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Vxppdu|
Diwhu d irupdo gh�qlwlrq ri vhjphqwdwlrq dv wkh odujhvw sduwlwlrq ri wkh vsdfh dffruglqj wr

d fulwhulrq � dqg d ixqfwlrq i / wkh qrwlrq ri d pruskrorjlfdo frqqhfwlrq lv uhplqghg1 Lw lv xvhg
dv dq lqsxw wr d fhqwudo wkhruhp ri wkh sdshu +Wkhruhp ;,/ wkdw lghqwl�hv vhjphqwdwlrq zlwk
wkh frqqhfwlrqv wkdw duh edvhg rq frqqhfwlyh fulwhuld1 Mxvw dv frqqhfwlrqv/ wkh vhjphqwdwlrqv
fdq wkhq eh uhjurxshg e| vxsuhpd dqg lq�pd1 Wkh jhqhudolw| ri wkh wkhruhp pdnhv lw ydolg
iru ixqfwlrqv iurp dq| vsdfh wr dq| rwkhu rqh1 Wzr sursrvlwlrqv pdnh suhflvh wkh DQG dqg
RU frpelqdwlrqv ri frqqhfwlyh fulwhuld1

Wkh vrxqgqhvv ri wkh dssurdfk lv ghprqvwudwhg e| olvwlqj d vhulhv ri vhjphqwdwlrq whfk0
qltxhv1 Rqh frqvlghuv �uvw wkh fdvhv zkhq wkh vhjphqwdwlrq xqghu vwxg| grhv qrw lqyroyh
lqlwldo vhhgv1 Ydulrxv prghv ri uhjxodulw| duh glvfxvvhg/ zklfk doo ghulyh iurp Olsvfklw} ixqf0
wlrqv1 D vhfrqg fdwhjru| ri h{dpsohv lqyroyhv wkh suhvhqfh ri vhhg durxqg zklfk wkh sduwlwlrq
ri wkh vsdfh lv rujdql}hg1 Dq ryhudoo sursrvlwlrq vkrzv wkdw wkhvh h{dpsohv duh d pdwwhu iru
wkh fhqwudo wkhruhp1 Zdwhuvkhg dqg mxps frqqhfwlrq edvhg vhjphqwdwlrqv looxvwudwh wklv w|sh
ri vlwxdwlrq1 Wkh wklug dqg odvw fdwhjru| ri h{dpsohv ghdov zlwk fdvhv zkhq wkh vhjphqwdwlrq
rffxuv lq dq lqgluhfw vsdfh/ vxfk dv dq klvwrjudp/ dqg lv wkhq surmhfwhg edfn rq wkh dfwxdo
vsdfh xqghu vwxg|1

Wkh uhodwlrqvklsv ehwzhhq �owhulqj dqg vhjphqwdwlrq duh wkhq lqyhvwljdwhg1 D wkhruhw0
lfdo fkdswhu lqwurgxfhv dqg vwxglhv wkh wzr qrwlrqv ri d sxovh rshqlqj dqg ri d frqqhfwhg
rshudwru1 Wkh frqglwlrqv xqghu zklfk d idplo| ri sxovh rshqlqjv fdq |lhog d frqqhfwhg �owhu
duh fodul�hg1 Wkh delolw| ri vhjphqwdwlrqv wr jhqhudwh s|udplgv/ ru klhudufklhv/ lv dqdo|}hg1
D glvwlqfwlrq lv pdgh ehwzhhq zhdn klhudufklhv zkhuh wkh sduwlwlrqv lqfuhdvh zkhq jrlqj
xs lq wkh s|udplg/ dqg wkh vwurqj klhudufklhv zkhuh wkh ydulrxv ohyhov duh vwuxfwxuhg dv
vhpl0jurxsv/ dqg sduwlfxoduo| dv judqxorphwulf vhpl0jurxsv1

Wkh odvw vhfwlrq lv edvhg rq rqh h{dpsoh/ dqg jrhv edfn ryhu wkh frqwuryhuv| derxw
�odwwlfh� yhuvxv �ixqfwlrqdo� rswlpl}dwlrq1 Wkh sureohp lv qrz wdfnohg yld d fdvh ri frorxu
vhjphqwdwlrq/ zkhuh wkh vdwxudwlrq vhuyhv dv d fxuvru ehwzhhq oxplqdqfh dqg kxh1 Wkh
hpskdvlv lv sxw rq wkh gl!fxow| ri jurxslqj wkh ydulrxv qhfhvvdu| rswlpl}dwlrqv lqwr d vlqjoh
rqh1
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Nh| zrugv = vhjphqwdwlrq/ frqqhfwlrq/ frqqhfwlyh fulwhuld/ $�frqwlqxlw|/ Olsvfklw}/ txdvl0
 dw }rqhv/ mxps frqqhfwlrq/ vprrwk frqqhfwlrq/ ohyhoolqj/ frorxu vhjphqwdwlrq/ vhhgv/ zdwhu0
vkhgv/ phdvxuhphqwv/ 60G vhw surfhvvlqj/ frqqhfwhg rshudwruv/ yduldwlrqdo phwkrgv1

4 Lqwurgxfwlrq
414 Wkh dxglr0ylvxdo shufhswlrq
Prvw ri wkh dxglr0ylvxdo shufhswlrqv ri rxu gdlo| olih/ dowkrxjk dssduhqwo| yhu| vlpsoh/ wxuq
rxw wr eh ri d ihduvrph frpsoh{lw| zkhq rqh vhhnv wr uhsurgxfh wkhp rq d frpsxwhu1 Uhdglqj
d srvwfdug/ olvwhqlqj wr dq lqvwuxphqwdo gxhw/ ghwhuplqlqj e| d jodqfh wkdw d nh| lv lq sodfh/
zdwfklqj d WY vkrz/ hwf11 duh vr pxfk lqwhjudwhg wr rxu vwdqgdug ehkdylru wkdw zh shuirup
wkhp zlwkrxw sd|lqj dwwhqwlrq1

Doo wkhvh dfwlylwlhv vkduh wkh frpprq ihdwxuh ri ehlqj sduw ri rxu wlph vsdfh hqylurqphqw/
exw wkdw lv qrw hqrxjk wr fkdudfwhul}h wkhp1 Iru h{dpsoh/ zkhq d udglr vshdnhu xvhv dq
xqnqrzq odqjxdjh/ klv glvfrxuvh vrxqgv wr xv olnh d frqixvh dqg udwkhu frqwlqxrxv qrlvh/
zkhuh zh duh wrwdoo| xqdeoh wr sodfh fxwv ehwzhhq wkh zrugv1 Exw dv vrrq dv zh nqrz
wkh odqjxdjh wkh voljkwhvw elw/ wklv lqdelolw| uhjuhvvhv = d ihz vljql�fdqw zrugv hphujh iurp
wkh pdjpd dqg lw pd| kdsshq wkdw wklv sduwldo vhjphqwdwlrq eh vx!flhqw iru wkh ryhudoo
xqghuvwdqglqj1 Ilqdoo|/ zkhq zh nqrz wkh odqjxdjh fruuhfwo|/ wkh uhyhuvh surfhvv dulvhv dqg
zh duh deoh wr uhfryhu zkdw wkh vshdnhuv vd|v hyhq zkhq klv vshhfk surgxfwlrq lv glvdvwurxv
ru zkhq wkh eurdgfdvw lv ix}}|1 Wkhuhiruh/ zkdw ydulrxv dxglwruv h{wudfw iurp wkh vdph dxglr
vljqdo ydulhv frqvlghudeo| dffruglqj wr wkhlu rzq fdsdelolwlhv/ dqg wkhvh gl�huhqfhv lpsdfw
wkh vhjphqwdwlrq ri wkh glvfrxuvh/ l1h1 wkh h{wudfwlrq ri wlph vhjphqwv gxulqj zklfk wkh dxglr
vljqdo kdv d xqlwdu| phdqlqj iru xv1

Dv dq| h{dpsoh/ wkdw ri wkh vshdnhu lv sduwlfxodu/ exw wkh irxu pdlq hpskdvl}hg skhqrp0
hqd duh txlwh jhqhudo dqg dsshdu lq ylvxdo shufhswlrq dv zhoo=

