
YLVFRXV ODWWLFHV
Mhdq Vhuud

Fhqwuh gh Pruskrorjlh Pdwkìpdwltxh
Hfroh Qdwlrqdoh Vxshulhxuh ghv Plqhv gh Sdulv

68/ uxh Vdlqw0Krqruì
::638 Irqwdlqheohdx Fhgh{ IUDQFH

Vhswhpehu 5337

Devwudfw
Ohw H eh dq duelwudu| vsdfh/ dqg � dq h{whqvlyh glodwlrq ri � EH� lqwr

lwvhoi/ zlwk dq dgmrlqw hurvlrq %1 Wkhq/ wkh lpdjh � d� EH�o ri � EH� e| �
lv d frpsohwh odwwlfh n zkhuh wkh vxs lv wkh xqlrq dqg wkh lqi wkh rshqlqj
ri wkh lqwhuvhfwlrq dffruglqj wr �%1 Wkh odwwlfh n/ qdphg ylvfrxv/ lv qrw
glvwulexwlyh/ qru frpsohphqwhg1 Dq| glodwlrq � rq � EH� dgplwv wkh vdph
h{suhvvlrq lq n1 Krzhyhu/ wkh hurvlrq lq n lv wkh rshqlqj dffruglqj wr �% ri
wkh hurvlrq lq � EH�1 Jlyhq d frqqhfwlrq � rq � EH� wkh lpdjh ri � xqghu
� wxuqv rxw wr eh d frqqhfwlrq � � rq n dv vrrq dv %�E�� \ �1 Pruhryhu/ wkh
hohphqwdu| frqqhfwhg rshqlqjv � � ri � dqg � � ��� ��� duh olqnhg e| wkh uhodwlrq
� � ��� ��� ' �� � %= D frpsuhkhqvlyh fodvv ri frqqhfwlrq suhyhuylqj forvlqjv %� lv
frqvwuxfwhg1 Wzr h{dpsohv/ elqdu| dqg qxphulfdo +wkh odwwhu frphv iurp
wkh khduw lpdjlqj,/ suryh wkh uhohydqfh ri ylvfrxv odwwlfhv lq lqwhusrodwlrq
dqg lq vhjphqwdwlrq sureohpv1

Nh| zrugv = odwwlfhv/ pdwkhpdwlfdo pruskrorj|/ frqqhfwlrqv/ lpdjh
lqwhusrodwlrq

4 Lqwurgxfwlrq
Wklv sdshu lv d prgl�hg yhuvlrq ri p| frppxqlfdwlrq ^53` dw LVPP 53351 Rq
wkh rqh kdqg/ Fk1Urqvh surylghg ph zlwk d frxqwhu h{dpsoh surylqj wkdw Wkh0
ruhp ; ri wklv frppxqlfdwlrq qhhghg d vxssohphqwdu| frqglwlrq/ dqg qrwlfhg
dovr wkdw vrph dvvxpswlrq zdv xvhohvv lq Sursrvlwlrq 491 Rq wkh rwkhu kdqg/ L1
Whuro Yloodorerv dvnhg ph vhyhudo txhvwlrqv derxw wkh wh{w/ vkrzlqj wkdw vrph
ghyhorsphqwv zhuh xvhohvvo| frpsolfdwhg1 L wkdqn wkhp erwk iru wkhlu frp0
phqwv/ dqg dovr ehfdxvh wkdw xujhg ph wr uhylhz wkh zkroh sdshu1 L pdgh
vhyhudo fkdqjhv dqg vlpsol�fdwlrqv zklfk �qdoo| |lhog zkdw iroorzv1

Wkh suhvhqw vwxg| vwhpv iurp wkuhh ruljlqv1 Iluvw ri doo wkh ylvfrxv odwwlfhv/
dovr fdoohg odwwlfhv ri glodwhv/ dsshduhg dw FPP +Fhqwuh gh Pruskrorjlh Pdwk0
ìpdwltxh, gxulqj wkh qlqhwlhv dv d w|slfdo frxqwhu h{dpsoh ri edg surshuwlhv
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+wkrvh olvwhg lq Sursrvlwlrq 6,/ zklfk lv dozd|v xvhixo zkhq ohfwxulqj frxuvhv1
Lw lv iru wklv vdnh ri shgdjrj| wkdw wkh| duh lqwurgxfhg lq ^<` s1434 dqg lq ^4;`/
vhfw15041 Exw lq erwk fdvhv/ wkh surshuwlhv ri Sursrvlwlrqv 4 dqg 6 duh vwdwhg
zlwkrxw surriv1 Lw zdv whpswlqj wr dssurdfk wkh vwuxfwxuh pruh v|vwhpdwl0
fdoo|/ dqg wr glvfryhu wkh frqvhtxhqfhv ri wkhvh jhrphwulfdo txdqwd ri rshudwlrq
wkdw duh wkh vwuxfwxulqj hohphqwv �+{,1 Vhfrqg/ lq 4<<; F1 Ydfklhu suhvhqwhg
khu �uvw uhvxowv rq zdwhuvkhg uhjxodul}dwlrq/ zkhuh vkh zdv dsso|lqj d ylvfrv0
lw| dojrulwkp gxh wr I1 Ph|hu ^43`1 Wkhlu ylvfrxv sursdjdwlrqv +vhh ^55`/ dqg
^56`, vxjjhvwhg ph wr uhsodfh wkh xvxdo zrunlqj odwwlfh S +H, e| wkh pruh frq0
yhqlhqw iudphzrun wkdw lv ghyhorshg ehorz1 P| wklug prwlydwlrq frphv iurp
pruskrorjlfdo frqqhfwlrqv1 Lq wklv wkhru|/ rqh fdq hdvlo| ghulyh d frqqhfwlrq
iurp dqrwkhu e| phdqv ri h{whqvlyh glodwlrqv +h1j1 e| glvfv lq U � , wkdw foxvwhu
sduwlfohv ^4:`/ exw wkhuh duh ohvv srvvlelolwlhv wr vsolw remhfwv/ dqg wkh ylvfrxv
odwwlfh dssurdfk vhhphg wr uhdfk wklv jrdo1

5 Uhplqghu rq odwwlfhv/ dwrpv/ fr0sulphv dqg
vxs0jhqhudwruv

Lq wklv sdshu/ zh frpsduh wkh odwwlfh S+H, ri wkh vxe0vhwv ri dq duelwudu| vhw H
zlwk wkh ylvfrxv vhw odwwlfh O/ zklfk lv surylghg zlwk wkh vdph vhw rughulqj dv
S+H,/ exw zkhuh wkh lq�pxp lv qr orqjhu wkh vhw lqwhuvhfwlrq1 Wklv suryrnhv
ydulrxv fkdqjhv zkrvh ghvfulswlrq uhtxluhv wkh uhplqghu ri d ihz gh�qlwlrqv dqg
ri vrph fodvvlfdo uhvxowv +iru wkh gh�qlwlrqv/ vhh ^4` dqg iru wkh uhvxowv dvvrfldwhg
zlwk rshudwruv ^:`/^47`/^49`/^8`/^44` dqg ^9`,1

41 D qrq }hur hohphqw D ri d frpsohwh odwwlfh W lv dq dwrp li [ � D lpsolhv
[ @ 3 ru [ @ D1 Iru h{dpsoh wkh vhwv i{j> { 5 H duh dwrpv lq S+H,>
zkhuh wkh| duh fdoohg vlqjohwrqv1

51 Dq hohphqw D 5 W / D 9@ 3 lv vdlg wr eh fr0sulph zkhq D � [ b\ lpsolhv
D � [ ru D � \> lq d qrq h{foxvlyh pdqqhu1

61 D fodvv E lv vdlg wr eh d vxs0jhqhudwru zkhq hyhu| hohphqw [ 5 W lv wkh
vxsuhpxp ri wkh hohphqwv ri E vpdoohu wkdq lw1

[ @ biE � [>E 5 Ej =
71 Odwwlfh W lv vdlg wr eh dwrplf +uhvs1 fr0sulpdu|, zkhq lw lv jhqhudwhg e|

d fodvv ri dwrpv +uhvs1 fr0sulphv,1 Fohduo|/ hyhu| dwrp ehorqjv wr hyhu|
vxs0jhqhudwlqj idplo|1

81 Ohw 3 dqg P eh wkh h{wuhph hohphqwv ri odwwlfh W 1 Li [>\ 5 W duh vxfk
wkdw

[ a \ @ 3 dqg [ b \ @ P>
wkhq \ lv fdoohg d frpsohphqw ri [ +dqg ylfh yhuvd,1 Wkh odwwlfh W lv
vdlg wr eh xqltxho| frpsohphqwhg zkhq hdfk ri lwv hohphqwv kdv d xqltxh
frpsohphqw1
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91 Vhyhudo xvhixo surshuwlhv lqyroyh glvwulexwlylw|1 Uhphpehu wkdw d odwwlfh
W lv glvwulexwlyh li iru doo D/ E/F 5 W

D a +E b F, @ +D aE, b +D a F,
D b +E a F, @ +D bE, a +D b F, =

Wkh wzr htxdolwlhv duh htxlydohqw1 Lq d glvwulexwlyh odwwlfh/ hyhu| dwrp lv
fr0sulph +^9`/ Sursrvlwlrq 506:,1 D frpsohphqwhg dqg glvwulexwlyh odwwlfh
lv vdlg wr eh Errohdq +h1j1 S+H,,1

:1 Odwwlfh W lv prgxodu zkhq iru dq| D/E/F lq W
E ? D , D a +E b F, @ E b +D a F,=

Fohduo|/ glvwulexwlyw| lpsolhv prgxodulw| ^4`1
;1 Ohw O/P eh wzr frpsohwh odwwlfhv1 Wkh pdsslqjv iurp O lqwr P zklfk

frppxwh zlwk wkh vxs +uhvs1 wkh lqi, duh fdoohg glodwlrqv � +uhvs1 hurvlrqv
%,

�+b[ � , @ b�+[ � ,> %+a[ � , @ a%+[ � ,> [ � 5 O +4,
zlwk lq sduwlfxodu �+3 � , @ 3 � dqg %+P � , @ P � 1

<1 Wkh glodwlrqv � = O $ P dqg ri wkh hurvlrqv % = P $ O fruuhvsrqg wr
rqh dqrwkhu yld wkh gxdolw| uhodwlrq

�+[, � \ +, [ � %+\ ,> [> \ 5 O > +5,
fdoohg �dgmxqfwlrq�1 Lw lv gxh wr H1Jdorlv/ dqg rffxuv li dqg rqo| li � lv d
glodwlrq dqg % dq hurvlrq ^49`/^8`1

431 Jlyhq wkh dgmxqfwlrq +�> %,/ wkh frpsrvlwlrq surgxfw � @ �% +uhvs1* @ %�,
surgxfw lv dq rshqlqj +uhvs1 d forvlqj, l1h1 dq lqfuhdvlqj/ lghpsrwhqw dqg
dqwl0h{whqvlyh +uhvs1 h{whqvlyh, rshudwlrq ^:`/^49`/^44`1

441 Wkh idplo| O @ i� +[, > [ 5 S +H,j lv erwk wkh lpdjh ri S +H, xqghu
glodwlrq � dqg xqghu wkh rshqlqj � @ �%/ dgmrlqw wr wkh glodwlrq � +Wkhruhp
416 lq ^48`/ vhh dovr ^44`,1

451 Ohw � eh dq rshqlqj rq S +H, > dqg L � S eh wkh fodvv ri wkrvh vhwv wkdw
duh lqyduldqw xqghu �1 Lw lv forvhg xqghu xqlrq dqg �+[, lv wkh xqlrq ri
doo vhwv \ 5 L wkdw duh vpdoohu wkdq [ +Sursrvlwlrq :0414/ s14;;/ lq ^:`/
vhh dovr ^44`,/ +gxdo vwdwhphqw iru wkh forvlqjv,1

