
Odwwlfhv ri Qxphulfdo Ixqfwlrqv
M1 Vhuud

+wr eh mrlqhg wr p| frxuvh
rq Pdwkhpdwlfdo Pruskrorj| dv fkdswhu 7,

Mxqh wkh :wk/ 5335

4 Lqwurgxfwlrq
Xs wr qrz/ zkhq zh zkhuh ghdolqj zlwk qxphulfdo ixqfwlrqv/ zh kdyh v|vwhp0
dwlfdoo| frqvlghuhg wkh odwwlfh U �

ri doo srvvleoh ixqfwlrqv iurp vrph vsdfh H
lqwr wkh wrwdoo| rughuhg odwwlfh U +ru ]/ ru lqwr dqdpruskrvhv ri U ru ],=Wklv
doorzhg xv wr zrun zlwk d odwwlfh zkhuh wkh b dqg wkh a duh wkh qxphulfdo rqhv
dw hdfk srlqw { 5 H/ dqg wr srvwsrqh wkh glvfxvvlrq derxw wkh shuwlqhqfh ri
vxfk d odwwlfh1 Krzhyhu/ vxfk d iudphzrun lv reylrxvo| wrr jhqhudo1 Wkh qx0
phulfdo ixqfwlrqv rq U � / iru h{dpsoh/ fduu| qxpehu ri h{rwlf vshflphq wkdw duh
luuhgxfwleoh wr dq| gljlwl}dwlrq1

Lq wklv fkdswhu/ zh sursrvh wzr uhgxfwlrqv wkdw uh hfw wzr srlqwv ri ylhz
rq wkh sk|vlfdo zrug1 Iluvwo| zh fdq edvh wkh dssurdfk rq vrph glv|pphwu|
ehwzhhq iruhjurxqg dqg edfnjurxqg vr wkdw yhu| qduurz fuhvwolqhv vkdus shdnv/
dqg yhuwlfdo fol�v eh zhoo uhsuhvhqwhg1 E| vr grlqj/ zh rewdlq wkh odwwlfh ri wkh
xsshu vhpl frqwlqxrxv +lq eulhi x1v1 f1, ixqfwlrqv wkdw wudqvsrvhv wr qxphulfdo
ixqfwlrqv wkh forvhg vhwv ri wkh elqdu| fdvh1 Lw shuplwv wr jhqhudol}h Srlvvrq
srlqwv lqwr Srlvvrq sxovhv iru h{dpsoh1

Wkh vhfrqg uhgxfwlrq sxwv wkh hpskdvlv rq wkh gljlwdelolw| ri wkh ixqfwlrqv
dqg ri wkh rshudwlrqv xqghu vwxg|1 Wklv ghpdqgv wkh frqwlqxlw| ri erwk ixqf0
wlrqv dqg rshudwruv1 Wkh jrdo lv qrw wulyldo ehfdxvh wkh fodvv ri wkh frqwlqxrxv
ixqfwlrqv grhv qrw irup d frpsohwh odwwlfh1 Iru h{dpsoh/ wkh lq�pxp ri doo
ixqfwlrqv ~{ � > 3 � { � 4> � 5 ] � � lv qrw d frqwlqxrxv ixqfwlrq1 Zh vkdoo kdyh
wr eh pruh uhvwulfwlyh dqg irfxv rq wkh fodvvhv ri $0frqwlqxrxv ixqfwlrqv1

Zklfk odwwlfh vxlwv wkh ehvw iru uhsuhvhqwlqj juh| wrqh lpdjhvB Zh mxvw vdz
wkdw wkh h{wuhph jhqhudolw| ri U �

lqyroyhv wrr pdq| whudwrorjlfdo ixqfwlrqv/
vr wkdw wkh zkroh fodvv pxvw eh uhgxfhg dv vrrq zh zdqw wr vwuxfwxuh lw1 Iru
h{dpsoh/ wkh uhtxluhphqwv iru d vwrfkdvwlf yhuvlrq uhtxluh frqglwlrqv frpsdfw0
qhvv wkdw fdqqrw eh ixo�oohg e| odwwlfh U �

/ exw zklfk duh vdwlv�hg e| wkh odwwlfh
ri wkh xsshu vhpl0frqwlqxrxv ixqfwlrqv +^:`/ ss179;079<,1 Pruh jhqhudoo| wklv
odwwlfh lv frqyhqlhqw lq doo vlwxdwlrqv zkhq wkh surfhvvlqj uhgxfhv wr glodwlrqv
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Iljxuh 4= Xpeud X+[, ri d vhw [ � U�U

+h1j1 whvwlqj udqgrp ixqfwlrqv,1 Rq wkh rwkhu kdqg/ lw lv qrw forvhg xqghu vxe0
vwudfwlrq= wkh gl�huhqfh ri wzr x1v1f1 ixqfwlrqv pd| eh qrw frqwlqxrxv dw doo/
dqg rshudwruv vxfk wkdw wkh wrs0kdwv pdsslqjv gr qrw dsso| wkh odwwlfh lqwr lw0
vhoi1 Ilqdoo|/ wkh odwwlfhv ri $0frqwlqxrxv ixqfwlrqv duh erwk uhjxodu hqrxjk dqg
vhoi0gxdo iru wkh rssrvlwh +l1h1 i 5 O � / �i 5 O � , vr wkdw wkh| vhhpv wr eh wkh
jhqhudo prgho wr gljlwdo vlwxdwlrqv wkdw uhihu wr dq xqghuo|lqj Hxfolghdq vsdfh
+ylghr surfhvvlqj/ plfurfrslf lpdjhv/ wrprjudsk|/ hwf11,1 Exw wkhvh odwwlfhv duh
lqfrpsdwleoh zlwk wkdw ri wkh vhpl0frqwlqxrxv ixqfwlrqv= qrerg| lv shuihfw $

5 Xsshu vhpl0frqwlqxrxv ixqfwlrqv
514 Frpphqwv rq ixqfwlrqv dqg xpeudh
Lv lw srvvleoh wr lghqwli| wkh ixqfwlrq odwwlfh U �

/ ru vrph ri lwv vxe odwwlfhv/ zlwk
d fodvv ri vhwv lq wkh surgxfw vsdfh H 
UB Wklv txhvwlrq zloo eh h{suhvvhg lq
d pruh suhflvh zd| li zh lqwurgxfh wkh qrwlrq ri dq xpeud1
Gh�qlwlrq 4 Zlwk hyhu| vhw [ ri wkh surgxfw vsdfh H 
 U wkhuh fruuhvsrqgv
wkh vhw X+[, ri H 
 U gh�qhg e| wkh uhodwlrq wr hyhu| ixqfwlrq i = H �$ U
+dqg pruh jhqhudoo| wr vhh Ilj14,/

X+[, @ i+{> }, 5 H 
U> } � } � > +{> } � , 5 [j ^H ��� =
Lq sduwlfxodu/ zkhq vhw [ lv wkh judsk ri d ixqfwlrq i = H �$ U wkh dvvrfldwhg

xpeud ehfrphv
X+i, @ i+{> }, 5 H 
U> i+{, � }j ^H �	�

Iljxuh 4 looxvwudwhv wklv gh�qlwlrqDowkrxjk zh kdyh
i � j +, X+i, � X+j, >

wkh fruuhvsrqghqfh �ixqfwlrq 0 xpeud� lv qrw d elmhfwlrq +dq xpeud dqg lwv
wrsrorjlfdo forvxuh fdq |lhog wkh vdph ixqfwlrq/ vhh h{huflvh q 
 ;04 ehorz,,1
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Iljxuh 5= D ixqfwlrq zlwkrxw d pd{lpxp +lw lv qrw x1v1f1,1

515 Odwwlfhv ri vhpl0frqwlqxrxv ixqfwlrqv
Gh�qlwlrq 5 Jlyhq d wrsrorjlfdo vsdfh H/ d qxphulfdo ixqfwlrq i = H $ U lv
xsshu vhpl0frqwlqxrxv +x1v1f1, zkhq lwv xpeud X+i, lv d forvhg vhw lq H 
U1

Wkh xvh ri vhpl0frqwlqxlw| dsshduv dv vrrq dv h{wuhpd duh lqyroyhg lq wkh
dqdo|vlv xqghu vwxg|/ dw ohdvw lq frqwlqxrxv fdvhv1 Iru h{dpsoh +Ilj1 5,/ frxog
zh h{wudfw wkh pd{lpd ri wkh iroorzlqj ixqfwlrq i = U $ U =

i+{, @
� 4� { � zkhq 3 ? m{m ? 4>

3 zkhq m{m � 4 ru { @ 3 B
Dfwxdoo|/ wkh pd{lpxp ri vxfk d ixqfwlrq/ dowkrxjk lw lv erxqghg/ grhv qrw
h{lvw1 Frqyhuvho|/ dv vrrq dv zh uhihu wr wkh �pd{lpxp� ri d ixqfwlrq ryhu d
frqwlqxrxv vsdfh/ zh lpsolflwho| lqwurgxfh wkh uhtxluhphqw wkdw lw lv x1v1f1 +ru
orzhu vhpl0frqwlqxrxv zkhq orrnlqj iru plqlpd,1