41 Zkdw kdv ehhq vhjphqwhg lv d fhuwdlq shufhswlyh vsdfh1 Lw zdv wkh wlph lq wkh h{dpsoh/
exw lw frxog eh d ylvxdo �hog ru dq k|eulg ri erwk1 Exw duh wkh| wkh rqo| vsdfhv B Zkhq
zh phqwdoo| vkduh wkh wzr yrlfhv ri dq lqvwuxphqwdo gxhw/ lq zkdw nlqg ri vsdfh vxfk d
vhjphqwdwlrq fdq eh ghvfulehg B Pxvw zh dgg vrph iuhtxhqf| glphqvlrq wr wkh wlph d{lv/ dv
lq vrqrjudpv B Exw grhv wkh kduprqlf ghfrpsrvlwlrq ri wkh vljqdo i +w, ehorqj wr wkh duulydo
vsdfh B Krz wr pl{ lqsxw dqg rxwsxw B

Lq ylvlrq/ d vlplodu vlwxdwlrq dovr dulvhv/ shukdsv ohvv iuhtxhqwo|/ exw lq d uxghu zd|1 Wkh
surfhvv wkdw vhqgv edfn wkh vhjphqwhg lpdjh lqwr wkh lqlwldo vsdfh lv zhoo fdswxuhg lq wkh
dpeljxrxv frq�jxudwlrqv wkdw wkh jhvwdowlvwv dssuhfldwh vr pxfk1 Hyhu|erg| nqrzv wkhvh
freeolqjv ri fxehv pd| eh vhhq iurp wkhlu gldjrqdov lq srvlwlyh ru qhjdwlyh uholhi1 Remhfwlyho|/
wkh gudzlqj uhpdlqv xqfkdqjhg/ exw zh fkrrvh wr vhh lw lq d fhuwdlq zd|/ zklfk h{foxghv wkh
rwkhu1 Exw lq zklfk vsdfh grhv wklv fkrlfh rffxuB
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Iljxuh 4= d, lqlwldo exuqhu lpdjh> e, sduwlwlrq ri wkh edfnjurxqg > f, pd{lpxp sduwlwlrq ri
wkh edfnjurxqg

51 Zkdwhyhu wkh shufhswlrq vsdfh lv/ wkh vhjphqwdwlrq dfw frqvlvwv lq sduwlwlrqlqj wklv
vsdfh lqwr glvmrlqw uhjlrqv/ h1j1

0 zkhq zh uhfrjql}h d kdqgzulwwhq zrug rq wkh edfn ri d srvwfdug/ zh h{wudfw li iurp wkh
uhvw/ zkdwhyhu wkh frqqhfwlylw| ri wkh judsklvp lv1

0 zkhq zh xqghuvwdqg d zrug ri wkh vshdnhu/ lw fdqqrw ryhuods zlwk wkh rwkhuv
Vxfk d sduwlwlrqlqj lv qrw qhfhvvdulo| wkh frqfhuq ri wkh zkroh vsdfh1 Iru fkhfnlqj wkdw

d nh| lv lq sodfh/ zh rqo| qhhg wr vhjphqw d qhljkerukrrg ri wkh nh| kroh1 D vlqjoh fodvv ri
wkh sduwlwlrq riwhq vx!fhv iru jdwkhulqj doo qrq fodvvl�hg uhjlrqv1

61 Wkh lghd ri d sduwlwlrq kdv wr eh frpsohwhg e| wkh ixuwkhu qhhg ri pd{lpxp sduwlwlrqv1
Zkhq zh orrn dw d idfh/ zkdw zh fdoo prxwk lv wkh odujhvw }rqh ri srlqwv ri d fhuwdlq frorxu
dqg vkdsh1 Wkh h{dpsoh ghslfwhg lq Ilj1 4 vd|v wkh vdph wklqj/ exw zlwk ohvv phdqlqj vlqfh
lw frqfhuqv d jdv exuqhu lqiuduhg lpdjh1 Lq wkh lqlwldo lpdjh/ wkh zduphvw uhjlrqv duh wkh
gdunhvw rqhv> wkh fohdu edfnjurxqg kdv d udwkhu frqvwdqw juh| lqwhqvlw| zklfk doorzv xv dq
hdv| wkuhvkrog1 Vhyhudo sduwlwlrqv fdq eh gudzq rq wkh edfnjurxqg vhw +Ilj1 4e,/ exw wkh
rqo| rqh zklfk pdnhv vhqvh lv wkh juhdwhvw1

71 Wkh irxuwk skhqrphqrq wkdw kxpdq shufhswlrq eulqjv wr wkh iruh lqyroyhv klhudufklhv
zklfk duh wudyhoohg xs dqg grzq1 Lw lv hyhq shukdsv lwv pdlq ihdwxuh1 Zh uhfrjql}h d idfh
ehfdxvh zh wklqn wkdw zh kdyh vhhq wzr h|hv/ d qrvh dqg d prxwk> frqyhuvho|/ lw lv ehfdxvh
zh wklqn wkdw zh kdyh ghwhfwhg d idfh wkdw zh orrn iru lwv h{suhvvlyh hohphqwv vxfk dv wkh
h|hv/ wkh qrvh ru wkh prxwk1

D vlplodu surfhvv lv dw zrun lq ylghr wudfnlqj1 Li d wuhh sduwo| klghv wkh krxvh zh duh
orrnlqj dw/ zh vwloo lghqwli| wkh odwwhu fruuhfwo| hyhq wkrxjk/ zkhq zdonlqj/ zh vhh erwk
wkh krxvh dqg wkh wuhh xqghu yduldeoh rulhqwdwlrqv dqg rffoxvlrqv1 Lq wkh dxglr zruog/ wkh
klhudufklhv duh djdlq pruh hylghqw = wkh skrqhph lqgxfhv wkh zrug/ wkdw lqgxfhv wkh vhqwhqfh/
wkdw lqgxfhv wkh glvfrxuvh +dqg wkdw lv qrw hyhq phqwlrqlqj pxvlf,1
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Iljxuh 5= Wzr h{dpsohv ri plfurvfrslf lpdjhv wkdw duh phdqlqjohvv iru wkh kxpdq ylvlrq ri
d qrq vshfldolvw1 d, doxplqd/ e, frqfuhwh1

Wr vxppdul}h/ wkh dxglr0ylvxdo shufhswlrq lv vwuxfwxuhg durxqg irxu pdlq wkhphv =
0 d srvvleo| frpsoh{ shufhswlrq vsdfh/ zklfk hpehgv wkh xvxdo sk|vlfdo vsdfh dqg wlph/
0 sduwlwlrqv ri wklv shufhswxdo vsdfh lqwr }rqhv wkdw h{klelw vrph phdqlqj iru xv/
0 pd{lpl}dwlrq ri wkh vdlg sduwlwlrqv/
0 dqg prvw riwhq e| klhudufklfdo surfhvvlqj1
Wkh deryh ghvfulswlrq lv gholehudwho| skhqrphqrorjlfdo1 Lw frxog shukdsv eh vxssruwhg

e| sk|vlrorjlfdo frqvlghudwlrqv/ exw zlwkrxw vljql�fdqw rxwsxw +khuh dw ohdvw, = frpsxwhul}hg
ylvlrq kdv qr pruh uhdvrqv wr frs| sk|vlrorj| wkdq dhurqdxwlfv wr plplf wkh  ljkwv ri elugv/
dqg lw vkrxog qrw eh suryhg hlwkhu wkdw wkh orjlfdo vwuxfwxuhv wkdw xqghuolh frpsxwhul}hg
vhjphqwdwlrq zh krsh wr glvfryhu uhsurgxfh wkh kxpdq eudlq1 Wklv lv sduwlfxoduo| wuxh
zkhq vrph lpdjhv/ ehfdxvh wkh| duh plfurvfrslf iru h{dpsoh/ duh wrwdoo| phdqlqjohvv iru wkh
kxpdq shufhswlrq +vhh Iljxuh 5,/ wkrxjk wkhlu vwxglhv lqyroyh udqgrp prghov zklfk uhtxluh
vhjphqwdwlrqv ^6:`/ ^6;`1

Zkdw lv wuxh qhyhuwkhohvv lv wkdw wkh irxu wkhphv ri wkh kxpdq ylvlrq surylgh xv zlwk
jxlgholqhv1 Txdqwlwdwlyh dssurdfk olhv rq lwv rzq frqvlvwhqf|/ exw lw pxvw wuhdw wkh irxu
deryh dvshfwv1 Wkhuhiruh zh vkdoo xvh wklv jxlgh/ �uvwo| iru wkh eulhi eleolrjudsklf vxuyh|
wkdw iroorzv/ dqg dovr lq wkh rujdql}dwlrq ri wkh sdshu lwvhoi1

