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4 Lqwurgxfwlrq
Wkh vkruw uhpdunv wkdw iroorz duh mxvw d frpphqw wr wkh Vhujlr Iduld*v wdon
odvw prqwk/ zkr jdyh dq ryhuylhz ri klv fxuuhqw zrun rq pruskrorjlfdo rswlpl0
vdwlrqv1 Wkh uhsuhvhqwdwlrq wkhruhpv ri pdwkhpdwlfdo pruskrorj| ghfrpsrvh
dq| rshudwru � +uhvs1 lqfuhdvlqj rshudwru/ uhvs1rshqlqj, lqwr d vxsuhpxp ri
klw0ru0plvv pdsslqjv +uhvs1 ri hurvlrqv/ uhvs1 ri dgmxqfwlrq rshqlqjv,1 Vxfk
ghfrpsrvlwlrqv vxjjhvw d xvh ri klw0ru0plvv rshudwruv/ hurvlrqv dqg dgmxqfwlrq
rshqlqjv dv xqlyhuvdo edvhv iru lpdjh surfhvvlqj1 Lq wklv zd| ri wklqnlqj/ hyhu|
sureohp ri lpdjh surfhvvlqj vkrxog eh vroyhg e| phdqv ri d wudlqlqj whvw ri lp0
djhv2vroxwlrqv/ soxv dq dghtxdwh xqlrq ri hurvlrqv +ru klw0ru0plvv/ ru dgmxqfwlrq
rshqlqjv,/ zkrvh vwuxfwxulqj hohphqwv vkrxog ghulyh iurp vrph rswlplvdwlrq1

Xqiruwxqdwho|/ wkh lpsolflw dqdorj| zlwk wkh yhfwru vsdfh vwuxfwxuh wkdw
xqghuo| wklv dssurdfk grhv qrw uhvlvw wr d pruh dffxudwh h{dplqdwlrq1 Wkh
xqlrqv lqyroyhg lq vxfk uhsuhvhqwdwlrqv duh qrw frxqwdeoh/ vr wkdw zkhq zh sdvv
wr gljlwdo yhuvlrqv/ frpelqdwruldo h{sorvlrqv rffxu lqhylwdeo|1 Iru h{dpsoh/ wkh
rshudwru �vxssuhvv doo sduwlfohv ri duhdv vpdoohu wkdq 4333� |lhogv eloolrqv ri
dgmxqfwlrq rshqlqjv/ vlqfh lw uhtxluhv wkh idplo| ri doo vwuxfwxulqj hohphqwv
zkrvh duhd lv htxdo wr 43331 Wkhq/ d whfkqltxh wr jhw durxqg wklv wurxeoh
frqvlvwv lq uhvwulfwlqj wkh srvvleoh vwxfwxulqj hohphqwv wr wkrvh wkdw duh lqoxghg
lq d zlqgrz ri d jlyhq vl}h/ lq H +iru vhwv, ru lq H
W +iru qxphulfdo ixqfwlrqv,1
Exw e| vr grlqj rqh uhvwulfwv dovr wkh fodvv ri srvvleoh rshudwruv/ khqfh wkhlu
h!fhqf|1 Lq sduwlfxodu/ e| uhgxflqj wkh vl}h ri wkh zlqgrz wr ydoxh rqh/ dv lw
lv jhqhudoo| pdgh/ rqh lpsolflwho| ghflghv wr ljqruh hyhu| ihdwxuh odujhu wkdq
wkh qrlvh1 Lq vxfk fdvhv/ hyhq li Pdwkhurq ru Edqrq0Eduuhud wkhruhpv duh vwloo
fdoohg xsrq/ wkh| duh qr orqjhu xvhg1 Wkh dssurdfkhv duh vlpso| edvhg rq wkdw
d xqlrq ri hurvlrq lv lqfuhdvlqj/ d xqlrq ri dgmxqfwlrq rshqlqjv lv dq rshqlqj/
dqg d xqlrq ri klw0ru0plvv rshudwlrqv lv dq|wklqj111