Wkh fodvv I � ri wkh xsshu vhpl0frqwlqxrxv ixqfwlrqv i = H $ U irupv d
frpsohwh odwwlfh1 Lq wklv odwwlfh/ wkh lqi ri d idplo| ii 
 j lv wkh ixqfwlrq zklfk
dgplwv/ dw hdfk srlqw { 5 U � / wkh qxphulfdo lqi ri wkh i 
 +{, � v/ exw wkh vxs lv
wkh ixqfwlrq zkrvh xpeud lv wkh wrsrorjlfdo forvxuh ri wkh xqlrq ri wkh xpeudh
ri wkh i 
 � v1 Zh kdyh

lqi
 i 
 @ ii 5 I � > X � +i, @ _



X+i 
 ,j>

vxs



i 
 @ ii 5 I � > X � +i, @ ^



X+i 
 ,j>

d qrwdwlrq zklfk vkrzv wkdw wkh odwwlfh I � dqg wkdw ri wkh forvhg xpeudh fdq
eh lghqwl�hg 1 Dv d pdwwhu ri idfw/ odwwlfh I � wxuqv rxw wr eh wkh prvw gluhfw
wudqvsrvlwlrq ri wkh forvhg vhwv wr qxphulfdo ixqfwlrqv1 Wkh sxovhv/ zklfk ehorqj
wr odwwlfh I � / duh vxs0jhqhudwlqj fr0sulphv/ exw qrw vwurqj rqhv1 Odwwlfh I � lv
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glvwulexwlyh/ dqg lq�qlwh Y0glvwulexwlyh/ exw qrw lq�qlwh Z0glvwulexwlyh1 Iru wkh
fodvvlfdo Fkrtxhw wrsoroj| rq forvhg vhwv/ odwwlfh I � lv FFR1

Lq 4<9</ J1 Pdwkhurq xvhg wkh lghqwl�fdwlrqehwzhhq v1f1v1 ixqfwlrqv dqg
xpeudh wr h{whqg klv udqgrp forvhg vhwv wkhru| wr wkh xsshu vhpl0frqwlqxrxv
ixqfwlrqv iurp dq O1F1G vsdfh H lqwr U ^6`1 Kh suryhg wkdw wkh fodvv I � lv d
frpsdfw idplo| ri wkh forvhg vhwv ri H 
 U1 Wkh wrsrorj| rq I � lv rewdlqhg
dv wkh uhvwulfwlrq ri Pdwkhurq wrsrorj|/ dv g�qhg lq fkdswhu 5/ wr wklv vshfl�f
fodvv1 Frqvhtxhqwo|/ wkh rshq vhwv lq I � duh jhqhudwhg e| wkh sduwv ri I � zkrvh
hohphqwv i vdwlvi| wkh wzr frqglwlrqv=

[ � +J, @ vxs ii+{,> { 5 Jj A e dqg lqi �[ � +J, > J � N� ? d +4,
dv J vsdqv wkh rshq vhwv ri H/ dqg N lwv frpsdfw vhwv +d> e 5 U,1 Zkhq erwk
H dqg U duh htxlsshg zlwk d phwulf dqg wkdw g vwdqgv iru wkh surgxfw phwulf
rq H
U> wkh wrsrorj| gh�qhg e| uhodwlrqv +4, uhvxowv lq wkh iroorzlqj fulwhulrq
ri frqyhujhqfh
Fulwhulrq 6 D vhtxhqfh ii � j frqyhujhv wrzdugv i lq I � li dqg rqo| li iru doo
{> w 5 H 
U/ wkh vhtxhqfh g^+{> w,> X+i � ,` frqyhujhv lq U � 1

Wkh h{suhvvlrq ri wklv fulwhulrq ri frqyhujhqfh yld wkh xpeudh lv jhrphwul0
fdoo| pruh lqwxlwlyh wkdq wkh jhqhudo irupdolvp e| phdqv ri qhljerukrrgv dqg
vxe0vhtxhqfhv1 Zh vkdoo qr qorqjhu ghyhors wklv wrsrorj| exw lqglfdwh rqo| wkuhh
zruwkzkloh uhvxowv wkdw pxvw eh txrwhg1 Wkh| krog rq furvv vhfwlrqv/ lqfuhdvlqj
pdsslqjv dqg Plqnrzvnl dgglwlrq uhvshfwlyho|1

� Wkh xsshu vhpl frqwlqxrxv ixqfwlrqv i 5 I � fdq eh fkdudfwhul}hg e| wkhlu
furvv vhfwlrqv

[ � +i, @ i{ = i+{, � wj �4 � w � .4
zklfk duh forvhg dqg prqrwrqlfdoo| ghfuhdvlqj vhwv ri H/ l1h1

w � ? w @, [ ��� � [ � dqg w � % w @, [ ��� & [ � 1
Frqyhuvho| +^:`/ s1759,/ dq| vwdfn i[ � / �4 � w � .4j ri forvhg vhwv
vdwlvi|lqj wkhvh wzr frqglwlrqv jhqhudwhv d xqltxh x1v1f1 ixqfwlrq i zlwk

i+{, @ vxsiw = { 5 [ � j { 5 H=

� Dq lqfuhdvlqj pdsslqj # rq I � lv xsshu vhpl0frqwlqxrxv li dqg rqo|
li i � & i lq I � lpsolhv #+i � , & #+i,=Khuh wkh dgmhfwlyh %xsshu vhpl0
frqwlqxrxv% frqfhuqv ri frxuvh wkh pdsslqj xqghu vwxg|1 Wklv surshuw|/
wkdw ghulyhv iurp surs140507 lq ^7`/ rulhqwv xv wrzdugv vdpsolj whfkqltxhv
e| fryhulqj1
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� Li j 5 I � lv d vwuxfwxulqj ixqfwlrq zkrvh doo furvv vhfwlrqv duh frpsdfw
+h{fhsw srvvleo| dw �4,/ wkhq wkh Plqnrzvnl dgglwlrq i $ i�j iurp I �
lqwr lwvhoi lv frqwlqxrxv/ zkhuhdv wkh Plqnrzvnl vxevwudfwlrq i $ i � j lv
xsshu vhpl0frqwlqxrxv rqo|1

Krzhyhu/ wkh olplwv ri Odwwlfh I � duh udslgo| uhdfkhg1 Fodvv I � lv qrw forvhg
xqghu gl�huhqfh/ dqg grhv qrw doorz xv wr prgho wkh uhvlgxdov1 Dovr/ lq odwwlfh I �
/ wkh lq�qxpY i 
 lv lghqwlfdo wr qxphulfdo lqi/ zkhuhdv wkh vxsuhpxpZ i 
 lv wkh
wrsrorjlfdo forvxuh ri wkh qxphulfdo vxsuhpxp> khqfh wkh v|pphwu| ehwzhhq Z

dqgY lv orvw1 Wklv lv wkh uhdvrq zk| Plqnrzvnl dgglwlrq/ exw qrw vxewudfwlrq/ lv
frqwlqxrxv1 Qrz rqh fdqqrw ghvljq dq h{shulphqw deoh wr eulqj wr wkh iruh vxfk
d glvwlqfwlrq1 Lq sudfwlfh/ rqh sdvvhv iurp d glodwlrq wr dq hurvlrq ri ixqfwlrq i
e| uhsodflqj lw e| �i / ru e| p� i / dqg qhjdwlrq lv frqwlqxrxv1 Lv d frqwlqxlw|
wkdw qr h{shulphqw zloo qhyhu glvwlqjxlvk iurp vhpl0frqwlqxlw| d zruwkzkloh
surshuw| ri wkh prghoB Ilqdoo|/ I � lv qrw d yhfwru vsdfh/ dqg wklv lv d slw|/ iru
olqhdu whfkqltxhv lq lpdjh dqdo|vlv duh ri edu|fhqwulf w|sh +h1j1 frqyroxwlrq,1
Exw lv lw srvvleoh wr frqvwuxfw d ixqfwlrq odwwlfh/ vx!flhqwo| uhjxodu dqg zklfk
vkrxog dffhsw vrph olqhdu rshudwlrqvB

6 Jdxjhv
Frqvlghu dq duelwudu| phwulf vsdfh H ri glvwdqfh g +U � >] � / ru frqglwlrqdo1
yhuvlrqv ri wkhvh vsdfhv/ sodqdu judskv/ hwf1,1Zlwk dq| qxphulfdo ixqfwlrq i
iurp vsdfh H lqwr U +ru lqwr ] , rqh fdq dozd|v dvvrfldwh d vhfrqg ixqfwlrq/ $
vd|/ iurp U � lqwr U � dv iroorzv=

$ � +k, @ vxsimi +{,� i+|,m | 5 H> g+{> |, � kj= +5,
Fohduo|/ htxdwlrq +5, uhvxowv lq dq lqfuhdvlqj srvlwlyh ixqfwlrq1 Pruh suh0

flvho|/ lw fkdudfwhul}hv wkh jdxjh ri ixqfwlrq i1 Uhphpehu ^4` wkdw d pdsslqj
$ = U � $ U � lv vdlg wr eh d jdxjh/ li lw lv lqfuhdvlqj dqg zkhq zh kdyh