415 Vhjphqwdwlrq lq frpsxwhu ylvlrq
Lpdjh vhjphqwdwlrq phwkrgv/ dv zhoo dv wkh pdwkhpdwlfv wkh| eulqj zlwk wkhp/ dsshduhg
gxulqj wkh vl{wlhv/ lq sdudooho zlwk gljlwdo lpdjh surfhvvlqj/ dqg kdyh frqvwdqwo| dgydqfhg
vlqfh wklv wlph1 Zkhq/ iru wkh �uvw wlph/ vrpherg| wkuhvkroghg wkh hohfwurqlf vljqdo ri dq
lpdjh vfdqqlqj/ wkh �uvw lpdjh vhjphqwdwlrq zdv eruq 111 dqg dovr wkh prvw iuhtxhqwo| xvhg/
hyhq wrgd|1 Exw fohduo|/ lw lv qrw wkh rqo| rqh dqg wkh qxpehu ri dojrulwkpv sursrvhg lq wkh
olwhudwxuh derxw vhjphqwdwlrq h{fhhgv rqh wkrxvdqg1
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41514 Wkh vsdfhv
Mxvw dv iru ylvxdo shufhswlrq/ sk|vlfdo vsdfh dqg wlph duh riwhq qrw vx!flhqw iru frpsxwhu
vhjphqwdwlrq sxusrvhv1 Exw xqolnh ylvxdo shufhswlrq/ lq frpsxwhuv/ wkh lqsxw dqg rxwsxw
vsdfhv duh dozd|v glvwlqjxlvkhg/ hyhq li wkh| ehorqj wr wkh vdph pdwkhpdwlfdo w|sh1 Pruhryhu/
dv wkh vhpdqwlf qrwlrqv pljkw qrw hdvlo| eh whfkqlfdoo| ghvljqhg/ wkh| duh uhsodfhg e| ihdwxuh
vsdfhv1 Lq fdvh ri vwloo lpdjhv/ wkh| pd| eh wkh frqfhuq ri wh{wxuhv/ rulhqwdwlrqv/ frorxu/
frqwudvw/ hwf1/ l1h1 qrwlrqv wkdw duh orfdwhg e| frruglqdwhv lq wkh xvxdo sk|vlfdo vsdfh1 Exw
dqrwkhu w|sh ri ihdwxuh vsdfh frphv iurp klvwrjudpv/ zkhuh wkh frruglqdwhv uhihu wr iuhtxhqf|
glvwulexwlrqv1 S1 Vrlooh ^;<` zdv suredeo| wkh �uvw uhvhdufkhu wr frpsxwh zdwhuvkhgv ri pxowl0
glphqvlrqdo glvwulexwlrqv lq vdwhoolwh lpdjhu|1 D xvh ri 50G klvwrjudp lv jlyhq ehorz/ lq
Vhfwlrq 816/ derxw vhjphqwlqj vkdgrzv dqg uh hfwlrqv lq frorxu lpdjhv1

Lq wkh fdvh ri ylghr vhtxhqfhv/ wkh udqjh ri wkh ihdwxuhv ehfrphv eurdghu dqg lqfoxghv
wudqvlwlrqv/ }rrpv/ wudyhoolqj/ hwf1 ri wkh fdphud/ soxv wkh lqwulqvlf prwlrqv ri wkh remhfwv
wkhpvhoyhv1

Eh|rqg wkh glyhuvlw| ri wkh ihdwxuh vsdfhv dulvhv wkh sureohp ri wkhlu v|qwkhvlv1 Vrsklv0
wlfdwhg vwudwhjlhv kdyh ehhq sursrvhg1 Khuh lv dq h{dpsoh ri vxfk d uhgxfwlrq/ dffruglqj wr
Sk1 Vdohpelhu dqg I1 Pdutxhv ^:6` =

�Remhfw frqwrxuv duh pruh dffxudwho| gh�qhg uho|lqj rq froru lqirupdwlrq1 Wkh frpelqd0
wlrq ri wkhvh ihdwxuh vsdfhv fdq eh grqh iroorzlqj d sdudooho ru d klhudufklfdo vwudwhj|1 Wkh
sdudooho dssurdfk frpsxwhv d prwlrq vsdwldo vhjphqwdwlrq/ rq rqh vlgh/ dqg d froru vsdwldo
vhjphqwdwlrq/ rq wkh rwkhu vlgh1 Wkhq erwk sduwlwlrqv duh frpelqhg1 Wkh klhudufklfdo vwudwhj|
uholhv rq phujlqj vwhsv1 Lw vwduwv/ lq d �uvw vwhs/ e| d froru vsdwldo vhjphqwdwlrq dqg fkdqjhv
lwv fulwhulrq wr ghdo zlwk prwlrq vsdwldo vhjphqwdwlrq/ lq d vhfrqg vwhs�1

Vxfk d suhflvh vwudwhj| pd| shukdsv eh txdol�hg ri �dg krf� vroxwlrq/ exw lw zdv �qdol}hg
rq odujh gdwd edvhv/ dqg lw zrunv1 Qhyhuwkhohvv/ lw lv qrw wkh rqo| srvvleoh rqh/ dqg wkh phwkrg
sursrvhg e| I1 Ph|hu lq ^8<` irfxvhv pruh rq sduwlwlrqlqj lq dvvrfldwlrq zlwk frqqhfwhg �owhuv1
Exw djdlq/ duh wkh| jhqhudo uxohv wkdw jryhuq wkh orjlfdo �DQG� dqg �RU� ri fulwhuld/ dqg
wkh ��owhulqj #$ vhjphqwdwlrq� lqwhudfwlrqv B

41515 Sduwlwlrqlqj
Lq wkh ydulrxv zd|v sursrvhg lq wkh olwhudwxuh/ wkh vhjphqwlqj sduwlwlrqv duh vrphwlphv
lqyhvwljdwhg iurp wkhlu fodvvhv1 Wkhq/ iroorzlqj D1 Urvhqihog dqg D1F1 Ndn/ rqh vshdnv ri
�uhjlrq jurzlqj� ru ri �uhjlrq djjuhjdwlrq� ^:4`1 Dowhuqdwlyho|/ rqh fdq dovr irfxv rq wkh
erughuv ri wkh vhjphqwlqj fodvvhv/ dqg ghvljq dojrulwkpv wkdw vhhn wkhvh olqhv1 Ilqdoo|/ wkh
sduwlwlrq pd| eh dssurdfkhg dv vxfk1

H{dpsohv zkhuh wkh hpskdvlv lv sxw rq wkh sduwlwlrq fodvvhv duh jlyhq e| wkh wkuhvkroglqj
rshudwru/ ru e| wkh h{wudfwlrqv ri wkh uhjlrqv zlwk krprjhqhrxv ydoxhv1 Lq erwk fdvhv/ qr
frqglwlrqv duh lqwurgxfhg derxw wkh olplwv ri vxfk uhjlrqv/ zklfk sod| d sdvvlyh uroh1 Wkh
�uhjlrq jurzlqj� dqg wkh �uhjlrq djjuhjdwlrq� dojrulwkpv ^:4` ehorqj wr wkh vdph jurxs/
dw ohdvw zkhq wkh| duh jhqhudwhg iurp vhhgv zklfk surjuhvvlyho| h{whqg/ zlwk ru zlwkrxw
qrq0ryhuodslqj frqvwudlqwv1
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D shuwlqhqw dowhuqdwlyh khuh lv edvhg rq wkh revhuydwlrq wkdw wkh kxpdq ylvlrq lv pruh
vhqvlwlyh wr wkh vsdfh fkdqjhv ri wkh kljk lqwhqvlw| ru froru/ wkdw wr lwv frqwlqxlw|1 Wkh idprxv
hgjh ghwhfwlrq wkhru| ri H1 Kloguhwk dqg G1 Pduu ^7;` ^7<`/ zklfk gdwhv iurp wkh hqg ri wkh
vhyhqwlhv/ lv rqh ri wkh �uvw/ exw wkh ghhshvw irupdo h{suhvvlrqv ri wklv lghd1 Lq wkhlu �Sulpdo
Vnhwfk� wkh| frqyroyh wkh lpdjh zlwk Odsodfldq ri Jdxvvldq pdvnv/ wkhq h{wudfw wkrvh srlqwv
zkhuh wkh vljq ri wkh Odsodfldq fkdqjhv/ dw hdfk vfdoh1

Dw wkh vdph wlph/ dqg wrwdoo| lqghshqghqwo| ri klv vskhuh ri lq xhqfh/ V1 Ehxfkhu dqg
Fk1Odqwxhmrxo lqwurgxfhg wkh frqfhsw ri d zdwhuvkhg ^:`1 Wkh wzr pdlq srlqwv ri wkhlu
dssurdfk duh wkh iroorzlqj

