin figure3.2.

General expressions for the potential

The potentialdueto a line chage canbe determinedanalytically asis shovn in appendixB.
Givena posiively-chagedline of length/, anda point on theline at a distancer from theline

19



Extremal points —+—
Luminance axis

Figure3.2.: Thedistribution of “charges”in theL*a*b* space.Theline atthe centrerepresents
the posiive chageson the luminanceaxis, andthe surroundinging is the negative chagesat
the extremalpoints.
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centre,the potentialV, at a point with a perpendiculadistanceof d from point z on the line
chageis

V., = Aln [b+\/b2+7d2} —Aln me} (3.4)

where) is thechage perunit distanceq = é —zandb = % + z. Notethatfor anumericalim-
plementatia, it is notadvisablego combire thetwo log termsinto one,asthisleadsto numerical
instabiity.

For the potentialdueto the negative chagesat the extremalpoints we assumehata chage
—g, is placedat every integerhuedegree; = 0, 1,. .., 358, 359, sothatthetotal potentiall_ at
anarbitrarypointdueto thesechagesis

v=-Y% (3.5)

wherer; is the Euclideandistanceof extremalpoint 5 to the pointatwhich the potentialis being
calculated.

Adaptation to the L*a*b* space

Thevaluesandposiionsof thechagesin theL*a*b* spaceare,of courseheuristicallychoserto
producethe mostusefulpotentialfunctionfor theproblemto be solved. As thenumericalvalues
of the potentias are not important the magnitudef the chagescan be adjustedto produce
potentialvaluesin ausefulrange.

We first considerthe magnitudesof the negative chagesg,;. Two “obvious’ possibiities
exist, eithereachchage hasanequalmagniude,or the magnitue of the chagesis proportional
to their distancefrom the luminanceaxis. In orderto comparethesetwo possiliities, a simple
calculationin two dimensonsis done. In a two-dimensbnal polar coordinatesystem(p, 6),
a positive point chage is placedat the origin, and negaive chagesare placedat the points
[Cext (7) , 7], wherej = 0,1, . ..358, 359. Two setsof equipotentl linesarecalculated:

1. Thechagesg; attheextremalpointsall have equalmagnituderesultingin theequipoten-
tial linesdravn in figure 3.3a.

2. Thechagesy; attheextremalpointshave magnitudgproportianalto Cex: (7), with equipo-
tentiallinesdravn in figure 3.3h

On comparingthesetwo diagrams,it appearsasif the secondconfigurationis to be pre-
ferred.For this configurationthe equipotental lines nearthe extremalpointsareevenly spaced,
demonstratig thatcoloursneartheseextremawill have equalweighting In addition thetransi-
tion from the equipotental linesfollowing the shapeof the extremato the circularonesnearthe
centreis smooher.

With the luminanceaxis, we aim to give a slight preferenceto lighter greys. This is ac-
complisted by usinga positively chagedline of length200 luminanceunits, with the L* = 0
point of the luminanceaxis placedat the centreof thisline. The effect of thisline chageis best
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Figure3.3.: Theequipotentl lineswith (a) equalchagesat theextremalpoints and(b) chages
proportionalto the distancefrom the origin at the extremalpoints.
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Figure3.4.: Theequipotentialinesdueonly to aline chage placedon theluminanceaxis.

appreciatedy looking at vertical slicesparallelto and passingthroughthe luminanceaxis of
the L*a*b* space.Sucha slice shaving hueswith value0° on the right, and 180° on the left
is showvn in figure 3.4. Equipotental lines have beensuperimpoed on the space(the valuesof
the potentialfalling on aline areequal). They aredueonly to the positively chagedline onthe
luminanceaxis,sothe potentialdecreaseasonemovesfurtherfrom thecentre.

