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Abstract

The useof mathematicalmorphology in the L*a*b* colour spaceis discussed.Initially, a de-
scription of the characteristicsof the L*a*b* spaceand a comparisonto the HLS spaceare
given. This is followedby a theoreticaldemonstration of theuseof weightingfunctionsto im-
poseacompleteorderonavectorspace.Variouscolourweighting functionsareconsidered,and
onebasedon a modelof anelectrostaticpotentialis chosenfor furtherdevelopment. A lexico-
graphicalorderusingthis weighting functionallows oneto simulatea completeorderby colour
saturation,a notionabsentfrom thedefinitionof theL*a*b* space.Demonstrationsof thebasic
morphologicaloperatorsandof thetop-hatoperatormakinguseof theproposedcolourorderare
shown.

Keywords: L*a*b* colour space,mathematical morphology, lexicographical order, vector
order, vectorweightingfunction,electrostaticpotential.

Motsclés:EspacecouleurL*a*b*, morphologiemathématique,ordrelexicographique,ordre
vectoriel,fonctiondeponderationdevecteurs,potentielélectrostatique.
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1. Intr oduction

Much researchhasbeencarriedout on theapplicationof mathematical morphology [12, 14] to
colour images,a subsetof the researchon its applicationto multivariatedata[13, 15]. While
the definition of ordersfor vectorsin the RGB colour space[5, 6] hasbeendiscussed,these
formulations usually presentthe disadvantageof having to arbitrarily chooseone of the red,
greenor blue channelsto play a dominantrole in the ordering. Attemptshave beenmadeto
overcomethis limitation throughtheuseof, for example,bit-interlacing[4]. Theapplicationof
mathematicalmorphology in a colourspacewhich hasanangularhuecomponent[9] canover-
comethis disadvantage,allowing a non-constrainedchoiceof the dominanthue,or permitting
the implementationof rotationally invariantoperatorsindependentof the hue[8]. The useof
lexicographicalordersin theHLS colourspace[7] allow thepixelsto beorderedby physically
intuitivecharacteristicssuchasluminance,saturationor huedifference.

However, the HLS spacesuffers from a numberof disadvantagessuchasan unevendistri-
butionof thehuevalueswhenconverting from arectangularcoordinatesystemsuchasRGB [7,
chapter2]. As thisspaceis closelylinkedto theRGBrepresentation,it is alsodevice-dependent,
that is, the colour coordinatesdependon the characteristicsof the devicesusedto captureand
displaytheimages.

TheCIE (CommissionInternationaledel’Eclairage),in 1976,introducedtwodevice-independent
spaces,theL*a*b* andL*u*v* spaces.They weredesignedto beperceptuallyuniform,meaning
thatcolourswhich arevisually similar arecloseto eachotherin thecolourspace(if theproper
distancemetric is used). Thesespacesarebasedon the CIE-XYZ space,which allows oneto
take into accountthe illuminationcharacteristicsof an image. TheL*a*b* spaceis oftenused
in scientificimagingandcolourimetry, astheuseof properlycalibratedinstrumentsallows the
exchangeof objectively measuredcolourinformationbetweendifferentobservers.Nevertheless,
a transformation from theRGBspaceto theL*a*b* spaceresultsin anirregularlyshapedgamut
of colours,its shapebeingdependenton theilluminationconditions,andwhich lacksthenotion
of colour saturation. It is thusdifficult to apply standardmorphological operatorsto assistin
makingmeasurements.In addition, a transformation back to a rectangularcoordinatesystem
oftenresultsin thelossof somecolourinformation.

In this report,we begin with a discussion of theL*a*b* spaceandits characteristics(chap-
ter 2). Due to the irregular shapeof the L*a*b* spacecolour gamut,we considerthe useof
a weighting function in the spacewhich imposesa colour vectororderanalogousto an order
by saturationin the HLS space(chapter3). Examplesof the useof the basicmorphological
operatorsaswell a top-hatoperatorareshown. Chapter4 concludes.
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2. The L*a*b* space

Beforeapplyingimageanalysisoperatorsto animagerepresentedin a certaincolourspace,it is
usefulto know the characteristicsof the colour space.This helpsavoid unexpectedbehaviour
of theoperatorsdueto colourspaceparticularities.Thecharacteristicsof theL*a*b* spaceare
examinedin detail in this chapter. Sections2.1 to 2.3 provide basicinformation on the colour
space,and sections2.4 and 2.5 examine the componentdistributions and the relation of the
L*a*b* spaceto theHLS space.

2.1. Descr iption

TheL*a*b* spaceis oneof two device-independentcolourspacesdevelopedby theCIE to be
approximatelyperceptuallyuniform. Thismeansthatcolourswhichappearsimilartoanobserver
arelocatedcloseto eachotherin theL*a*b* coordinatesystem.

In theL*a*b* colourspace:��� �
representsthelightness(luminance).��� � encodesthered-greensensation,with positive � � indicating a redcolour, andnegative� � a greencolour.��� � encodesthe yellow-blue sensation,with positive � � indicatingyellow andnegative � �

indicatingblue.

The grey-levels or colourlesspointsare locatedon the luminanceaxis � � �	��
� � �	��
��
, with

blackat � ����

, andwhiteat � ������
�


. Thecolourcharacteristicsaresummarisedschematically
in figure 2.1. As is clear, it is possibleto definea polar representationof the chrominance
coordinates.Thechroma� �

andhue � � aredefinedas� � ��� � � � ����� � � � ��� �"!#
and � � ��$&% ')(*$�+-, � �� ��.
The hue � � is obviously an angularvalue,andhasthe propertythat � �/� � �	��02143��5376�8

.
Combiningthe � �

and � � coordinateswith � �
leadsto acylindrical representationof theL*a*b*

space.
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Figure2.1.: A schematicrepresentationof the chrominanceinformationin the L*a*b* colour
space(from [1]).

2.2. Colou r diff erence

Thetotal colourdifference9/: �;�< betweentwo colours,eachexpressedin termsof � �
, � � and � �

is givenby theEuclideanmetric

9/: �;�< � � �=9 � � ���>� �=9 � � ����� �=9 � � ��� �?!# (2.1)

In the cylindrical representation,the Euclideandistancebetweentwo colours � � � @ � � � @ � � �@ �
and� � �� � � �� � � �� � , is 95: �;A< �B� �=9 � � � � � � �@ � � ��DC 0 � �@ � �� 'FEHG �I9/� � �J�?!# (2.2)

where 9/� �K� �L� � @ C � �� � .
Theperceptualuniformity of theL*a*b* spaceimpliesthatif, for two colours,95: �;�< is small,

thenthecoloursarevisuallysimilar.

2.3. Transformat ion from RGB to L*a*b*

Thetransformationfrom theRGBto theL*a*b* colourspaceis doneby first transformingto the
CIE XYZ space,andthento theL*a*b* space.Thedetailsof this transformationaregiven,for
bothdirections,in appendixA.

Beforedoingthetransformation from RGB to XYZ, oneneedsto specifythecoordinatesof
thethreeprimarycolourstimuli andof thewhitepoint(thenominally whiteobject-colourstimu-
lus) in theXYZ space.Theprimarycolourstimuli dependon thehardwarecharacteristicsof the
imagecapturedevice (i.e. thecamera).Thewhitepoint is usuallyspecifiedby thespectralradi-
antpowerof oneof theCIE standardilluminants,suchas MONJP (daylight)or Q (tungstenfilament
lamp),reflectedinto theobserver’s eye by theperfectreflectingdiffuser[16]. If oneknows the
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illuminationconditionsusedwhenacquiringtheimage,thenthespecificationof thewhitepoint
is simple. If theilluminationconditions areunknown, a hypothesiscanbemade,or a technique
for estimatingthe white point from the image[3] canbe used. For all the transformationsin
this report,theprimarycolourstimuli and MRNJP whitepointspecifiedin theRec.709HDTV stan-
dard[11] have beenused.Thesecorrespondcloselyto the displaycharacteristicsof computer
monitors. Thecoordinatesof theRec.709primariesandwhitepointaregivenin appendixA.