461 Frpsohwh odwwlfhv duh wkh frqfhuq ri vhyhudo gxdolwlhv1 Iluvw/ zh fdq uhyhuvh
wkh vhqvh ri wkh rughulqj/ dqg lqyhuw vxs dqg lqi rshudwlrqv/ zklfk jhqhu0
dwhv wkh gxdo odwwlfh +W >�, ri +W >�,1 Dwrpv/ fr0sulphv dqg vxs0jhqhudwruv
rq +W >�, gh�qh/ rq +W >�,/ gxdo dqwl0dwrpv/ sulphv/ dqg lqi0jhqhudwruv
uhvshfwlyho|1 Pruhryhu/ zkhq odwwlfh +W >�, lv errohdq/ wkh frpsohphqw
rshudwru lqgxfhv dqrwkhu gxdolw| rq +W >�,1 Ilqdoo|/ Ht1+5, ri Jdorlv dg0
mxqfwlrq surylghv xv zlwk d wklug gxdolw| zklfk/ mxvw dv wkh �uvw rqh/
dssolhv wr dq| odwwlfh/ frpsohphqwhg ru qrw1
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6 Ylvfrxv odwwlfhv
Ohw H eh dq duelwudu| vhw/ S +H, eh wkh odwwlfh ri lwv vxevhwv/ dqg ohw � eh dq
h{whqvlyh glodwlrq = S +H, $ S +H,/ zlwk dgmrlqw hurvlrq %= Wkh rshudwru � lv
ghwhuplqhg e| wkh lpdjhv ri vlqjohwrqv i{j ri S +H,/ vlqfh wkh glodwh � +[, ri
dq| [ 5 S +H, lv wkh xqlrq ri wkh glodwhv ri wkh srlqwv lw frqwdlqv =

� +[, @ ^i� +{, > { 5 [j [ 5 S +H, +6,
Dffruglqj wr wkh deryh srlqw 44/ wkh lpdjh O @ �+S +H, , ri wkh glodwlrq �

frlqflghv zlwk wkdw ri wkh dgmrlqw rshqlqj �%1 Lq idfw/ idplo| O wxuqv rxw wr eh
d frpsohwh odwwlfh=
Sursrvlwlrq 4 Jlyhq dq h{whqvlyh glodwlrq � rq S +H,/ wkh vhw O @ �+S +H, , lv
d frpsohwh odwwlfh uhjduglqj wkh lqfoxvlrq rughulqj1 Lq wklv odwwlfh/ wkh vxsuhpxp
ri d idplo| i[ � > l 5 Lj frlqflghv zlwk lwv vhw xqlrq/ zkhuhdv wkh lq�pxp a lv
jlyhq wkh rshqlqj dffruglqj wr � @ �% ri wkh lqwhuvhfwlrq _[ �

ai[ � > l 5 Lj @ �+_i[ ��� l 5 Lj, i[ � > l 5 Lj 5 O +7,
Wkh h{wuhph hohphqwv ri O duh H dqg wkh hpsw| vhw >1 O lv vdlg wr eh wkh ylvfrxv
odwwlfh ri glodwlrq �=

Surri1 Frqvlghu d idplo| i[ � / l 5 Lj 5 O1 Zh gudz iurp Uhodwlrq +6, wkdw
wkh vhw xqlrq lv wkh vpdoohvw hohphqw ri O juhdwhu wkdq hdfk [ � 1 Rq wkh rwkhu
kdqg/ dffruglqj wr wkh deryh srlqwv 44 dqg 45/ � +_[ � , ehorqjv wr O/ dqg lv
wkh odujhvw hohphqw ri O lqfoxghg lq _[ � > wkhuhiruh lq hdfk [ � zklfk dfklhyhv
wkh surri1

Sursrvlwlrq 4 fdq eh h{whqghg wr frpsohwh odwwlfhv +lqghhg/ lw lv douhdg|
lpsolflwo| frqwdlqhg lq ^48` dqg ^8`,> exw zh nhhs khuh wkh ohyho ri jhqhudolw| ri
wkh S +H, odwwlfhv1 Gxdoo|/ wkh vhw O � ri doo %+{,> [ 5 S +H, lv htxdo wr wkh vhw
ri %�+[,= Zh kdyh
Sursrvlwlrq 5 Wkh wzr idplolhv O dqg O � wxuq rxw wr eh wzr lvrprusklf odw0
wlfhv1

Surri1 Zh gudz iurp ^48` +s1 54,/ ru iurp ^8`/ wkh wzr htxdolwlhv �%� @ �
dqg %�% @ %/ zklfk lpso| wkdw �% lv wkh lghqwlw| rq O � dqg %� lv wkh lghqwlw|
rq O/ vr wkdw wkh wzr lqfuhdvlqj pdsslqjv � = O � $ O dqg % = O $ O � duh hdfk
rwkhu*v lqyhuvh1

Li d odwwlfh lv lqvwuxfwlyh e| lwv edg surshuwlhv/ dv zhoo dv e| lwv qlfh rqhv/
wkhq wkh iroorzlqj uhvxow whdfkhv xv d orw1
Sursrvlwlrq 6 Wkh ylvfrxv odwwlfh O ri glodwlrq � lv jhqhudoo| qhlwkhu prgxodu
+khqfh qhlwkhu glvwulexwlyh, qru fr0sulpdu|/ qru dgplwv dq| xqltxh frpsohphqw1
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Iljxuh 4= Frxqwhu h{dpsoh iru wkh odfn ri glvwulexwlylw| lq O

Surri1 H{klelwlqj d frxqwhu0h{dpsoh ri hdfk surshuw| lv hqrxjk1 Wdnh iru
glodwlrq � wkh Plqnrzvnl*v dgglwlrq e| wkh vwuxfwxulqj hohphqw E/ lq U � ru lq
] � zkhuh E lv wkh frpsdfw vtxduh ri vlgh 61 Frqvlghu wkh wkuhh vtxduhv [>[ � >
dqg \ ri vl}h wkuhh ghslfwhg lq �jxuh 41 Wkhvh wkuhh hohphqwv duh dwrpv ri
O1 Krzhyhu/ d 6 � 6 vtxduh lqfoxghg lq wkh xqlrq +[ ^[ � , lv qrw qhfhvvdulo|
lqfoxghg lq hlwkhu [/ ru [ � = wkhuhiruh/ dwrpv duh qrw fr0sulph1 Pruhryhu/
vhwwlqj ] @ [ ^ \ / zh kdyh \ ? ] ? [ � ^ \

^] a[ � ` ^ \ @ > ^ \ @ \ ? ] @ ] a +[ � ^ \ ,
khqfh odwwlfh O lv qrw prgxodu1 Dv lw lv qrw prgxodu/ lw lv qrw glvwulexwlyh ^4`1
Ilqdoo|/ wkh frpsohphqwv duh pxowlsoh ehfdxvh zkhq [ 5 O/ dq| vhw \ 5 O vxfk
wkdw

\ � [ � dqg � +\ _[, @ >=
lv d frpsohphqw ri [ lq O=

Lw lv uhpdundeoh wkdw dv vrrq dv S +H, lv uhjxodul}hg e| dq| �> dv vpdoo
dv zh zdqw/ lw orrvhv lwv edvlf surshuwlhv wr eh glvwulexwlyh dqg xqltxho| frp0
sohphqwhg1 Wkh deryh frxqwhu0surshuwlhv duh qrw lqghshqghqw= wkh| looxvwudwh
d frqwudulr d zhoo nqrzq uhvxow lq odwwlfh wkhru| +vhh iru h{dpsoh ^<`/ s1434,
dffruglqj wr zklfk lq d glvwulexwlyh odwwlfh/ dq| dwrp lv fr0sulph1 Wkh pdlq
frqvhtxhqfh ri vxfk d vwdwhphqw frqfhuqv rshudwruv/ dv lw lv qrw srvvleoh wr edvh
rxuvhoyhv rq wkh frpsohphqw iru gh�qlqj sdluv ri gxdo rshudwlrqv1 Iruwxqdwho|/
Jdorlv*v dgmxqfwlrqv +5, ehwzhhq glodwlrqv dqg hurvlrqv uhpdlq gh�qhg +dv rq
dq| frpsohwh odwwlfh,/ zklfk zloo eh xvhixo1

Glodwlrq � pd| eh wkh frpsrvlwlrq surgxfw ri wzr glodwlrqv/ l1h1 � � @ � � � � 1
Wkhq hyhu| � � +{, lv d xqlrq ri � � +|, � v vr O ��� � O ��� 1 Lq sduwlfxodu/ � pd|
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ghshqg rq d srvlwlyh sdudphwhu1 Vxssrvh iru h{dpsoh wkdw H lv wkh Hxfolghdq
vsdfh U � dqg wdnh iru jhqhudwlqj glodwlrq � @ � � wkh Plqnrzvnl dgglwlrq e| wkh
rshq edoo ri udglxv u1 Zh kdyh fohduo|

u � u � , O � � O �
�

Dv u ydulhv/ wkh xqlrq ri doo odwwlfhv O � jhqhudwhv wkh frpsohwh odwwlfh
O @ ^iO � > u A 3j

zklfk lv vwloo qrq0prgxodu/ qrq0glvwulexwlyh/ qrq0xqltxho| frpsohphqwhg dqg
qrq fr0sulpdu|1 Odwwlfh O lv frpsrvhg ri doo vhwv wkdw duh htxdo wr wkhlu lqwhulruv/
l1h1 ri doo rshq vhwv ri wkh Hxfolghdq vsdfh U � = Dqg pduyhorxvo|/ zkhq zh dgg wr
O wkh srlqwv/ wkh olqhv dqg wkh ydulrxv �qh vhwv ri wkh vsdfh/ lq rughu wr rewdlq
wkh frpsohwh idplo| S+U � ,> wkhq zh uhfryhu doo qlfh surshuwlhv ri frpsohphqw/
ri glvwulexwlylw|/ dqg ri fr0sulpdulw| wkdw vhhp vr qdwxudo wr xv111

7 Lqfuhdvlqj rshudwlrqv lq O
Frqvlghu d ylvfrxv odwwlfh O/ dv gh�qhg lq Sursrvlwlrq 41 Zh zloo glvwlqjxlvk
ehwzhhq wkh lqfuhdvlqj rshudwlrqv rq O zklfk gr qrw lqyroyh d frqqhfwlrq iurp
wkrvh zklfk uhtxluh vrph1 Wkh suhvhqw vhfwlrq lv ghyrwhg wr wkh �uvw fdwhjru|>
wkh vhfrqg rqh lv vwxglhg lq wkh qh{w vhfwlrqv1

Dv hyhu| lqfuhdvlqj rshudwlrq lq O lv d vxsuhpxp ri hurvlrqv dqg dq lq�pxp
ri glodwlrqv ri O lqwr lwvhoi +^48`/ s153,/ zh fdq irfxv wkh vwxg| rq wkhvh wzr
rshudwlrqv rqo|1 Pruhryhu/ dv O lv d vxevhw ri S+H,/ zh fdq zrqghu wr zklfk
h{whqw d glodwlrq ru dq hurvlrq rq S+H, jhqhudwhv krprorjv rq O/ dqg/ li vr/
zklfk rqhvB Lq rughu wr dyrlg dq| frqixvlrq/ zh ghqrwh e| � wkh fxuuhqw glodwlrq
rq S+H, lq lwvhoi dqg zh nhhs v|pero � iru uhihuulqj wr wkh �{hg glodwlrq ri S+H,
wkdw jhqhudwhv O/ dqg zkrvh dgmrlqw hurvlrq lv %=
Sursrvlwlrq 7 42 Dq| glodwlrq � = S+H, $ S+H, wkdw frppxwhv zlwk � lv dovr
d glodwlrq ri O lqwr lwvhoi1