Charge configuration chosen

For theL*a*b* spacethe positive chage on the luminanceaxisandthe negative chagesatthe
extremalpointsarecombiredto createa potentialfunctionin thespaceasdescribechere.At the
point: with coordinategL*, h*, C*),, the potentialdueto the positve line chage s calculated
usingequation3.4with A = 1, I = 200, z = L} andd = C}. Thepotentialdueto the negatve
chagesatthe extremalpointsis calculatedusingequation3.5,with ¢; = CIXT‘(S” andr; givenby
equation2.2as

D=

ri = {[Lext () — L}]* + CF + Cxt (§) — 2 X CF x Cuxy (§) x cos [} — 4]}
Theweightingat point;: is thentakenasthe sumof thesetwo potentialsor
w, =V, +V_ (3.6)

Somediagramsof the equipotenal linesin the L*a*b* spacedueto this chage distribution
areshown in figure 3.5. Eachimageshaws a slice alonga vertical planeof the L*a*b* space
parallelto andpassinghroughtheluminanceaxis,andhenceshaving colourscorrespondingo
two huevalues:f to theright of theaxis,and# + 180° to theleft.

3.3. Basic operatio ns

Theuseof theweightirg functionin morphobgical operationss demonstratedThe supremum
of asetof points correspondso themosthighly saturateatolour, andhenceto the pointwith the

lowestweight. Corversely theinfimum is the pointwith the maximumweight. Thetwo images
usedin the examplesin this section,the LIzARD andMIRO images,areshawn in figures3.6a
andb.
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(d) 315° — 135°

Figure3.5.: The equipotentl linesfor someverticalslicesthroughthe L*a*b* space.Thehue
valuesontheleft andright of theluminanceaxisaregivenbelov eachimage.
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(@) (b)

(© (d)

Figure 3.6.: The exampleimages(a) LIZzARD — a lizard statuein Barcelona(size 544 x 360
pixels)and(b) MIRO — “Le Chanteur’by JoanMiro (size296 x 418 pixelg). (c) and(d): The
potentialfunctionsfor imagesa) and(b).
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3.3.1. Colour order

The weight (equation3.6) is calculatedfor eachcolour vectorin the L*a*b* space.A weight
imagecorrespondingo a colourimageis producedby replacingeachcolour pixel with its cor
respondingwveight. The two weightimagescorrespondingo figures3.6aandb are shavn in
figures3.6candd, wherethe grey-level representshe weight of the colour vector and hence
darlker pixelsindicatecolourswhich arecloserto the extremalpoints.

With thepotentialfunctionapproachywe have createda lattice of equipotentiakurfaces The
colourvectorsmakingup anequipoential surfacehave notyet beenordered.Unfortunatelythe
bestorderfor the colour vectorsin the sameequipotental surfaceis not obvious. In orderto
obtaina completeorderingof the colourvectors we make useof thelexicographcal order The
orderof the equipotentiakurfacesis placedin thefirst level, followed by an arbitraryordering
of thevectorsin the sameequipotentiaburfacein the secondandlower levels.

Thefollowing lexicographicabrdersfor vectorsc; andc; areintroduced

.
w; < W;j

or
C; > Cj if { w; = wj and L; > Lj (37)
or

wi=w; and L;=L; and (h}+hy) < (b} + hj)

and
(w; > w;
or
c,<c;if ¢ wi=w; and L; <L (3.8)

w;=w; and L;=L; and (h}+ hy) > (ki + hy)

\ J

whereh is the hueorigin choserby theuser and

. { |ay — as] if |a; — as| < 180°
aq Q9 =

360° — |CL1 - CL2| if |CL1 - ag| Z 180° (39)

Thesetwo extralevelsin the orderrelationaresuficientto completelyorderthe colourvectors
aslong asthereareno sphericalequipotentiakurfacescontainedn the colourgamut. If useis
madeof a chage configurationresultingin a sphericallyshapecdequipotentiakurfaceincluded
in the colourgamut thenafourth level relationfor C* would be necessaryo retainthecomplete
ordering.

In a practicalapplicationof a morphola@ical operatoy the valueof 4} is notcritical, asit is
very seldomused,a phenomenoniscussedurtherin section3.5.