2.4. Characteristic s of the L*a*b* space

The transformationfrom an RGB cubecompletelyfilled with pointsdoesnot fill the L*a*b*
space,but producesa gamutof colourswhoseshapedependson theprimariesandwhite point.
In thissection,we investigatetheshapeof theresultantcolourgamut. Thisanalysisis performed
for the specificcaseof an RGB spacetransformedto the L*a*b* spaceusing the Rec. 709
standardprimariesandwhitepoint, but caneasilybeadaptedto othersituations.

2.4.1. Component distrib utions

An analysisof the componentdistributionsin the L*a*b* spacecangive an ideaof the shape
of the colour gamut. This is similar to the analysisof the HLS spacein [7]. To allow the
distributionsof theL*a*b* componentsto bevisualised,a transformationfrom anRGB colour
cubecontainingpointsequallyspacedby

@@ISJS
throughouttheregion T 
�F�FU>V T 
�W�)U�V T 
�W�FU to the

L*a*b* spaceis done. For eachpoint TYX �[Z5�[\OU
, the correspondingvaluesof � �

, � � , and � � ,� �
and � � areroundedto the nearestinteger andthe correspondingbins in the histogramsare

incremented.The � �
, � �

, � � , � � and � � histogramsareshown in figure2.2.
The � �

, � �
, � � and � � distributionsareall smooth,with thepeaksof the � � and� � distributions

closeto zero. Thechrominancedistribution shows that therearevery few pixelswhich areon
theluminanceaxis(i.e. at � � ��
��

. A comparisonof thehuedistribution with thecorresponding
distribution for the HLS space[7] shows that the L*a*b* hue component� �

doesnot suffer
from regularly spacedspikesin thehistogramlike theHLS huecomponent] . However, the � �
componentdoesnothaveaflat distribution,andtherearesomevaluesof � �

whichappearto have
anexcessof pixelsassignedto them.This is examinedfurtherby calculatinga two-dimensional
chrominancehistogram.

For thecalculationof thetwo-dimensionalchrominancehistogram,thetransformationfrom
anRGBcolourcubecontainingpointsequallyspacedby

@� PJN throughouttheregion T 
�F�FU)V T 
�W�)UFVT 
�W�FU to theL*a*b* spaceis done.For eachpoint TYX �[Z5�[\OU
, theresultingcoordinates� � and � �

areroundedto the nearestinteger, andthe bin T � �W� � �AU of the histogramis incremented.A plot
of thehistogramis shown in figure2.3. In this image,thegrey-level at eachpoint T � �F� � � U indi-
catesthenumberof pixelsin theRGB cubemappedto this point. In thefull three-dimensional
L*a*b* space,thesepixelswould bemappedto differentluminancevalues.However, this two-
dimensionalhistogramallowsoneto makesomeusefulobservations:

1. Thelargestnumberof pointsareconcentratedneartheorigin, thepositionof theluminance
axis
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Figure2.3.: The � � � � histogramwhich resultsfrom transformingan RGB cubeto the L*a*b*
space. The grey-level at eachpoint T � �W� � � U indicatesthe numberof pixels in the RGB cube
mappedto thispoint. Thezero-valuedregionsareindicatedin blue.

2. Thedistribution of coloursis not circular— themaximum valueassumedby � �
depends

on � � .
2.4.2. Extrema

Theextremalpointsof theL*a*b* colourgamut arethosepointswhich arefurthestaway from
the luminanceaxis, that is, the points with the maximum valuesof � �

. Theseextremacan
be seenon the histogramin figure 2.3. It is, however, interestingto find the luminancevalue
correspondingto eachof theseextremalchromapoints.

For the transformationfrom theRGB cube,for eachinteger valueof � � , thepoint with the
largestchroma � �

is found. In figure 2.4, the valueof � �
is plotted for the extremalpoints

correspondingto eachinteger valueof � � , alongwith the luminance� �
of the extremalpoint.

Thesefunctionsarehenceforthdenotedas �bfhg�i?�=� � and � fhgAij�=� � , wherethevaluescanbereadoff
thegraphfor integervaluesof � � , andinterpolatedfor non-integervalues.
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Figure2.5.:Thecolourscorrespondingto theextremal � �
values.Thefirst line hasvaluesof � �

from

�k

to l�m k , thesecondfrom n 
�k to
�H� m k , etc.

2.5. Comp arison betw een the HLS and L*a*b* space s

In the HLS (double-cone)space,the pointswith highestsaturation( o � �
) have luminance

valuesof half the maximum( � � @� ). It is interestingto examinethe relationbetweenthese
pointsandtheextremalchromapointsin theL*a*b* colourgamut.For thecasewearetreating,
whereuseis madeof primariesandawhitepointwell adaptedto computermonitors,theextrema
of thetwo spacesshouldcoincide.

Theextremalchromapointsof theL*a*b* colourgamutarethoseplottedin figure2.4,and
the colourscorrespondingto thesepoints for integer huesbetween


k
and pHn 
Hk areshown in

figure2.5. The � � , � �
and � �

valuescorrespondingto thesecoloursareshown in thegrey-level
imagesin figure2.6.

To testthat theextremalpointsof theL*a*b* colourgamutcorrespondto thoseof theHLS
space,figure 2.5 was convertedto the HLS space(via the RGB space). These ] , � and o
componentsareshown in figure2.7. Thevaluesfor all thepixels in the � band(figure2.7b)are@� , andfor all the pixels in the o band(figure 2.7c)are

�
. Apart from a small displacementof

thehueorigin betweenthe two spaces,it is clearthat theextremalpointsof theL*a*b* colour
gamutcorrespondexactly to thepointsof highestsaturationin theHLS space.

2.6. Notat ion

In this report,we dealwith a colourimagein theL*a*b* spaceq-r 8 �tsvutw rHx � �hy �*z{� s | � � � � � � � � � � �
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(a) _�`

(b) c}`

(c) at`
Figure2.6.:The � � , � �

and � �
bandsof theimagein figure2.5.
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(a) ~

(b) �

(c) �
Figure2.7.: The � , � and � bandsof thecolour imagein figure2.5,obtainedby transforming
theimageto theRGB spaceandthento theHLS space.
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or its associatedpolarrepresentationq-r 8 � s u w rHx � �hy �*z{� s | � � � � � � � � � � �
where


 k�� � � � p�n 
 k . Thecomponentsof thetwo possiblerepresentationsarewritten � � � x �
,� � � x �

, � � � x �
, � � � x �

and � � � x �
.

To simplify thenotationin somesections,we assignan index � to eachof the
3

vectorsin
the image,written as

|�� � � � �W� � �F� � ��� � . The individual components of the vectorwith index �
arewrittenas � �� , � �� , � �� , � �� and � �� .

\
is a structuringelement,and

\��
indicatesthestructuring

elementat point
x

in theimage.
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3. Mathematical Morpholo gy

The L*a*b* spacedoesnot have a notion of colour saturation.Nevertheless,we have shown
in the previous chapterthat for the chosenset of primariesandwhite point, the mosthighly
saturatedpoints in theHLS spacecorrespondto theextremalpointsof theL*a*b* colourgamut.
In this chapter, we make useof this andof the fact that the leastsaturatedpointsarefoundon
the luminanceaxis to developananalogueto the lexicographicalorderby saturationdescribed
in [7].