42 wr zrun rq wkh judglhqw prgxoh ri wkh lqlwldo lpdjh/
52 wr gudz/ dojrulwkplfdoo|/ wkh fuhvw olqhv ri wklv vhfrqg lpdjh/ zklfk |lhogv gudzlqj

forvhg frqwrxuv dorqj wkh lq h{lrq srlqwv ri wkh lqlwldo lpdjh1
Xqolnh prvw ri rwkhu hgjh ghwhfwruv/ zdwhuvkhglqj lv d joredo surfhgxuh/ zkhuh wkh forvhg

frqwrxuv vxuurxqg wkh plqlpd ri wkh lpdjh xqghu vwxg| +vhh Iljxuh 43,1 Iurp wkh vhjphq0
wdwlrq ylhzsrlqw/ wkh rqo| uhtxluhphqw derxw wkh uhjlrqv lv wkdw hdfk ri wkhp pxvw frqwdlq
d xqltxh plqlpxp1

Lqvwhdg ri irfxvlqj hlwkhu rq uhjlrqv ru rq hgjhv/ d wklug zd| zdv ruljlqdoo| sursrvhg e|
V1O1 Krurzlw} dqg S1 Sdyolglv ^69` xqghu wkh qdph ri �vsolw dqg phujh� =

�Wdnh dq duelwudu| lqlwldo sduwlwlrq lq s|udplgdo gdwd vwuxfwxuh > vsolw uhjlrqv zlwk odujh
dssur{lpdwlrq huuruv > phujh dgmdfhqw uhjlrqv zlwk vlplodu dssur{lpdwlrq > dqg jurxs vlplodu
vtxduhv lqwr luuhjxodu uhjlrqv�1

Wkh �s|udplgdo vwuxfwxuh� lqyroyhg khuh lv wkh vhw ri doo lpdjh sl{hov lq d vtxduh julg1
Wkhq/ hdfk ohyho ri wkh s|udplg lv rewdlqhg e| jurxslqj wkh suhylrxv ohyho e| foxvwhuv ri
irxu1 Wkh �vsolw dqg phujh� surfhgxuh pryhv xs dqg grzq lq wkh s|udplg e| frpsdulqj
doo qhljkerulqj uhjlrqv zlwk uhvshfw wr vrph qrup +h1j1 kdylqj forvhg dyhudjh juh|,1 Djdlq/
mxvw dv Pduu*v sulpdo vnhwfk ru Ehxfkhu*v zdwhuvkhg/ wkh ruljlqdo vsolw dqg phujh surfhgxuh
wxuqhg rxw wr eh wkh dqfhvwru ri d odujh idplo| ri dojrulwkpv1

41516 Jhrphwulf  rzv dqg sgh*v
Lw kdsshqv wkdw d sduwlwlrqlqj fulwhulrq/ ri dq| ri wkh wkuhh deryh w|shv/ fdq eh h{suhvvhg
lq d gl�huhqwldo zd|1 Lq 4<<5/ gxulqj wkh vdph |hdu/ wkuhh whdpv ri uhvhdufkhuv sursrvhg uh0
uhdglqjv ri wkh Hxfolghdq frqyh{ glodwlrqv e| phdqv ri qrq olqhdu SGHv/ qdpho| O1 Doyduh}/
I1 Jxlfkdug/ S10O1 Olrqv/ dqg M10P1 Pruho ^5` rq wkh rqh kdqg/ dqg U1 ydq ghq Errpjddug
dqg D1 Vphxghuv ^43`/^44` rq wkh rwkhu rqh/ iru glodwlrqv/ zkloh U1 Z1 Eurfnhww dqg S1 Pdudjrv
^4;` zrunhg rq glodwlrqv dqg rshqlqjv e| frqyh{ vhwv dqg frqfdyh ixqfwlrqv1

Sdudooho|/ V1 Rvkhu dqg M1 Vhwkldq ^97`/^;;` ghyhorshg SGHv ri Kdplowrq0Mdfrel w|sh wr
prgho sursdjdwlrqv ri ohyho fxuyhv/ l1h1 ri wkh frqwrxuv ri wkh krul}rqwdo vhfwlrqv ri 50G qx0
phulfdo ixqfwlrqv1 Lq sduwlfxodu/ wkh hyroxwlrq zlwk frqvwdqw qrupdo vshhg prghov pxowlvfdoh
vhw glodwlrq1 Dqrwkhu ehdxwlixo dfklhyhphqw lv wkh lqwhusuhwdwlrq ri wkh jhrghvlfv zdyh iurqwv
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lq whupv ri jhrphwulfdo rswlfv ^;8`1 Wkh olqh ri lghdv wkdw ehjxq zlwk F1 Odqwxhmrxo dqg V1
Ehxfkhu ^75` zkr lqwurgxfhg wkh jhrghvlf phwkrgv lq pdwkhpdwlfdo pruskrorj|/ vxffhhgv lq
S1Pdudjrv gl�huhqwldo pruskrorj| ^78`1 Lq rswlfv/ wkh ixqfwlrq �+{> |, zkrvh lvr0ohyho frq0
wrxuv duh qrupdo wr wkh ud|v lv fdoohg hlnrqdo ixqfwlrq dqg lwv judglhqw vdwlv�hv wkh hlnrqdo
SGH

n 8�+{> |, n@
v

+C�C{ , � . +C�C| ,
� . +C�C} ,

� @ �+{> |> },
zkhuh lv � wkh uhiudfwlyh lqgh{ ri wkh oljkw1 Wklv SGH wudqvfulehv Ihupdw*v sulqflsoh ri
ohdvw wlph ^46`1 S1 Pdudjrv xvhg wklv htxdwlrq wr vhw rswlplvdwlrq sureohpv ri jhrghvlf
pruskrorj|1 Lq ^87`/ lq frrshudwlrq zlwk I1 Ph|hu/ wkh| eulgjhg wkh jds ehwzhhq SGHv dqg
ohyhoolqj frqqhfwhg rshudwruv/ iru wkh dufzlvh frqqhfwlrq1

Dqrwkhu vljql�fdwlyh dfklhyhphqw ri wkhvh zd|v ri wklqnlqj lv surylghg e| wkh jhrphwulf
prghov ri dfwlyh frqwrxu wkdw Fdvhoohv hw do1^53`/ dqg Pdoodgl hw do1^77` kdyh sursrvhg1 Wkh
SGH wkh| lqwurgxfh prghov wkh fxuydwxuh prwlrq1 Lq d pruh uhfhqw ruljlqdo zrun/ Y1 Fdvhoohv/
U1 Nlppho dqg J1 Vkdslur ^54` uhdfkhg d �qh v|qwkhvlv ehwzhhq wkh ylhzsrlqw ri vqdnhv e|
hqhuj| plqlpl}dwlrq/ dqg jhrphwulf dfwlyh frqwrxuv/ e| phdqv ri d jhrghvlf dssurdfk +vhh
dovr ^76`,1

E| lwvhoi/ wkh SGH iudphzrun grhv qrw h{suhvv dq| hqhuj| wr plqlpl}h/ dowkrxjk lw pd|
eh xvhg dv d wrro lq vrph rswlpl}dwlrq sureohpv1 Edvlfdoo|/ lw jhqhudol}hv wkh pruskrorjlfdo
rshudwruv wkdw fdq eh uhsuhvhqwhg e| lwhudwlrqv ri hohphqwdu| rshudwlrqv/ zklfk frqvlghudeo|
hqodujhv wkh frqfhsw ri dq hohphqwdu| frqyh{ glodwlrq +ru hurvlrq,/ dprqj rwkhuv1 Lqghhg/
wkh| dsshdu lq wkh olwhudwxuh mxvw dv vwuxfwxulqj hohphqwv1 D qxpehu ri dxwkruv sxeolvk hdfk
d fhuwdlq SGH/ wkdw fruuhfwo| �owhuv ru vhjphqwv wkh sursrvhg h{dpsohv ri wkhlu sxeolfdwlrq1
Vrxqg uhdvrqv iru vxfk ru vxfk ihdwxuh ri wkh SGH duh jlyhq/ mxvw dv wkh surshuwlhv ri wkh
vwuxfwxulqj hohphqwv ghulyh iurp wkhlu srvvleoh frqyh{lw|/ +dq,lvrwurs|/ frqqhfwlylw|/ hwf11 Exw/
zkdw lv plvvlqj khuh lv dq xsshu ohyho/ d srlqw ri ylhz iurp zklfk wkh ydulrxv SGHv vkrxog
eh frpsduhg/ dqg frpelqhg1