Notethatthe useof equation3.9 doesnotdirectly resultin acompleteorder, asis explained
in the following example. Two pointsa; = ay + (f +ag) anday = ag — (0 + ag), where
6 is an arbitrary angle,have the samedistancesrom the origin, even thoughthey are not the
samepoint. We canimposea completeorderby stating for example thatin the situation where
a; + ag = ag + ag anda; # ag, wetakea; > ay if (a; mod 360°) < 180°, elsea; < as.
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3.3.2. Operator s

Oncetheseordershave beendefined,the morphologcal operatorsare definedin the standard
way. Thevectorerosionat pointx by structuringelementB is

enf (x) = {f(y): f(y) =inf[f (2)],2 € By} (3.10)
andthecorrespondinglilation by structuringelementB is
opf (x) ={f(y): f(y) =suplf(2)],2 € By} (3.11)

An openingyg is an erosionfollowed by a dilation, anda closingy  is a dilation followed by
anerosion.

3.3.3. Examples

The first exampledemonstratethe behaiour of theseoperators.The LIZARD imagewaspur-
poselychosenasit containshighly colouredregions— the mosaictiles — separatedby grey
lines. Theresultof the erosion dilation, openingandclosingoperatorsareshavn in figure 3.7.
Theoperatorproducethe expectedresults with thedilation operatorenlaging thetiles, andthe
erosionoperatorenlaging theregionsbetweerthetiles.

The secondset of examplesin figures 3.8 and 3.9 sene to illustrate the similarities and
differencesdetweerthe approachpresentedor imagesin the L*a*b* spaceandthe analogous
approachin the HLS spaceof the lexicographicabrderwith saturationn thefirst posiion [7].
The MIRO imageusedin the exampleis moredemandinghanthe L1ZzARD imageasit contains
blackandwhite regionsin additionto the colouredregions.

Theresultsof thetwo approachearestrikingy similar, with thecoloursalwaysbeingchosen
in preferenceo the black,white andgrey pixelsfor the dilation operator The maindifferences
are found when pixels of similar grey level or coloursof similar saturationare ordered. The
effectsof theoperatorsieartheimagebordershave notbeenstandardisedsotheresultsin these
regionsshouldbeignored.

3.4. Top-hat

Onecancreateanoperatornalogouso thegreyscaletop-hat{12] for useonimagein theL*a*b*
space.Thegreyscaleopeningtop-hatis definedas

THE (x) = f (x) - 7 (x)

for all pointsx in f, andthegreyscaleclosingtop-hatis definedas

THE (x) = ¢ (x) — f ()
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(c) opering (d) closing

Figure3.7.: An (a) erosion(b) dilation, (c) openingand(d) closingof theL1zARD imagewith a
squarestructuringelemenif size2 (5 x 5).
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(a) L*a*b* erosion (b) HLS erosion

(c) L*a*b* dilation (d) HLS dilation

Figure3.8.: The MIRO imageerodedin the (a) L*a*b* and(b) HLS spacesanddilatedin the
(c) L*a*b* and(d) HLS spaceswith astructuringelementf size?2.
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(a) L*a*b* opening (b) HLS openirg

(c) L*a*b* closing (d) HLS closing

Figure3.9.: The MIRO imageopenedn the (a) L*a*b* and(b) HLS spacesandclosedin the
(c) L*a*b* and(d) HLS spaceswith a structuringelementof size?2.
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(a) opering top-hat (b) closingtop-hat

Figure 3.10.: The (a) openingand (b) closingtop-hatsof the L1zARD imagewith a squareof
size?2.

The L*a*b* spacetop-hatintroducedhereproducesa greyscaleimagewhich encodeghe
colour distancesetweenpixels in the initial L*a*b* colourimage and eitherits openingor
closing. Theopeningtop-hatis

TH, (x) = AEG {f (x),v8f (x)}

andtheclosingtop-hatis

TH, (x) = AEL {f (x),¢5f (x)}

for all pointsx in f, wherethenotationAE; {c;, c,} indicateghecolour(Euclidean)ifference
betweervectorsc; andc; (equation2.1and2.2). Notice thatasthe distanceis alwaysposiive,
theorderof theimagesn the subtractio doesnot matter

An exampk of anopeningandclosingtop-hatontheL1zARD imageis shavn in figure 3.10.
Theclosingtop-hat,asexpected extractsthelinesbetweerthemosaictiles. Theintensityof the
pixelsis proportioral to the colourdistancebetweerthetiles andthe linessurroundinghem.