52 Li � � � vwdqgv iru wkh hurvlrq dgmrlqw wr � lq S+H,> dqg � iru wkh hurvlrq
dgmrlqw wr � lq O/ wkhq zh kdyh

� @ �%� � � @ �� � � +8,
Surri1 42 Dv glodwlrqv � dqg � frppxwh/ zh jhw

� ^O` @ � ^� ^S+H,`` @ � ^� ^S+H,`` � O
zklfk phdqv wkdw � pdsv O lqwr lwvhoi/ dqg dv wkh vxsuhpd lq O dqg lq S+H,
duh wkh vdph/ � lv dovr d glodwlrq rq O >

52 Wkh hurghg � +[,/ lq O/ lv wkh juhdwhvw \ 5 O vxfk wkdw �+\ , � [> ru
e| dgmxqfwlrq lq S+H,> vxfk wkdw \ � � � � +[,1 E| Sursrvlwlrq +4, wklv pxvw
eh �+� � � +[,,/ zklfk lv qrwklqj hovh wkdq uhodwlrq +8,1

Wkhuhiruh/ hdfk hurghg hohphqw lq O lv htxdo wr wkh rshqlqj e| �% ri wkh
krprorjrxv hurghg hohphqw +l1h1 ri wkh vdph dgmrlqw glodwlrq, lq S+H,=
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8 Frqqhfwlrqv rq ylvfrxv odwwlfhv
Lq Pdwkhpdwlfdo Pruskrorj| d frqqhfwlrq/ ru frqqhfwhg fodvv/ rq S+H, lv d vhw
idplo| F � S+H, wkdw vdwlv�hv wkh wkuhh iroorzlqj d{lrpv ^4:`

l@ > 5 F
ll@ { 5 H @, i{j 5 F +9,

lll@ i[ � > l 5 Lj � F dqg _[ � 9@ > @, ^[ � 5 F=
Wkh vhfrqg d{lrp phdqv wkdw fodvv F lv vxs jhqhudwlqj/ dqg wkh wklug rqh

wkdw lw lv frqglwlrqdoo| forvhg xqghu xqlrq1 wkh iroorzlqj wkhruhp ^4:` surylghv
xv zlwk dq rshudwlqj zd| wr dfw rq frqqhfwlrqv =
Wkhruhp 8 Wkh gdwxp ri d frqqhfwhg fodvv F rq S+H, lv htxlydohqw wr wkh
idplo| i� � > { 5 Hj ri wkh vr fdoohg %srlqw frqqhfwhg rshqlqjv% vxfk wkdw

+lll, iru doo { 5 H/ zh kdyh � � +{, @ i{j
+ly, iru doo D � H/ {> | 5 H/ � � +D, dqg � � +D, duh htxdo ru glvmrlqw
+y, iru doo D � H/ dqg doo { 5 H/ zh kdyh { @5 D , � � +D, @ Û=
Fohduo|/ wkh lqyduldqw vhwv ri wkh � � v frlqflgh zlwk wkh frqqhfwhg fodvv F1

Wkh gh�qlwlrq ri d frqqhfwlrq/ dv zhoo dv wkh htxlydohqfh wkhruhp/ h{whqg wr d
frpsohwh vxs0jhqhudwhg odwwlfh W +fi1^4;`, e| fkdqjlqj/ lq wkh �uvw d{lrp/ > e|
wkh }hur ri wkh odwwlfh dqg/ lq wkh wklug rqh/ wkh lqwhuvhfwlrq dqg wkh xqlrq e| wkh
vxsuhpxp dqg wkh lq�pxp1 Wkh vhfrqg d{lrp wkhq frqvlvwv lq vwdwlqj wkdw F
lv d vxs0jhqhudwlqj fodvv1 Lq sduwlfxodu/ zkhq wkhuh h{lvwv lq W d vxs0jhqhudwlqj
idplo| V wkdw ehorqjv wr doo wkh vxs0jhqhudwlqj fodvvhv/ wkh vhfrqg d{lrp fdq
eh uhsodfhg e| V � F ^46`1

Lq wkh fdvh ri ylvfrxv odwwlfhv/ zh duh doprvw lq wklv odvw vlwxdwlrq/ iru wkh
fodvv i�+{,> { 5 Hj ri wkh vwuxfwxulqj hohphqwv sod|v d vshfl�f uroh1 Qrw rqo| lw
lv vxs0jhqhudwlqj/ exw lw dovr ehorqjv wr doo wkh vxs0jhqhudwlqj fodvvhv ri O wkdw
duh qrw wrr sdwkrorjlfdo1 Lw lv lq sduwlfxodu wkh fdvh zkhq zh kdyh %�+{, @ i{j
iru doo srlqwv { 5 H1 E| dgmxqfwlrq/ wklv frqglwlrq lv htxlydohqw wr

�+{, � �+|, / { @ | +:,
zkrvh phdqlqj lv wkdw ri d vhsdudwlrq d{lrp1 Htxlydohqfh : lv ixo�oohg iru
h{dpsoh iru wkh wudqvodwlrq lqyduldqw glodwlrqv rq S+U � , ru S+] � ,/ dv vrrq dv
wkh wudqvirup �+r, ri wkh ruljlq lv erxqghg1 Zkhq Uhodwlrq : lv vdwlv�hg/ wkhq
wkh �+{,*v ehfrph dwrpv/ zklfk hqvxuhv xv wkdw wkh| ehorqj wr doo frqqhfwhg
fodvvhv1 Wkhuhiruh/ zh fdq uhvwulfw rxuvhoyhv wr vxfk vhsdudwhg glodwlrqv/ zklfk
|lhogv wkh iroorzlqj gh�qlwlrq ri d frqqhfwlrq rq O
Gh�qlwlrq 9 Ohw O eh d ylvfrxv odwwlfh rq S+H,/ edvhg rq d glodwlrq � vdwlvi|lqj
Htxlydohqfh +:,1 D fodvv F � ri O gh�qhv d frqqhfwlrq rq O zkhq

l2 > 5 F �
ll2 { 5 H @, � i{j 5 F � +;,

lll2 i[ � > l 5 Lj � F � dqg a[ � 9@ > @, ^ [ � 5 F �
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Frqvlghu qrz d frqqhfwlrq F rq S+H, +dqg qr orqjhu rq O,1 Dq lqwhuhvw0
lqj ihdwxuh ri glodwlrq � lv wkdw lw pd| suhvhuyh dovr wkh F0frqqhfwlylw| ri wkh
vlqjohwrqv/ l1h1

{ 5 H @, �+{, 5 F +<,
Wkhq/ vlqfh glodwlrq � lv h{whqvlyh e| gh�qlwlrq +vhh Sursrvlwlrq 4,/ lw suh0

vhuyhv wkh zkroh fodvv F +Sursrvlwlrq ; lq ^4;`, dqg wkh dgmrlqw hurvlrq % wuhdwv
wkh frqqhfwhg frpsrqhqwv lqghshqghqwo| ri hdfk rwkhu +Sursrvlwlrq 44 lq ^4;`,/
l1h1

[ @ ^i[ � > [ � 5 Fj , %+[, @ ^%+[ � ,
Wkh fruuhvsrqghqfh ehwzhhq wkh wzr v|vwhpv ri d{lrpv +9, dqg +;, lv vr

gluhfw wkdw zh fdq zrqghu zkhwkhu wkh uhvwulfwlrq wr O ri dq| frqqhfwlrq rq
S+H, grhv qrw lqgxfh d frqqhfwlrq rq O lwvhoi1 Lqghhg wkdw lv wkh fdvh/ dv zh zloo
vhh qrz/ exw wkh glvfxvvlrq ehorz derxw Ilj15d lqglfdwhv wkdw wkh frqqhfwlrqv
uhdfkhg lq wklv zd| pd| qrw eh wkh prvw shuwlqhqw rqhv1
Sursrvlwlrq : Ohw O eh wkh ylvfrxv odwwlfh rq S+H, ri +h{whqvlyh, glodwlrq
�> dqg ohw F eh d frqqhfwlrq rq S+H,= Li � suhvhuyhv wkh frqqhfwlylw| ri wkh
vlqjohwrqv ri S+H,> wkhq wkh uhvwulfwlrq F � @ +F _ O, ri frqqhfwlrq F wr O lv
lwvhoi d frqqhfwlrq ryhu odwwlfh O1 Li � � vwdqgv iru wkh srlqw frqqhfwhg rshqlqj
dw srlqw { z1u1w1 F/ zh kdyh

�� � +D, @ � � �� � +D, � � � �+D,> D 5 S+H, +43,
Surri1 Zh revhuyh �uvwo| wkdw wkh hpsw| vhw lv d � glodwh/ dqg doo �+{,> { 5 H

ehorqj wr erwk F dqg O/ khqfh fodvv F � vdwlv�hv wkh �uvw wzr d{lrpv ri gh�qlwlrq
91 Dv uhjduglqj wkh wklug rqh/ frqvlghu d idplo| i[ � > l 5 Lj lq fodvv F � 1 Zkhq
a[ � 9@ >/ zh kdyh a[ � 9@ > @, _[ � 9@ > @, ^[ � 5 F / exw ^[ � dovr
ehorqjv wr O zklfk lv forvhg xqghu xqlrq/ khqfh ^ [ � 5 F � / zklfk lv wkhuhiruh
d frqqhfwlrq1 Dv iru uho1+43,/ zh revhuyh wkdw �� � +D,/ { 5 H>D 5 S+H,>
lv frqqhfwhg ehfdxvh � suhvhuyhv fodvv F +e| Sursrvlwlrq 44 lq ^4;`,/ dqg wkdw
�� � +D, @ � � �� � +D, ehfdxvh e| h{whqvlylw| ri �>wkh vhw �� � +D, frqwdlqv wkh srlqw
{1 Wkh odvw lqhtxdolw| ri uho1+43, iroorzv iurp wkh idfw wkdw � � � lv lqfuhdvlqj dqg
� � +D, � D1

D vlpsohu irup ri Sursrvlwlrq : dsshduv lq X1 Eudjd0Qhwr*v Sk1G1 wkhvlv
^6`/ s1;80;91 Frqyhuvho|/ ohw F � eh d frqqhfwlrq rq O1 Dvvrfldwh zlwk lw wkh
fodvv F �� frqglwlrqdoo| forvhg xqghu xqlrq jhqhudwhg e| F � > l1h1 wkh fodvv lq S+H,
wkdw lv frpsrvhg ri doo wkh xqlrqv ri hohphqwv ri F � zkrvh lqwhuvhfwlrqv duh qrw
hpsw|1 Zh kdyh F � � F �� / vlqfh vrph lqi0hpsw| idplolhv pd| kdyh d qrq hpsw|
lqwhuvhfwlrq1 Dgg wr F �� wkh fodvv V ri wkh vlqjohwrqv ri S+H,> e| sxwwlqj

F @ F �� ^ V +44,
Fodvv F lv/ e| frqvwuxfwlrq/ d frqqhfwlrq rq S+H,1 Khuh zh �qg rqh ri wkh vhw
frqqhfwlrqv phqwlrqhg e| Fk1Urqvh lq ^45`/ qdpho| rqh wkdw lv iruphg e| wkh
frqqhfwhg lqyduldqw vhwv ri rshqlqj �%/ soxv wkh vlqjohwrqv1 Pruh suhflvho|/ lw

;