Dueto theirregularshapeof theL*a*b* colourgamut, onecannotsimply, in analogywith the
HLS space,definethesupremumto be thepixel with the largestvalueof � �

, asthemaximum
possible valueof � �

varieswith hue. We thereforeproceedby defininga weighting function
whichassignsaweightto eachcolourbasedon its distanceto anextremalcolour. In Section3.1,
thetheoryrelatingto theuseof weightingfunctionsfor colourmorphology(or morphology on
vector-valuedimages)is presented.Thedevelopmentleadingto thechoiceof a goodweighting
functionis givenin section3.2,andtheuseof thisweightingfunctionin morphologicaloperators
is demonstratedin section3.3. Lastly, thetop-hat(section3.4),statisticson thelexicographical
order(section3.5)androtationalinvariance(section3.6)arediscussed.

3.1. Colou r morph ology theor y

We know that themorphological operatorsareexpressedasproductsof thesupremaandinfima
of theelementsof thelatticeunderstudy. Whenwe dealwith numericalfunctionsin

u��
or

8 �
,

whichalsoform avectorspace,weappendadditionsandmultiplicationto theoperatorsused.In
practice,wearealwaysled to take thebiggestor smallestvalueof a family with afinite number
of elements,avaluewhichobviouslybelongsto thefamily.

However, oncewe definethe lattice � asthe productof two numericallattices,lets say X
and

Z
for redandgreen,thispropertyceasesto betrue.Thesupremumof ��� @ ����
� � @ �����

and�I� � ����� � � ����
��
is � ��
��W��
�� , differentfrom the two operands.Theproposition developedhere

indicatestheconditionsunderwhichonehasthedesirablepropertyof “remainingin thefamily”.
We formulateit in thegeneralframework of a compactlatticewith closedorder, which hasthe
advantageof modelling all thecolourspaces,andalsoallows usto placeourselvesin

u �
or

8 �
.

A lattice � is calledtopological if we assignit a topology, andits orderis closedif two families� y � � z � � � 6��"�
satisfy y � � z �

, y ��s y ,
z �js z

in � , then y � z
.

A family
� y � � � 6��"�

in alattice � is filtering increasing(resp.decreasing)if thesetof indices�
hasanorderrelationverifying thefollowing two properties:
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1. �t�����vy � ��y � (resp. y �¢¡ y � )
2. For every � � � 6£�

, thereexistsa ¤ 6-�
which is biggerthe � and � .

Wealsonotethatin acompletelattice � , thenotionof amonotonelimit of afiltering increasing
(resp.decreasing)family

� � � � � 6-�¥�
, i.e.¦ @ �¨§ � � � % ©)G ª4« ¦ S �¨¬ � � � (3.1)

is purelyalgebraic,anddoesnotuseany topology([10], pg. 16).
Finally, Matheronshowed that if the completelattice � is completely ordered,it permitsa

uniquetopologywhich rendersit compactwith closedorder(CCO) ([10], criterion 6-1). This
topology satisfiesthefollowing two equivalentproperties([10], theorem5-2)

1. Themonotoneandtopological limits coincide(i.e. equation3.1 is equivalentto � �}s ¦ ).

2. When the family
� � � � is closedin � , the operators

� � � � s § � � and
� � � � s ¬ � � are

continuous.

Thesepreliminariesleadto thepropertyfor whichweareaiming,thatis

Proposition Let � be a completelattice, and
� � � � � 6-�¥�

an arbitrary family of elementsof � ,
with ¦ S ��¬ � � and ¦ @ ��§ � � . Theelements¦ S

and ¦ @
belongto thefamily

� � � � (finiteor not)
if andonly if thelattice � is completelyorderedand

� � � � is a closedsubsetof � .

Proof Supposethat � is completelyordered. All filtering families
� � � � � 6-�¥�

of elementsare
orderedin thelattice by decreasingvalues

� � S� � , andby increasingvalues
� � @� � . For theunique

topology CCOinducedon � by its completeorder, wehave, by theorem5-2of Matheron� S� s ¦ S ��¬ � � $�+ � @� s ¦ @ ��§ � �
If we assumethat the family

� � � � is closed,and hencethat it containsits adherent points,we
have¦ S 6 � � � � and ¦ @ 6 � � � � .
Conversely, supposethat � containsa classof families ® which containtheir extremalelements.
Asthisclasscontainsthefinitefamilies,byhypothesis,it containsall thepairsof elements,which
are therefore all comparable. It followsfromthis that the lattice � is completelyordered,and
fromtheMatheroncriterion that theclassof families ® is theclassof closedsetsof � . ¯

Theproposition saysthatwe mustusea completelyorderedlattice,without imposing a par-
ticularone.Thereforeany latticederivedfrom aconvenientoneby anorder-preservingbijection
is alsousable.Thisallowsa largenumberof solutions.

Whenweapplythispropositionto acolourspace,L*h*C* for example,it showsthatif wedo
notwantto generatenew colours,it is essentialto constructascalarfunction ° r � � � � � � � � � � su

for which we can constructthe supremaand infima. The proposition doesnot give any
indication on the physical pertinenceof a function ° , but guaranteesthat the procedureis
sufficient if ° is injective. As this is not generallythe case,it is necessaryto completethe
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numericalorder of ° , so that one can order the points � � �� � � �� � � �� � and ± � �� � � �� � � ��³² where°´� � �� � � �� � � �� �K� ° ± � �� � � �� � � ��³² . Onecan,for example, usecascadesof lexicographical orders,
possibly dependenton thevaluesof ° . In this new completelyorderedlattice,thefunction ° is
replacedby acomposite function µ , bi-unique,whichpermitsoneto assigna triplet � � �W� � �)� � �*�
to a supremumor infimumof

� µ � �
.

3.2. The weigh ting functio n

In this section,we develop a weighting function allowing the colour vectorsto be ordered,as
discussedin section3.1. Theweightingfunction ° associatesa weight ° �

with eachcolour
|H�

° r u w svu r |�� � � � � � � � � � � � � s ° �
It is definedso thata lower weight impliesa colourcloserto theextremalpoints(morehighly
saturated),anda higherweightindicatesacolourcloseto theluminanceaxis(lesssaturated).

Four possiblemethodsof definingweighting functionsare discussed. The threemethods
basedon distancefunctionsarerejectedfor reasonsdiscussedin section3.2.1,whereasthebest
weighting function was found to be onemodelledon an electrostaticpotential,the detailsof
whicharegivenin section3.2.2.

3.2.1. Distance methods

Two possible methodswereconsideredandrejected.The first is to measurethe distancefrom
a colour in the L*a*b* spaceto the extremalpoint with the samehue. In symbolic form, the
weighting ° �

of eachcolourpoint � � �F� � �W� � �[� � is calculatedas

° � �·¶ T � �� C � fhg�ij�L� �� �JU � � T¸� �� C �	fhg�ij�L� �� �JU ��¹ !#
(3.2)

where �	fhg�ij�L� � and � fhgAij�=� � aretheextremalpoints (section2.4.2).However, thisapproachdoes
not work as the L*a*b* colour gamutis not spherical. A two-dimensionalillustration of this
problemis shown in figure 3.1. Theextremalpointsof a simple two-dimensionalnon-circular
spacewith centreº areshown. Usinga two-dimensionalversionof equation3.2,point � would
beassignedaweight ° ; equalto thedistance» , thedistanceto theextremalpointwith thesame
hue. However, thedistanceto the closestextremalpoint is actually ¼ . This form of weighting
functionthereforeassignstoohigha weightto somecolours.