41517 Rswlpl}dwlrq
Zh qrz sxuvxh e| frqvlghulqj wkh wklug srlqw ri wkh skhqrphqrorjlfdo ghvfulswlrq/ qdpho|
wkh rswlpl}dwlrq skdvh1 Wkhuh duh hvvhqwldoo| wzr zd|v iru wklqnlqj wkh rswlpl}dwlrq sureohp
lq vhjphqwdwlrq1 Rqh ri wkhp dvvrfldwhv qxpehuv zlwk sduwlwlrqv dqg pdnhv wkh rswlpl}dwlrq
krog rq wkhvh qxpehuv1 Wkh rwkhu rqh dfwv gluhfwo| rq wkh vhw ri doo sduwlwlrqv dqg h{suhvvhv
rswlpl}dwlrq lq wklv vsdfh1 Hyhq wkrxjk lw lv qrw h{solflwo| irupxodwhg/ rqh ri wkh wzr zd|v
riwhq xqghuolhv hdfk sduwlfxodu dojrulwkp/ dqg vrphwlphv erwk ri wkhp1

Wkh �uvw zd| lv vdlg wr eh yduldwlrqdo1 Lw dvvrfldwhv dq hqhuj| zklfk uhsuhvhqwv wkh dprxqw
ri lqirupdwlrq ohiw lq hdfk vprrwk yhuvlrq ri wkh lpdjh1 Wkh prvw idprxv h{dpsoh ri wklv
dssurdfk zdv sursrvhg e| G1 Pxpirug dqg M1 Vkdk ^95`1 Vwduwlqj iurp d qxphulfdo ixqfwlrq
i ryhu d 50G }rqh 
 � U � wkh| zlvk wr �qg vlpxowdqhrxvo| d sduwlwlrq ri 
/ dqg d wudqvirup

:



#i wkdw lv slhfhzlvh vprrwk lq hdfk fodvv ri wkh sduwlwlrq1 Li O vwdqgv iru wkh vhw ri wkh
erxqgdulhv ri wkh fodvvhv/ wkh| lqwurgxfh wkh hqhuj|

H +#>O, @ Ohqjwk +O, .
]

�����

q

mu +#i, +{,m. ^+#i, +{,� i +{,` � rg{ +4,

wr eh plqlpl}hg1 Wkh �uvw whup lpsrvhv d plqlpdo ohqjwk iru wkh glvfrqwlqxlwlhv/ wkh vhfrqg
rqh vd|v wkdw wkh ixqfwlrq lv vprrwkhg lq hdfk fodvv wdnhq vhsdudwho|/ dqg wkh wklug rqh
wkdw wkh wudqvirup +#i, dssur{lpdwhv dw ehvw wkh lqlwldo lpdjh1 Lq sduwlfxodu/ zkhq wkh
vprrwklqj lv rewdlqhg e| phdqv ri slhfhzlvh frqvwdqw ixqfwlrqv/ wkhq wkh vhfrqg whup ri
H +#>O, ydqlvkhv1 Hdfk whup pd|/ ri frxuvh/ eh jlyhq d zhljkw vr wkdw wkh plqlpl}dwlrq fdq
edodqfh frqwrxu uhgxfwlrq djdlqvw slhfhzlvh vlpsol�fdwlrq1

Wkh lghd ri dgglqj whupv zkrvh glphqvlrqv duh gl�huhqw zdv gdulqj/ exw lw suryhg wr
eh iuxlwixo1 D qxpehu ri yduldqwv zdv sursrvhg e| wkh wzr dxwkruv dqg e| vhyhudo rwkhu
rqhv/ dv zhoo dv fulwlfdo frpphqwv rq vrph pdwkhpdwlfdo srlqwv1 Wkh uhdghu zloo �qg d yhu|
frpsuhkhqvlyh lqirupdwlrq rq wkh vxemhfw lq M1P1 Pruho dqg V1 Vrolpl*v errn ^94`1 Wkh|
suryh vrph ghhs dqg lqvwuxfwlyh surshuwlhv ri Pxpirug dqg Vkdk rswlpl}dwlrq> lq sduwlfxodu
wkdw jlyhq d ixqfwlrq i dqg d vprrwklqj prgho/ wkhuh pd| h{lvw vhyhudo vhjphqwdwlrqv zlwk
d plqlpdo hqhuj|1

Lw zrxog wdnh d orqj wlph txrwlqj doo txhvwlrqv zklfk duh irupdol}hg e| phdqv ri dq hqhuj|
plqlpl}dwlrq/ exw wkh �vqdnhv� phwkrg ghvhuyhv wr eh phqwlrqhg1 Ruljlqdoo| ghyhorshg e|
Ndvv hw do ^6<`/ lw lv edvhg rq wkh surjuhvvlyh ghirupdwlrq ri lqlwldo vhhgv wrzdug wkh uhjlrqv ri
pd{lpxp judglhqwv1 Wkh dvvrfldwhg hqhuj| frpsulvhv rqh whup wkdw frqwurov wkh uhjxodulw|
ri wkh vqdnh/ zkloh dqrwkhu rqh dwwudfwv wkh fxuyh wrzdug wkh pd{lpxp judglhqw uhjlrqv1 Mxvw
dv wkh zdwhuvkhg phwkrg/ wkh vqdnhv hyroxwlrq suhvhuyhv wkh wrsrorj| ri wkh lqlwldo vhhgv> exw
xqolnh wkh vqdnhv/ wkh zdwhuvkhg kdv qr frqvwudlqw rq wkh uhjxodulw| ri frqwrxuv/ zklfk pd|
eh dq dgydqwdjh ru qrw1

Lq wkh hqhuj| dssurdfk wr vhjphqwdwlrq/ wkh rshudwruv wkdw wudqvirup wkh lqlwldo ixqfwlrq
+l1h1 wkh lqsxw lpdjh, lqwr lwv rswlpdo vprrwklqj gr qrw qhhg wr eh h{solflw1 Dowhuqdwlyho|/
rqh fdq sodfh ixqfwlrq rshudwruv # lq wkh iruhjurxqg dqg dvvrfldwh vhjphqwdwlrq zlwk odwwlfh
edvhg rshudwruv wkdw sduwlwlrq wkh lpdjh vsdfh1 Wklv vhfrqg zd| iru kdqgolqj rswlpl}dwlrq
udqjhv iurp %zdwhuvkhgv% wr %frqqhfwhg rshudwruv% ^::` +vhh/ dprqj rwkhuv ^<7`/ ^7:`/ ^57`/
^67`,1 Exw wkrxjk sduwlwlrq rswlpdolw| lv xvxdoo| lqyroyhg lq wkhvh rshudwruv/ lw lv uduho|
eurxjkw wr oljkw1 Wkh vhjphqwdwlrq jrdov duh riwhq glvwulexwhg dprqj gl�huhqw surfhvvlqjv1
Iru S1 Vdohpelhu dqg I1 Pdutxhv iru h{dpsoh ^:6`/ wkh orz vhjphqwdwlrq ohyho kdv wr eh
glylghg lqwr d jhqhulf vwhs/ frpprq wr doo srvvleoh wdvnv/ iroorzhg e| d vhfrqg vwhs zkhuh
vshfl�f ihdwxuhv ri wkh sureohp xqghu vwxg| duh lqwurgxfhg +h1j1 d fhuwdlq w|sh ri ylghr
vhtxhqfhv/ vxfk dv wkh qhzv,1 Vxfk d yhuvdwlolw| lv pruh hdvlo| dwwdlqhg iurp dq rshudwru
dssurdfk/ zkhuh wkh ydulrxv ihdwxuhv fdq eh gl�huhqwo| doorfdwhg wkdq iurp d yduldwlrqdo
phwkrg/ pruh joredo1
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41518 Klhudufklhv/ vhpl0jurxsv dqg vfdoh vsdfhv
Wkh odvw srlqw ri wkh skhqrphqrorjlfdo ghvfulswlrq lv uhodwhg wr klhudufklhv dqg wr pxowl0
glphqvlrqdo dssurdfk1 Djdlq wzr srlqwv ri ylhz frpshwh/ dffruglqj wr zkhwkhu wklqjv duh
frqwhpsodwhg uhjlrqdoo|/ ru orfdoo|1 Wkh �uvw dssurdfk ohdgv wr vhpl0jurxsv/ wkh vhfrqg wr
sduwldo gl�huhqwldo htxdwlrqv1