Iljxuh 5= d, Dp L frqqhfwhg B e, Wkh wzr ohiw kdqgvlgh vhjphqwv +ri wzr srlqwv
hdfk,/ dv zhoo dv wkh wzr uljkw kdqgvlgh rqhv duh F � 0frqqhfwhg vhwv/ exw wkh xqlrq
ri wkh wkuhh vhjphqwv lv qrw1

lv wkh vpdoohvw h{whqvlrq ri F � wr wkh odwwlfh ri wkh frqqhfwlrqv rq S+H,/ exw
reylrxvo|/ lw lv qrw wkh rqo| srvvleoh rqh= wkh pd{lpxp frqqhfwlrq rq S+H,/
wkdw lv wr vd| S+H, lwvhoi/ dovr lqfoxghv F � = Qrz/ wkh uhvwulfwlrq ri F wr O/ zkhuh
F lv gh�qhg e| uho1+44,/ grhv qrw uhvwruh wkh frqqhfwlrq F � zkhuh zh vwduwhg
iurp wr frqvwuxfw F1 Lq rwkhu zrugv/ Sursrvlwlrq : grhv qrw gudz xs d frpsohwh
lqyhqwru| ri wkh frqqhfwlrqv rq O/ exw udwkhu ghvfulehv wkrvh zklfk gr qrw uhdoo|
eulqj lqwr sod| wkh lq�pxp ri odwwlfh O=

Rq wkh rwkhu kdqg/ wkh fodvv F _ O frqqhfwv wrr pxfk1 Iru lqvwdqfh/ li zh
wdnh iru F wkh dufzlvh frqqhfwlrq lq U � ru lq ] � / dqg iru O wkh odwwlfh ri wkh vhwv
rshq e| wkh xqlw glvf E/ wkh xqlrq ri wkh wkuhh glvfv lq Ilj15d lv dq hohphqw ri
erwk F dqg O/ khqfh ri F � 1 Krzhyhu/ lq wkh odwwlfh O ri wkh rshq vhwv/ wkhvh wkuhh
glvfv duh wzr e| wzr glvmrlqw1 Dqg wkh| duh glvmrlqw ehfdxvh wkhlu hurghg yhuvlrqv
e| E duh glvmrlqw lq S+H,= Wkhuhiruh/ Ilj15d zloo eh frqvlghuhg dv frpsrvhg ri
wkuhh vhsdudwhg sduwlfohv iru wkh frqqhfwlrqv rq O zklfk lqyroyh frqqhfwlrqv rq
S+H, ehiruh wkh glodwlrq �1 Vxfk frqqhfwlrqv/ zklfk zloo eh pruh uhvwulfwlyh/
fdq eh fduulhg rxw lq wkh iroorzlqj zd| =
Wkhruhp ; Ohw F eh d frqqhfwlrq rq S+H, dqg � = S+H, $ S+H, eh dq
h{whqvlyh glodwlrq/ ri dgmrlqw hurvlrq %/ wkdw jhqhudwhv wkh odwwlfh O @ � +S,1
Li wkh forvlqj %� suhvhuyhv wkh frqqhfwlrq F / l1h1 %�+F, � F/ wkhq wkh lpdjh
F � @ �^F` ri wkh frqqhfwhg vhwv xqghu � lv d frqqhfwlrq rq odwwlfh O=

Surri1 Dv frqqhfwlrq F frqwdlqv wkh vlqjohwrqv dqg wkh hpsw| vhw/ dqg dv
� +>, @ >/ wkh �uvw wzr d{lrpv ri gh�qlwlrq ; duh vdwlv�hg1 Iru surylqj wkh wklug
rqh/ zh frqvlghu d idplo| i[ �

� > l 5 Lj ri hohphqwv ri F � / l1h1 vxfk wkdw iru hdfk
l 5 L wkhuh h{lvwv d [ � 5 F zlwk [ �

� @ �+[ � ,1 Vxssrvh wkdw ia[ �
� > l 5 Lj 9@ >>

khqfh > 9@ a[ �
� @ �%+_[ �

� , @ �^_%�+[ � ,`1 Dv � lv d glodwlrq/ lw vdwlv�hv wkh
lpsolfdwlrq D @ > , �+D, @ >/ wkhuhiruh _%�+[ � , 9@ >1 Dv [ � lv F0frqqhfwhg

<



Iljxuh 6= Dq h{dpsoh ri d glodwlrq � wkdw grhv qrw suhvhuyh frqqhfwlylw|1 d,
lqlwldo vhw [ lq ] � > e, glodwh �+[,> f, forvhg vhw %�+[,=

dqg %�+F, � F/ wkh xqlrq ^%�+[ � , wxuqv rxw wr eh F0frqqhfwhg dqg
^i[ �

� > l 5 Lj @ ^i�[ � > l 5 Lj @ ^i�%�[ � > l 5 Lj @ �^^i%�+[ � ,> l 5 Lj` 5 F � >
zklfk dfklhyhv wkh surri1

Wkhruhp ; rshqv wkh zd| wr qhz frqqhfwlrqv rq O/ qrwlfhdeo| pruh uhvwulf0
wlyh wkdq wkrvh ri sursrvlwlrq :1 Iru h{dpsoh/ lq Ilj15d/ zkhq zh wdnh wkh
dufzlvh frqqhfwlrq dqg wkh glodwlrq � e| wkh xqlw glvf/ wkh wkuhh orehv ri Ilj15d
ehfrph wkuhh vhsdudwhg frqqhfwhg frpsrqhqwv1

Rqh pd| qrwlfh d fxulrxv ihdwxuh ri Wkhruhp ;/ zklfk grhv qrw dvvxph wkdw
wkh �0lpdjhv ri wkh hohphqwv ri F eh wkhpvhoyhv F0frqqhfwhg1 Iru lqvwdqfh/ lq
] � htxlsshg zlwk wkh dufzlvh frqqhfwlrq/ li rqh wdnhv iru � wkh glodwlrq e| wkh
grxeohw i3>.6j/ l1h1 �+{, @ i{> { . 6j/ wkhq dq| vhjphqw lv fohduo| lqyduldqw
xqghu wkh forvlqj %�1 Wkh frqglwlrqv ri Wkhruhp ; duh wkhq ixo�oohg> wklv lpsolhv/
iru h{dpsoh/ wkdw wkh wzr ohiw0kdqg vlgh vhjphqwv ri �j15e irup d F � 0frqqhfwhg
vhw +vlqfh wkh| duh wkh glodwh ri d vhjphqw e| �,/ dv zhoo dv wkh wzr uljkw0kdqg
vlgh rqhv/ dowkrxjk wkhlu xqlrq lv qrw dq|pruh F � 0frqqhfwhg1 Krzhyhu qhlwkhu
wkh ohiw wzr vhjphqwv/ qru wkh uljkw wzr rqhv/ duh F0frqqhfwhg vhwv=

9 Nh|0glodwlrqv
Lq Wkhruhp ; wkhuh dsshduv wkh dvvxpswlrq wkdw wkh dgmxqfwlrq forvlqj %�
suhvhuyhv frqqhfwlrq F/ l1h1 %�+F, � F1 Vxfk d frqglwlrq lv reylrxvo| qrw jhqhudo1
Iru h{dpsoh/ wdnh lq ] � wkh fhqwuhg vwuxfwxulqj hohphqw �+{, pdgh ri vhyhq
srlqwv/ zkhq srlqw { lv dw wkh ohiw ri �/ dqg ri wkuhh srlqwv rqo|/ zkhq qrw +vhh
�j16,1
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Zh revhuyh rq wkh �jxuh wkdw wkh fruuhvsrqglqj forvlqj %� grhv qrw suhvhuyh
frqqhfwlylw| +wkh vdph gudzedfn vwloo rffxuv zkhq zh uhsodfh �+{, e| lwv h{wuhp0
lwlhv,1 Lv wkh frqglwlrq %�+F, � F yhu| ghpdqglqj B Duh wkhuh pdq| glodwlrqv
� zkrvh dvvrfldwhg forvlqj %� vdwlvi| vxfk d surshuw|/ dqg li vr/ fdq frqqhfwlrq
F eh frpsohwho| duelwudu| B Wkdw duh wkh txhvwlrqv zh wuhdw lq wklv vhfwlrq e|
frqvwuxfwlqj d fodvv ri frqyhqlhqw sdluv +�> F,1 Wklv fodvv +wkh nh|0glodwlrqv, lv
suredeo| qrw wkh prvw jhqhudo rqh1 Wkh iroorzlqj uhplqghu/ zklfk jhqhudol}hv
wkh uroh ri wkh dufv lq wkh dufzlvh frqqhfwlrqv/ zloo eh xvhixo1
Sursrvlwlrq < D vhw [ lv frqqhfwhg li dqg rqo| li zkhq +{> |, 5 [/ rqh fdq
�qg d frqqhfwhg vhw lqfoxghg lq [ dqg frqwdlqlqj { dqg | +^4:`/ s187,1

Lq slsh rujdqv/ wkh yhuwlfdo slshv duh sxw rq d sdudoohohslshg er{ zlwk frp0
suhvvhg dlu lqvlgh1 Wkhlu duudqjhphqw irupv d 50G pdwul{ zkhuh doo slshv ri hdfk
urz ehorqj wr d vdph udqn +l1h1 kdyh wkh vdph wlpeuh= rerh/ erxugrq/ hwf11, dqg
doo wkrvh ri d vdph froxpq sod| d vdph nh|/ vr wkdw wkh urz 2froxpq lqwhuvhfwlrq
odehov d xqltxh udqn2nh| frpelqdwlrq1 Dv wkh glodwlrqv zh sursrvh ehorz zloo
eh ghfrpsrvhg lq d vdph zd|/ zh fdoo wkhp/ e| dqdorj|/ %nh|0glodwlrqv%1

Rqh xvxdoo| vd|v wkdw d glodwlrq � lq wkh Hxfolghdq vsdfh lv olqhdu ri gluhfwlrq
� zkhq wkh wudqvirup ri hdfk srlqw { 5 U � lv frqwdlqhg lq d vwudljkw olqh � �

ri gluhfwlrq �1 Frqvlghu d jlyhq idplo| i� � ==� � == � � j ri gluhfwlrqv lq U � +zlwk
n ? 4,/ dqg ohw O � +{> o, vwdqg iru wkh forvhg vhjphqw ri ohqjwk o dqg gluhfwlrq
�� fhqwuhg dw srlqw {1 Wkh ohqjwk lwvhoi pd| eh d ixqfwlrq o+{> � � , ri wkh srlqw
{ dqg wkh gluhfwlrq � � 1
Gh�qlwlrq 43 Jlyhq d �qlwh vhw i� � > 4 � m � nj ri gluhfwlrqv lq U � / ohw
i� � > 4 � m � nj eh d idplo| ri olqhdu glodwlrqv rq � � = I+U � , $ I+U � ,> ri
dgmrlqw hurvlrqv i%� > 4 � m � nj dqg vxfk wkdw iru doo { 5 U � dqg ri doo gluhf0
wlrqv � � > 4 � m � n/ zh kdyh

41 � � +{, @ O � +{> o+{> � � ,,>
51 % � � � +{, @ i{j>
61 �+{, @ � � ===� � � � +{, @ O � +{> o+{>� � ,,===� O � +{> o+{> � � ,� O � +{> o+{> � � ,,=

Wkhq wkh frpsrvlwlrq surgxfw � lv vdlg wr eh d nh|0glodwlrq1

Wkh �uvw d{lrp ri wkh gh�qlwlrq lv d frqglwlrq ri 40G frqyh{lw| iru wkh
pdsslqj { $ � � +{,1 Lq dgglwlrq/ e| sodflqj { dw wkh fhqwhu ri wkh wudqvirup/
zh pdnh wkh pdsslqj � � h{whqvlyh1 Exw lw lv qrw wudqvodwlrq lqyduldqw dqg
wkh ohqjwk o+{> �� , ri wkh vhjphqw O� +{> o+{> �� ,, pd| ydu| iurp srlqw wr srlqw1
Wkh vhfrqg d{lrp uhshdwv wkh vhsdudwlrq d{lrp douhdg| lqwurgxfhg e| Uho1+:,1
Ilqdoo|/ wkh wklug rqh jhqhudol}hv wkh frqyh{lw| frqglwlrq ri wkh �uvw rqh1 Zkhq
d vhfrqg gluhfwlrq/ � � vd|/ lv lqwurgxfhg/ wklv wklug d{lrp hvwdeolvkhv vrph
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ghshqghqfh ehwzhhq wkh wzr sulplwlyh glodwlrqv1 Wkh � � +|, glodwhv ri doo srlqwv
| ri O � +{> o+{> � � ,, pxvw eh wudqvodwhg ri hdfk rwkhu lq rughu wr rewdlq