3.5. Lexicographic al order statistics

Whenapplyinga morphologcal operatorbasedon the lexicographcal orderdescribedoy rela-
tions 3.7 and 3.8, it is usefulto know the proportionof comparisongor which a decisionon
vectororderis madebasedonly on thefirst level, andthe numberof timesthe relationsin the
secondandthird levelsneedto beused.Thisis especiallyimportantgiven thatin thethird level,
thereis aparameter setby theuser andtheeffectof this parameteon thefinal resultdepends
onthenumberof timesthethird level of therelationis used.

An experimentcountingthe numberof timeseachlevel of the relationwasusedin a com-
parisonbetweercolourvectorswasthusperformed.A morphologcal operationon animageof
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sizem x n pixelswith a squarestructuringelemenbf sizes requiresm x n x (2s + 1)2 vector
comparisonskor animage the numberof timeseachlevel wasinvokedto resolve a comparison
wascountedaswell asthe numberof timesa comparisorwasdoneontwo identicalvectors.As
we aredealingwith floating-pointimagesijt is necessaryo definethelargestdifferencebetween
two floating-pointnumberswhich areconsideredo be equal,thatis, for two arbitrarynumbers
a andb, a = bif |a — b| < §. For theresultsbelow, we useds = 107°.

Theexperimens wereperformedon fiveimagesandtheerosiondilation, openingandclos-
ing operatorswith a squareof size 2 were appliedto eachimage. Theimagesare MIRO and
L1ZARD usedabove; andCUGAT, FRUIT andFIFER which areshovn in appendixC.

The resultsareshowvn in table3.1. Theimagenameandnumberof comparisongre given
in the first column. The secondcolumnlists the four operatorsappliedto eachimage. The
third operatoris a dilation of the erodedimageto producean openedimage, and the fourth
operatotis anerosionof thedilatedimageto produceaclosedmage.Thethird columnshavsthe
percentagef comparisonsvhichwereresohableusingonly thefirst level of thelexicographical
relation,andthe fourth column shaws the percentagef comparisongor which, after passing
throughthethreelevels thevectorsturnedout to beidentical. Thefifth andsixth columnsshov
thenumberof timesthatusewasmadeof theseconcandthird level relationsto resole theorder
of two non-identicalvectors.

For theimagesin the experiment the third level relationis never used,so the value of hj
hasno effect on theresults.The secondevel relationis usedonly a negligible numberof times.
As onewould predict,the numberof comparison®f identicalpixelsis largerwhenanoperator
is appliedto animagewhich hasalreadybeenerodedor dilated(i.e. for the secondstepin the
openingor closingoperators).

Eventhoughit appearshatthe secondandthird levelscanberemovedwithoutloss,it would
be simpleto modify the orderrelationsothatthey play a moreimportantpart. If we coarserthe
weightingfunction by limiting its outputto a finite numker n of integer values(i.e. by usinga
stepfunction),thentheutilisation of the seconcandthird levelsin thedecisionprocesss related
to the valueof n. If n is small,thenthe secondandthird level relationswill be neededmore
oftento resole the orderof alargernumberof vectorshaving equalweights

3.6. Rotational invarianc e

By rotationalinvariance we meanthattheresultsareinvariantto a changeof position of thehue
origin. If we, for exampk, move thehueorigin from thered segmentof the huecircle to theblue
seggment,we wouldideally like the colourorderto remainthe same.

In the HLS spacethelexicographicalorderwith saturatiorat thefirst level [7] is described
by therelation
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Imageandnumber Percentage Perceitage| Number | Number
of comparisons Operator 1stlevel identical | 2ndlevel | 3rdlevel

MIRO Erosion 91.1 8.9 1 0
3061850 Dilation 96.3 3.7 4 0
Dilation of erosion 57.1 42.9 10 0

Erosionof dilation 71.9 28.1 0 0

L1ZARD Erosion 99.6 0.4 13 0
4896000 Dilation 99.3 0.7 4 0
Dilation of erosion 80.5 19.5 3 0

Erosionof dilation 79.6 20.4 0 0

CUGAT Erosion 97.0 3.0 2 0
2939200 Dilation 95.7 4.3 1 0
Dilation of erosion 77.6 22.4 8 0