Rqh fdq dozd|v pdnh dq| irupxod/ dq| ixqfwlrq rshudwru/ dq| hqhuj| ixqfwlrqdo ghshqg
rq vrph srvlwlyh sdudphwhu1 Wkh suhwhqvlrq ri pxowlvfdoh dqdo|vlv lv kljkhu/ dqg dlpv dw
�qglqj rxw vrph qlfh uhodwlrqvklsv ehwzhhq wkh ydulrxv vfdohv xqghu vwxg|1 Rqh wkhq vshdnv
ri %s|udplg%1 Lq wkh zhdnhu fdvh/ ixqfwlrq i lv vxeplwwhg wr d edwwhu| ri wudqvirupdwlrqv zlwk
uhvshfw wr vrph vfdoh wrwdo rughulqj/ dqg qh{w wkh shuwlqhqw ihdwxuhv dw hdfk ohyho duh jdwkhuhg
wrjhwkhu1 Exw erwk judqxorphwulhv dqg Jdxvvldq s|udplgv/ zklfk klvwrulfdoo| dsshduhg wkh
�uvw/ sursrvh pruh vwurqjo| vwuxfwxuhg klhudufklhv1

Wkh qrwlrq ri d judqxorphwu|/ lqwurgxfhg e| J1 Pdwkhurq lq 4<:8 ^83`/ zdv lqlwldoo| vhw
rulhqwhg exw lw h{whqgv wr ixqfwlrq rshudwruv zlwkrxw vljql�fdqw fkdqjhv1
Gh�qlwlrq 4 Ohw I eh d sduwldoo| rughuhg vhw ri ixqfwlrqv dqg ohw # � = I $ I eh d idplo|
ri rshudwlrqv rq I wkdw ghshqgv rq wkh srvlwlyh sdudphwhu �1 Wkh pdsslqjv i# � / � A 3j
gh�qh d judqxorphwu| zkhq

l� # � +i, � i iru dq| � A 3 dqg i 5 I
ll� i> j 5 I dqg i � j lpso| # � +i, � # � +j, +� A 3,
lll� # � � # � @ # � � # � @ # �������	��
 ���

+5,

Wkh �uvw wzr d{lrpv/ soxv wkh wklug rqh iru � @ �/ phdq wkdw hdfk # � / wdnhq lq lwvhoi/
lv dq rshqlqj rq I 1 Wkh wklug d{lrp vwuxfwxuhv wkh zkroh idplo| dv d vhpl0jurxs/ zlwk
d frppxwdwlyh frpsrvlwlrq surgxfw dffruglqj wr zklfk wkh pruh vhyhuh ri wzr vxffhvvlyh
rshudwlrqv lpsrvhv lwv odz1

Wkh vhfrqg slrqhhu klhudufk| durvh dw wkh ehjlqqlqj ri wkh hljkwlhv zlwk wkh lghd ri xvlqj
Jdxvvldq frqyroxwlrqv iru vxe0edqg ghfrpsrvlwlrq sxusrvhv ^7<`/ ^74`1 Lq wkh Hxfolghdq vsdfh/
ghqrwh e| j � wkh lvrwurslf Jdxvvldq ixqfwlrq ri yduldqfh � wkdw lv fhqwuhg dw wkh ruljlq1 Dv
� ydulhv wkh idplo| ri wkh frqyroxwlrq rshudwruv ij � j jhqhudwh d s|udplg vxfk wkdw

+i � j � , � j � @ i � j ��
�� +6,
Zh �qg djdlq d frppxwdwlyh vhpl0jurxs/ exw gl�huhqw iurp wkh judqxorphwulf rqh/ vlqfh

wkh h�hfwv duh qrz dgglwlyh/ dqg wklv qhz vhpl0jurxs lv dovr pdjql�fdwlrq lqyduldqw1 Pruhryhu
lw dgplwv d vljql�fdqw gl�huhqwldo lqwhusuhwdwlrq1 Lq 4<;7/ M1M1 Nrhqghulqn revhuyhg wkdw wr
frqyroyh dq lpdjh i e| wkh Jdxvvldq ri yduldqfh � zdv htxlydohqw wr vroylqj wkh khdw htxdwlrq

� � �	����������� ���
� � @ �+i � j � , +{,

+i � j � , +{, @ i +{,
^74`1 Wkh Jdxvvldq frqyroxwlrqv duh qrw wkh rqo| pdsslqjv wkdw vdwlvi| wkh dgglwlyh vhpl0
jurxs ri Uho1+6,= lw lv ixo�oohg e| wkh hurvlrqv dqg wkh glodwlrqv e| glvfv ri udgll +�>�, dv zhoo1
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Pruh jhqhudoo|/ K1 Khlmpdqv kdv ghyhorshg d vfdoh vsdfh wkhru| ^68` vkrzlqj wkdw wkh wzr
w|shv ri frppxwdwlyh vhpl0jurxsv/ qdpho| Uho1+5, dqg Uho1+6, irup wkh wzr edvlf surwrw|shv1

416 Sxusrvh ri wkh suhvhqw vwxg|
Wkh ydulrxv zd|v ri wklqnlqj zh vnhwfkhg duh qrw lqfrpsdwleoh/ wkh| mxvw hpskdvl}h gl�huhqw
dvshfwv ri wkh uhdo zruog/ dqg ri lwv prghol}dwlrq1 Wklv vdlg/ wkh lghd ri d kxjh/ xqlyhuvdo dqg
xqltxh irupxod iru wkh vhjphqwdwlrq hqhuj|/ d irupxod wkdw zrxog frpsulvh �yh ru vl{ whupv
dqg zkrvh doo fxuuhqw phwkrgv zrxog eh sduwlfxodu fdvhv pd| eh yhu| dsshdolqj/ dowkrxjk
vrphkrz grjpdwlf1 Exw iru kdylqj doo vroxwlrqv ghshqglqj rq d vlqjoh irupxod/ wkh| vkrxog
uhvsrqg wr wkh vdph sureohp1 Qrz/ wkhuh duh pdq|1 Vhjphqwlqj wkh fkurpdwlq ri fdqfhurxv
fhoov ^6`/ ru wkh dqrpdolhv lq vxepdulqh vrqdu lpdjhv/ ru ihdwxuhv lq 63 fkdqqho vdwhoolwh
lpdjhv/ eulqjv lqwr sod| �krprjhqhlwlhv� wkdw duh ghhso| gl�huhqw dqg qrw vshfldoo| ylylg iru
wkh kxpdq ylvlrq1 Shukdsv zh zrxog gr ehwwhu wr dffhsw wkh soxudolw| ri vlwxdwlrqv/ dqg wr
vhw wkh txhvwlrq ri wkhlu lqwhuzhdylqj dv wkh fruh ri vhjphqwdwlrq/ mxvw dv S1 Vdohpelhu dqg
I1 Pdutxhv gr ^:6`B

Rq wkh rwkhu kdqg/ wkh yduldwlrqdo phwkrgv dqg SGHv lpso| uhjxodul}dwlrq dvvxpswlrqv/
vxfk dv wkh h{lvwhqfh ri vhfrqg ghulydwlyhv/ zkrvh ydolglw| grhv qrw dozd|v vhhp mxvwl�hg1
Iru h{dpsoh/ wkh fkrlfh ri plqlpl}lqj wkh ohqjwk ri wkh erxqgdulhv olhv rq wkh dsulrulvp wkdw
�erxqgdulhv ri hdfk vhjphqw vkrxog eh vlpsoh/ qrw udjjhg/ dqg pxvw eh vsdwldoo| dffxudwh�
^66`1 Exw zk| erxqgdulhv zrxog eh %vlpsoh dqg qrw udjjhg% B Vxfk d fulwhulrq iru d jrrg
vhjphqwdwlrq lv shuihfwo| lqdghtxdwh zkhq L orrn dw wkh wuhh lq iurqw ri ph/ wkdw vwdqgv rxw
djdlqvw krxvhv dqg rwkhu wuhhv/ dqg iru zklfk d iudfwdo prgho vkrxog eh pruh uhdolvwlf1

Khuh lv dqrwkhu h{dpsoh1 Lq klv vwxg| derxw wud!f dxwrpdwlf frqwuro ^;`/ V1 Ehxfkhu exlogv
zdwhuvkhgv iru frpsrvlwh ixqfwlrqv pdgh ri wkuhh juh| ohyhov rqo|/ dqg wklv jlyhv h{fhoohqw
uhvxowv1 Pxvw zh frqghpq wkhp iru %odfn ri fruuhfw ghulydelolw| frqglwlrqv%B Pruh ghhso|/ wkh
sxuho| gljlwdo eudqfk ri lpdjh surfhvvlqj/ wkdw durvh zlwk D1 Urvhqihog lq sduwlfxodu ^:3`/ lv
fxuuhqwo| jrlqj wkrxjk qhz dqg qlfh ghyhorsphqwv1 Vrph wrsrorjlfdo vwuxfwxuhv glvfryhuhg
e| J1 Ehuwudqg ^9`/ vrph pxowlvfdoh vnhohwrqv sursrvhg e| J1 Erujhiruv dqg do ^45` kdyh
qr Hxfolghdq htxlydohqwv1 Lq ^73`/ Fk1 Nlvhopdq xqghuwdnhv dq dssurdfk wr pdwkhpdwlfdo
pruskrorj| e| phdqv ri gljlwdo frqfhswv h{foxvlyho|/ dqg |lhogv ruljlqdo qhz uhvxowv1 Exw lq
wkh suhvhqw vwxg|/ duh zh uhdoo| reoljhg wr idfh wkh dowhuqdwlyh Hxfolghdq2gljlwdoB Frxog zh
hqwhu wkh vhjphqwdwlrq sureohp zlwkrxw kdylqj wr pdnh vxfk d fkrlfhB