�+{, @ � � +{,� � +{, @ O � +{> o+{> � � ,,� O � +{> o+{> � � ,, +45,
vr wkdw zkhq { ghvfulehv d vwudljkw olqh � � ri gluhfwlrq � � / wkhq doo wkh � � +{,*v
duh htxlsroohqw vhjphqwv1 E| gxdolw| ehwzhhq wkh gluhfwlrqv � � dqg � � / wkh
vdph rffxuv iru wkh � � +{,*v zkhq { ghvfulehv d vwudljkw olqh � � 1 Lq dgglwlrq/
Uho1+43, vkrzv wkdw wkh frpsrvlwlrq surgxfw � @ � � � � lv frppxwdwlyh1

E| dgglqj d wklug gluhfwlrq � � zh jhqhudwh wkh nh|0glodwlrq � @ � � � � � � 1 Li
wkh wkuhh gluhfwlrqv duh frsodqdu/ wkh vhjphqwv O � +{> o+{>� � ,, pxvw kdyh wkh
vdph ohqjwk dorqj wkh vwudljkw olqhv � � > dqg dovr dorqj wkh � � olqhv/ vr wkdw
wkhlu ohqjwk lv wkh vdph hyhu|zkhuh/ l1h1 glodwlrq � � lv wudqvodwlrq lqyduldqw1 Wkh
vdph frpphqw dssolhv/ ri frxuvh/ iru d irxuwk/ �iwk/ hwf11gluhfwlrq/ dqg �qdoo|
h{whqgv wr U � dv iroorzv
Sursrvlwlrq 44 Ohw � @ � � ===� � � � eh d nh|0glodwlrq ri rughu n lq U � 1 Li n � q/
wkhq iru hyhu| m � 5 ^4> n` wkh glodwlrqv i� � > m 5 ^4> n`> m 9@ m � j duh wudqvodwlrq
lqyduldqw dorqj wkh vwudljkw olqhv ri gluhfwlrq ���� 1 Li n A q/ wkhq wkhuh h{lvwv
q gluhfwlrqv iru zklfk wkh suhylrxv vwdwhphqw lv wuxh/ dqg n � q rwkhu rqhv iru
zklfk wkh � � *v duh wudqvodwlrq lqyduldqw1 Pruhryhu/ wkh surgxfw � @ � � ===� � � � lv
frppxwdwlyh zlwk uhvshfw wr doo lwv idfwruv1

LqU � / wkh nh|0glodwlrqv � � / 4 � m � n> rshudwh rq wkh forvhg vhwv I+U � , ri U �

yld wkh furvv vhfwlrqv e| vwudljkw olqhv � ��� wkdw vsdq wkh vsdfh e| wudqvodwlrqv1
Wkh forvlqj % � � � +D,/ D 5 I+U � , fdq rqo| uhpryh rshq vhjphqwv ri sruhv lq
gluhfwlrq � � +wkh| duh iru h{dpsoh wkh wzr oljkw dqg phglxp juh| uhfwdqjohv
ri �j17,/ dqg hdfk vhjphqw lv wuhdwhg lqghshqghqwo| ri wkh rwkhuv1 Lq rughu wr
hqvxuh wkdw % � � � pdsv I+U � , lqwr lwvhoi/ zh zloo vxssrvh wkdw wkh vwuxfwxulqj
hohphqw { $ � � +{, lv d frqwlqxrxv pdsslqj1 Wkhq lw iroorzv iurp Wkhruhp 6144
lq ^;` wkdw %� � � lv dq xsshu vhpl0frqwlqxrxv pdsslqj iurp I+U � , lqwr lwvhoi1

Ehiruh hqwhulqj vxfk d pxowlgluhfwlrqdo dssurdfk/ zh zloo irfxv rq wkh fdvh
zkhq rqh gluhfwlrq rqo|/ � � vd|/ lv lqyroyhg1 Lw lv fodvvlfdoo| nqrzq wkdw lq U �

dqg lq ] � wkh wudqvodwlrq lqyduldqw forvlqjv e| vhjphqwv suhvhuyh wkh dufzlvh
frqqhfwlylw| ^6`1 Zh zloo jhqhudol}h wklv uhvxow lq wkuhh zd|v/ e| zhdnhqlqj
wkh wudqvodwlrq lqyduldqfh/ dqg e| lqfuhdvlqj wkh srvvleoh frqqhfwlrqv dqg wkh
glphqvlrqv ri wkh vsdfh1

Ehorz/ wkh h{suhvvlrq i}> } � j lqglfdwhv wkh sdlu ri wkh wzr srlqwv } dqg } � /
dqg ^}> } � ` wkh forvhg vhjphqw iurp } wr } � 1 Lq wkh qrwdwlrq/ wkh vsdfh U � lv
dvvlplodwhg wr dq d{lv/ dqg zh nhhs wkh vdph v|perov +{> }==, iru ghqrwlqj wkh
srlqwv dqg wkhlu devflvvdh1 Wkh glodwh ri } lv wkh vhjphqw iurp } � dw wkh ohiw/ wr
} � dw wkh uljkw/ zlwk } � � } @ } � } � / dqg wkh qrwdwlrq zlwk vxevfulswv 3 dqg
4 lv wkh vdph iru dq| srlqw glodwh1 Ilqdoo|/ lq zkdw iroorzv/ %vhjphqw% phdqv
dozd|v %forvhg vhjphqw%1
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Sursrvlwlrq 45 Ohw � eh d nh|0glodwlrq lq U � 1 Wkhq
41 wkh glodwhv ri vhjphqwv duh vhjphqwv>
51 wkh hurghg ri vhjphqwv duh vhjphqwv ru wkh hpsw| vhw>
61 Jlyhq i}> } � j 5 U � / zlwk } ? } � / dqg d 5`}> } � ^/ wkh iroorzlqj htxlydohqfh

krogv
i�+}, ^ �+} � , lv d vhjphqwj / �+d, � �+}, ^ �+} � , +46,

71 Wkh vhjphqwv duh lqyduldqw xqghu wkh forvlqj %�1
Surri1
41 Wkh �uvw srlqw lv d gluhfw frqvhtxhqfh ri Sursrvlwlrq ; lq ^4;`/ qdpho| wkdw

dq h{whqvlyh glodwlrq zlwk frqqhfwhg srlqw0glodwhv suhvhuyhv frqqhfwlylw|1
51 E| dqwl0h{whqvlylw| ri %/ zh kdyh %+^}> } � `, � ^}> } � `1 Vxssrvh wkdw %+^}> } � `,

lv qrw hpsw| dqg frpsulvhv pruh wkdq rqh vhjphqw/ rqh fdq �qg srlqw
d 5 %+^}> } � `, � ehwzhhq wzr vhjphqwv ri %+^}> } � `,1 Wr vd| d @5 %+^}> } � `, lv
htxlydohqw wr vd|lqj �+d, - ^}> } � `/ wkhuhiruh hlwkhu srlqw d � lv lq wkh ohiw
rxwvlgh ri ^}> } � `/ ru d � lq wkh uljkw rxwvlgh1 Vxssrvh lw lv d � / dqg wdnh d
srlqw e lq d vhjphqw ri %+^}> } � `, dw wkh ohiw ri d1 Zh kdyh d � ? } � e � � e ?
d/ zklfk lpsolhv/ e| v|pphwu| wkdw d � ? e � � e � ? d � / l1h1 �+e, � �+d,1
Wkhq/ dffruglqj wr Uho1+:,/ ru wkh vhfrqg d{lrp ri Gh�qlwlrq 43/ zh kdyh
d @ e/ zklfk lv lq frqwudglfwlrq zlwk wkh dvvxpswlrq d @5 %+^}> } � `,1 Khqfh
%+^}> } � `, lv d vhjphqw1

61 Zh �uvw suryh Htxlydohqfh +46, lq wkh , vhqvh1 Frqvlghu d srlqw d 5
`}> } � ^ dqg vxssrvh wkdw �+d, klwv wkh edfnjurxqg/ wkdw wkhuh h{lvwv e 5
�+d,_ ^�+},^ �+} � ,` � 1 Dv �+},^ �+} � , lv d vhjphqw/ srlqw e lv orfdwhg hlwkhu
dw wkh ohiw ri } � ru dw wkh uljkw ri } � � 1 Lq wkh �uvw fdvh/ iru h{dpsoh/ wkh
iroorzlqj lqhtxdolwlhv krog

d � � e � } � � } � d
vr wkdw/ e| v|pphwu|/ d � � } � � } � � d � / l1h1 �+}, � �+d,/ khqfh d @ }/
zklfk lv lqfrpsdwleoh zlwk d 5`}> } � ^1 Wkh vhfrqg fdvh lv wuhdwhg lq wkh
vdph zd|/ zklfk uhvxowv lq lpsolfdwlrq ,1
Frqyhuvho|/ vxssrvh wkdw �+d, � �+}, ^ �+} � , iru vrph d 5`}> } � ^1 Li wkh
uljkw phpehu ri wklv lqfoxvlrq lv frpsrvhg ri wzr vhjphqwv/ wkhq �+d,/ dv
d vhjphqw/ lv lqfoxghg lq rqh ri wkhp/ �+}, vd|1 Exw �+d, � �+}, lpsolhv
d @ }/ zklfk lv d frqwudglfwlrq1 Khqfh �+}, ^ �+} � , lv d xqltxh vhjphqw1

71 E| h{whqvlylw| ri wkh forvlqj/ zh kdyh ^}> } � ` � %� ^}> } � `1 Iru surylqj wkh
lqyhuvh lqfoxvlrq/ frqvlghu d srlqw d 5 %� ^}> } � `/ l1h1 e| dgmxqfwlrq �+d, � �
^}> } � `1 Li d lv h{whulru wr ^}> } � `/ dw wkh ohiw vlgh iru h{dpsoh/ zh rewdlq wkh
vhtxhqfh } � � d � � d � }/ khqfh �+d, � �+},/ dqg d @ }1 Wkhuhiruh
d 5 ^}> } � `/ zklfk dfklhyhv wkh surri1

46



Dv d gluhfw frqvhtxhqfh ri srlqw 6/ qrwh wkdw iru doo i}> } � j 5 U � wkh glodwh
�+}, ^ �+} � , lv d vhjphqw li dqg rqo| li

�+}, ^ �+} � , @ �+^}> } � `, +47,
Lqghhg/ zkhq �+},^�+} � , lv d vhjphqw/ wkhq Htxlydohqfh +46, jlyhv ^i�+d,> d 5

`}> } � ^j � �+},^�+} � ,/ khqfh �+^}> } � `, � �+},^�+} � ,1 Wkh uhyhuvh lqfoxvlrq ghulyhv
iurp wkh lqfuhdvlqjqhvv ri �/ zklfk uhvxowv lq Htxdwlrq +47,1 Frqyhuvho|/ wklv
htxdwlrq lpsolhv wkdw �+}, ^ �+} � , lv d vhjphqw/ dv wkh glodwh ri d vhjphqw1

Wkh deryh surshuwlhv gr qrw eulqj dq| frqqhfwlrq lqwr sod|1 Zh zloo qrz
lqwurgxfh d frqqhfwlrq F rqI+U � , dqg dvvxph wkdw doo vhjphqwv zkrvh gluhfwlrq
ehorqjv wr wkh idplo| i�� j duh F0frqqhfwhg1 Frplqj edfn �uvw wr wkh rqh
gluhfwlrqdo fdvh/ zh fdq vwdwh wkh iroorzlqj uhvxow
Sursrvlwlrq 46 Ohw � � = I+U � , $ I+U � , eh d nh|0glodwlrq ri +xqltxh, gl0
uhfwlrq � � / dqg ohw F eh d frqqhfwlrq rq I+U � , wkdw frqwdlqv doo vhjphqwv ri
gluhfwlrq � � 1 Li D 5 I+U � , lv F0frqqhfwhg/ wkhq erwk � � +D, dqg % � � � +D, duh
F0frqqhfwhg1