Theseconddistance-basedapproachattempts to overcome thepreviouslimitationby setting
theweightasthedistanceto theclosestextremalpoint,or

° � � ½¾+¿S�À Á ÂWÁ w N S�À ¶ T � �� C � f�g�ij�=� �JU¾��� T¸� �� C �	fhg�ij�L� �JU¾�&¹ !#
(3.3)

With this formulation,however, we arehinderedby thefactthattheluminanceaxisis not in the
geometricalcentreof thespace.Thegrey coloursarethereforenotat anequaldistancefrom the
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Figure3.1.:An illustrationof theprincipaldisadvantageof thefirst distancemethodproposed.

extremalpointsfor all thecolours.Thusthecoloursassignedthehighestweightsdonotcoincide
with the luminanceaxis. This leadsto theundesiredeffect of sometimesassigninga non-grey
coloura higherweightingthanagrey on theluminanceaxis.

Thethirdapproachtriedis tomakeuseof two-dimensionalhomotheticfunctionsin theplanes
perpendicularto the luminanceaxis. A homothetic function is definedso that, if we denoteby»�� thedistancefrom thecentreto theextremalpointatangle� , the y -homothetic functionpasses
throughall the points y?»H� , where


 � � � pHn 
 and

 � y � �

. The weight of a colour is
simply taken to be � � C y � . With this approach,we cannottake the extremalpoints correctly
into account— Every point on theenvelopesurroundingthecolourgamutis givena minimum
weightof zero.

3.2.2. Electrical potential

Thebestsolutionfoundis to taketheweighting asthevalueof a
@Ã potentialin theL*a*b* space.

We chooseto modelthis asan electrostaticpotentialobtainedby placing“charges” at various
astutelychosenpositions. Notethattheelectrostaticpotentialmodelis chosenfor convenience.
We arein no way modelling a physicalsituation,only makinguseof a conceptwhich is well
understoodto simplify the problemat hand. We thereforedo not make useof any units or
constantsfrom electrostatictheory. One could just as easilyvisualisethis model in termsof
gravitational potential, but with negative massesallowed. The actualnumericalvaluesof the
potentialarenot important,only theorderwhich they impose on thecolours.

Thepotential is setupin theL*a*b* spaceby placingaline of positive“charge” onthelumi-
nanceaxis, therebyensuringthat thesurrounding greys have thehighestpotential;andplacing
negative “charges”at theextremalpoints,imposingminima on thepotentialfield. This configu-
rationis illustratedin figure3.2.

General expressions for the potential

The potentialdueto a line charge canbe determinedanalytically, as is shown in appendixB.
Givena positively-chargedline of length Ä , anda point on the line at a distancey from the line
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Figure3.2.: Thedistribution of “charges” in theL*a*b* space.Theline at thecentrerepresents
the positive chargeson the luminanceaxis,andthe surroundingring is the negative chargesat
theextremalpoints.
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centre,the potential ÅjÆ at a point with a perpendiculardistanceof » from point y on the line
chargeis Å"Æ ��Ç�ÈÉ+-Ê � �ÌË � � � » � Í C ÇÎÈ¾+-Ê C � �ÏË � � � » � Í (3.4)

where
Ç

is thechargeperunit distance,� �ÑÐ� C y and � �ÒÐ� � y . Notethatfor anumericalim-
plementation, it is notadvisableto combinethetwo log termsinto one,asthis leadsto numerical
instability.

For thepotentialdueto thenegative chargesat theextremalpoints, we assumethata chargeCÎÓ � is placedat every integerhuedegree� �7
�W���W«W«W«Ô� p�l�Õ � p�l�m , sothatthetotal potential Å>Ö at
anarbitrarypointdueto thesechargesis

Å4Ö � C w PJ×Ø �AÙ S Ó ��*� (3.5)

where�*� is theEuclideandistanceof extremalpoint � to thepointatwhich thepotentialis being
calculated.

Adaptation to the L*a*b* space

Thevaluesandpositionsof thechargesin theL*a*b* spaceare,of course,heuristicallychosento
producethemostusefulpotentialfunctionfor theproblemto besolved.As thenumericalvalues
of the potentials arenot important, the magnitudesof the chargescanbe adjustedto produce
potentialvaluesin ausefulrange.

We first considerthe magnitudesof the negative charges Ó � . Two “obvious” possibilities
exist, eithereachchargehasanequalmagnitude,or themagnitudeof thechargesis proportional
to their distancefrom theluminanceaxis. In orderto comparethesetwo possibilities, a simple
calculationin two dimensions is done. In a two-dimensional polar coordinatesystem ��Ú �[ÛH� ,
a positive point charge is placedat the origin, and negative chargesare placedat the pointsT¸�	f�g�ij�Ü� �?� � U , where� �Ý
�W�H�F«W«W« p�l�Õ � pHl�m . Two setsof equipotential linesarecalculated:

1. ThechargesÓ � at theextremalpointsall haveequalmagnitude,resultingin theequipoten-
tial linesdrawn in figure3.3a.

2. ThechargesÓ � attheextremalpointshavemagnitudeproportional to ��fhg�ij�É� � , with equipo-
tentiallinesdrawn in figure3.3b.

On comparingthesetwo diagrams,it appearsas if the secondconfigurationis to be pre-
ferred.For thisconfiguration,theequipotential linesneartheextremalpointsareevenlyspaced,
demonstrating thatcoloursneartheseextremawill haveequalweighting. In addition, thetransi-
tion from theequipotential linesfollowing theshapeof theextremato thecircularonesnearthe
centreis smoother.

With the luminanceaxis, we aim to give a slight preferenceto lighter greys. This is ac-
complished by usinga positively chargedline of length

0�
H

luminanceunits,with the � �Þ�ß


pointof theluminanceaxisplacedat thecentreof this line. Theeffect of this line chargeis best
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Figure3.3.:Theequipotential lineswith (a)equalchargesat theextremalpoints, and(b) charges
proportionalto thedistancefrom theorigin at theextremalpoints.
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Figure3.4.:Theequipotentiallinesdueonly to a line chargeplacedon theluminanceaxis.

appreciatedby looking at vertical slicesparallel to andpassingthroughthe luminanceaxis of
the L*a*b* space.Sucha slice showing hueswith value


 k
on the right, and

� Õ 
 k on the left
is shown in figure3.4. Equipotential lineshave beensuperimposedon thespace(thevaluesof
thepotentialfalling on a line areequal).They aredueonly to thepositively chargedline on the
luminanceaxis,sothepotentialdecreasesasonemovesfurtherfrom thecentre.

Charge configuration chosen

For theL*a*b* space,thepositive chargeon theluminanceaxisandthenegative chargesat the
extremalpointsarecombinedto createapotentialfunctionin thespaceasdescribedhere.At the
point � with coordinates� � �F� � �W� � �[� � , thepotentialdueto thepositive line charge is calculated
usingequation3.4with

Ç-�·�
, Ä �à0�
�


, y � � �� and » � � �� . Thepotentialdueto thenegative
chargesat theextremalpointsis calculatedusingequation3.5,with Ó � �ßáHâÜãIä=å � æ@ISJS

and �[� givenby
equation2.2as

�*� � ¶ T � fhgAij�Ü� � C � �� U � � � �� � �	fhgAi"�É� � C 0�V � �� V �	fhgAi"�É� �KV-'FE�G Tç� �� C � U�¹ !#
Theweightingat point � is thentakenasthesumof thesetwo potentials, or° � � Å?Æ � Å4Ö (3.6)

Somediagramsof theequipotential linesin theL*a*b* spacedueto this chargedistribution
areshown in figure 3.5. Eachimageshows a slice alonga vertical planeof the L*a*b* space
parallelto andpassingthroughtheluminanceaxis,andhenceshowingcolourscorrespondingto
two huevalues:

Û
to theright of theaxis,and

Ûè�é� Õ 
 k to theleft.