Ixuwkhupruh/ wkh hxfolghdq sodqh/ zklfk lv wkh frqyhqlhqw iudphzrun wr irupdol}h SGHv
dqg wr h{suhvv wkh pdwkhpdwlfdo surshuwlhv ri wkh erxqgdu| vhw lq Uho1+4,/ ehfdxvh wkh|
lqyroyh Mrugdq fxuyhv/ lv lqghhg uhvwulfwlyh1 Pxvw zh uhqrxqfh ihdwxuh vsdfhv wkdw jdwkhu
wrjhwkhu rulhqwdwlrqv/ lqwhqvlwlhv/ wh{wxuhv dqg frorxuv/ iru h{dpsoh B

Pruhryhu/ vrph yduldwlrqdo phwkrgv uhtxluh wkh gdwxp ri d }rqh/ xvxdoo| d uhfwdqjxodu
pdvn lq zklfk wkh hqhuj| lv vxpphg xs1 Wkhuhiruh/ wkh frqwrxuv ri wkh remhfwv ghshqg rq wkh
vfhqh xqghu vwxg|/ dv zhoo dv rq wkh pdvn1 Iru h{dpsoh/ lq d W1Y1 wudyhoolqj/ li d vdph remhfw
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rffxslhv gl�huhqw orfdwlrqv lq wkh pdvn wkurxjkrxw wkh fdphud prwlrq/ wkhq lwv vhjphqwdwlrq
ulvnv wr gl�hu iurp iudph wr iudph1 Vkrxog lw eh srvvleoh wr ghvljq dq dssurdfk zkhuh wkh
frqwrxuv ri wkh remhfwv zrxog eh wuhdwhg dv rqh ri wkhlu lqwulqvlf surshuwlhv B

Ilqdoo|/ e| vxppdul}lqj wkh zkroh lpdjh vwuxfwxuh e| wkh rqo| hqhuj| ydoxh/ zklfk lv d
qlfh ghqvh lqirupdwlrq/ yduldwlrqdo dssurdfk kdqgohv vhjphqwdwlrq lq d zd| wkdw ohqgv lwvhoi
yhu| zhoo wr plqlpl}dwlrq/ dqg zklfk suryhg lwvhoi wr eh sudfwlfdoo| vrxqg1 Exw wkh gudzedfn
khuh lv shukdsv dq h{fhvv ri v|qwkhvlv/ dqg wkh sulfh iru vxfk d uhgxfwlrq dsshduv vrphwlphv/
zlwk wkh odfn ri d xqltxh vroxwlrq iru h{dpsoh/ ru zlwk wkh idfw wkdw dq ryhudoo rswlpxp
fdqqrw eh ghfrpsrvhg/ d sulrul/ lqwr d vhtxhqfh ri sduwldo rqhvB

E| h{sorulqj dq dowhuqdwlyh dssurdfk wr yduldwlrqdo phwkrgv/ zh gr qrw vhhn d ehwwhu
zd|= zh douhdg| nqrz wkdw lw zloo eh gl�huhqw/ zlwk rwkhu zhdnqhvvhv1 Exw zh zrxog olnh

0 wr surylgh d frqvlvwhqw vhjphqwdwlrq iudphzrun wr d qxpehu ri h{lvwlqj whfkqltxhv/
lqfoxglqj wkh SGHv>

0 wr olqn wrjhwkhu wkh qrwlrqv ri frqqhfwhg �owhulqj zlwk wkdw ri vhjphqwdwlrq>
0 wr vnhwfk wkh frqglwlrqv xqghu zklfk vhyhudo rswlpd fdq eh pl{hg xs>
0 dqg sursrvh lpdjh sduwlwlrqv dv dowhuqdwlyhv wr wkh vfdodu hqhuj|/ lq rswlpl}dwlrq iru0

pdolvp1
Wkhvh duh wkh txhvwlrqv zh dwwhpsw wr wdfnoh lq wkh suhvhqw vwxg|1
Lq doo wkh deryh uhihuhqfhv/ rqh frqvwdqwo| vshdnv ri vpdoohu/ odujhu dqg pd{lpxp vhj0

phqwlqj sduwlwlrqv/ dqg lqghhg wkhvh dgmhfwlyhv kdyh d suhflvh phdqlqj1 Wkhq/ rqh pd| dlp
dw zrunlqj gluhfwo| rq sduwlwlrqv/ dqg rqh pd| zrqghu zklfk frqglwlrqv kdyh wr eh ghpdqghg
wr wkh fulwhuld iru |lhoglqj rswlpl}dwlrqv1 Wklv zloo eh rxu vwduwlqj srlqw/ dqg zh zloo lqlwldoo|
irupxodwh lw lq wkh ohvv uhvwulfwlqj vsdfh iudphzrun1 Zkloh ghyhorslqj wkh dssurdfk/ vrph
frqvwudlqwv zloo uhgxfh/ zkhq qhhghg/ wkh udqjh ri srvvlelolwlhv1

Wkh wh{w frpsulvhv wzr sduwv/ qdpho| Vhfwlrqv 5 wr 8/ dqg 9 wr ;1 Wkh �uvw rqh lv wkh frq0
fhuq ri d jhqhudo wkhru|1 Lw dsshduv vrrq/ lq wklv sduw/ wkdw vhjphqwdwlrq dqg pruskrorjlfdo
frqqhfwlrq duh forvho| olqnhg qrwlrqv/ zklfk phdqv wkdw wklv zrun wdnhv sodfh lq wkh uhvhdufk
frppxqlw| rq frqqhfwlrq +Fk1 Urqvh/ K1 Khlmpdqv/ I1 Ph|hu/ O1 Ylqfhqw/ M1 Fuhvsr/ Sk1
Vdohpelhu/ I1 Pdutxhv/ S1 Pdudjrv/ M1 Jrxwvldv/ X1 Eudjd0Qhwr 111,1 Wkh qrwlrq ri d frq0
qhfwlyh fulwhulrq doorzv xv wr frqvwuxfw rswlpdo sduwlwlrqv/ dqg wr frpelqh wkhp lq gl�huhqw
pdqqhuv1 D vhulhv ri h{dpsohv looxvwudwhv wkh wkhruhwlfdo uhvxowv/ dqg fodvvl�hv wkh ydulrxv
prghv ri vhjphqwdwlrq1 Wkh vhfrqg sduw lv ghyrwhg wr wkh uhodwlrqvklsv ehwzhhq �owhulqj dqg
vhjphqwdwlrq1 Wkh iudphzrun lv uhvwulfwhg +wkh duulydo vsdfh lv vxssrvhg wr eh d frpsohwh
odwwlfh/ dqg wkh frqqhfwlylw| fulwhuld ehfrph pruh vshfl�f,/ vr wkdw pruskrorjlfdo rshudwruv
pd| eh frqvwuxfwhg1 Lq sduwlfxodu d wkhru| ri frqqhfwhg �owhulqj lv vnhwfkhg dv d ghulydwlrq
ri wkh sxovhzlvh rulhqwhg frqqhfwhg rshqlqj1
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5 Wkh vhjphqwdwlrq frqfhsw
514 Fulwhuld dqg vhjphqwdwlrq
Fodvvlfdoo|/ rqh fdoov fulwhulrq d nh| zklfk doorzv xv wr glvwlqjxlvk ehwzhhq wuxh dqg idovh
dvvhuwlrqv1 Lq wkh fxuuhqw frqwh{w/ wkh qrwlrq pd| eh irupdol}hg dv iroorzv
Gh�qlwlrq 5 Fulwhulrq= Ohw H dqg W eh wzr duelwudu| vhwv dqg ohw I eh d idplo| ri ixqfwlrqv
iurp H lqwr W 1 D fulwhulrq � rq fodvv I lv d elqdu| ixqfwlrq iurp I �S+H, lqwr i3> 4j
vxfk wkdw/ iru hdfk ixqfwlrq i 5 I > dqg iru hdfk vhw D 5 S+H,/ zh kdyh

hlwkhu �^i>D` @ 4 +fulwhulrq lv vdlg vdwlv�hg rq D,
ru �^i>D` @ 3 +fulwhulrq lv vdlg uhixwhg rq D,=
Pruhryhu/ zh ghflgh frqyhqwlrqdoo| wkdw/ iru doo ixqfwlrqv/ doo fulwhuld duh vdwlv�hg rq wkh

hpsw| vhw/ l1h1
�^i> >` @ 4 ; i 5 I

Iru lqvwdqfh/ wkh fulwhulrq zklfk lv vdwlv�hg e| wkh vlqjohwrqv/ dqg e| wkh vhwv D 5 S+H,
vxfk wkdw