Surri1 � � +D, lv frqqhfwhg ehfdxvh dq h{whqvlyh glodwlrq zlwk frqqhfwhg
srlqw0glodwhv suhvhuyhv frqqhfwlylw| +Sursrvlwlrq ; lq ^4;`,1 Frqvlghu qrz wkh
forvlqj % � � � +D, dqg glvwlqjxlvk ehwzhhq wkh srlqwv ri D dqg wkrvh ri % � � � +D,qD/
l1h1 wkh dgghg srlqwv1 Li srlqw { lv dgghg wr D wkhq lw lv orfdwhg rq d rshq
vhjphqw `}> } � ^ � D � zkrvh h{wuhplwlhv ohdq rq D1 Wkhq ^}> } � `^D lv frqqhfwhg/
dqg wkh surri lv dfklhyhg e| dsso|lqj Sursrvlwlrq < dv suhylrxvo|1

Pruh jhqhudoo|/ zh fdq vwdwh wkh iroorzlqj
Sursrvlwlrq 47 Ohw i� � > � � j eh wzr gluhfwlrqv lq U � / dqg ohw F eh d frqqhfwlrq
rq I+U � , wkdw frqwdlqv doo vhjphqwv ri gluhfwlrqv i� � > � � j1 Li � @ � � � � lv d nh|0
glodwlrq ri gluhfwlrqv i� � > � � j/ wkhq wkh forvlqj %� suhvhuyhv frqqhfwlrq F1

Surri1 E| frppxwdwlylw| ri �> zh fdq zulwh %� @ % � % � � � � � 1 Ohw D 5 I+U � ,
eh frqqhfwhg1 Dffruglqj wr Surs146 erwk � � +D, dqg % � � � � � +D, duh frqqhfwhg/
dqg % � � � h{whqgv � � +D, xqltxho| e| dgglqj rshq vhjphqwv `} � > } �� ^ � ^� � +D,` �
zkrvh h{wuhplwlhv } � dqg } �� ohdq rq � � +D,1 Wkhvh vhjphqwv irup � � vwulshv ri
yduldeoh wklfnqhvvhv/ wkdw pd| eh vxssuhvv ru qrw e| wkh odwhu hurvlrq % � +vhh
Ilj17,1

Wdnh dq %dgghg srlqw% |/ l1h1 vxfk wkdw | 5 % � � � � � +D,q� � +D,1 Wkh � � 0
vhjphqw ^} � > } � � ` jrlqj wkurxjk | lv hlwkhu frqqhfwhg wr � � +D, ru qrw1 Li vr/ wkhq
^} � > } �� ` h{whqgv dq h{lvwlqj � � 0glodwhg vhjphqw ri � � +D,/ vr wkdw li wkh odwhu
hurvlrq % � suhvhuyhv srlqw |/ wkhq | ehorqjv wr d vhjphqw wkdw klwv % � � � +D,1

Frqvlghu qrz wkh fdvh zkhq wkh zkroh vhjphqw ^} � > } �� ` plvvhv � � +D,/ dqg
vxssrvh wkdw wkh odwhu hurvlrq % � suhvhuyhv srlqw |/ l1h1 wkdw � � +|, � ^} � > } � � `1
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Iljxuh 7= Wkh wkuhh uhfwdqjohv wkdw irup � � +D, +lq gdun juh|, duh vxssrvhg wr
uhfrqqhfw rxvlgh wkh iudph1 Wkh � � vwulsh wkdw frqwdlqv srlqw | lv wkh xqlrq
ri wkh wzr uhfwdqjohv lq oljkw dqg phglxp juh|1 Wkh ukrpexv U lv wkh phglxp
juh| uhfwdqjoh1

Wklv fdvh/ ghslfwhg lq Ilj17/ phdqv wkdw hyhu| | � 5 � � +|, ehorqjv wr d qhz
� � 0vhjphqw wkdw eulgjhv ^� � +D,` � dqg zkrvh wzr h{wuhplwlhv +} ��� � > } ���� � , 5 � � +D,1
Sxw

o � @ lqiim } ��� � � | � m . m } �� � � � | � m> | � 5 � � +|,j=
Dv wkh vhjphqwv ^} ��� � > } ���� � ` duh forvhg/ wkhuh h{lvw dprqj wkhp d vkruwhvw rqh/
^} � � � > } �� � � ` vd|/ ri ohqjwk o � / dqg zkrvh rqh h{wuhplw|/ } � � � iru h{dpsoh/ ehorqjv wr
� � +D,1 Wkh � � 0vwulsh ri vhfwlrq ^} � � � > } �� � � ` lqwhuvhfwv wkh � � 0vwulsh jrlqj wkurxjk
| dqg ri wklfnqhvv � � +|, e| iruplqj d ukrpe U+|, ri gluhfwlrqv i� � > � � j1 Ghqrwh
e| x wkh lqwhuvhfwlrq srlqw ehwzhhq wkh � � 0fkrug jrlqj wkurxjk | dqg wkh � � 0
vlgh ri ukrpe U vwduwlqj iurp } � � � 1 E| lqyduldqfh ri wkh � � 0glodwlrqv dorqj wkh
� � olqhv/ zh kdyh } � � � 5 � � +x,1 Wkhuhiruh � � +x, h{whqgv d � � 0vhjphqw ri � � +D,/
vr wkdw wkh vhjphqw ^x> } � � � ` 5 % � % � � � � � +D, dqg klwv % � � � +D,1 Rq wkh rwkhu kdqg/
dqg vwloo e| � � 0lqyduldqfh/ wkh odwhu hurvlrq % � uhgxfhv ukrpe U wr lwv fhqwudo
vhjphqw/ wkdw frqwdlqv ^x> |`1

Ilqdoo|/ erwk frqqhfwhg frpsrqhqwv ^x> |` dqg ^x> } � � � ` klw wkh frpsrqhqw
% � � � +D,/ wkhuhiruh wkh xqlrq ^x> |` ^ ^x> } � � � ` ^% � � � +D, lv frqqhfwhg/ dqg dovr
lqfoxghg lq % � % � � � � � +D,1 Dv srlqw | zdv duelwudulo| fkrvhq lq % � % � � � � � +D,/ zh
ghulyh wkdw hdfk sdlu ri srlqwv +{> |, 5 % � % � � � � � +D, ehorqjv wr d frqqhfwhg
frpsrqhqw lqfoxghg lq % � % � � � � � +D, dqg frqwdlqlqj % � � � +D,/ khqfh % � % � � � � � +D,
lv F0frqqhfwhg +Sursrvlwlrq <,/ zklfk dfklhyhv wkh surri1

Iru h{whqglqj wklv uhvxow wr n gluhfwlrqv/ zh pxvw zulwh
%� @ +% � � � ===% � % � ,% � � � +� � � � ===� � � � ,=
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Wkh deryh surri uhpdlqv wuxh zkhq zh vxevwlwxwh +% � � � ===% � % � ,> % � > � � > +� � � � ===� � � � ,
iru % � > % � > � � > � � uhvshfwlyho|1 Zh fdq vwdwh
Fruroodu| 48 Ohw i�� > 4 � m � nj eh d �qlwh vhw ri gluhfwlrqv lq U � / dqg
i� � > 4 � m � nj eh d idplo| ri dvvrfldwhg olqhdu nh|0glodwlrqv1 Ghqrwh e| � @
� � ===� � � � wkh frpsrvlwlrq surgxfw ri wkh � � *v dqg e| % lwv dgmrlqw hurvlrq1 Li d
frqqhfwlrq F rq I+U � , frqwdlqv doo vhjphqwv ri gluhfwlrqv i�� j/ wkhq wkh forvlqj
%� suhvhuyhv frqqhfwlrq F1

Lq wzr glphqvlrqv/ Sursrvlwlrq 47 dqg lwv fruroodu| rshq wkh grru wr vtxduhv/
kh{djrqv/ rfwdjrqv/ hwf1 ri srvvleoh yduldeoh vl}hv/ exw qrw wr wuldqjohv +zklfk
lv qrw gudpdwlf,> lq wkuhh glphqvlrqv wkh| hqdeoh xv wr xvh fxehv/ ukrper0
grghfdkhgud +l1h1 glodwhv ri fxeh gldjrqdov,/ exw qrw fxeh0rfwdkhgud +zklfk
lv voljkwo| pruh gudpdwlf,1 Rqh pd| frqmhfwxuh wkdw wkh sursrvlwlrq h{whqgv
wr lq�qlwh hohphqwdu| vhjphqw glodwlrqv/ zklfk vkrxog lqfoxgh wkh glvfv/ dqg doo
v|pphwulfdo frpsdfw frqyh{ vhwv ri U � 1 Lq sudfwlfh/ wkh idfw wkdw wkh sursrvlwlrq
lv sduwo| lqghshqghqw ri wkh wudqvodwlrq lqyduldqfh fdq eh xvhixo zkhq vrph
shuvshfwlyh lv lqyroyhg1 Zkhq vwxg|lqj wud!f frqwuro rq kljkzd|v/ iru h{dpsoh/
V1 Ehxfkhu dqg P1 Elorghdx duh ohg wr vwuxfwxulqj hohphqwv zkrvh vl}hv uhgxfh
zlwk wkh glvwdqfh ^5`1

Lq ] � / rqh kdv wr sd| dwwhqwlrq wkdw wkh fkrvhq frqqhfwlrq F pxvw dffhsw wkh
vhjphqwv ri vxffhvvlyh 4*v lq hdfk gluhfwlrq �� 1 Wkh vtxduhv dqg wkh rfwdjrqv/
iru wkh ;0frqqhfwlylw| ri wkh vtxduh julg/ dqg wkh kh{djrqv/ iru wkh dufzlvh frq0
qhfwlrq ri wkh kh{djrqdo julg/ ixo�oo vxfk d frqglwlrq/ exw qhlwkhu wkh rfwdjrqv
iru wkh kh{djrqdo julg frqqhfwlrq/ qru wkh grghfdjrqv iru wkh ;0frqqhfwlylw|
ri wkh vtxduh julg/ qru d iruwlrul glodwhv ri Euh}hqkdp vhjphqwv1 D vlplodu
frpphqw dssolhv wr ] � 1

: Jhrghvlf uhfrqvwuxfwlrq
Lw uhpdlqv wr h{suhvv wkh F � frpsrqhqwv ri d jlyhq vhw D dv d ixqfwlrq ri lwv F
frpsrqhqwv1 Wkh iroorzlqj sursrvlwlrq dqvzhuv wkh txhvwlrq
Sursrvlwlrq 49 Ohw � � +uhvs1 � � ��� ��� , eh wkh srlqw frqqhfwhg rshqlqj dw srlqw
{ 5 H +uhvs1 dw �+{, 5 O, iru wkh frqqhfwlrq F +uhvs1 F � , ri Wkhruhp ;1 Wkhq
wkh wzr rshqlqjv � � ��� ��� dqg � � duh olqnhg e| wkh uhodwlrqvkls

� � ��� ��� @ �� � % +48,
Surri1 Ohw ] 5 O1 Iru dq| { 5 H/ e| wkh dgmxqfwlrq +%> �, zh kdyh { 5 %+],

l� �i{j � ]=
42 Li { @5 %+],/ wkhq � � %+], @ >/ vr �� � %+], @ >1 Dovr �+i{j, - ]/ vr