Krzhyhu/ wkh sulqflsoh ri rswlplvlqj d ghfrpsrvlwlrq ri rshudwlrqv uhpdlqv
d jrrg lghd/ dqg li iru frpsxwdwlrqdo uhdvrqv wkh zlqgrz kdv wr eh nhsw grzq/
rqh fdq wklqn wr frpsrvlwlrq surgxfwv ehwzhhq wkh jhqhudo rshudwruv � dqg pruh
vshfl�f rqhv/ vxfk dv wkh frqqhfwhg ryhu0�owhuv #1 Wkh odwwhu/ zklfk ghshqg rq
ihz sdudphwhuv/ vkrxog frpshqvdwh wkh vsdfldo qdurzqhvv ri �> zkloh lqwurgxflqj
qlfh ihdwxuhv1 Lq wkh iroorzlqj zh wu| dqg ghyhors vxfk dq dssurdfk/ diwhu kdylqj
uhfdoohg wkh wzr uhsuhvhqwdwlrq wkhruhpv/ e| hurvlrqv dqg e| klw0ru0plvv/ ri wkh
wudqvodwlrq lqyduldqw fdvh=

5 Elqdu| uhsuhvhqwdwlrq wkhruhpv
Wkh lpsruwdqfh ri hurvlrqv dqg glodwlrqv/ iru vhwv dqg ixqfwlrqv/ lv ehvw looxv0
wudwhg e| wkh iroorzlqj wkhruhp zklfk lv gxh wr Pdwkhurq+^5`/ s154;,1 Gh�qh
wkh nhuqho Y+#, ri d wudqvodwlrq lqyduldqw rshudwru # rq S+U � , e|

Y+#, @ iD 5 S+U � , m R 5 # +D,j =
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Zkhuh R ghvljqdwhv wkh ruljlq ri wkh frruglqdwhv1
Wkhruhp 4 +J1Pdwkhurq, Ohw # eh dq lqfuhdvlqj wudqvodwlrq0lqyduldqw rshud0
wru rq S+U � ,1 Wkhq # fdq eh ghfrpsrvhg dv d xqlrq ri Plqnrzvnl vxevwudfwlrqv/
dqg/ olnhzlvh dv dq lqwhuvhfwlrq ri Plqnrzvnl dgglwlrqv1 Pruh suhflvho|

# +[, @ #+[, @ Vi[ �E>E 5 S+U � ,> E 5 Y+#,j= +4,
Edqrq dqg Eduuhud ^4` kdyh h{whqghg Pdwkhurq*v uhvxow iru rshudwruv zklfk

duh qrw qhfhvvdulo| lqfuhdvlqj dqg vkrzq wkdw dq| wudqvodwlrq lqyduldqw pdsslqj
� = S+U � , $ S+U � , lv d vxsuhpxp ri klw0ru0plvv pdsslqjv1 Wklv wudqvirupd0
wlrq/ zklfk wxuqv rxw wr eh klvwrulfdoo| wkh �uvw pruskrorjlfdo rshudwru ^6`/ lv
gh�qhg dv

[ � +D>E, @ ^ik 5 H m D � � [ dqg E � � [ � j @ +[ �D, _ +[ �
�E, =

zkhuh D>E � U � duh vwuxfwxulqj hohphqwv1 Wkh klw0ru0plvv rshudwru lv htxlyd0
ohqwo| eh zulwwhq lq wkh iroorzlqj zd|

[ � +D>E, @ ^ik 5 U � m D � � [ � E � j >
zklfk dyrlgv wkh xvh ri d frpsohphqw1Reylrxvo|/ wkhuh h{lvwv wkh iroorzlqj uh0
odwlrq

[ � +D>E, @ [ � +D>E � , =
Iru D>E � U � zh gh�qh wkh �lqwhuydo� ^D>E` dv

^D>E` @ i[ 5 S+U � , m D � [ � Ej
dqg wkh el0nhuqho Z +#, ri rshudwru # dv

Z +#, @ i+D>E, 5 S+U � ,�S+U � , m ^D>E` � Y +#,j =
Wkhruhp 5 +Edqrq0Eduuhud, Ohw # eh dq duelwudu| wudqvodwlrq0lqyduldqw rs0
hudwru rq S+U � , ri el0nhuqho Z +#, = Wkhq zh kdyh