3.3. Basic operatio ns

Theuseof theweighting functionin morphologicaloperationsis demonstrated.Thesupremum
of asetof pointscorrespondsto themosthighly saturatedcolour, andhenceto thepointwith the
lowestweight.Conversely, theinfimumis thepointwith themaximumweight.Thetwo images
usedin theexamplesin this section,the L IZARD andM IRO images,areshown in figures3.6a
andb.
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(a) ê ëÔìFí – ìFí

(b) î)îÔïFí – ðWï)í

(c) î)ñ�ìFí – òÔìFí

(d) ó�ê*ïFí – êAóFï)í
Figure3.5.: Theequipotential linesfor someverticalslicesthroughtheL*a*b* space.Thehue
valueson theleft andright of theluminanceaxisaregivenbelow eachimage.
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(a) (b)

(c) (d)

Figure3.6.: The exampleimages(a) L IZARD — a lizard statuein Barcelona(size l2ôHô V p�n 

pixels)and(b) M IRO — “Le Chanteur”by JoanMirò (size

0 m�n V ô � Õ pixels). (c) and(d): The
potentialfunctionsfor images(a)and(b).
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3.3.1. Colour order

The weight (equation3.6) is calculatedfor eachcolour vector in the L*a*b* space.A weight
imagecorrespondingto a colour imageis producedby replacingeachcolourpixel with its cor-
respondingweight. The two weight imagescorrespondingto figures3.6aandb areshown in
figures3.6candd, wherethe grey-level representsthe weight of the colour vector, andhence
darkerpixelsindicatecolourswhicharecloserto theextremalpoints.

With thepotentialfunctionapproach,wehavecreateda latticeof equipotentialsurfaces. The
colourvectorsmakingupanequipotentialsurfacehavenotyet beenordered.Unfortunately, the
bestorder for the colour vectorsin the sameequipotential surfaceis not obvious. In order to
obtaina completeorderingof thecolourvectors,we makeuseof thelexicographical order. The
orderof theequipotentialsurfacesis placedin thefirst level, followedby anarbitraryordering
of thevectorsin thesameequipotentialsurfacein thesecondandlower levels.

Thefollowing lexicographicalordersfor vectors
|³�

and
| � areintroduced

|�� � | � ½É¿öõ÷÷÷÷ø ÷÷÷÷ù

° �¢¡ °ú�EH%° � � °ú� $&+{ � � � � �EH%° � � °ú� $&+{ � � � � � $�+{ �=� ��üû � �S � ¡ ±J� �� û � �S ²
(3.7)

and

|��ý¡Ì| � ½É¿öõ÷÷÷÷ø ÷÷÷÷ù

° � ��°ú�EH%° � � °ú� $&+{ � �¢¡ � �EH%° � � °ú� $&+{ � � � � � $�+{ �=� �� û � �S � � ± � �� û � �S ²
(3.8)

where � �S is thehueorigin chosenby theuser, and

� @ û � � �ÿþ�� � @ C � � � ½É¿ � � @ C � � � � � Õ 
 kpHn 
 k C � � @ C � � � ½É¿ � � @ C � � ��� � Õ 
 k (3.9)

Thesetwo extra levelsin theorderrelationaresufficient to completelyorderthecolourvectors
aslong asthereareno sphericalequipotentialsurfacescontainedin thecolourgamut.If useis
madeof a chargeconfigurationresultingin a sphericallyshapedequipotentialsurfaceincluded
in thecolourgamut, thenafourth level relationfor � �

wouldbenecessaryto retainthecomplete
ordering.

In a practicalapplicationof a morphological operator, thevalueof � �S
is not critical, asit is

veryseldomused,aphenomenondiscussedfurtherin section3.5.
Notethattheuseof equation3.9doesnotdirectly resultin a completeorder, asis explained

in the following example. Two points � @ � � S � � Û û � S � and � � � � S C � Û û � S � , whereÛ
is an arbitraryangle,have the samedistancesfrom the origin, even thoughthey arenot the

samepoint. Wecanimposea completeorderby stating, for example,thatin thesituation where� @ û � S � � � û � S and � @��� � � , we take � @ � � � if � � @�� E  p�n 
 k � ¡ � Õ 
 k , else � @ ¡ � � .
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3.3.2. Operator s

Oncetheseordershave beendefined,the morphological operatorsaredefinedin the standard
way. Thevectorerosionat point

x
by structuringelement

\
is�
	 q � x �t� � q ��� � r q �� � ��½É+¿ T q ��� � U�� � 6£\����

(3.10)

andthecorrespondingdilationby structuringelement
\

is� 	 q � x �ú� � q �� � r q �� �ú�ÝG��{ª T q �� ��UH� � 6£\�� �
(3.11)

An opening� 	 is anerosionfollowedby a dilation, anda closing � 	 is a dilation followedby
anerosion.

3.3.3. Examples

Thefirst exampledemonstratesthebehaviour of theseoperators.The L IZARD imagewaspur-
poselychosenasit containshighly colouredregions— the mosaictiles — separatedby grey
lines. Theresultof theerosion,dilation,openingandclosingoperatorsareshown in figure3.7.
Theoperatorsproducetheexpectedresults,with thedilationoperatorenlarging thetiles,andthe
erosionoperatorenlarging theregionsbetweenthetiles.

The secondset of examplesin figures3.8 and 3.9 serve to illustrate the similarities and
differencesbetweentheapproachpresentedfor imagesin theL*a*b* space,andtheanalogous
approachin theHLS spaceof the lexicographicalorderwith saturationin thefirst position [7].
TheM IRO imageusedin theexampleis moredemandingthantheL IZARD imageasit contains
blackandwhite regionsin additionto thecolouredregions.

Theresultsof thetwo approachesarestrikingly similar, with thecoloursalwaysbeingchosen
in preferenceto theblack,white andgrey pixelsfor thedilation operator. Themaindifferences
are found whenpixels of similar grey level or coloursof similar saturationareordered. The
effectsof theoperatorsneartheimagebordershavenotbeenstandardised,sotheresultsin these
regionsshouldbeignored.

3.4. Top-hat

Onecancreateanoperatoranalogousto thegreyscaletop-hat[12] for useonimagein theL*a*b*
space.Thegreyscaleopeningtop-hatis definedas������ � x �ú� q � x � C � �	 � x �
for all points

x
in

q
, andthegreyscaleclosingtop-hatis definedas������ � x �t� � � 	 � x � C q � x �

.
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(a)erosion (b) dilation

(c) opening (d) closing

Figure3.7.:An (a)erosion,(b) dilation,(c) openingand(d) closingof theL IZARD imagewith a
squarestructuringelementof size2 ( l V l ).
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(a)L*a* b* erosion (b) HLS erosion

(c) L*a*b* dilation (d) HLS dilation

Figure3.8.: The M IRO imageerodedin the(a) L*a*b* and(b) HLS spaces,anddilatedin the
(c) L*a*b* and(d) HLS spaceswith astructuringelementof size2.
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(a)L*a*b* opening (b) HLS opening

(c) L*a*b* closing (d) HLS closing

Figure3.9.: The M IRO imageopenedin the(a) L*a*b* and(b) HLS spaces,andclosedin the
(c) L*a*b* and(d) HLS spaceswith astructuringelementof size2.
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(a)opening top-hat (b) closingtop-hat

Figure3.10.: The (a) openingand(b) closingtop-hatsof the L IZARD imagewith a squareof
size2.