� � ��� ��� +], @ > dqg � � ��� ��� +], @ �� � %+],1
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52 Vxssrvh qrz wkdw { 5 %+],1 Iurp � � %+], 5 F zh gudz �� � %+], 5 F � 1
Dovr { 5 � � %+],/ vr �+{, � �� � %+],= Pruhryhu/ �� � %+], � �%+], � ]1 Dv
�+{, � �� � %+], � ] dqg �� � %+], 5 F � / zh ghgxfh wkdw �� � %+], � � � ��� ��� +],= Dv
� � ��� ��� +], 5 F � / zh kdyh %� � ��� ��� +], 5 F/ dqg dv �+{, � ]/ zh kdyh �+{, � � � ��� ��� +],/
vr e| dgmxqfwlrq +%> �, zh rewdlq { 5 %� � ��� ��� +],1 Iurp { 5 %� � ��� ��� +], 5 F>
zh gudz � � %� � ��� ��� +], @ %� � ��� ��� +],1 Dv � � ��� ��� +], 5 F � � �%+S+H,,/ zh kdyh
� � ��� ��� +], @ �%� � ��� ��� +],1 Wkhuhiruh

� � ��� ��� +], @ �%� � ��� ��� +], @ �� � %� � ��� ��� +], � �� � %+],=
Iurp wkh grxeoh lqfoxvlrq

�� � %+], � � � ��� ��� +], dqg � � ��� ��� +], � �� � %+],
zh ghgxfh wkh htxdolw|/ zklfk dfklhyhv wkh surri1

Li zh kdyh d phdq wr frpsxwh � � %+],/ wkhq uhodwlrq +48, vxssolhv d vlpsoh
dojrulwkp wr ghulyh � � ��� ��� +], =Wkh prvw srsxodu rqh/ fdoohg jhrghvlf uhfrqvwuxf0
wlrq zrunv xqghu wkh iroorzlqj dvvxpswlrqv=

� Vsdfh H lv vxssrvhg wr eh phwulf/ dqg � � +{, vwdqgv iru wkh forvhg edoo
ri udglxv � dw srlqw { 5 H > iru hdfk � A 3 wkh idplo| i� � +{,> { 5 Hj lv
lqwhusuhwhg dv vwuxfwxulqj hohphqwv wkdw jhqhudwh d glodwlrq � � >

� Vsdfh H lv htxlsshg zlwk d frqqhfwlrq F wkdw lv suhvhuyhg e| hdfk glodwlrq
� � >

� Wkh vhw %] xqghu vwxg| lv frpsdfw dqg kdv d �qlwh qxpehu ri F0frpsrqhqwv>
� Hdfk F0frpsrqhqw \ ri %] lv %zhoo olqnhg% +lq wkh vhqvh ri ^7`/ L04</ vhh dovr
^46`, l1h1 iru hyhu| sdlu +d> e, ri srlqwv ri \ dqg iru hyhu| � A 3>wkhuh h{lvwv
d �qlwh vhtxhqfh d @ d � � ===d � @ e ri srlqwv ri \ vxfk wkdw g+d � > d ��� � , � �
iru hyhu| l ? q=

Wkhq dffruglqj wr d fodvvlfdo uhvxow/ � � +%], lv uhdfkhg e| �qlwh lwhudwlrq/ iru
vrph � � A 31 Wkh pdsslqj wr eh lwhudwhg lv # ��� +\ , @ � � � +\ , _ %]1 Vwduwlqj
iurp \ @ i{j/ zh �qdoo| rewdlq/ e| frqvlghulqj Uhodwlrq +48,

� � ��� ��� @ �� � +%], @ �^# �

��� +i{j,` q ? 4 +49,

; Wzr dssolfdwlrqv
Lq wkh wzr h{dpsohv zklfk iroorz/ wkh vsdfh H lv wkh gljlwdo sodqh/ wkh glvfv E �

duh gljlwdo dssur{lpdwlrqv ri wkh Hxfolghdq glvfv e| rfwdjrqv lq wkh irxu pdlq
gluhfwlrqv ri wkh vtxduh julg/ dqg wkh frqqhfwlrq F lv wkh xvxdo ;0frqqhfwlylw|1
Wkhuhiruh/ wkh lqyroyhg Plqnrzvnl dgglwlrqv duh gljlwdo nh|0glodwlrqv1 Wkhruhp
; lv vdwlv�hg/ vr wkdw zh fdq xvh Uhodwlrq +49,1 Wkh lqwhjhu udglxv � wxuqv rxw
wr eh d ylvfrvlw| lqgh{/ wkdw zh pdnh ydu| lq wkh �uvw h{dpsoh1 Lq wkh vhfrqg
h{dpsoh/ zh wu| dqg dsso| wkh deryh vhw rulhqwhg dssurdfk wr frqwrxu ghwhfwlrq
lq qxphulfdo lpdjhu|1
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;14 Vhw lqwhusrodwlrq
Frqvlghu d elqdu| frqwrxu/ sduwo| lghqwl�hg e| d grwwhg olqh vxfk dv wkh vhw ri
wkh eodfn srlqwv lq Ilj181 Lq d ylvfrxv odwwlfh O/ wkh rshqlqj ri wkh frpsohphqw
ri wklv remhfw/ li qrw hpsw|/ wxuqv rxw wr eh pdgh ri rqh ru wzr F � 0sduwlfohv/
ghshqglqj rq wkh vl}h ri �1 Ilj18 ghslfwv wzr uhfrqvwuxfwlrqv ri vhw ] 5 S �] � �

iurp d jlyhq zklwh pdunhu D 5 S �] � �/ zkhq � lv wkh Plqnrzvnl*v dgglwlrq
e| d glvf E � ri udglxv �1 Zkhq sdudphwhu � lv vpdoo/ wkh � xlglw|� ri wkh
vxffhvvlyh glodwlrqv doorzv wr jr ehwzhhq wkh slqv ri ] � 1 Wklv rffxuv lq Ilj18d
+dowkrxjk/ iru wkh vdnh ri glvsod|/ wkh oljkw juh| lqydvlrq kdv ehhq vwrsshg
ehiruh lw uhdfkhv wkh hgjhv ri wkh �hog,1 Dv sdudphwhu � lqfuhdvhv/ wkhvh slqv
vwrs wkh uhfrqvwuxfwlrq surfhvv/ exw li � jrhv rq lqfuhdvlqj/ wkhq qr pdunhu E �

fdq eh irxqg dq|pruh lq wkh �jxuh/ dqg wkh uhfrqvwuxfwhg vhw lv hpsw|1 Zkhq
� ghfuhdvhv/ ehiruh vlwxdwlrq 8d/ lw uhdfkhv d plqlpxp udglxv � ����� iru zklfk
wkh uhfrqvwuxfwlrq lv wkh odujhvw srvvleoh/ zlwkrxw wrxfklqj wkh �hog erughuv
+Ilj18e,1 Ehvlghv/ uhpdun wkdw wkh pdsslqj ]$ � ����� +], lv dq rshqlqj ri O
lqwr lwvhoi1 Wkhuhiruh/ wkrxjk wkh dssurdfk lv qrq0sdudphwulf/ lw lqyroyhv d � �����
wr eh ghwhfwhg iurp wkh vhw xqghu vwxg|1
Li qrz wkh vdph h{shulphqw lv fduulhg rxw djdlq/ exw zlwk wkh �hog erughu dv
d pdunhu lqvwhdg ri D/ zh jhw/ dv suhylrxvo|/ d plqlpxp glodwlrq udglxv � � �����
zklfk grhv qrw  rrg wkh lqqhu sduw/ zlwk reylrxvo| � � ����� @ � ����� 1 Wkh uhvxowlqj
uhfrqvwuxfwlrq lv ghslfwhg lq Ilj18f1

Iru wkh vdnh ri v|pphwu|/ zh fdq lqwhusrodwh ehwzhhq �j18e dqg �j18f e|
phdqv ri wkhlu phgldq hohphqw +uho1+46, lq ^4<`,1 Li[ vwdqgv iru wkh oljkw juh| vhw
ri �j18e/ dqg \ iru wkh gdun juh| rqh ri �j18f/ wkhlu phgldq hohphqw P +[>\ ,
lv jlyhq e|

P +[>\ , @ ^i� � +[ _ \ , _ % � +[ ^ \ , > � A 3j 1
Wkh lqwhusrodwru P zklfk zh duh ohg wr/ surylghv d qlfh lqwhusrodwlrq iurp d
ylvxdo srlqw ri ylhz +Ilj1 8g,1

Vwurqj uhodwlrqvklsv olqn pruskrorjlfdo frqqhfwlrqv dqg vhjphqwdwlrq ^54`1
Wkh| ghulyh iurp d jhqhudo uhvxow dffruglqj wr zklfk dq| frqqhfwlrq F rq d
frpsohwh odwwlfh W sduwlwlrqv hdfk hohphqw D ri W lqwr pd{lpxp fodvvhv wkdw
duh suhflvho| wkh F0frqqhfwhg frpsrqhqwv ri D +vhh Sursrvlwlrq : lq ^4;`,1 Wkh
deryh h{dpsoh looxvwudwhv wklv srlqw1 Wkh ylvfrxv odwwlfh O vxs0jhqhudwhg e|
wkh glvfv ri udglxv 4:/ ru e| wkhlu gljlwdo dssur{lpdwlrqv/ lqgxfhv d frqqhfwlrq
F � lq wkh vhqvh ri Wkhruhp ;1 Iru wklv frqqhfwlrq/ wkh wzr oljkw juh| vhwv ri
Ilj18e dqg f/ duh wkh rqo| srvvleoh uhfrqvwuxfwlrqv ri vhw ] iurp �+{, zkhq wkh
vpdoo �+{, vsdqv wkh vsdfh1 Rqh fdq revhuyh wkdw wkh lqwhuvhfwlrq ri wkhvh wzr
frpsrqhqwv frqwdlqv vrph sl{hov1 Krzhyhu/ vlqfh wkhlu lq�pxp/ lq wkh vhqvh ri
odwwlfh O/ lv hpsw|/ dqg wkhlu xqlrq uhvwruhv wkh zkroh vhw ]/ wkh| gr sduwlwlrq
] lq wkh ylvfrxv vhqvh1
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Iljxuh 8= d, Lq zklwh/ pdunhu D/ lq eodfn wkh frpsohphqw ri vhw ] = jhrghvlf
uhfrqvwuxfwlrqv e| glodwlrqv iru d udglxv ri ylvfrvlw| � @ 48> e, Fdvh ri wkh
rswlpdo udglxv � ����� @ 4:> f, Rswlpdo uhfrqvwuxfwlrq iurp wkh hgjhv ri wkh �hog>
g, Fruuhvsrqglqj phgldq hohphqw1
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Iljxuh 9= d, Srvlwurq lpdjh ri d khduw pxvfoh dqg lwv frqwrxu e| zdwhuvkhg> e,
Rswlpdo uhfrqvwuxfwlrq ri wkh lqwhuqdo F � � frpsrqhqwv>

;15 Zdwhuvkhg uhjxodul}dwlrq
Ohw xv frqvlghu wkh srvlwurq lpdjh ri d khduw pxvfoh/ lq Ilj1 9d1 Wkh zdwhuvkhg
olqh ri lwv judglhqw hqdeohv wkh frqvwuxfwlrq ri d uhsuhvhqwdwlyh frqwrxu/ exw
zkrvh gudzlqj lv txlwh luuhjxodu1 Zh sxusrvh wr uhjxodul}h lw e| ylvfrxv  rrg1
Ohw xv frqvlghu wkh uhvwulfwlrq ri wkh judglhqw wr wkh zdwhuvkhg olqh1 Wklv lv d
qxphulfdo ixqfwlrq +orrnlqj d elw olnh wkh Juhdw Zdoo ri Fklqd, zkrvh wkuhvkrog
dw wkh ydoxh w jlyhv wkh zdwhuvkhg srlqwv ri judglhqw � w1 Frqvhtxhqwo|/ wkh
vxffhvvlyh wkuhvkrogv dsshdu olnh grwwhg olqhv doo wkh ohvv ghqvh vlqfh w lv kljkhu1
Iru hdfk ydoxh w zh ghwhuplqh d udglxv � ����� ri wkh glodwlrq glvf zklfk hqdeohv
wkh pd{lpxp uhfrqvwuxfwlrq ri wkh grwwhg olqh iurp wkh fhqwudo pdunhu1 Ilqdoo|/
zh wdnh wkh xqlrq ri wkh pd{lpxp uhfrqvwuxfwlrqv dv w ydulhv= lwv uhsuhvhqwv
wkh odujhvw ylvfrxv vxuidfh exlow iurp wkh zdwhuvkhg +Ilj1 9e,1