# +[, @ ^i[ � +D>E, m +D>E, 5 Z +#,j +5,

6 Uhsuhvhqwdwlrq wkhruhpv iru qxphulfdo ixqf0
wlrqv

Krz fdq zh h{whqg Edqrq0Eduuhud wkhruhp wr ixqfwlrqvB Iluvw ri doo/ wkh srlqwv
ri wkh vsdfh kdyh wr eh uhsodfhg e| wkh sxovh ixqfwlrqv =

� l ��� � +|, @ w li | @ {
l ��� � +|, @ 3 li { 9@ |

Vhfrqgo|/ zh kdyh wr dyrlg d klw0ru0plvv irupdolvp wkdw lqyroyhv d frpsoh0
phqw/ vlqfh wklv vhw rshudwru grhv qrw h{whqg wr qxphulfdo ixqfwlrqv1Wklv fdq
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rewdlqhg e| xvlqj wkh � irup ri wkh klw0ru0plvv pdsslqj/ qdpho| e| lqwurgxflqj
wkh iroorzlqj rshudwru/ iru j> j � � I+U � ,

i � +j> j � , @ bil � � � 5 I+U � , m j � � i . w � j �� j =
dvvrfldwhg zlwk hdfk { 5 U � dqg w 5 U 1

Ilqdoo|/ jhqhudol}lqj wkh suhylrxv vhw rulhqwhg fdvh/ gh�qh iru hdfk sdlu j> j � 5
I+U � ,

� wkh �lqwhuydo� ^j> j � ` dv
^j> j � ` @ ii 5 I+U � , m j � i � j � j

� wkh nhuqho ri dq rshudwru � = I+U � , $ I+U � , dv
Y+�, @ ij 5 I+U � , m R � � +3,j

� dqg wkh el0nhuqho Z +�, ri wkh rshudwru # dv
Z +�, @ i+j> j � , 5 I+U � ,�I+U � , m ^j> j � ` � Y +�,j =

Wkhruhp 6 Ohw � eh dq duelwudu| wudqvodwlrq0lqyduldqw rshudwru rq I+U � ,=
Wkhq

� +i, @ bii � +j> j � , m +j> j � , 5 Z +�,j +6,
Surri1 �� sduw% = Ohw l � � � 5 i � +j> j � , iru vrph+j> j � , 5 Z +�,1 Wkhq

j � � i . w � j �� / khqfh i 	 � � w 5 ^j> j � ` � Y +�,1 Wkhuhiruh R 5 � +i 	 � � w,/ dqg
e| wudqvodwlrq0lqyduldqfh ri �/ l � � � 5 � +i, =

�� sduw%= Ohw l � � � 5 � +i, > wkdw lv/ R 5 � +i 	 � � w,1 Wkhq ^i 	 � � w> i 	 � � w` 5
Z +�,1 Lq dgglwlrq/ lw lv reylrxv wkdw l � � � 5 i � +i 	 � � w> i 	 � � w, dqg wkxv
k 5 bii � +j> j � , m +j> j � , 5 Z +�,j =

Uhpdun wkdw wkh wkhruhp wuhdwv wkh vhw rulhqwhg fdvh yld wkh vxssruwlqj
ixqfwlrqv1 Qrwh dovr wkdw li rshudwru � lv lqfuhdvlqj dqg j 5 Y +�, > wkhq
+j>.4, 5 Z +�, dqg vlqfh [ � +D>E, lv ghfuhdvlqj zlwk uhvshfw wr j � / zh kdyh
i � +j>.4, @ i � j/ dqg irupxod +6, uhgxfhv wr � +i, @ Vii � j m j 5 Y +�,j1
Vr Edqrq0Eduuhud*v wkhruhp lqghhg jhqhudol}hv Pdwkhurq*v rqh1