The L*a*b* spacetop-hatintroducedhereproducesa greyscaleimagewhich encodesthe
colour distancesbetweenpixels in the initial L*a*b* colour imageand either its openingor
closing.Theopeningtop-hatis��� � � x � � 95: �;�< � q � x ��� � 	 q � x ���
andtheclosingtop-hatis ��� � � x �ú� 9/: �;�< � q � x ��� � 	 q � x �Ô�
for all points

x
in

q
, wherethenotation95: �;A< � |�� � | � � indicatesthecolour(Euclidean)difference

betweenvectors
|H�

and
| � (equations2.1and2.2). Noticethatasthedistanceis alwayspositive,

theorderof theimagesin thesubtraction doesnotmatter.
An exampleof anopeningandclosingtop-haton theL IZARD imageis shown in figure3.10.

Theclosingtop-hat,asexpected,extractsthelinesbetweenthemosaictiles. Theintensityof the
pixelsis proportional to thecolourdistancebetweenthetilesandthelinessurroundingthem.

3.5. Lexic ographic al order statistics

Whenapplyinga morphological operatorbasedon the lexicographical orderdescribedby rela-
tions 3.7 and3.8, it is useful to know the proportionof comparisonsfor which a decisionon
vectororderis madebasedonly on thefirst level, andthenumberof timesthe relationsin the
secondandthird levelsneedto beused.This is especiallyimportantgiven thatin thethird level,
thereis aparameter� �S setby theuser, andtheeffectof thisparameteronthefinal resultdepends
on thenumberof timesthethird level of therelationis used.

An experimentcountingthenumberof timeseachlevel of the relationwasusedin a com-
parisonbetweencolourvectorswasthusperformed.A morphological operationon animageof
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size ¦ V�3
pixelswith asquarestructuringelementof size � requires¦ V�3 V � 0 � �Ý��� �

vector
comparisons.For animage,thenumberof timeseachlevel wasinvokedto resolveacomparison
wascounted,aswell asthenumberof timesacomparisonwasdoneontwo identicalvectors.As
wearedealingwith floating-pointimages,it is necessaryto definethelargestdifferencebetween
two floating-pointnumberswhich areconsideredto beequal,that is, for two arbitrarynumbers� and � , � � � if � � C � � ¡ �

. For theresultsbelow, weused
� ����
 Ö N .

Theexperimentswereperformedonfive images,andtheerosion,dilation,openingandclos-
ing operatorswith a squareof size2 wereappliedto eachimage. The imagesareM IRO and
L IZARD usedabove;andCUGAT, FRUIT andFIFER whichareshown in appendixC.

The resultsareshown in table3.1. The imagenameandnumberof comparisonsaregiven
in the first column. The secondcolumn lists the four operatorsappliedto eachimage. The
third operatoris a dilation of the erodedimageto producean openedimage,and the fourth
operatorisanerosionof thedilatedimagetoproduceaclosedimage.Thethirdcolumnshowsthe
percentageof comparisonswhichwereresolvableusingonly thefirst level of thelexicographical
relation,andthe fourth columnshows the percentageof comparisonsfor which, after passing
throughthethreelevels, thevectorsturnedout to beidentical.Thefifth andsixthcolumnsshow
thenumberof timesthatusewasmadeof thesecondandthird level relationsto resolvetheorder
of two non-identicalvectors.

For the imagesin the experiment, the third level relationis never used,so the valueof � �S
hasnoeffect on theresults.Thesecondlevel relationis usedonly anegligible numberof times.
As onewould predict,thenumberof comparisonsof identicalpixelsis largerwhenanoperator
is appliedto an imagewhich hasalreadybeenerodedor dilated(i.e. for thesecondstepin the
openingor closingoperators).

Eventhoughit appearsthatthesecondandthird levelscanberemovedwithout loss,it would
besimpleto modify theorderrelationsothatthey playamoreimportantpart. If wecoarsenthe
weightingfunctionby limiting its outputto a finite number

3
of integer values(i.e. by usinga

stepfunction),thentheutilisationof thesecondandthird levelsin thedecisionprocessis related
to the valueof

3
. If

3
is small, thenthe secondandthird level relationswill be neededmore

oftento resolve theorderof a largernumberof vectorshaving equalweights.

3.6. Rotat ional invarianc e

By rotationalinvariance,wemeanthattheresultsareinvariantto achangeof positionof thehue
origin. If we,for example,movethehueorigin from theredsegmentof thehuecircle to theblue
segment,wewould ideally like thecolourorderto remainthesame.

In theHLS space,thelexicographicalorderwith saturationat thefirst level [7] is described
by therelation
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Imageandnumber Percentage Percentage Number Number
of comparisons Operator 1stlevel identical 2ndlevel 3rd level

M IRO Erosion 91.1 8.9 1 0
3061850 Dilation 96.3 3.7 4 0

Dilation of erosion 57.1 42.9 10 0
Erosionof dilation 71.9 28.1 0 0

L IZARD Erosion 99.6 0.4 13 0
4896000 Dilation 99.3 0.7 4 0

Dilation of erosion 80.5 19.5 3 0
Erosionof dilation 79.6 20.4 0 0

CUGAT Erosion 97.0 3.0 2 0
2939200 Dilation 95.7 4.3 1 0

Dilation of erosion 77.6 22.4 8 0
Erosionof dilation 74.7 25.3 0 0

FRUIT Erosion 99.5 0.5 2 0
773850 Dilation 98.9 1.1 1 0

Dilation of erosion 80.9 19.1 0 0
Erosionof dilation 79.0 21.0 5 0

FIFER Erosion 83.0 17.0 0 0
2662500 Dilation 89.9 10.1 0 0

Dilation of erosion 46.4 53.6 0 0
Erosionof dilation 55.2 44.8 0 0

Table3.1.: The resultsof theexperimentcounting thenumberof timeseachlevel of the order
relationis usedfor five images.
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|�� � | � ½É¿ õ÷÷÷÷ø ÷÷÷÷ù

o � �éo{�EH%o � � o{� $�+{ � � � C 
« l � ¡ � � � C 
« l �EH%o � � o{� $�+{ � � � C 
« l � � � � � C 
« l � $�+{ ] � û ] S ¡ ] � û ] S
(3.12)

The first two levels of this relationareobviously independentof the choiceof the hueorigin] S
. The hueonly entersinto the third level relation,andgiven the resultsof section3.5, one

maybetemptedto ignorethisparameterasin practiceit haslittle or noeffecton theoutcomeof
themorphologicaloperators.On theotherhand,if we considerthecompleteorderingof all the
vectorsin theHLS space,it is clearthattheresultingorderdependscritically onthevalueof ] S

.
Thelexicographical ordersuggestedfor theL*a*b* spaceis similar to theaboveHLS space

order, andalsoconsistsof two levelswhicharerotationally invariant,andathird level depending
on thehue.Theselevels canbesummarisedas:

1. Orderof equipotential surfaces(rotationallyinvariant).

2. Orderof theluminancewithin eachequipotential surface(rotationally invariant).Thislevel
is in facttheorderof asetof one-dimensional ringstracingout linesof equalpotential and
equalluminance.

3. Orderby huewithin eachequipotentialequi-luminancering (dependson thechoiceof a
hueorigin).

In conclusion,the approachadoptedin this report is to make the morphological operatorsas
“rotationally invariantaspossible”. We do this by placingthe relationswhich dependon the
choiceof anorigin in positionswhichhavebeenexperimentally shown to bealmostneverused,
sothatin practice,their effect is almostnegligible.