Dv ehiruh/ zh duh deoh wr ghwhuplqh d pd{lpxp rxwhu qxphulfdo ixqfwlrq/
iurp wkh erughuv ri wkh �hog/ wkhq wr wdnh wkh vxssruw frqwrxuv ri erwk lqqhu
dqg rxwhu vxuidfhv +Ilj1:d, dqg wr fdofxodwh wkhlu phgldq hohphqw1 Wkh uhvxow/
ghslfwhg lq Iljxuh :e/ wxuqv rxw wr eh d uhdolvwlf uhjxodul}dwlrq ri wkh }lj}dj
frqwrxu ri wkh lqlwldo zdwhuvkhg1

Wkh dssurdfk ri wklv vhfrqg h{dpsoh lv gl�huhqw iurp wkh rqh suhvhqwhg lq
^55`/ dv wkh dojrulwkp ri ^55` lv qrw gh�qhg lq wkh ylvfrxv odwwlfhv frqwh{w1 Wkh
fkrlfh iru wkh pdunhuv lv gl�huhqw wrr = lq ^55`/ wkh| duh sxuho| lqwhuqdo/ dqg
wkh pdunhu dw ohyho q lv wkh uhfrqvwuxfwhg lpdjh ri ohyho q � 41 Ilqdoo|/ wkh
wklug gl�huhqfh ghdov zlwk wkh fkrlfh ri wkh vl}hv ri glodwlrqv �= rxu dojrulwkp lv
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Iljxuh := d, Lqwhuqdo dqg h{whuqdo rswlpdo F � � frqwrxuv> e, Phgldq hohphqw1

qrq0sdudphwulf/ wkhuhiruh jhqhudo/ dqg frxog eh sduwlfxodul}hg dffruglqj wr wkh
w|sh ri wkh lpdjhv lqyhvwljdwhg1

< Frqfoxvlrq
Iurp d pdwkhpdwlfdo srlqw ri ylhz/ wkh ylvfrxv odwwlfhv vkrz wkh shuwlqhqfh
ri Jdorlv dgmxqfwlrqv +l1h1 wkh sdlu glodwlrq2hurvlrq,/ dqg ri wkh pruskrorjlfdo
frqqhfwlrqv1 Lqghhg/ wkhvh wzr qrwlrqv uhpdlq ydolg/ hyhq zkhq prvw ri wkh edvlf
xvhixo surshuwlhv ri d odwwlfh/ vxfk dv glvwulexwlylw|/ frpsohphqwdwlrq/ dwrplflw|/
hwf11 gr ydqlvk1

Iurp d sk|vlfdo srlqw ri ylhz/ ylvfrxv odwwlfhv surylgh d iudphzrun zlwk0
rxw srlqwv/ olqhv dqg �qh vwuxfwxuhv/ exw zkhuh hohphqwdu| glvwdqfhv vxfk dv
gl�huhqwldov fdq vwloo eh lqwurgxfhg1

Sudfwlfdoo|/ d frpelqhg xvh ri wkh wzr uhpdlqlqj qrwlrqv doorzv xv wr jhq0
hudwh frqqhfwhg �owhuv dqg vhjphqwdwlrqv1 Wkh wzr h{dpsohv ri sursdjdwlrqv
wkdw duh sursrvhg deryh looxvwudwh wkh uhjxodul}dwlrq/ ru ix}}lqhvv/ h�hfw ri wkh
ylvfrvlw|/ zkhuh grwwhg olqhv wxuq rxw wr ehfrph eduulhuv1 Wkh rshudwlrqv wkdw
wkhvh h{dpsohv lqyroyh duh reylrxvo| qrw wkh rqo| srvvleoh rqhv/ dqg rqh fdq
lpdjlqh SGH*v edvhg zdyh iurqwv wkdw sursdjdwh ryhu d ylvfrxv odwwlfh1

Dfnqrzohgjphqwv = L zrxog olnh wr wkdqn Gu Fkulvwldq Urqvh dqg Gu
Xolvvhv Eudjd0Qhwr iru wkh ydulrxv glvfxvvlrqv zh kdg derxw frqqhfwlrq/ zklfk
kdyh rulhqwhg wkh frqwhqw ri wklv sdshu1 L zrxog olnh wr wkdqn dovr wkh uhylhzhuv
ri wklv wh{w iru wkhlu ydoxdeoh frpphqwv rq wkh dssurdfk dgrswhg khuh/ dqg iru
wkhlu shuwlqhqw olqjxlvwlf fruuhfwlrqv11

54



Uhihuhqfhv
^4` J1 Elunkr�/ Odwwlfh wkhru|/ 6 ��� hglwlrq/ D1P1V1 Froort1 sxeo1/ yro1 58/

4<;61
^5` V1 Ehxfkhu dqg P1 Elorghdx/ Urdg vhjphqwdwlrq dqg revwdfoh ghwhf0

wlrq e| d idvw zdwhuvkhg wudqvirupdwlrq/ Lqwhooljhqw Yhklfohv V|psrvlxp*<7/
Sdulv/ 3fw14<<71

^6` X1 Eudjd0Qhwr/ Frqqhfwlylw| lq Lpdjh Surfhvvlqj dqg Dqdo|vlv= Wkhru|/
Pxowlvfdoh H{whqvlrqv dqg Dssolfdwlrqv/ Sk1G1 Wkhvlv/ Wkh Mrkq Krsnlqv
Xqlyhuvlw|/ Edowlpruh/ PG/ XVD/ Rfw1 53341

^7` J1 Fkrtxhw/ Wrsrorjlh Dfdghplf Suhvv/ Q1\1 4<991
^8` K1 Khlmpdqv ) F1 Urqvh Wkh dojheudlf edvlv ri pdwkhpdwlfdo pru0

skrorj|/ L= hurvlrqv dqg glodwlrqv/ Frpsxwhu Ylvlrq/ Judsklfv dqg Lpdjh
Surfhvvlqj Yro1 q � 6> ss 57805<8 +4<<3,1

^9` K1M1D1P1 Khlmpdqv Pruskrorjlfdo lpdjh rshudwruv1 Dgydqfhv lq Hohf0
wurqlfv dqg Hohfwurq Sk|vlfv/ 4<<7/ vxsso1 57/ Yro1 83/ Kdznhv S1 hg1/
Ervwrq= Df1 Suhvv1

^:` J1 Pdwkhurq Udqgrp vhwv dqg lqwhjudo jhrphwu|/ Zloh|/ Qhz0\run/ 4<:81
^;` J1 Pdwkhurq Glodwlrqv rq wrsrorjlfdo vsdfhv1 Fk 6 lq Lpdjh Dqdo|vlv

dqg Pdwkhpdwlfdo Pruskrorj|1 Yro1 51 Vhuud M1 hg1 Orqgrq= Dfdg1 Suhvv/
+4<;;,/ ss18<09<1

^<` J1 Pdwkhurq/ Wuhloolv frpsdfwv hw wuhloolv frsulpdluhv1 Whfk1 uhs1 Q0
562<32J/ Hfroh ghv Plqhv gh Sdulv/ Sduw 4/ 4<<3/ sduw 5/ 4<<91

^43` I1 Ph|hu/ Od ylvfrvlwì hq oljqh gh sduwdjh ghv hdx{1 Qrwh FPP 4<<71
^44` F1 Urqvh dqg K1M1D1P1 Khlmpdqv/ Wkh dojheudlf edvlv ri pdwkhpdwlfdo

pruskrorj|/ LL= Rshqlqjv dqg forvlqjv1 Frpsxwhu Ylvlrq/ Judsklfv dqg
Lpdjh Surfhvvlqj= Lpdjh Xqghuvwdqglqj 87 +4<<4,/ 7:707<71

^45` F1 Urqvh/ Vhw wkhruhwlfdo dojheudlf dssurdfkhv wr frqqhfwlylw| lq frqwlq0
xrxv ru gljlwdo vsdfhv1 MPLY/ 4<<;/ Yro1 ;/ ss1 7408;1

^46` F1 Urqvh/ M1Vhuud/ Jhrghv| dqg frqqhfwlylw| lq odwwlfhv Ixqgdphqwd
Lqirupdwlfdh/ Yro 79/ lvvxh 7/ vhsw1 5334/ ss1 67<06<8

^47` M1 Vhuud/ Lpdjh dqdo|vlv dqg pdwkhpdwlfdo pruskrorj|/ Dfdghplf Suhvv/
Orqgrq/ 4<;51

^48` M1 Vhuud/ Pdwkhpdwlfdo Pruskrorj| iru Errohdq odwwlfhv/ fkdswhu 4 lq Lp0
djh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|/ yro1 5/ M1 Vhuud +hg1,/ Orqgrq=
Dfdg1 Suhvv/ 4<;;1

55



^49` M1 Vhuud/ Lpdjh dqdo|vlv dqg pdwkhpdwlfdo pruskrorj|/ sduw LL= wkhruhwlfdo
dgydqfhv/ M1 Vhuud hg1/ Dfdghplf Suhvv/ Orqgrq/ 4<;;1

^4:` M1 Vhuud/ �Pdwkhpdwlfdo Pruskrorj| iru Errohdq odwwlfhv�/ fkdswhu 5 lq
Lpdjh Dqdo|vlv dqg Pdwkhpdwlfdo Pruskrorj|/ yro1 5/ M1 Vhuud +hg1,/ Orq0
grq= Dfdg1 Suhvv/ 4<;;1

^4;` M1 Vhuud/ Frqqhfwlylw| rq frpsohwh odwwlfhv MPLY/ 4<<;/ Yro1 </ ss1 5640
5841

^4<` M1 Vhuud/ Kdxvgru� glvwdqfh dqg Lqwhusrodwlrqv/Pdwkhpdwlfdo Pruskrorj|
dqg lwv dssolfdwlrqv wr lpdjh dqg vljqdo surfhvvlqj/ K1Khlmpdqv dqg M1
Urhuglqn hgv Noxzhu/4<<;/ ss143:04481

^53` M1 Vhuud/ Ylvfrxv Odwwlfhv/ Pdwkhpdwlfdo Pruskrorj|/ surfhhglqjv ri
LVPP 5335/ V|gqh|/ 608 Dsulo 5335/ K1 Wdoerw dqg U1 Ehduh Hgv/ FVLUR/
ss :<0<31

^54` M1 Vhuud/ D Odwwlfh Dssurdfk wr Vhjphqwdwlrq/ whfkqlfdo uhsruw Q0
352372PP/ Hfroh ghv Plqhv gh Sdulv ;9s1 +Vxeplwwhg wr MPLY/ Pdufk
5337,1

^55` I1 Ph|hu dqg F1 Ydfklhu/ Lpdjh vhjphqwdwlrq edvhg rq ylvfrxv  rrg0
lqj vlpxodwlrqPdwkhpdwlfdo Pruskrorj|/ surfhhglqjv ri LVPP 5335/ V|g0
qh|/ 608 Dsulo 5335/ K1 Wdoerw dqg U1 Ehduh Hgv/ FVLUR/ ss 9<0:;1

^56` F1 Ydfklhu dqg I1 Ph|hu/ Wkh ylvfrxv zdwhuvkhg wudqvirup/ MPLY/ Yro
55 Qrv 526/ ss1 584059:1

56