$ +r, @ 3 dqg $ +x. y, � $ +x, . $ +y, +vxe0dgglwlylw|, +6,
Lqghhg/ ohw mi +{,� i+|,m eh dq hohphqw lqyroyhg lq wkh vxsuhpxp $ � +x. y,

ri Ht +5,/ wkhq g +{> |, � x.y dqg wkhuh h{lvwv d forvhg edoo E � +x, +uhvs1 E � +y,,
ri udglxv x dqg fhqwuh { +uhvs1 udglxv y dqg fhqwuh |, vxfk wkdw E � +x,_E � +y, 9@
>1 Wkhq iru dq| srlqw } 5 E � +x, _E � +y,/ zh kdyh wkdw

mi +{,� i+},m � $ +x, dqg mi +},� i+|,m � $ +y,
dqg e| wuldqjxodu lqhtxdolw| mi +{,� i+|,m � $ +x,.$ +y,1 Wkhq/ e| wdnlqj wkh
vxsuhpxp ri wkh ohiw phpehu ryhu { dqg | lq H/ xqghu wkh frqglwlrq g +{> |, �
x. y/ zh rewdlq wkh vxe0dgglwlylw| lqhtxdolw| +6,1
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Wr suryh wkh frqyhuvh/ zh pxvw vwduw iurp d jlyhq jdxjh $ dqg h{klelw d
qxphulfdo ixqfwlrq e = H $ U wkdw vdwlv�hv Ht1+5,1 Wdnh iru e wkh txdqwlw|

e +{, @ $ ^g � +3> {,` { 5 H
zkhuh $ lv wkh jlyhq jdxjh1 Zh ghulyh iurp wkh lqfuhdvlqjqhvv dqg wkh vxe0
dgglwlylw| ri $ wkdw

$ ^g +r> |,` � $ ^g +r> {, . g +{> |,` � $ ^g +r> {,` . $ ^g +{> |,`
l1h1

e +{,� e +|, � $ +g +{> |,,
dv zhoo dv wkh vlplodu lqhtxdolw| rewdlqhg e| lqwhufkdqjlqj { dqg |/ vr wkdw zh
fdq �qdoo| zulwh

me +{,� e +|,m � $ +g +{> |,, = +7,
Wkhuhiruh zh fdq vwdwh wkh iroorzlqj

Wkhruhp 7 Jlyhq d phwulf vsdfh H dqg d qxphulfdo ixqfwlrq i = H $ U> wkh
txdqwlw| $ gh�qhg e| wkh htxdwlrq

$ � +k, @ vxsimi +{,� i+|,m > {> | 5 H> g+{> |, � kj=
lv d jdxjh1 Frqyhuvho|/ jlyhq d jdxjh $> wkhuh h{lvwv dozd|v d qxphulfdo ixqfwlrq
i = H $ U wkdw vdwl�hv wklv htxdwlrq1

Jhrphwulfdoo| vshdnlqj/ wkh vxe0dgglwlylw| frqglwlrq +6, dprxqwv wr eh d
frqfdylw| uhgxfhg wr wkh wulsohwv +{> |> }, ri frruglqdwhv wkdw lqyroyh wkh ruljlq
+vhh h{huflvh ;05 ehorz,1 Dovr/ lw lv qrwlfhdeoh wkdw Ht1+5, dssolhv wr erwk frq0
wlqxrxv ru glvfuhwh vsdfhv1 Dfwxdoo|/ zkhq wkh jdxjh lv frqwlqxrxv dw wkh ruljlq
lw vhuyhv wr eulgjh wkh jds ehwzhhq wkh wzr fdvhv +vhh vhfwlrq 9 ri wklv fkdswhu,1

Wkh jdxjh dvvlrfldwhg zlwk ixqfwlrq i doorzv xv wr h{suhvv d qlfh surshuw|
ri �qlwqhvv1 Lqghhg wkh vxe0dgglwlylw| lpsolhv wdkw iru doo srvlwlyh lqwhjhuv n zh
kdyh $ +nx, � n$ +x,1 Wkhuhiruh li $ +x, lv �qlwh iru vrph x A 3 dqg vlpxowd0
qhrxvo| i+{, ? 4 iru vrph srlqw {/ wkhq wkh �qlwhqhvv ri i+{, h{whqgv wr wkh
zkroh vsdfh H

i<x A 3><{ 5 H = $ +x, ? 4 dqg i+{, ? 4j / i;k 5 H> i+{. k, ? 4j=
Wkh jdxjh fkdudfwhul}dwlrq lqyroyhg lq wkhruhp +7, vxjjhvwv wr uhjurxs wkh

idplolhv ri ixqfwlrqv ghshqglqj ri d vdph jdxjh dv iroorzv
Gh�qlwlrq 8 Jlyhq d jdxjh $> wkh vhw ri ixqfwlrqv i = H $ U vxfk wkdw

$ � � $
lv fdoohg wkh $0jdxjh fodvv dqg lv ghqrwhg e| J � 1
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Fohduo|/ wkh $0jdxjh fodvvhv uhgxfh dv jdxjhv $ ghfuhdvh/ dqg zh kdyh
$ � � $ � , J ��� � J � � =

Pruh jhqhudoo| wkh| doo vdwlvi| wkh iroorzlqj wkuhh reylrxv surshuwlhv
Sursrvlwlrq 9 Frqvlghu wkh vhw ri doo $0jdxjh idplolhv ri ixqfwlrqv i = H $ U1
Wkhq

l, wkh frqvwdqw ixqfwlrqv duh wkh rqo| hohphqwv wr eh frpprq wr doo $0jdxjh
fodvvhv>

ll, hdfk fodvv J � lv forvhg xqghu yhuwlfdo wudqvodwlrq
d 5 U dqg i 5 J � , d. i 5 J �

lll, hdfk fodvv J � lv v|pphwulfdo
i 5 J � / �i 5 J �

7 Jdxjhv Edvhg Odwwlfhv
714 Jdxjhv dqg Qxphulfdo Odwwlfhv
Jlyhq d odwwlfh O/ d vxevhw O � � O lv vdlg wr eh d vxe0odwwlfh ri O zkhq O � lv
forvhg xqghu wkh vxsuhpxp dqg wkh lq�qxp ri O/ dqg dgplwv wkh vdph wzr
h{wuhpd dv O1 Wkhq doo frqfhswv ru pdsslqjv gh�qhg iru O/ dqg zklfk lqyroyh
xqltxho| vxs dqg lqi/ kdyh d phdqlqj ryhu O � 1 Zh zloo vhh qrz wkdw vxfk d
surshuw| lv vdwlv�hg e| wkh $0jdxjh idplolhv1
Wkhruhp : Jlyhq d phwulf vsdfh H dqg d jdxjh $> wkh fodvv J � ri wkh $0jdxjh
ixqfwlrqv iurp H lqwr U lv d vxe0odwwlfh ri U �

1
Surri1 Ohw ii 
 > l 5 Lj eh d idplo| lq J � > sxw i @ Z i 
 1 Li i+{, @ .4 iru

vrph { 5 H/ wkhq i @ .4/ khqfh i ehorqjv wr J � 1 Li/ i+{, ? .4/ wkhq i+|,/
zklfk lv erxqghg e|

$ ^g +{> |,` . i+{,
lv �qlwh/ dqg zh fdq zulwh/ iru doo {> | 5 H =

i +|,� i +{, � $ ^g +{> |,` dqg dv zhoo i +{,� i +|, � $ ^g +{> |,` =
D vlplodu uhvxow pd| dovr eh rewdlqhg iru Y i 
 / zklfk dfklhyhv wkh surri1

Wkhruhp : lv fodvvlfdoo| suhvhqwhg lq wkh Olsvfklw} iudphzrun +vhh iru h{1 d
surri lq ^4`,1 Wkh surshuw| lw vwdwhv rzhv pruh wr wkh frpsdflw| ri U wkdq wr
lwv frpsohwh rughulqj/ dqg wklv srlqw lv ohvv nqrzq1 Dv d frxqwhu h{dpsoh/ wdnh
3 ? d ? e ? 4 dqg wkh odwwlfh O @ i{ = { 5 U>�4 � { ? d ru e � { � 4j1
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Uhpdun wkdw qr srvvleoh frqwlqxlw| ri jdxjh $ lqwhuyhqhv lq wkh surri ri

wkh wkhruhp1 Wklv surylghv lw zlwk d odujh ghjuhh ri jhqhudolw| wkdw fdq eh
pdlqwdlqhg lq wkh qh{w uhvxow/ derxw wkh wrsrorj| ri wkh wkh jdxjh edvhg odwwlfhv1

715 Wrsrorj| iru wkh Odwwlfhv J �
Wkh fulwhulrq +BB, zloo qrz doorz xv wr ghulyh wkh Z dqg Y frqwlqxlwlhv iru wkh
J � odwwlfhv zkhq wkh duulydo vsdfh lv U/ dqg qh{w zkhq lw lv �U� � / q d �qlwh
srvlwlyh lqwhjhu1
Wkhruhp ; Ohw H eh d phwulf vsdfh/ $ eh d jdxjh dqg J � eh wkh odwwlfh ri
wkh $0jdxjh ixqfwlrqv iurp H lqwr U1 Wkhq wkh xqltxh wrsrorj| wkdw pdnhv J �
FFR/ zlwk frqwlqxrxv Z dqg Y lv wkh wrsrorj| ri wkh srlqwzlvh frqyhujhqfh1