Erosionof dilation 74.7 25.3 0 0

FRUIT Erosion 99.5 0.5 2 0
773850 Dilation 98.9 1.1 1 0
Dilation of erosion 80.9 19.1 0 0

Erosionof dilation 79.0 21.0 5 0

FIFER Erosion 83.0 17.0 0 0
2662500 Dilation 89.9 10.1 0 0
Dilation of erosion 46.4 53.6 0 0

Erosionof dilation 55.2 44.8 0 0

Table 3.1.: Theresultsof the experimentcountirg the numberof timeseachlevel of the order
relationis usedfor five images.
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S; > Sj
or
c;>c; if Si=S; and |L; — 0.5 <|L; — 0.5
or
Si=S5; and |L; —0.5|=|L; — 0.5 and H;+ Hy< H; + H,
(3.12)
The first two levels of this relation are obvioudy independenbf the choiceof the hue origin
H,. The hueonly entersinto the third level relation,and given the resultsof section3.5, one
maybetemptedo ignorethis parameteasin practiceit haslittle or no effect onthe outcone of
themorphobgical operators On the otherhand,if we considerthe completeorderingof all the
vectorsin theHLS spaceit is clearthattheresultingorderdependsritically onthevalueof H.
Thelexicographcal ordersuggestedor the L*a*b* spacds similarto theabove HLS space
order andalsoconsistof two levelswhich arerotatiorally invariant,andathird level depending
onthehue.Thesdevels canbe summarisea@s:

1. Orderof equipotentl surfacegrotationallyinvariant).

2. Orderof theluminancewithin eachequipotenitl surface(rotationaly invariant). Thislevel
isin facttheorderof a setof one-dimensioal ringstracingoutlinesof equalpotental and
equalluminance.

3. Orderby huewithin eachequipotentiakqui-luminanceing (dependson the choiceof a
hueorigin).

In conclusion,the approachadoptedin this reportis to make the morpholaical operatorsas
“rotationally invariantas possible”. We do this by placingthe relationswhich dependon the
choiceof anorigin in positionswhich have beenexperimentaly shovn to be almostnever used,
sothatin practice their effectis almostnegligible.

An alternatve approactwould beto startwith operatorsvhicharedesignedo berotationaly
invarianton the hue, suchasthoseintroducedin [8], andaddwaysfor themto take the other
vectorcomponentsnto account.Thisremainsto be explored.
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4. Conclusion

Theuseof aweighting functionto imposeanorderon coloursin theL*a*b* spacds presented.
After introducingthetheoryunderlyingthe useof aweightingfunctionin the context of avector
spacetheelectrostatigpotentialmodelis usedasa basisfor creatinga weighting functionwhich
simulatesan order by colour saturationin the L*a*b* space. The weighting function hasthe
advantage®f takingthe positionsof the luminanceaxis andextremalcoloursinto accountand
beingadaptabléo mary L*a*b* colourgamus. The developmentof sucha weightingfunction
is usefulin thatit avoidsthe necessityto transformto anothercolour space an actionpossily
accompaniedby lossof colourinformation,beforeapplyingmorpholaical operatordasedon
an order by saturation. This is well demonstratedby the top-hatexample,wherewe initially
ignorethe inherentcharacteristic®f the L*a*b* spaceby imposirg an orderbasedon colour
saturationandthenmake intensve useof the perceptualuniformity characteristicsluring the
subtractiorstep.

The adaptatiorof the weightingfunction to other colour gamutscan be doneby following
the stepspresentedn this report. Onebegins with the transformatiorof an RGB colour cube
completelyfilled with pointsto theL*a*b* spaceafterwhichthepositionof the extremalpoints
of theresultantolourgamutarefound. The negative chagesareplacedattheseextremalpoints,
and,not forgettingto take the positive chaige on the luminanceaxisinto accountthe weightof
eachcolourcanbedetermined.

The way in which the chage distribution at the extremalpoints is modelledshoud be im-
proved. At the moment theirregularly-shapedurve on which the extremalpointsarefoundis
approximatedy aline of pointchages.A formulation allowing thesechagesto berepresented
asacontinuoudine chage,asfor theline atthecentre will improve theresultsfor highly satu-
ratedcolours.Thecalculationtime of theweightirng functionis notcritical, astheweightof each
colour only hasto be calculatedoncefor eachcolour gamut after which a three-dimensinal
look-up table canbe used. An accuratemplenentationof the weighting function calculation
shouldthereforebe possibé.