An alternativeapproachwouldbeto startwith operatorswhicharedesignedto berotationally
invarianton the hue,suchasthoseintroducedin [8], andaddwaysfor themto take the other
vectorcomponentsinto account.This remainsto beexplored.
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4. Conc lusion

Theuseof aweighting functionto imposeanorderoncoloursin theL*a*b* spaceis presented.
After introducingthetheoryunderlyingtheuseof aweightingfunctionin thecontext of avector
space,theelectrostaticpotentialmodelis usedasabasisfor creatingaweighting functionwhich
simulatesan orderby colour saturationin the L*a*b* space.The weighting function hasthe
advantagesof takingthepositionsof theluminanceaxisandextremalcoloursinto account,and
beingadaptableto many L*a*b* colourgamuts. Thedevelopmentof sucha weightingfunction
is usefulin that it avoids thenecessityto transformto anothercolourspace,anactionpossibly
accompaniedby lossof colour information,beforeapplyingmorphological operatorsbasedon
an orderby saturation.This is well demonstratedby the top-hatexample,wherewe initially
ignorethe inherentcharacteristicsof the L*a*b* spaceby imposing an orderbasedon colour
saturation,andthenmake intensive useof the perceptualuniformity characteristicsduring the
subtractionstep.

The adaptationof the weightingfunction to othercolourgamutscanbe doneby following
the stepspresentedin this report. Onebegins with the transformationof an RGB colour cube
completelyfilled with pointsto theL*a*b* space,afterwhich thepositionof theextremalpoints
of theresultantcolourgamutarefound.Thenegativechargesareplacedattheseextremalpoints,
and,not forgettingto take thepositive chargeon theluminanceaxis into account,theweightof
eachcolourcanbedetermined.

The way in which the charge distribution at the extremalpoints is modelledshould be im-
proved. At themoment, the irregularly-shapedcurve on which theextremalpointsarefoundis
approximatedby a line of pointcharges.A formulationallowing thesechargesto berepresented
asacontinuousline charge,asfor theline at thecentre,will improve theresultsfor highly satu-
ratedcolours.Thecalculationtimeof theweighting functionis notcritical, astheweightof each
colour only hasto be calculatedoncefor eachcolour gamut, after which a three-dimensional
look-up tablecanbe used. An accurateimplementationof the weighting function calculation
shouldthereforebepossible.

This improvementin theaccuracy of theweightcalculationis necessarybeforethis formu-
lation canbeusedfor morphological reconstructionoperators.With thecurrentapproximation
of the negatively charged line by relatively widely spacedpoint charges,somefully saturated
colourshave lowerweightsthanothers,andonecanthereforehavean“invasion” of animageby
certaincoloursduringa reconstructionprocess.

A possible usefulmodificationto this techniquecould be to changethe potentialfunction
by addingchargeselsewherein the space. For example, if one is interestedin regions of a
specificcolour, anadditionalnegativepointchargecouldbeplacedat thepositionof thiscolour
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in orderto modify theshapeof thepotentialfunction. Onewould thenstill have theframework
potentialfunctionsothatcoloursnotaffectedby thenew chargewouldcontinueto betreatedin
apredictableway.

Whendesigningcolour morphological operators,onewould ideally like themto be com-
pletelyrotationallyinvariantsothatthey donotdependatall on thechoiceof ahueorigin. Here
we have adoptedtheapproachof sweepingtheproblemof rotationalinvarianceasfar underthe
carpetasit will go, by placingthe dependenceon the hueorigin in the third level of a lexico-
graphicalorderrelation.Thus,thepositionof thisorigin is critical whenorderingall thevectors
in thespace,but ascanbedemonstratedexperimentally, almostnever taken into accountwhen
applyingmorphologicaloperatorsto images.
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A. Colour space conversions

The transformation from the RGB to the L*a*b* spacerequiresa passagethroughthe XYZ
space.It is during the transformationfrom RGB to XYZ that the characteristicsof the image
captureor displaydeviceandtheilluminationconditions aretakeninto account.A derivationof
the transformation from theRGB to XYZ colourspaceis given in sectionA.1, andshows how
any setof primariesandwhite point canbe taken into account.For peoplepressedfor time, a
matrixfor transformingfrom RGBto XYZ for asetof commonlyusedprimariesandwhitepoint
is given in sectionA.2. TheothernecessarytransformationsareXYZ to L*a*b* (sectionA.3)
andthe inversetransformations, L*a*b* to XYZ (sectionA.4) andXYZ to RGB (sectionA.5).
Thematerialin thisappendixis mainly from Poynton[11] andWyszeckiandStiles[16].

A.1. RGB to XYZ deriv ation

A.1.1. Primaries and white point

Weareworking in a tristimulusRGB spacewith primarystimuli� � � �


!" � # � � 
 �


!" � $ � � 

 �
!"

sothatanarbitrarystimulus % is writtenas% � X'& � ��Z & # ��\ & $
where X(& ,

Z & and
\ & arecalledthetristimulusvalues.

In colourimetricpractice,a two-dimensionalrepresentationis oftenused,in which thecoor-
dinatesof thecoloursin theplaneX � Z � \����

aregiven. Thesechromaticity coordinatesare
definedas

� � XX ��ZÏ��\� � ZX ��ZÏ��\� � \X ��ZÏ��\
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TableA.1.: TheCIE [16] andRec.709[11] primarychromaticitycoordinates.y z )

CIE-IlluminantA (tungstenfilamentlamp)

« ô�ô * l * 
« ô 
/* ô³l 
«Ü� ôHô�mHÕ

CIE-IlluminantB (directsunlight)

�« p�ôHÕ�ô 0 
�« p�l � n � 
« 0 mHmHm *

CIE-IlluminantC (averagedaylight)

« p ��
H
 n 
« p � n � n 
« p * p * Õ

Rec.709M�NJP 
�« p ��0,* 
« p 0 m 
 
« p�l�Õ 0
TableA.2.: Thechromaticitycoordinatesof someCIE standardilluminants[16] andtheRec.709
whitepoint [11].

from which it follows that � �´��� � � �
In 1931,in orderto overcomecertaindeficienciesin theRGB system,theCIE introduceda new
tristimuluscoordinatesystem, theXYZ system,with correspondingchromaticitycoordinates

y � 00 �21Ý�43z � 10 �21Ý�43) � 30 �21Ý�43
were y � z��5)Þ� �
The y z�) chromaticitycoordinatesof the threeCIE-RGB primary stimuli and the internation-
ally agreedprimaries(Rec. 709 [2]) for high definition television (HDTV), which corresponds
closelyto theprimariesusedin computermonitors,aregivenin TableA.1.

In orderto completelyspecifyanXYZ coordinatesystem,thecoordinatesof the threepri-
marystimuli andthewhitepointmustbegiven.Thewhitepoint is thecolourobtainedwhentheX ,

Z
and

\
tristimulusvaluesareat their maxima.Thechromaticity coordinatesof someCIE

standardilluminantsaregiven in tableA.2, alongwith the coordinatesof the Rec.709HDTV
standardwhitepoint. If thewhitepointof animageis notknown, thereexist methodswhichcan
beusedto estimateit [3].
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Thechromaticitycoordinates�hy76 �*z 6 � of theCIE D (daylight)illuminantswith a correlated
colourtemperature8:9 canbecalculatedusingthefollowing equations[16]: For correlatedcolour
temperaturesfrom approximatelyô 
H
�
 K to

*�
H
H

K:

y;6 � C ô « n 
/*�
 ��
 ×8 w9 ��0�« mHn * Õ ��
 N8 �9 � 
« 
 mHm �H� �W
 w8<9 ��
« 0 ôHô 
 nHp
For correlatedcolourtemperaturesfrom approximately

*�
H
H

K to

0 l 
H
H
 K:

y;6 � C 0�«ç
H
 n�ô ��
 ×8 w9 �Ý�H« m 
� Õ ��
 N8 �9 � 
« 0 ô * ô�Õ �W
 w8 �9 ��
« 0 p *&
 ô 

The

z 6 coordinateis calculatedasz 6 � C p « 
H
�
 y � 6 ��0�« Õ *�
 y;6 C 
« 0,* l
TheCIE M�NJP daylightilluminanthasacorrelatedcolourtemperatureof approximately n�l 
 ô K.