Surri1 Frqvlghu wzr glvwlqfw ixqfwlrqv i dqg j ri J � zlwk i � j1 Wkhuh
h{lvw dw ohdvw rqh srlqw { 5 H dqg d uhdo phpehu d zlwk +iru h{dpsoh, wkh vwulfw
lqhtxdolwlhv

j+{, ? d ? i+{,
Lqwurgxfh wkh wzr iroorzlqj hohphqwv i � dqg j � ri J � =

i � +|, @ d� $ ^g +{> |,` j � +|, @ d. $ ^g +{> |,` ;| 5 H +8,
Ixqfwlrq i grhv qrw ehorqj wr wkh orzhu erxqgv ri j � / vlqfh i+{, A d/ l1h1
i 95 P ��� 1 Vlploduo|/ zh kdyh j 95 P � � 1 Pruhryhu/ dq| ixqfwlrq v 5 J � lv hlwkhu
� j � +zkhq v+{, � d, ru� i � +zkhq v+{, � d,/ vr zh fdq zulwhP ��� ^P � � @ O � 1
Wkhuhiruh fulwhulrq BB dssolhv/ dqg odwwlfh J � lv FFR zlwk frqwlqxrxv Z dqg
Y iru d fhuwdlq wrsrorj|1 Rqh fdq �qg rxw wklv wrsrorj| e| phdqv ri d jhqhudo
fkdudfwhul}dwlrq ^8`/ exw lq wkh suhvhqw fdvh/ lw vx!fhv wr revhuyh wkdw J � lv
d frpsdfw vxe0odwwlfh ri wkh xsshu vhpl frqwlqxrxv ixqfwlrqv/ vxe0odwwlfh rq
zklfk erwk wrsrorjlhv ri Pdwkhurq dqg ri wkh srlqwzlvh frqyhujhqfh frlqflgh1
Qrz/ wkh Z lv frqwlqxrxv iru wkh �uvw rqh/ khqfh dovr lq wkh srlqwzlvh vhqvh1
Vlploduwo|/ J � lv d frpsdfw vxeodwwlfh ri wkh orzhu vhpl frqwlqxrxv ixqfwlrq/
khqfh Y lv frqwlqxrxv lq wkh srlqwzlvh vhqvh/ zklfk dfklhyhv wkh surri1

Wklv uhvxow h{whqgv wr $0jdxjh ixqfwlrqv i = H $ U d wkhruhp douhdg| hvwde0
olvkhg e| J1 Pdwkhurq lq wkh Olsvfklw} fdvh ^wkhruhp 918 lq ^8``1 Wkh h{whqvlrq
pd| eh sxuvxhg ixuwkhu1 Iluvw/ vsdfh Upd| eh uhsodfhg e| dq| frpsdfw vhjphqw
V � U1 Fohduo|/ wkh $0frqwlqxrxv ixqfwlrqv iurp H lqwr V irup d frpsdfw txdvl
vxe0odwwlfh ri J � +�txdvl� ehfdxvh wkh h{wuhph hohphqwv duh qrw suhvhuyhg,1 Wkh
surri pd| eh uhsurgxfhg lqwhjudoo| iru wkhp1 Dovr/ ] pd| eh vxevwlwxwhg iru U
dqg dq| vxevhw ri ] iru V1 Vhfrqg/ wkh wkhruhp h{whqgv wr surgxfw odwwlfhv1

;



Fruroodu| < Wkhruhp ; uhpdlqv wuxh zkhq U lv uhsodfhg e| dq| surgxfw W @
� iW � > m 5 Mj ri forvhg vxevhwv W� ri U ru ri ]1

Surri1 Dv suhylrxvo|/ frqvlghu wzr glvwlqfw ixqfwlrqv i dqg j ri W / l1h1
i @ ii� > m 5 Mj dqg j @ ij� > m 5 Mj 1 Wkhuh h{lvwv dw ohdvw rqh odeho y 5 M
vxfk wkdw i � 9@ j � / zlwk i � +{, A j � +{,/ vwulfwo|/ iru d srlqw { 5 H1 Odwwlfh W �
hqwhuv wkh iudphzrun ri wkhruhp ;/ zklfk ghwhuplqhv wzr glvwlqfw ixqfwlrqv i � �dqg j � � iurp htxdwlrqv 81 Ohw wkhq i � eh wkh ixqfwlrq H $ W zkrvh odeho y lv
htxdo wr i � � / dqg zkrvh doo rwkhu frpsrqhqwv i � > m 5 M / m 9@ y frlqflgh zlwk
wkh lqi lq wkh fruuhvsrqglqj odwwlfh W� 1 Vlploduo|/ gh�qh j � wr eh wkh ixqfwlrq
htxdo wr j � � iru m @ y dqg htxdo wr wkh vxs lq W� iru doo m 9@ y1 Wkh fulwhulrq ri
sursrvlwlrq BB lv vwloo vdwlv�hg iru i � dqg j � / zklfk uhvxowv lq wkh fruroodu|1

8 Qxphulfdo Odwwlfhv Fkdudfwhul}dwlrq
Wkh wkuhh surshuwlhv ri sursrvlwlrq +9, ghshqg reylrxvo| rq wkh Hxfolghdq phw0
ulf rq wkh duulydo vsdfh U> exw duh wuxh iru dq| glvwdqfh rq H> dqg wkhlu h{suhv0
vlrqv gr qrw lqyroyh wklv xqghuo|lqj glvwdqfh rq H= Frqyhuvho|/ li zh wdnh iru
H dq duelwudu| vsdfh wkdw grhv qrw qhhg wr eh phwulf/ dqg li zh dvvxph rqo|
wkh wkuhh frqglwlrqv ri sursrvlwlrq +9, duh d{lrpv wr eh vdwlv�hg iru d qxphu0
lfdo odwwlfh W ri ixqfwlrqv i = H $ U/ zkdw duh wkh fkdudfwhulvwlfv ri W B Zh
zloo wuhdw wklv sureohp e| iroorzlqj dq dssurdfk sduwo| vnhwfkhg lq +^8`/ s1466,1
Zlwk hdfk srlqw { � ri H dvvrfldwh wkh ixqfwlrq

� � � @ bii = i 5 W > i+{ � � 3,j +9,
zklfk ehorqjv wr W 1 Iurp d{lrp l,> ixqfwlrq i @ 3 ehorqjv dovr wr W / khqfh

� � � +{ � , @ 3 dqg � � � +|, � 3=
Wkhq iurp d{lrp ll,>zh kdyh iru doo d 5 U

bii = i 5 W > i+{ � � d,j @ d. � � � =
Pruhryhu/ zh kdyh � � +|, @ � � +{, @ �+{> |,= Lqghhg/ ohw i eh d ixqfwlrq wkdw

sduwlflsdwhv wr wkh vxsuhpxp � � = Sxw % � @ 3� i+{, dqg % � @ � � +|,� i+|,1 E|
d{lrp ll,> dq| ixqfwlrq i .pd{+% � > % � , . %> zlwk % A 3>ehorqjv wr odwwlfh W > vr
wkdw zkhq % � > % � dqg % & 3/ zh rewdlq

3 @ aii+{, > i 5 W > i+|, � � � +|,j=
E| pxowlso|lqj wkh wzr phpehuv e| 04/ dqg dsso|lqj d{lrp lll,> zh �qg 3 @
bii+{, > i 5 W > i+|, � �� � +|,j> ru htxlydohqwo| +d{lrp ll,,

� � +|, @ bii+{, > i 5 W > i+|, � 3j @ � � +{,
Wdnh qrz dq duelwudu|/ exw �{hg/ ixqfwlrq i 5 W dqg frqvlghu wkh txdqwlw|
i+{ � , . � � � 1 Lw lv htxdo wr i+{ � , dw srlqw { � > dqg � { � hyhu|zkhuh hovh1 Khqfh
zh kdyh

i @ aii+{ � , . � � � > { � 5 Hj @ bii+{ � ,� � � � > { � 5 Hj +:,
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wkh vhfrqg htxdwlrq ghulylqj iurp wkh �uvw rqh e| gxdolw| +d{lrp lll,,=Wkhuhiruh/
odwwlfh W lv jhqhudwhg e| wkh sulph hohphqwv d. � � � > dv zhoo dv e| wkh fr0sulphhohphqwv d� � � �

S @ id. � � � > d 5 U/ { � 5 Hj
T @ id� � � � > d 5 U/ { � 5 Hj

Lw lv hdv| wr vhh wkdw odwwlfh W vdwlv�hv wkh frqglwlrqv ri fulwhulrq +BB,= zkhq
i dqg j duh gl�huhqw/ zlwk i � j> wkhuh duh dw ohdvw rqh srlqw { � 5 H dqg d
uhdo phpehu d zlwk j+{ � , ? d ? i+{ � ,= Wkhq wkh wzr ixqfwlrqv i � @ d � � � �dqg j � @ d.� � � sod| wkh vdph uroh dv lq Ht +8,1 Wkhuhiruh wkh xqltxh wrsrorj|iru zklfk wkh b dqg wkh a rshudwlrqv duh frqwlqxrxv lv wkdw ri wkh srlqwzlvh
frqyhujhqfh1 Zh fdq vwdwh wkh iroorzlqj
Wkhruhp 43 Ohw H eh dq duelwudu| vsdfh1 Hyhu| idplo| ri pdsslqjv i = H $ U
zklfk lv d qxphulfdo odwwlfh/W vd|/ dqg zklfk vdwlv�hv wkh wkuhh frqglwlrqv ri
sursrvlwlrq +9, lv FFR zlwk frqwlqxrxv b dqg a iru wkh wrsrorj| ri wkh srlqwzlvh
frqyhujhqfh1

Wklv odwwlfh lv erwk vxs0jhqhudwhg e| wkh fr0sulphv id�� � � > d 5 U/ { � 5 Hj
dqg lqi0jhqhudwhg e| wkh sulphv id. � � � > d 5 U/ { � 5 Hj> zkhuh � � � @ bii =
i 5 W > i+{ � � 3,j=

Htxdwlrqv +:, fdq eh lqwhusuhwhg jhrphwulfdoo| e| frqvlghulqj wkh idploo|
i�� � > { 5 Hj dv d vwuxfwxulqj ixqfwlrq ri dvvrfldwhg glodwlrq � � dqg hurvlrq % � 1
Wkhq wkh wzr htxdwlrqv +:, lqglfdwh wkdw doo ixqfwlrqv i 5 W duh erwk glodwhg
e| � � dqg hurghg e| % � +khqfh rshq e| % � � � dqg forvhg e| � � % � ,= Lq sduwlfxodu
hdfk � � / zklfk lv dq hohphqw ri W / lv wkxv rshq dqg forvhg e| lwvhoi1 Wklv srlqw
lv looxvwudwhg e| �jxuh +6, lq wkh wudqvodwlrq lqyduldqw fdvh1