This improvementin the accurag of the weightcalculationis necessarypeforethis formu-
lation canbe usedfor morphobgical reconstructioroperators.With the currentapproximatbn
of the nggatvely chagedline by relatively widely spacedpoint chages,somefully saturated
colourshave lowerweightsthanothers,andonecanthereforehave an“invasiori of animageby
certaincoloursduringareconstructiorprocess.

A possble usefulmodificationto this techniquecould be to changethe potentialfunction
by addingchageselsavherein the space. For example,if oneis interestedn regionsof a
specificcolour, anadditionalnegative point chaige could be placedat the positionof this colour
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in orderto modify the shapeof the potentialfunction. Onewould thenstill have the framewvork
potentialfunctionsothatcoloursnot affectedby the newv chagewould continueto betreatedn
apredictablevay.

When designingcolour morphologcal operators,one would ideally like themto be com-
pletelyrotationallyinvariantsothatthey do notdependatall onthe choiceof a hueorigin. Here
we have adoptedhe approaclof sweepinghe problemof rotationalinvarianceasfar underthe
carpetasit will go, by placingthe dependencen the hueorigin in the third level of a lexico-
graphicalorderrelation. Thus,the positionof this origin is critical whenorderingall thevectors
in the space put ascanbe demonstatedexperimentally almostnever takeninto accountwhen
applyingmorphobgicaloperatorgo images.
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A. Colour space conversions

The transformatio from the RGB to the L*a*b* spacerequiresa passagehroughthe XYZ

space. It is during the transformatiorfrom RGB to XYZ thatthe characteristic®f the image
captureor displaydevice andtheilluminationconditiors aretakeninto account.A dervation of
the transformatio from the RGB to XYZ colour spaces givenin sectionA.1, andshowvs how
ary setof primariesandwhite point canbe taken into account.For peoplepressedor time, a
matrixfor transformingrom RGB to XYZ for asetof commonlyusedprimariesandwhite point
is givenin sectionA.2. The othernecessaryransformationsare XYZ to L*a*b* (sectionA.3)

andtheinversetransformationsL*a*b* to XYZ (sectionA.4) andXYZ to RGB (sectionA.5).

Thematerialin this appendixs mainly from Poynton[11] andWyszeckiandStiles[16].

A.1l. RGB to XYZ deriv ation

A.1.1. Primaries and white point

We areworkingin atristimuus RGB spacewith primary stimuli

1 0 0
R=|0|, G=|1|, B=]0
0 0 1

sothatanarbitrarystimulus Q is writtenas
Q=RoR+ GG+ BB

whereRg, G and B, arecalledthetristimulusvalues

In colourimetricpractice,a two-dimensionakepresentatiors oftenused,in which the coor
dinatesof thecoloursin theplaneR + G + B = 1 aregiven Thesechromdicity coodinatesare
definedas

R

R+G+B
G

R+G+B
B

R+G+B

37



| L« | v | = |
CIE-R 0.73467 | 0.26533 | 0.00000
CIE-G | 0.27376 | 0.71741 | 0.00883
CIE-B 0.16658 | 0.00886 | 0.82456
Rec.709-R| 0.640 0.330 0.030
Rec.709-G| 0.300 0.600 0.100
Rec.709-B| 0.150 0.060 0.790

TableA.1.: TheCIE [16] andRec.70911] primary chromaticitycoordinates.

| |z [ v 2
CIE-llluminantA (tungsterfilamentlamp) | 0.44757 | 0.40745 | 0.14498
CIE-llluminantB (directsunligh) 0.34842 | 0.35161 | 0.29997
CIE-llluminantC (averagedayligh( 0.31006 | 0.31616 | 0.37378
Rec.709Dg5 0.3127 | 0.3290 | 0.3582

TableA.2.: Thechromaticitycoordinate®f someCIE standardlluminantg16] andtheRec.709
white point[11].

from which it followsthat
r+g+b=1

In 1931,in orderto overcomecertaindeficienciesn the RGB systemthe CIE introduceda new
tristimuluscoordinatesystemthe XYZ systemywith correspondinghromaticitycoordinates

X
X+Y+Z2
Y
X+Y+2Z2
A

X+Y+Z2

were
r+y+z=1

The zyz chromaticitycoordinatesof the three CIE-RGB primary stimui andthe internation-
ally agreedprimaries(Rec. 709[2]) for high definitiontelevision (HDTV), which corresponds
closelyto the primariesusedin computemmonitors,aregivenin TableA.1.