Erwk wkhruhpv dgplw d gxdo irup zlwk uhvshfw wr frpsohphqw1 Ohw xv vkrz
iru h{hpsoh wkh gxdo vwdwhphqw ri Pdwkhurq*v wkruhp lq wkh vhw fdvh/ e| lqwur0
gxflqj wkh rshudwru � 
 wkdw ghulyhv iurp � e| gxdolw|/ l1h1

� 
 +[, @ ^� +[ � ,` � ru dv zhoo � +[, @ ^� 
 +[ � ,` �

Wkhq/ uhodwlrq +4, lv htxlydohqw wr
� +[, @ ^i+[ �

�E, m E 5 Y +� 
 ,j � @ _i+[ �
�E, � m E 5 Y +� 
 ,j �

� +[, @ _�[ � �E m �E 5 Y +� 
 ,� =
Wklv odvw irup jlyhv d gxdo vwdwhphqw iru Pdwkhurq*v wkhruhp/ dffruglqj wr

zklfk dq| lqfuhdvlqj dqg wudqvodwlrq lqyduldqw pdsslqj lv ghfrpsrvdeoh lqwr
dq lq�pxp ri Pdqnrzvnl dgglwlrqv1
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7 Frpsrvlwlrq surgxfwv
Iluvwo|/ zh uhfdoo wzr qrwlrqv =

42 dq rshudwru # lv frqqhfwhg/ iru frqqhfwlrq F/ zkhq
;| 5 H = F � #+D, @ ^^F � +D,> l 5 L` ^ ^^F 
 +D,> m 5 M ` +7,

52 d pdsslqj � grhv qrw fuhdwh frqqhfwhg frpsrqhqwv zkhq
F � �+D, 9@ > @, < | 5 D = F � �+D, @ F � �+D, +8,

zkhuh F � +�, vwdqgv iru wkh frqqhfwhg frpsrqhqw dw srlqw { 5 H=
Iurp qrz rq/ v|pero #ghvljqdwhv d frqqhfwhg ryhu0�owhu +l1h1# lv frqqhfwhg/

lqfuhdvlqj dqg ## � #, dqg � d pdsslqj wkdw grhv qrw fuhdwhv frqqhfwhg
frpsrqhqwv
Sursrvlwlrq 7 Ohw # eh d frqqhfwhg ryhu0�owhu rq S+H, dqg ohw � eh dq rshu0
dwru rq S+H, wkdw grhv qrw fuhdwh frqqhfwhg frpsrqhqwv1

Wkhuh zh kdyh
#� � # , #�# � �#= +9,

Surri1 Jlyhq D 5 S+H,> vxssrvh wkdw #� � # dqg ohw { 5 �#+D,1 Vlqfh
{ 5 F � �#+D, wkhq/ dffruglqj wr uhodwlrq +8,/ wkhuh h{lvwv | 5 #+D, vxfk wkdw
F � �#+D, @ F � �#+D,= Qrz/ wkh ryhu0srwhqfh ri # dqg wkh lqhtxdolw| #� � #
lpso| wkdw

| 5 #+D, � ##+D, � #�#+D,=
Wkhuhiruh F � #�#+D, lv qrq hpsw|/ dqg vlqfh # lv frqqhfwhg/ uhodwlrq +7, lpsolhv

| 5 F � �#+D, � F � #�#+D,>
l1h1 �qdoo| { 5 F � �#+D, @ F � �#+D, � #�#+D,=
Wkh uhtxluhphqw #� � # pd| eh ixo�oohg lq vhyhudo zd|v1 Khuh duh wkuhh

srvvleoh lqsxwv
� � � #
� � lv h{whqvlyh / l1h1 � � L
� � @ # b � � > zkhuh � � dqg # gr qrw fuhdwh frqqhfwhg frpsrqhqwv
Wkh frqglwlrq +8, ri qrq fuhdwlrq ri frqqhfwhg frpsrqhqwv lv qrw yhu| gh0

pdqglqj1 Vwduw iurp dq duelwudu| pdsslqj � � S+H, $ S+H, dqg vxssuhvv wkh
frqqhfwhg frpsrqhqwv ri � � +D, wkdw plvv D> wkh uhvxow gh�qhv wkh iroorzlqj
pdsslqj � =