Zkhq vsdfh H lv phwulf/ wkh jdxjh ri odwwlfh W dgplwv dq h{suhvvlrq dv
vxsuhpd ri �+{> |,> vlqfh zh kdyh

$+k, @ bi�+{> |,> g+{> |, � kj
Lq wkh hxfolghdq vsdfh U � lq sduwlfxodu/ li zh dvvxph odwwlfh W wr eh forvhg xqghu
wudqvodwlrq dqg urwdwlrq/ wkhq �+{> |, @ �+3> g+| � {,, l1h1 vlqfh $ lv lqfuhdvlqj/
$+k, @ �+3> k,= Wr vxppdul}h/ zh fdq vwdwh wkh iroorzlqj
Sursrvlwlrq 44 Odwwlfh W lv wkh lpdjh ri odwwlfh U �

xqghu glodwlrq � � e|
ixqfwlrq �> dv zhoo dv wkh lpdjh ri xqghu hurvlrq % � e| �� l1h1

W @ � � +U �
, @ % � +U �

,
Lq sduwlfxodu/ zkhq H lv wkh Hxfolghdq vsdfh U � > wkhq odwwlfh W lv jhqhudwhg e|
doo vxsuhpd ri wudqvodwhv ri wkh jdxjh $+k, @ �+3> k, ryhu wkh vsdfh U � 
 U>
dqg/ htxlydohqwo|/ e| doo lq�pd ri wudqvodwhv ri �� ryhu wkh vsdfh U � 
U=
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Iljxuh 6= Ixqfwlrq e lv d 40G jdxjh1 Wkh vxshu0judsk ri e lv jhqhudwhg e| wkh
xqlrq ri wkh vxshu0judskv ri wkh wudqvodwhv ri e>dqg wkh vxe0judsk ri e e| wkh
xqlrq ri wkh vxe0judskv ri lwv rssrvlwh wudqvodwhv1

Fohduo|/ wkhvhv uhvxowv duh vwloo ydolg lq wkh gljlwdo fdvh/ pxwdwlv pxwdqglv/
l1h1 dprqj rwkhuv e| fkrrvlqj d wudqvodwlrq lqyduldqw phwulf rq ] � 1

Wkh deryh fkdudfwhul}dwlrq wkhruhp +43, lv vwurqj ehfdxvh lw grhv qrw vxs0
srvh dq| surshuw| wr vsdfh H> exw lq frpshqvdwlrq zh kdyh qr phdq wr frqwuro
wkh ohyho ri uhjxodulw| ri wkh odwwlfhv lw ghdov zlwk1 Vlqfh vsdfh H lv qrw d sul0
rul htxlsshg zlwk d phwulf/ zh fdqqrw frpsduh ixqfwlrq � � zlwk d suh0h{lvwlqj
jdxjh $= Qrz/ vrph odwwlfhv W pd| frqwdlq kljkwo| luuhjxodu hohphqwv1 Wdnh iru
h{dpsoh wkh fodvv ri doo ixqfwlrqv i = U � $ U vxfk wkdw 3 � mi +{,� i+|,m � 4=
Wkh| vdwlvi| wkh frqglwlrqv ri wkhruhp +43,/ wkhuhiruh wkh b dqg wkh a duh frq0
wlqxrxv rshudwruv1 Qhyhwkhohvv wkh ixqfwlrq i+{, @ 3 zkhq { lv udwlrqdo dqg
i+{, @ 4 zkhq qrw/ ehorqjv wr wkh odwwlfh/ dowkrxjk lw kdv qr sk|vlfdo phdqlqj
+wkhuh lv qr h{shulphqwdo phdqv wr vdpsoh vxfk d ixqfwlrq,1 Wkh vdph h{dpsoh
vkrzv dovr wkdw wudqvodwlrq lv qrw d frqwlqrxrxv rshudwru lq wkh odwwlfhv vdwlv0
i|lqj wkhruhp +43,1 Wdnh iru h{dpsoh wkh ixqfwlrq i+{, @ 3 zkhq { � 4 dqg
i+{, @ 4 zkhq { A 4> dqg wkh vhtxhqfh i � +{, @ i+{. �� ,= Dv q $ 4 zh kdyh
i � +4, $ 4 9@ i+4, @ 3=

Wkh fdvh ri wklv odwwlfh h{dpsoh whdfkhv xv vwloo pruh1 Fohduo| lw dgplwv iru
jdxjh wkh ixqfwlrq $+k, @ 3 iru k @ 3 dqg $+k, @ 4 iru k 9@ 31 Wkhuhiruh qhlwkhu
wkh suhvhqfh ri d jdxjh/ qru wkh h{lvwhqfh ri frqwlqxrxv b dqg a suhyhqw wkh
odwwlfh irup kljo| luuhjxodu hohphqwv1 Zh kdyh wr orrn iru dqrwkhu lghd/ dqg zh
zloo uhdfk wkh jrdo e| lpsrvlqj vrph frqwlqxlw| frqglwlrq wr wkh jdxjhv1

9 Prgxol ri frqwlqxlw|
Lq idfw zh zlvk wkdw/ zkhq vsdfh H lv phwulf/ doo ixqfwlrqv ri wkh odwwlfh W xqghu
vwxg| eh fruuhfwo| dssurdfkhg zkhq zh vdpsoh wkhp1 Li d vwdqgv iru wkh julg
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Iljxuh 7= d, Ylghr lpdjh > e, Fruuhvsrqglqj prgxoxv $> iru wkh gljlwdo vtxduh
phwulfv1

vsdflqj/ zh zdqw wr eh deoh wr hvwlpdwh doo ydoxhv i+{,> { 5 H> i 5 W zlwk dq
huuru wkdw whqgv wrzdugv }hur zlwk vsdflqj d1 Irupdoo| vshdnlqj/ wklv phdqv
h{dfwo| wkdw wkh jdxjh $ � ri odwwlfh W pxvw eh frqwlqxrxv dw wkh ruljlq1Wklv
ohdgv wr wkh iroorzlqj gh�qlwlrq
Gh�qlwlrq 45 Zkhq wkh jdxjh $ � ri d ixqfwlrq i lv frqwlqxrxv dw wkh
ruljlq wkhq lw lv fdoohg d prgxoxv ri frqwlqxlw|1 Wkh idplo| ri doo ixqfwlrqv
i = H $ U+ru ], zkrvh prgxol $ � duh vpdoohu wkdq d jlyhq jdxjh $ lv vdlg wr
eh htxlfrqwlqxrxv ri prgxoxv $/ ru $0frqwlqxrxv/ dqg lv ghqrwhg e| wkh v|pero
O � 1

Qrw rqo| hdfk ixqfwlrq i 5 O � lv xqlirupo| frqwlqxrxv/ exw wklv xqlirup
frqwlqxlw| lv ri wkh vdph w|sh iru doo wkh i 5 O � = Lqghhg/ dffruglqj wr d fodvvlfdo
uhvxow/ odwwlfh O � lv d frpsdfw vxe0vsdfh ri U �

iru wkh wrsrorj| ri wkh xqlirup
glvwdqfh +Dvfrol *v wkhruhp/ s1<< lq ^4`,1 Wkh prgxoxv ri frqwlqxlw| ghvfulehv/ lq
vrph vhqvh/ wkh ghjuhh ri uhjxodulw| ri wkh ixqfwlrq i xqghu vwxg|1 Wklv dssurdfk
fdq eh frpsduhg zlwk wkh xvh ri wkh ydulrjudp/ ru wkh fryduldqfh/ lq wkh rughu
wzr dqdo|vlv1 Exw/ xqolnh wkh ydulrjudp/ zklfk surylghv wkh txdgudwlf phdq
ri wkh yduldwlrq ehwzhhq wzr srlqwv/ khuh zh wdnh lqwr dffrxqw wkh pd{lpxp
devroxwh gl�huhqfh1 Rqh fdq vhh iurp Ilj17 krz wkh udqjh ri $ uh hfwv wkh vl}hv
ri wkh ihdwxuhv lq i / dqg lwv dv|pswrwh wkhlu g|qdplfv1

Wkh prvw xvxdo surwrw|shv ri fodvvhv O � duh wkh Olsvfklw} idplolhv/ dqg
dovr wkh �uvw rqhv klvwrulfdoo| vshdnlqj +K1 Ohehvjxh lqwurgxfhg wkh prgxol ri
frqwlqxlw| lq 4<43/ exw U1 Olsvfklw} kdg sursrvhg frqglwlrq +;, kdoi d fhqwxu|
ehiruh,1 Hdfk Olsvfklw} fodvv lv rewdlqhg e| wdnlqj iru $ d frqvwdqw ydoxh n A 3/
vr wkdw zh kdyh

mi +{,� i+|,m � n=g+{> |, +;,
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Doo deryh surshuwlhv ri wkh $0jdxjh fodvvhv J � duh ri frxuvh vwloo ydolg iru wkh
$0frqwlqxrxv fodvvhv O � / zlwk lq dgglwlrq wkh iroorzlqj rqh
Sursrvlwlrq 46 Iru hdfk prgxoxv $> li ixqfwlrq i 5 O � lv �qlwh dw srlqw
{ 5 H> wkhq lw lv �qlwh hyhu|zkhuh1