In orderto completelyspecifyan XYZ coordinatesystem the coordinatesf the threepri-
marystimui andthewhite pointmustbe given. Thewhite pointis the colourobtainedvhenthe
R, G and B tristimulusvaluesare at their maxima. The chromaticiy coordinateof someCIE
standardlluminantsare given in table A.2, alongwith the coordinateof the Rec.709 HDTV
standaravhite point. If thewhite pointof animageis notknown, thereexist methodswvhich can
beusedto estimatat [3].
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Thechromaticitycoordinategz p, yp) of the CIE D (daylight)illuminantswith a correlated
colourtemperaturd’, canbecalculatedisingthefollowing equation$16]: For correlateccolour
temperaturefrom approximatelyl000K to 7000K:

=—4 6070109 + 2.9678 10° +0.09911 10 + 0.244063
For correlateccolourtemperaturefrom approximately7000K to 25000K:
10° 108 103
Tp = 200647 +1.9018 - + 0.24748 - + 0.237040

Theyp coordinatds calculatedas
yp = —3.0002%, + 2.870zp — 0.275

The CIE Dg5 daylightilluminanthasa correlatedcolourtemperaturef approxinately 6504K.

A.1.2. Transformation between two syste ms of primaries

Thetransformatiorbetweerary two system®f primarieds linear. Therelationbetweeracolour
measuredn the XYZ systemandin the RGB systemis

X R
v |=4|¢a (A.1)
Z B

whereA isthe3 x 3 matrix with columnsgiving thetristimulusvaluesof the RGB primariesin
theXYZ coordinatesystem

Xr Xg Xp
A= Yr Y Ym
Zr Za Zp
Theinversetransformations
R X
G|=A"1Y
B Z

We know the chromaticitycoordinatesof the primaries. The tristimulus valuesare written in
termsof the chromaticitycoordinatess

Xgr TR Xa g Xp B
Yr | =pr| Ur |, Yo | =pc | ye |, Ye | =pB | yB
ZR ZR ZG G ZB ZB

sothatthematrix A becomes

IR Tg IB PR 0 0
A= | Yr Yo ¥YB 0 pc O
2R Za 2B 0 0 ppB
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Hence,from equationA.1

e e ] w2
et

At thewhite point, R = G = B = 1, andthe luminanceis at its maxinum valueof 1. The
tristimulusvaluesof thewhite pointcanbewrittenas[16, Table1(3.3.3)]

.T,'wp pr
X'wp = y ) pr = ]-’ pr = y
wp wp

Theseareinsertednto equationA.2 to calculatethevaluesof pr, pg andpg, andhencethe3 x 3
transformatiormatrix, i.e.

—1 Twp —

IR Ig IB Ywp PR 0 0 1
Yr Yo YB 1 = 0 pe O 1
ZR ARG <B ZWT:; ] | 0 0 PB 1

b B -1 Twp

PR Tr TG TB Yup

= | pPa = YR Ya YB 1

PB ZrR Za 2B P

= - yu)p

Substituing in the specificvaluesfor theRec.709HDTV standardrom TablesA.1 andA.2,

PR 0.640 0.300 0.150 ] ' [ 03121 0.64446
pe | = | 0.330 0.600 0.060 1 | = 119193
0B 0.030 0.100 0.790 0.3583 1.20282

0.3290

Hence thetransformatiommatrix

[ 0.640 0.300 0.150 0.64446 0 0
A = 0.330 0.600 0.060 0 1.19193 0
| 0.030 0.100 0.790 0 0 1.20282

[ 0.412453 0.357580 0.180423
= 0.212671 0.715160 0.072169
| 0.019334 0.119193 0.950227