A.1.2. Transf ormation between two syste ms of primaries

Thetransformationbetweenany twosystemsof primariesis linear. Therelationbetweenacolour
measuredin theXYZ systemandin theRGB systemis� 0 1 3 !" �>= � XZ\

!"
(A.1)

where
=

is the p V p matrix with columnsgiving thetristimulusvaluesof theRGB primariesin
theXYZ coordinatesystem =�� � 0@? 0@A 0 	1 ? 1 A 1 	3 ? 3 A 3 	 !"
Theinversetransformationis � XZ\

!" �B= Ö @ � 0 1 3 !"
We know the chromaticitycoordinatesof the primaries. The tristimulus valuesarewritten in
termsof thechromaticitycoordinatesas� 0@?1 ?3 ? !" � Ú ? � y ?z ?) ? !" � � 0@A1 A3 A !" � Ú A � y Az A) A !" � � 0 	1 	3 	 !" � Ú 	 � y 	z 	) 	 !"
sothatthematrix

=
becomes=�� � y ? y A y 	z ? z A z 	) ? ) A ) 	 !" � Ú ? 
 

 Ú A 

 
 Ú 	 !"
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Hence,from equationA.1� 0 1 3 !" � � y ? y A y 	z ? z A z 	) ? ) A ) 	 !" � Ú ? 
 

 Ú A 

 
 Ú 	 !" � XZ\
!"

(A.2)

At the white point, X �BZ � \ � �
, andthe luminanceis at its maximum valueof

�
. The

tristimulusvaluesof thewhitepointcanbewrittenas[16, Table1(3.3.3)]0DC,E �·y CFEz C,E � 1 C,E � �H� 3 CFE � ) C,Ez CFE
Theseareinsertedinto equationA.2 to calculatethevaluesof Ú ? , Ú A and Ú 	 , andhencethe p V p
transformationmatrix, i.e.� y ? y A y 	z ? z A z 	) ? ) A ) 	 !" Ö @ � HGJILKM ILK�N ILKM ILK
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!"

Substituting in thespecificvaluesfor theRec.709HDTV standardfrom TablesA.1 andA.2,� Ú ?Ú AÚ 	 !" � � 
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To demonstratetheeffect of thewhite point on the transformationmatrix, thematrix using
theRec.709primariesandtheCIE-A illuminantis given here=(V,WYX Ö[Z � � 
«+* n 
 mHÕHp 
« 0 m�l&pHm � 
«ç
 ô 0�
 mHp
« p�m 0 pHÕHp 
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A.2. RGB to XYZ

The transformationfrom RGB into XYZ usingthe Rec. 709 HDTV primariesand MÞNJP white
point [11] is � 0 1 3 !" � � 
« ô ��0 ô³l�p 
« p�l * l&Õ 
 
«É� Õ 
 ô 0 p
« 0���0 n *�� 
«-*�� l � n 
 
« 
,*H0�� nHm
«ç
� m�pHp�ô 
«Ü�H� m � mHp 
« mHl 
�0H0,* !" � XZ\

!"
(A.3)

A.3. XYZ to L*a*b*

Theluminance� �
is calculatedas� � � �H� n , 11 CFE . !\ C � n ½É¿ 11 C,E � 
«ç
H
 Õ�Õ�l�n

and � � � m 
 p « p 11 CFE ½Ü¿ 11 C,E � 
«ç
H
 Õ�Õ�l�n
Thechromacoordinates� � and � � arecalculatedas� � � l 
H
^] q , 00_CFE . C q , 11 C,E .�`� � � 0&
H
 ] q , 11 CFE . C q , 33 C,E .a`

where q ,cbb C,E . �Ò,cbb C,E . !\ ½Ü¿ bb CFE � 
« 
�
 ÕHÕ�l�n
and q ,cbb C,E . �d*�«-* Õ * ,ebb CFE . � � n�H� n ½Ü¿ bb C,E � 
«ç
H
 ÕHÕHl�n
Thesymbol b representsany of 0 ,

1
or
3

.
Notethat thecoordinatesof thewhite point, 0fC,E , 1 CFE and

3 C,E areobtainedby substituting
the point T¸X �[Z5�[\OUO� T �H�W�H�F�FU into equationA.3. The valuesobtainedare 0gCFE � 
« mHl 
 ô³l�n ,1 C,E ���H«ç


and
3 C,E � ��« 
 Õ�Õ * l&ô .

A.4. L*a*b* to XYZ

Note that this conversionfrom L*a*b* backto XYZ shouldbe usedonly for visualisation of
an image,asinformationis lost in this conversion.This is becauseonecannottell whetherthe
initial valuesof hh ILK and ii ILK weregreaterthanor lessthanthethresholdof


«ç
H
 ÕHÕ�l&n , andhence
which equationwasusedin theconversionto L*a*b*. In this conversion,we usethe fact that
when jj ILK ��
«ç
H
 ÕHÕHl�n , � �	�d*�« mHmHmHn .
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If � � � *�« mHmHmHn then 1 �d1 CFE ] � �>�Ý� n�H� n ` w
else 1���1 CFE � �m 
 p « p
The 0 and

3
coordinatesarecalculatedas0 � 0_CFElk , 11 C,E . !\ � � �l 
�
;m w

and 3Ý�d3 C,E k , 00DC,E . !\ C � �0&
H
 m w
A.5. XYZ to RGB

Thetransformationfrom XYZ to RGB with thesameprimariesandwhitepointassectionA.2 is� XZ\
!" � � p « 0 ô 
 ô * m C �H« l�p * � l 
 C 
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B. Deriv ation of the potential due to a
line charge

Wehavea line of linearchargedensity
Ç

on the y -axisbetweenthepoints C � and � . Thecharge
perunit length » Ó �¨Ç »�y . Theunitsareignoredin thisderivation.

d

x

P

Z b−a

ThepointP shown is at a distance» perpendicularto theline chargefrom theorigin O. The
potentialatpointP dueto thechargeon theline at pointZ is

Å;n � » ÓË y � � » �
The potential Å at point P dueto the charge on the whole line is obtainedby integratingthis
expression

Å � o <Ö ; Ç »HyË y � � » �� Ç/È¾+fp y � Ë y � � » �rqasss < Ö ;� Ç Ê È¾+ p � � Ë � � � » � q C È¾+ p C � � Ë � � � » � q Í
wherethesecondline is obtainedfrom a tableof integrals.
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C. Some fur ther results

Somefurther examplesof applications of the lexicographical orderdescribedin this report to
colour imagesarepresentedhere. The imagesareFRUIT, CUGAT andFIFER. On eachimage,
anerosion,dilation,openingandclosinghasbeenapplied,usingasquarestructuringelementof
size2.
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(a)original

(b) erosion (c) dilation

(d) opening (e)closing

FigureC.1.: TheFRUIT image(size t
uwvyxzv{uF| pixels).
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(a)original

(b) erosion (c) dilation

(d) opening (e)closing

Figure C.2.: The CUGAT image— Virgin by P. Serra,the centralpanelof a triptych in the
Monasteryof St. Cugat,Barcelona(size p�l 0RV pHp�ô pixels).
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(a)original (b) erosion (c) dilation

(d) opening (e)closing

FigureC.3.: TheFIFER image— “JouerdeFifre” by E. Manet(size
0 l 
�V ô 0 n pixels).
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