Surri1 Wkh vxe0dgglwlylw| ri wkh prgxoxv/ dgghg wr lwv frqwlqxlw| dw wkh
ruljlq/ lpso| wkdw prgxoxv $+k, lv �qlwh iru k ? 4= Wkhuhiruh zkhq i+{, ? 4>
wkhq i+|, ? 4 iru doo srlqwv | 5 H=

Pruhryhu/ iru hyhu| odwwlfh O � / dqg rq dq| frpsdfw vxe0vhw [ ri H> wkh
srlqwzlvh frqyhujhqfh ri d vhtxhqfh i � ri ixqfwlrqv wrzdugv ixqfwlrq i lv htxly0
dohqw wr wkh xqlirup frqyhujhqfh/ dqg wr Pdwkhurq wrsrorj| frqyhujhqfh ri
fulwhulrq +6,1 Dovr/ lq wkh Hxfolghdq fdvhv/ wudqvodwlrq dqg urwdwlrq duh frqwlq0
xrxv rshudwlrq= wklqjv ehfrph uhdoo| pruh uhjxodu1

: Glodwlrqv dqg Lqfuhdvlqj rshudwruv
Zh zloo qrz vwxg| wkh glodwlrqv wkdw dfw rq wkh odwwlfh U �

ri wkh qxphulfdo
ixqfwlrqv iurp H lqwr U1 Dv zh vdz lq fkdswhu 4/ wkh odwwlfh U �

lv vxs0jhqhudwhg
e| wkh sxovh ixqfwlrqv x �! � > { 5 H> w 5 U=

x "  � +|, @ w zkhq | @ } dqg x "  � @ �4 rwkhuzlvh/
dqg hyhu| ixqfwlrq i 5 U �

dgplwv d ghfrpsrvlwlrq
i @ b ix "  � > } 5 H > w � i +},j =

Ohw � = U �
$ U �

eh d glodwlrq rq U �
1 Wkh wudqvirupv � +x "  � , ri wkh sxovhv duh

lq wxuq vxs0jhqhudwruv lq wkh vsdfh lpdjh �
�U � �

vlqfh

�i @ b i�+x "  � ,> } 5 H> w � i +},j i 5 U �

Lw lv pruh frqyhqlhqw/ khuh/ wr lqwurgxfh wkh uhflsurfdo vwuxfwxulqj ixqfwlrq j �# � /
qdpho|

j �$ � +}, @ �+x "  � +|,, |> } 5 H
Lq wkh iroorzlqj/ zh vkdoo irfxv rq wkh glodwlrqv zkrvh vwuxfwxulqj ixqfwlrqv
frppxwh zlwk wudqvodwlrq rq U/ l1h1 vxfk wkdw

j "  � @ j "  � . w +zlwk j " @ j "  � ,1
Wkhq wkh h{suhvvlrq ri wkh glodwh dw srlqw | 5 H uhgxfhv wr

+�i, +|, @ b ij � +}, . i+}, > } 5 Hj +<,
Doo wkh glodwlrqv hqfrxqwhuhg lq sudfwlfh duh sduwlfxodu fdvhv ri wkh odvw uhsuh0
vhqwdwlrq +<,1
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:14 Glodwlrqv rq O�

Zh qrz irfxv rq wkh vxe odwwlfh O � ri wkh $0frqwlqxrxv ixqfwlrqv rq U/ dqg
zh zrqghu derxw wkh lpdjh �+O � , ri O � xqghu d glodwlrq ri wkh w|sh Ht1
+<,1 Shuwlqhqw uhvxowv duh rewdlqhg zkhq wkh yduldwlrq ri wkh j � *v ryhu vsdfh H
lv surylghg zlwk d fhuwdlq uhjxodulw|/ wkdw zh zloo irupdol}h zkhq vsdfh H lv
phwulf1
Sursrvlwlrq 47 Ohw J eh d idplo| ri qxphulfdo ixqfwlrqv ryhu d phwulf vsdfh
H/

l2 zklfk dgplw d frpprq �qlwh xsshu erxqg
ll2 zkrvh furvv vhfwlrqv

[ � +j, @ i| = j+|, � wj j 5 J
duh frpsdfw/ iru doo w 5 Uq i�4j =

Li j � vwdqgv iru wkh glodwh ri j e| d flufxodu f|olqghu ri udglxv � dqg khljkw
n�/ l1h1

j � +}, @ vxs ij+|,> | 5 E � +},j . n�
Wkhq wkh txdqwlw|

k+j> j � , @ lqi �� = j � j �� > j � � j � � j> j � 5 J
lv d Kdxvgru� w|sh glvwdqfh rq J1

^hdv| surri`1
Frqvlghu qrz d vwuxfwxulqj idplo| ij � > { 5 Hj/ zklfk lv vxssrvhg wr vdwlvi|

wkh wzr frqglwlrqv ri sursrvlwlrq 47/ dqg zkrvh yduldwlrq ryhu H lv jryhuqhg e|
d prgxoxv ri frqwlqxlw| $ � / l1h1

k+j � > j � , � $ � ^g +{> |,` {> | 5 H +43,
zh pd| vwdwh ^;`^<`=
Wkhruhp 48 Ohw H eh d phwulf vsdfh/ dqg � = U �

$ U �
eh d glodwlrq rq wkh

odwwlfh U �
/ zkrvh vwuxfwxulqj ixqfwlrqv ij � > { 5 Hj dgplw d prgxoxv ri frqwl0

qxlw| $ � +l1h1 vdwlvi| 43,1 Wkhq � pdsv wkh vxe0odwwlfh O � ri wkh $0frqwlqxrxv
ixqfwlrqv lq wkh vxe0odwwlfh O % � �'&)( 
 � � ri wkh +$ . n, � $ � 0frqwlqxrxv ixqfwlrqv1

Surri1 Ohw i 5 O � 1 Sxw k +j � > j � , @ k1 Dw srlqw |/ zh kdyh=
+�i, +|, @ vxs ii+}, . j � +},> } 5 Hj =

Exw j � +}, � vxs ij � +x,> x 5 E * +},j . nk +Kdxvgru� glvwdqfh, dqg i+}, �
i+x, . $+g+}> x,,1 Khqfh/ zh kdyh
+�i,+|, � vxs ii+x, . j � +x, . $ +g +}> x,, > } 5 E * +x,> x 5 Hj. nk

� vxsii+x, . j � +x,>.x 5 Hj. $ +k, . nk @ +�i,+{, . $+k, . nk
dqg wkh vlplodu lqhtxdolw|/ e| lqwhuyhuwlqj { dqg |1 Ilqdoo|=

m+�i,+|,� +�i,+{,m � $+k, . n+k, � +$ . n, � $ � +g+{> |,,
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:15 Sduwlfxodu fdvhv
41 Vxssrvh H wr eh d!qh dqg wdnh iru j � wkh wudqvodwh e| yhfwru { ri wkh
vwuxfwxulqj ixqfwlrq j dvvrfldwhg zlwk wkh ruljlq1 Wkhq k+j � > j � , @ g+{> |,
dqg +$ . n, � $ � @ $1 Wkh glodwlrqv wkdw duh wudqvodwlrq lqyduldqw suhvhuyh
doo htxlfrqwlqxrxv odwwlfhv O � 1
51 Wdnh iru j � d  dw vwuxfwxulqj ixqfwlrq/ ri frpsdfw vxssruw N � / l1h1

j � +|, @ 3 zkhq | 5 N �
j � +|, @ �4 zkhq qrw

Wkhq wkh h{suhvvlrq < ri d glodwlrq uhgxfhv wr
+�i, +|, @ b ii +}, > } 5 N � j +44,

zkhuh wkh jhrphwulfdo uroh ri wkh +yduldeoh, vwuxfwxulqj hohphqwv iN � > | 5 Hj
dsshduv fohduo|1 Wkh glodwlrqv ri wkh w|sh 44/ zklfk duh vdlg wr eh  dw/ h{klelw
d qxpehu ri uhpdundeoh ihdwxuhv1 Iru d  dw glodwlrq � ri vwuxfwxulqj hohphqwv
iN � > { 5 Hj/ zlwk

k +N � >N � , � $ � ^g +{> |,` >
zkhuh k lv wkh vhw0rulhqwhg Kdxvgru� glvwdqfh/ wkh wkhruhp suryhv wkdw dq| $0
frqwlqxrxv ixqfwlrq lv wudqviruphg lqwr d $ � $ � 0frqwlqxrxv rqh1 Lq sduwlfxodu/
zkhq $ � � Lghqwlw|/ � pdsv hyhu| O � lqwr lwvhoi1 Wklv fdvh rffxuv iru h{dpsoh
zkhq H lv d!qh dqg N � @ N � .{> { 5 H +wudqvodwlrq lqyduldqfh,/ ru dovr zkhq
N � @ iN � . {j _ ] zkhuh ] lv d uhfwdqjxodu zlqgrz1

Wkhruhp 48/ zklfk kdv ehhq vwdwhg iru glodwlrqv dgplwv e| gxdolw| d vlplodu
yhuvlrq iru hurvlrqv/ dqg ri frxuvh h{whqgv wr dq| lqi ri glodwlrqv zklfk kdyh
wkh vdph prgxoxv $ � 1 Dqrwkhu lqvwuxfwlyh ihdwxuh frqfhuqv wkh vwuxfwxulqj ixqf0
wlrqv/ iru zklfk qr frqwlqxlw| lv uhtxluhg1 Iru h{dpsoh/ wkh wzr frqglwlrqv ri
sursrvlwlrq 47 pd| eh vdwlv�hg e| xsshu vhpl frqwlqxrxv ixqfwlrqv1