To demonstrateéhe effect of the white point on the transformatiormatrix, the matrix using
theRec.709 primariesandthe CIE-A illuminantis given here

[0.760983 0.295391 0.042093]
Acmr_a = | 0.392383 0.590781 0.016837
[0.035671 0.098464 0.221688J
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A.2. RGB to XYZ

The transformationfrom RGB into XYZ usingthe Rec. 709 HDTV primariesand D45 white
point[11] is

X 0.412453 0.357580 0.180423 R
Y | = [ 0.212671 0.715160 0.072169 G (A.3)
A 0.019334 0.119193 0.950227 B

A.3. XYZto L*a*b*

TheluminanceL* is calculatedas

3
L* =116 (L) — 16 if YL > 0.008856

pr wp

and
. Y ) Y
L* =903.3— if —— <0.008856
Yip Yup

Thechromacoordinates* andb* arecalculatedas
. X Y
v = 50“[}”(@)”(%)]
. Y VA
vo= [f (Y—wp)‘f (z—w)}

3
f (i) - <&> if -2 > 0.008856
Oéwp awp Opr

16
I (i) 7787 (i) F i < 0.008856

Qlyp Ol 116 Qyp

where

and

Thesymbola representary of X, Y or Z.

Notethatthe coordinateof the white point, X, Y,,, andZ,,, areobtainedby substiuting
the point [R, G, B] = [1,1, 1] into equationA.3. The valuesobtainedare X, = 0.950456,
Y = 1.0 and Z,,, = 1.088754.

A.4. L*a*b*to XYZ

Note that this conversionfrom L*a*b* backto XYZ shouldbe usedonly for visualisation of

animage,asinformationis lostin this corversion. This is becausene cannottell whetherthe

initial valuesof Xiwp andziwp weregreaterthanor lessthanthethresholdof 0.008856, andhence
which equationwasusedin the corversionto L*a*b*. In this cornversion,we usethe fact that
When%p = 0.008856, L* = 7.9996.
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If L* > 7.9996 then

L* +16]°
Y =Y, L +16
116
else I
Y=Y, —
903.3
The X andZ coordinatesrecalculatedas
Y \¢ ’
3 a*
X=X,
P (pr) + 500
and
x\s o)
Z = Zy, — ) -
P (pr) 200]

A.5. XYZto RGB

Thetransformatiorfrom XYZ to RGB with thesameprimariesandwhite pointassectionA.2 is

[ R 3.240479 —1.537150 —0.498535 X
G | = | —0.969256 1.875992  0.041556 Y
[ B 0.055648 —0.204043  1.057311 Z
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B. Derivation of the potential due to a
line charge

We have aline of linearchagedensity\ onthez-axisbetweerthe points—a andb. Thechage
perunitlengthdg = Adz. Theunitsareignoredin this derivation.

<X
-a 7 7 b
id
o
i
P

Thepoint P showvn is ata distanced perpendiculato theline chage from the origin O. The
potentialat point P dueto thechageontheline atpointZ is

V=

The potental V' at point P dueto the chage on the whole line is obtainedby integrating this
expression

b Az
[ vesw
= )\ln(x+\/m)
= )\[ln(b-l—\/m)—ln(—a—i-\/m)]

wherethe secondine is obtainedrom atableof integrals.

b
—a
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C. Some further results

Somefurther examplesof applicatiors of the lexicographcal order describedn this reportto
colourimagesarepresentedhere. Theimagesare FRUIT, CUGAT andFIFER. On eachimage,
anerosiondilation, openingandclosinghasbeenapplied,usinga squarestructuringelementof
size2.
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(d) opering (e)closing

FigureC.1.: The FRUIT image(size231 x 134 pixels).
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(a) original

(b) erosion (c) dilation

(d) openirgy (e)closing

Figure C.2.: The CUGAT image— Virgin by P. Serra,the centralpanelof a triptych in the
Monasteryof St. Cugat,Barcelonasize352 ><43é’)4 pixels).



(a) original

(d) opering (e)closing

FigureC.3.: The FIFER image— “JouerdeFifre” by E. Manet(size250 x 426 pixels).
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