�+D, @ � � +D," ^ iF � ^� � +D,` m { 5 H>F � +� � +D,, _D @ >j
zklfk/ e| frqvwuxfwlrq/ vdwlv�hv frqglwlrq +8,1
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Zkhq # @ � lv d frqqhfwhg rshqlqj/ wkh dqwl0h{whqvlylw| ri � |lhogv �� �
���> dqg lpsolfdwlrq +9, ehfrphv

�� � � @, �� @ ���= +:,
Li/ lq dgglwlrq/ rshudwru � lv lqfuhdvlqj/ wkhq zh kdyh

�� � � @, �� @ ��� � ��=

8 Lghpsrwhqw xsshuerxqgv
Wkh prvw xvhixo fdvh rffxuv zkhq � � #1 Iluvwo| zh kdyh

�# � ## � #>
zklfk surylghv d orzhu erxqg iru �#1 Vhfrqgo|/ wkh frpsrvlwlrq surgxfw �#
lqkhulwv ri wkh ryhu0srwhqfh surshuw| ri #/ dqg lqgxfhv dq lghpsrwhqw rshudwru1
Pruh suhflvho|/ zh fdq vwdwh wkh iroorzlqj
Sursrvlwlrq 8 Ohw i# � > l 5 Lj eh d idplo| ri frqqhfwhg ryhu0�owhuv/ dqg ohw
i� � > l 5 Lj eh d idplo| ri rshudwruv wkdw gr qrw fuhdwh frqqhfwhg frpsrqhqwv1 Li
iru hdfk lqgh{ l zh kdyh � � � # � / wkhq doo surgxfwv � � # � dv zhoo dv wkh vxsuhpxp
bi� � # � > l 5 L j duh ryhu0srwhqw1

Surri1 Wkh lqhtxdolw| � � � # � dqg wkh ryhu0srwhqfh ri # � lpso| wkdw � � # � � � # � �
# � # � � � # � � # � � � # � dqg uhodwlrq +9, wkdw � � # � � � # � � � � # � vr wkdw wkh surgxfw
� � # � lv ryhu0srwhqw1 Vlploduo|/ iru hyhu| l � 5 L/ wkh vxsuhpxp bi� � # � > l 5 L j
vdwlv�hv wkh lqhtxdolwlhv

ib� � # � jib� � # � j � � ��� # � � ib� � # � j � # � � # � � ib� � # � j
� # � � ib� � # � j � # � � ib� � # � j � # � � � ��� # � � � � ��� # � �

khqfh ib� � # � jib� � # � j � ib� � # � j=
Jlyhq rqh surgxfw �#/ zh qrz frqvlghu wkh fodvv F forvhg xqghu vxsuhpxp

dqg vhoi frpsrvlwlrq jhqhudwhg e| �#/ l1h1 wkh lqwhuvhfwlrq ri doo fodvvhv forvhg
xqghu b dqg vhoi frpsrvlwlrq wkdw frqwdlq �#1Zh zloo vwxg| wkh vwuxfwxuh ri
fodvv F e| dgrswlqj wkh vdph w|sh ri dssurdfk dv Pdwkhurq glg iru jhqhudwlqj
�owhuv/
Sursrvlwlrq 9 Ohw eh �# eh wkh frpsrvlwlrq surgxfw ri wzr rshudwruv dv gh0
�qhg lq wkh suhylrxv sursrvlwlrq/ dqg ohw F eh wkh fodvv forvhg xqghu b dqg vhoi
frpsrvlwlrq jhqhudwhg e| �#1 Wkhq fodvv F dgplwv d odujhu hohphqw � zklfk lv
lghpsrwhqw/ dqg vdwlv�hv wkh uhodwlrqvklsv