:16 Frqwlqxlw| dqg lqfuhdvlqj rshudwruv
Iru wkh vdnh ri shgdjrj|/ zh zloo wuhdw wkh � dw� fdvh rqo|/ zklfk wkh prvw
xvhg lq dssolfdwlrqv1

Sursrvlwlrq 49 Ohw H eh d phwulf vsdfh +glvwdqfh g,/ N = H $ N+H,q> eh d
vwuxfwxulqj hohphqw vxfk wkdw

k ^N+{,>N+|,` � $ � ^g+{> |,`
+k/ Kdxvgru� glvwdqfh, iru vrph prgxoxv $ � / dqg ohw � = H $ U eh wkh glodwlrq
ri vwuxfwxulqj hohphqw N1 Wkhq/ iru hdfk prgxoxv $/ wkh pdsslqj � = O �,+ O � 
 � �
lv frqwlqxrxv1
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Surri1 Jlyhq dq duelwudu| srlqw { 5 H/ frqvlghu d idplo| i � lq O � zlwk
i � $ i iru wkh srlqwzlvh frqyhujhqfh1 Zh gudz iurp wkhruhp ; wkdw

b ii � +|, > | 5 N � +{,j $ b ii +|, > | 5 N +{,j =
Vlqfh srlqw { lv duelwudu| lq H wkh srlqwzlvh frqyhujhqfh ri �+i � , uhvxowv/ khqfh
wkh frqwlqxlw| ri �1

Fruroodu| 4: Wkh fodvv jhqhudwhg e| �qlwh vxs/ lqi dqg frpsrvlwlrq surgxfw ri
glodwlrqv dqg hurvlrqv zkrvh vwuxfwxulqj hohphqwv dgplw d prgxoxv ri frqwlqxlw|
lv frpsrvhg ri frqwlqxrxv lqfuhdvlqj rshudwruv1 Zkhq doo wkh prgxol ri wkh
vwuxfwxulqj hohphqwv duh dqwl0h{whqvlyh/ wkhq wkhvh lqfuhdvlqj rshudwruv hdfk
pds O � lqwr lwvhoi1

^Hdv| surri`1
Ghvslwh wkh dvvxpswlrq ri �qlwhqhvv +zklfk frxog eh ryhufrph e| vxssoh0

phqwdu| k|srwkhvhv ri frpsdfwqhvv iru wkh N � v,/ wklv fruroodu| hqvxuhv wkh
frqwlqxlw| iru d frpsuhkhqvlyh qxpehu ri rshudwruv lq Pdwkhpdwlfdo Pruskro0
rj|/ dqg dprqj rwkhuv iru wkh pruskrorjlfdo �owhuv +rshqlqjv/ forvlqjv/ wkhlu
surgxfwv dqg wkh dowhuqdwlqj vhtxhqwldo �owhuv,1 Lw vkrzv/ d frqwudulr/ wkdw
vhpl0frqwlqxlw| dulvhv iurp udslg yduldwlrqv ri wkh vwuxfwxulqj hohphqwv/ exw
qrw iurp wkh vxevwlwxwlrq Z $ Y1

Zh frqfoxgh wklv vhfwlrq e| eulhi frpphqwv derxw olqhdu rshudwruv rq wkh
O � 1 Frqfhuqlqj frqyroxwlrq/ rqh hdv| suryhv wkh iroorzlqj

Sursrvlwlrq 4; Ohw j+gk, eh d phdvxuh vxfk wkdw U � mj+gk,m � 41 Wkhq wkh
frqyroxwlrq e| j pdsv hdfk O � lqwr lwvhoi dqg lv frqwlqxrxv1

Frqvhtxhqwo|/ doo wkh kdoi uhvlgxdov ri wkh rshudwlrqv +l1h1 wkh gl�huhqfh
ehwzhhq d ixqfwlrq dqg lwv wudqvirup, ghvfulehg e| fruroodu| 4: pds hdfk O �
lqwr lwvhoi dqg duh frqwlqxrxv +h1j1 wkh wrs kdw pdsslqjv,1 Dq dssurdfk zlwk
yduldeoh nhuqhov j+gk, frxog eh ghyhorshg lq d zd| vlplodu wr zkdw zh glg iru
glodwlrqv1 Lw vkrxog ohdg wr vlplodu uhvxowv1

; H{huflvhv
;14 4, WkuhvkrogPdsslqj dqg Vhpl0frqwlqxrxv Ixqfwlrqv
Wkh wkuhvkrog pdsslqj gh�qhg dv iroorzv=

^#+i,`+{, @
� i+{, zkhq i+{, � 4>

�4 rwkhuzlvh= +45,

Wklv rshudwlrq lv vkrzq rq Ilj1 81
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Iljxuh 8= Wkh wkuhvkrog pdsslqj #1

Lq vhw whupv/ wkh wudqvirupdwlrq # frqvlvwv lq lqwhuvhfwlqj wkh xpeud X+i,
e| wkh forvhg kdoi vsdfh

H � @ i+{> |,> { 5 H> } � 4j>
dqg lq wdnlqj wkh xpeud ri wkh uhvxow=

X+#+i,, @ X ^H � _ X+i,` ^H ��� = +46,
Vkrz e| phdqv ri dq h{dpsoh wkdw wkh olplw ri wkh wkuhvkrogv ri d frqyhujlqj

vhtxhqfh ri ixqfwlrqv lv qrw wkh wkuhvkrog ri wkh olplw ixqfwlrq1
^ Li ixqfwlrqv dqg xpeudh zhuh htxlydohqw/ wkhq wkh wzr dojrulwkpv +45, dqg

+46, vkrxog jlyh wkh vdph uhvxow1 Ohw*v wu| dqg dsso| wkh wzr dojrulwkpv wr wkh
vxs ri wkh iroorzlqj idplo| +vhh Ilj1 9,=

� i 
 +{, @ 4� 4@l zkhq m{m � 4>
i 
 +{, @ �4 rwkhuzlvh1

Li wkh vxs i ri wklv idplo| lv xqghuvwrrg lq wkh vhqvh ri wkh ixqfwlrq odwwlfh/ lw
lv htxdo wr=

� i+{, @ 4 zkhq m{m � 4>
i+{, @ �4 rwkhuzlvh/

dqg dffruglqj wr wkh uho1+45,/ #i @ i 1 Exw li wkh vxs lv xqghuvwrrg lq wkh vhqvh
ri wkh xpeudh odwwlfh/ l1h1

X+i, @ ^



X+i 
 ,>

wkhq iurp uho1+46,/ zh ghulyh X ^#+i,` @ H �	� / l1h1 ;{ 5 H>#i+{, @ �41 Lq
rwkhu zrugv/ lq wkh Hxfolghdq fdvh/ wkh ixqfwlrq odwwlfh dqg wkh vhw rulhqwhg
odwwlfh ri xpeudh duh qrw htxlydohqw dw doo1 Qhyhuwkhohvv/ lq wkh glvfuhwh fdvh ri
ixqfwlrqv i =] � �$]/ wkh wzr dssurdfkhv frlqflgh dqg rqh fdq wudqvsrvh wkh
zd| ri uhdvrqlqj iurp vhwv wr ixqfwlrqv1`

4:



Iljxuh 9= Wkh idplo| ri ixqfwlrqv +i 
 ,1

;15 5, Jdxjhv dqg frqfdyh ixqfwlrqv
Wkh dlp ri wklv h{huflvh lv wr ghwhuplqh d jhrphwulfdo frqglwlrq wkdw d jlyhq
ixqfwlrq pxvw ixo�oo wr eh d jdxjh1 Iluvwo| zh uhplqg wkh gh�qlwlrq dqg d
surshuw| frqfhuqlqj wkh frqfdylw| ri d ixqfwlrq1
Gh�qlwlrq 4< D �qlwh qxphulfdo ixqfwlrq/ gh�qhg rq dq lqwhuydo G ri U lv
frqfdyh zkhq lwv vxejudsk lq wkh surgxfw vsdfh U � lv d frqyh{ vhw/ l1h1 zkhq

i +� � { � . � � { � , � � � i +{ � , . � � i +{ � ,
iru doo � �  � � � 3 vxfk wkdw � � � � � @ 4

Wr vd| wkdw i lv frqfdyh lv htxlydohqw wr vd|lqj wkdw wkh ixqfwlrq $

$ +{> |, @ i +|,� i +{,
| � { +zkhuh { 9@ |, +47,

lv ghfuhdvlqj zlwk uhvshfw wr hdfk ri wkh yduldeohv1Jhrphwulfdoo| vshdnlqj/ uho1+47,
dprxqwv wr vd|lqj wkdw iru dq| wulsohw +{> |> }, 5 G zlwk { ? | ? }/ wkh srlqw
+|> i +|,, ri U � olhv deryh wkh vhjphqw ri h{wuhplwlhv +{> i +x,, dqg +}> i +},, > dv
ghslfwhg lq �jxuh :d1

Hyhu| lqfuhdvlqj dqg frqfdyh ixqfwlrq $ vxfk wkdw $ +r, @ 3 lv d jdxjh/ vlqfh
wkh frqyh{lw| uho1+47, lpsolhv wkdw

$ +x. y,� $ +r. y, � $ +x,� $ +r, +48,
Frqyhuvho|/ wkh vxe0dgglwlylw| frqglwlrq lv ohvv ghpdqglqj dqg wxuqv rxw wr

eh d frqfdylw| uhgxfhg wr wkh wulsohwv +{> |> }, ri frruglqdwhv wkdw lqyroyh wkh

4;