� @ �#� @ �� @ #�
Surri1 Doo wkh hohphqwv ri F duh ryhu0srwhqw1 E| forvxuh xqghu b> wkh

vxsuhpxp pdsslqj
� @ bi�> � 5 Fj +;,
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lv lwhvoi dq hohphqw ri F/ khqfh �� � �1 Exw F lv forvhg xqghu vhoi frpsrvlwlrq/
vr wkdw �� ehorqjv wr wkh fodvv/ dqg dffruglqj wr uho1+;, �� � �/ zklfk uhvxowv
lq wkh lghpsrwhqfh ri �1 Pruhryhu/ e| ryhu0srwhqfh ri �#/ dqg vlqfh � lv wkh
pd{lpxp hohphqw ri wkh fodvv/ zh �qg �#� @ � 1Wkhq zh kdyh/ rq wkh rqh kdqg
#� @ #�#� � �#� @ �/ dqg rq wkh rwkhu rqh � @ �#� � ##� � #�/ khqfh wkh
htxdolw| � @ #�> dqg dovr � @ �#� @ ��=

Lq gljlwdo vsdfhv/ htxdwlrq +;, uhgxfhv wr wkh lghpsrwhqw olplw ri �# xqghu
lwhudwlrq/ l1h1

� @ ^�#` �
iru q odujh hqrxjk1 Lq sduwlfxodu wkdw zkhq # lv dq rshqlqj/ l1h1# @ �/ wkhq wkh
frqglwlrq � � � lv htxlydohqw wr � � �� dqg iurp uho1+:, zh gudz

�^���` @ � � �=====^��` � @ ^�` � �

9 Frqfoxvlrq
Wklv eulhi dqdo|vlv dlpv wr rshq wkh grru wr yduldqwv lq klw0ru0plvv rswlplvdwlrqv1
Vxfk yduldqwv kdyh ehhq frqvwuxfwhg lq rughu wr frpshqvdwh wkh qdurzqhvv ri wkh
vxsuhpxp � ri klw0ru0plvvhv e| frpsrvlqj lw zlwk d frqqhfwhg �owhu # lqyroylqj
srvvleoh odujhu vl}hv1 Rswlplvdwlrqv fdq eh uhdfkhg e| vhyhudo zd|v iurp wkh
vwduwlqj srlqwv vxjjhvwhg deryh1 Rqh fdq xvh wkh grxeoh lqhtxdolw|

# � �# � #�#
dqg plqlplvh wkh glvwdqfhv ehwzhhq #+i, dqg #�#+i, iru d wudlqlqj vhw1 Dowhu0
qdwlyho|/ rqh fdq wu| dqg rewdlq wkh lghpsrwhqw olplwv ehiruh dq| rswlplvdwlrq/
ru hyhq zrun gluhfwo| zlwk wkh surgxfw �# dv d xqltxh hqwlw| wr rswlplvh1 Il0
qdoo|/ rqh fdq frqvlghu � lq d slhfhzlvh pdqqhu dv pdgh ri vhyhudo vxsuhpd � � ri
klw0ru0plvvhv/ hdfk ehlqj dvvrfldwhg zlwk dq ryhu0�owhu # � / dqg wkhq dsso| wkh
rswlplvdwlrq wr b� � # � =

Uhihuhqfhv
^4` J1M1I1Edqrq/ dqg M1 Eduuhud/ Plqlpdo uhsuhvhqwdwlrq iru wudqvodwlrq0

lqyduldqw vhw pdsslqjv e| pdwkhpdwlfdo pruskrorj|1 VLDP M1 Dsso1 Pdwk1
4<<4/yro184/ ss14:;504:<;1

^5` J1 Pdwkhurq/ Udqgrp vhwv dqg lqwhjudo jhrphwu|/ Zloh|/ Qhz0\run/ 4<:81
^6` M1 Vhuud/ Uhpdutxh vxu xqh odph plqfh gh plqhudl oruudlq1 Exoohwlq gx
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