Iljxuh := d,Frqfdyh ixqfwlrq e,H{dpsoh ri d jdxjh wkdw lv qrw frqfdyh1

ruljlq1 Iru h{dpsoh wkh ixqfwlrq
$ +x, @ x 3 � x � 4
$ +x, @ 4 4 � x � 5
$ +x, @ x@5 x � 5

zklfk lv qrq frqfdyh +vhh �j1:e, vdwlv�hv uho1+48, dqg lv frqwlqxrxv dw wkh ruljlq/
khqfh lv d prgxoxv ri frqwlqxlw|1

Krzhyhu/ wkh uhvwulfwhg frqfdylw| ri uho1+48, lv douhdg| lqirupdwlyh1 Lw uhmhfwv
iru h{dpsoh doo ixqfwlrqv $ +x, zkhuh wkh ehkdylrxu qhdu wkh ruljlq lv x � .3 +x � ,/
dv vrrq dv � ? 4=

;1514 Olsvfklw} fodvv rq dq dueludu| vsdfh
Wklv h{huflvh/ gxh wr J1 Pdwkhurq +^8`/ s1 464,/ surorqjdwhv wkhruhp +43,1 Zh
vwloo dvvxph wkdw wkh wkuhh surshuwlhv ri sursrvlwlrq +9, duh vdwlv�hg iru vrph
odwwlfh W / dqg zh vxssrvh lq dgglwlrq wkdw li i+{, ? 4> i 5 W > wkhq iru doo
srlqwv | 5 H zh kdyh i+|, ? 4=

40 vkrz wkdw � � +|,> dv gh�qhg e| uhodwlrq +9, lv htxdo wr g+{> |, @ g � +{> |,b
g � +{> |, zlwk

g � +{> |, @ aid = d 5 U � >;i 5 W > i+{, � i+|, . dj
50Suryh wkdw g lv d glvwdqfh rq H> dqg ghulyh wkdw odwwlfh W lv Olsvfklw} iru

glvwdqfh g>l1h1
i 5 W ,m i +{,� i+|,m � g+{> |,

;16 Vdpsolqj dqg $�frqwlqxlw|
Wklv h{huflvh/ gxh wr M1 Vhuud ^<`/ ghdov zlwk vxevdpsolqj1 Vwduwlqj iurp wkh
gdwxp ri d gljlwdo lpdjh i / zkdw lv wkh plqlpdo qxpehu ri ydoxhv ri i wr eh

4<



Iljxuh ;= d, vdpsolqj }rqhv ghulyhg iurp wkh lqyhuvh prgxoxv u e, vdpsohg
lpdjh rewdlqhg iurp sdwwhuq d,

nhsw lq rughu wr hvwlpdwh lw hyhu|zkhuh zlwk d jlyhq dffxudf|/ dqg zkhuh pxvw
zh lpsodqw wkh vdpsolqj srlqwvB

Frqvlghu i dv d uhdol}dwlrq ri d $0frqwlqxrxv udqgrp ixqfwlrq/ dqg lqwurgxfh
d orfdo yhuvlrq ri wkh prgxoxv $ e| dvvrfldwlqj/ zlwk hdfk srlqw {/ wkh pd{lpxp
yduldwlrq ri i ryhu wkh forvhg edoo E � +u, ri udglxv u dqg fhqwhuhg dw srlqw {=

$ � +u, @ H ^pd{ i+� * i � i, +{, > +i � % * i, +{,j` +49,
zkhuh � * dqg % * duh wkh glodwlrq dqg wkh hurvlrq e| edoo E * 1

Vhfrqg/ frqvlghu wkh odujhu lqyhuvh u � +$, ri $ � +u,1 Wkh ydoxh u � +$, lv wkh
vl}h ri wkh pd{lpxp edoo fhqwhuhg dw { vxfk wkdw wkh yduldwlrq/ lq wkh vhqvh ri
Ht1 +49, lv � $1 Vhw dffxudf| $ wr d �{hg ydoxh/ $ � vd|> khqfh u � +$ � , @ u+{,
ehfrphv d qxphulfdo ixqfwlrq ri { rqo|1 Wkh vdpsolqj surwrfro lv wkhq dfklhyhg
e| d grzqvwuhdp dssurdfk zklfk doorfdwh d vdpsoh ghqvlw| lqyhuvh wr ixqfwlrq
u1

Iru d qxphulfdo looxvwudwlrq/ vwduw iurp d gljlwdo lpdjh ri 5 
 � 5 
 sl{hov +Ilj1
5,/ zlwk l @ ;1 Wkh odujhvw srvvleoh julg J+l, kdv d vsdflqj 5 
 @ 589/ dqg irxu
srlqwv dw wkh irxu fruqhuv ri wkh lpdjh1 Wkh jud| vfdoh udqjhv ryhu 589 ohyhov/
dqg wkh dffxudf| $ � lv �{hg wr eh htxdo wr 43 ohyhov1 Wkh furvv vhfwlrq

[+l, @ �{ = u+{, � 5 
 �
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ri u/ fruuhvsrqgv wr wkh  dwhvw }rqhv ri wkh lpdjh xqghu vwxg|1 Vr wkh| duh
vdpsohg zlwk wkh odujhvw julg/ l1h1 uhgxfhg wr wkh vhw

\ +l, @ [+l, _J+l,
Wkh srlqwv ri \ +l, dgplw d fhuwdlq }rqh ri lq xhqfh n+l,/ vxfk wkdw wkh gl0
odwh � & % 
 ( ^\ +l,` lqglfdwhv wkh sruwlrq ri wkh vsdfh �nqrzq� iurp vdpsolqj \ +l,1
Lwhudwh/ e| sxwwlqj

[+l� 4, @ �{ = k+{, � 5 
 � � � q � & % 
 ( ^\ +l,`
\ +l� 4, @ [+l� 4, _J+l� 4, =

Ixqfwlrq n+l, lv fdofxodwhg wr eh � 5 
 dqg wr pdnh frqwljxrxv wkh }rqhv ri
lq xhqfh/ dv l ydulhv1 Iru vtxduh julgv/ iru h{dpsoh/ rqh fdq wdnh=

n+l, . n+l� 4, @ 5 
 � 4=
Wkhvh frqglwlrqv ohdg wr d sl{ho uhgxfwlrq e| irxu lq wkh h{dpsoh ri �j1 51

Lq whupv ri gdwd frpsuhvvlrq/ vxfk d uhvxow lv dffhswdeoh/ exw qrw rxwvwdqglqj1
Krzhyhu/ e| h{whqglqj wkh vdpsohv lq wkhlu uhvshfwlyh }rqhv ri lq xhqfh/ rqh
jhqhudwhv wkh qhz lpdjh i - vkrzq lq Ilj1 5e/ vr wkdw iru doo wuhdwphqwv #
ghvljqhg e| fruroodu| 45 +dqwl0h{whqvlyh fdvh,/ zh vwloo kdyh

H ^pd{ m+#i, +{,� +#i - , +{,m` � $ �
zklfk lv qrw d wulyldo uhvxow1

;17 Urexvw Odwwlfhv
Lqghshqghqwo| ri wkh FFR wrsrorj| ri U/ lqwurgxfh dq hfduw g . rq U/ vxfk wkdw
{ 
 $ { lq U lpsolhv g . +{ 
 > {, $ 31 Wklv hfduw zloo eh vdlg wr eh urexvw iru U/
zkhq iru doo sdlu id 
 j dqg ie 
 j/ l 5 L ri hohphqwv ri U/ wkh wzr lqhtxdolwlhv

g . iZd 
 >Z e 
 j � vxs ig . +d 
 > e 
 ,j
g . iYd 
 >Y e 
 j � vxs ig . +d 
 > e 
 ,j

duh wuxh ^;`1
40 Vkrz wkdw hfduw g . lv urexvw li dqg rqo| li zh kdyh

d � { � | � e lq U , g . +{> |, � g . +d> e,
50 Vkrz/ e| phdqv ri d frxqwhu h{dpsoh/ wkdw wkh FFR wrsrorj| ri U lv dq

xqdyrlgdeoh uhtxluhphqw iru wkh suhylrxv uhvxow1
50Suryh wkdw wkhruhp ; uhpdlqv ydolg zkhq hfduw m i +{,� i+|,mlv uhsodfhg

e| g . +{> |,1
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LVPP*35/ K1Wdoerw dqg U1 Ehduh Hgv1/ FVLUR sxeolfdwlrqv 5335/ ss14709;1
^:` M1 Vhuud Lpdjh dqdo|vlv dqg pdwkhpdwlfdo pruskrorj|/ Dfdghplf Suhvv/

Orqgrq/ 4<;51
^;` M1 Vhuud Htxlfrqwlqxrxv ixqfwlrqv/ d prgho iru pdwkhpdwlfdo pruskrorj|1

Lq Qrq olqhdu dojheud dqg pruskrorjlfdo lpdjh surfhvvlqj VSLH/ Yro1 4:9</
Vdq Glhjr/ Mxo| 4<<5/ ss1 58505961

^<` M1 Vhuud Htxlfrqwlqxrxv udqgrp ixqfwlrqv Mrxuqdo ri Hohfwurqlf Lpdjlqj
0 Vshfldo Lvvxh rq Udqgrp Prghov lq Lpdjlqj/ 9/ 41 Mdqxdu| 4<<:/ :048
^G0362<:2PP`1

^43` M1 Vhuud Frqqh{lrqv hw vhjphqwdwlrq g*lpdjh gìfhpeuh whfk1 uhsruw Q08<2
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