{ 5 D> w � � i+{, � w � +7,
zlwk i> w � dqg w � �{hg/ dqg w � � w � gh�qhv wkh wkuhvkrog fulwhulrq dssolhg wr ixqfwlrq i 1

Olnhzlvh/ zkhq vsdfh H lv phwulf zlwk glvwdqfh g/ dqg htxlsshg zlwk d frqqhfwlrq F/ wkhq
wkh frqqhfwhg }rqhv D vxfk wkdw

{> | 5 D , mi +{,� i +|,m � ng+{> |,>
|lhog wkh n0Olsvfklw} fulwhulrq1

Qrwh wkdw d fulwhulrq � pd| eh vdwlv�hg ru uhixwhg rq vhw D dffruglqj wr uhdvrqv wkdw
lqyroyh d odujhu }rqh wkdq wkh uhvwulfwlrq ri i rq D1 Dq h{dpsoh derxw Olsvfklw} uhjlrqdo
frqqhfwlrqv lv jlyhq e| Uhodwlrq +54, ehorz1 Lq lpdjh surfhvvlqj/ rqh xvxdoo| vd|v wkdw dq
lpdjh ru d vhtxhqfh lv vhjphqwhg zkhq wkh grpdlq zkhuh lw lv gh�qhg kdv ehhq sduwlwlrqhg
lqwr krprjhqhrxv }rqhv lq dffrugdqfh zlwk d jlyhq fulwhulrq1 Wklv yhu| srsxodu gh�qlwlrq
dsshduv dv d ohlwprwly lq qxpehu ri lqwurgxfwlrqv wr wkh pdwwhu1 Vlqfh lw lqyroyhv sduwlwlrqv/
zh zloo eulh | uhfdoo wklv odvw qrwlrq
Gh�qlwlrq 6 Sduwlwlrq = Ohw H eh dq duelwudu| vhw1 D sduwlwlrq G ri H lv d pdsslqj { $
G+{, iurp H lqwr S+H, vxfk wkdw
+l, iru doo { 5 H = { 5 G+{,
+ll, iru doo {> | 5 H = G+{, @ G+|, ru G+{,WG+|, @ B

G+{, lv fdoohg wkh fodvv ri wkh sduwlwlrq ri ruljlq {1
Wkh vhw ri wkh sduwlwlrqv ri dq duelwudu| vhw H lv rughuhg dv iroorzv= d sduwlwlrq D lv vdlg

wr eh �qhu +uhvs1 frduvhu, wkdq d sduwlwlrq E zkhq hdfk fodvv ri D lv lqfoxghg lq d fodvv ri
E1 Wklv ohdgv wr d odwwlfh zklfk lv frpsohwh/ wkh frduvhvw hohphqw kdv rqh fodvv rqo|/ qdpho|
vhw H lwvhoi/ dqg wkh �qhvw sduwlwlrq kdv doo wkh vlqjohwrqv ri S+H, dv fodvvhv1
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Iljxuh 6= Vxsuhpxp ri wzr sduwlwlrqv

Jlyhq d idplo| ~G � > l 5 Lj ri sduwlwlrqv/ wkh pdsslqj G ri H lqwr S+H, zklfk lv gh�qhg
yld lwv fodvvhv

G+{, @ _iG � +{,> l 5 Lj
jhqhudwhv reylrxvo| d sduwlwlrq zkhuh iru doo { 5 H/ G+{, lv wkh odujhvw hohphqw ri S+H, wkdw
lv frqwdlqhg lq hdfk G � +{,1 Wkhuhiruh/ G lv wkh lqi ri wkh G � / lq wkh vhqvh ri wkh sduwlwlrq
odwwlfh1 Wkh h{suhvvlrq ri wkh vxsuhpxp lv pruh frpsoh{/ dqg G @ bG � phdqv wkdw iru doo
{ 5 H/ fodvv G+{, lv wkh vpdoohvw vhw frqwdlqlqj {/ vxfk wkdw iru hyhu| l 5 L dqg | 5 G+{,/
fodvv G � +|, lv lqfoxghg lq G+{, +vhh Iljxuh 6,1 Lq ^9;`/ Fk1 Urqvh kdv h{sodlqhg wkdw {
dqg | ehorqj wr wkh vdph fodvv ri wkh vxsuhpxp li dqg rqo| li wkhuh lv d fkdlq ri fodvvhv
iurp iG � +},> l 5 L> } 5 Hj ehjlqqlqj dw {/ hqglqj dw | dqg olqnlqj wkhp1 Wkh odwwlfh ri
doo sduwlwlrqv ri H lv qrw glvwulexwlyh +zklfk lv dq dfwxdo gudzedfn,/ exw lw kdv wkh xvhixo
surshuw| wr eh vxs0jhqhudwhg1 Wkh vxs0jhqhudwruv duh wkrvh sduwlwlrqv zlwk rqh fodvv ehlqj
d sdlu/ dqg wkh rwkhu fodvvhv vlqjohwrqv1

Khuh lv d edvlf h{dpsoh ri vhjphqwdwlrq= uhsuhvhqw wkh lpdjh xqghu vwxg| e| d qxphulfdo
ixqfwlrq i = H $ U zkhuh H lv d vhw htxlsshg zlwk d frqqhfwlrq/ wkhq i lv vhjphqwhg lqwr
 dw dqg frqqhfwhg }rqhv zkhq d sduwlwlrq G ri H lv fuhdwhg/ vxfk wkdw iru dq| { 5 H> wkh
fodvv G+{, lv wkh odujhvw frqqhfwhg vxevhw ri H lqfoxglqj srlqw { dqg rq zklfk ixqfwlrq i lv
frqvwdqw dqg htxdo wr i+{,1

Doo fulwhuld gr qrw ohqg wkhpvhoyhv wr vxfk qlfh sduwlwlrqlqj1 Vxssrvh/ iru lqvwdqfh/ wkdw
zh zlvk wr sduwlwlrq H lqwr ydulrxv }rqhv/ frqqhfwhg ru qrw/ zkhuh ixqfwlrq i lv Olsvfklw}
zlwk sdudphwhu n @ 41 Wzr qrq glvmrlqw }rqhv D dqg E pd| yhu| zhoo eh irxqg/ vxfk wkdw
wkh fulwhulrq lv vdwlv�hg rq D dqg rq E> exw qrw rq D^E +vhh Iljxuh 7,1 Lq wklv fdvh/ wkhuh lv
qr odujhvw }rqh frqwdlqlqj wkh srlqwv ri D dqg zkhuh wkh fulwhulrq eh vdwlv�hg1 Wkh Olsvfklw}
fulwhulrq grhv qrw |lhog d vhjphqwdwlrq1

Lq rwkhu zrugv/ wkh sduwlwlrqv uhihuuhg wr zlwk d vhjphqwdwlrq frqfhsw duh juhdwhvw rqhv/
l1h1 kdylqj wkh juhdwhvw fodvvhv1 Ehvlghv/ zh fdq dozd|v frqvwuxfw d vpdoohu sduwlwlrq/ qdpho|
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Iljxuh 7= Wklv ixqfwlrq lv Olsvfklw} lqvlgh vhwv D dqg E exw qrw lq wkhlu xqlrq1

wkh rqh wkdw uhgxfhv vsdfh S+H, rq doo lwv vlqjohwrqv i{j1 Wkhvh uhpdunv hqfrxudjh xv wr
uhsodfh wkh deryh srsxodu gh�qlwlrq e| d pruh irupdo h{suhvvlrq/ wkhuhiruh pruh suhflvh/ wr
wkh qrwlrq ri d vhjphqwdwlrq1
Gh�qlwlrq 7 Vhjphqwdwlrq= Jlyhq d ixqfwlrq i 5 I / dq duelwudu| vhw D � H dqg d fulwhulrq
�/ ohw iG � +D,> l 5 Lj eh wkh idplo| ri doo sduwlwlrqv ri vhw D lqwr krprjhqhrxv }rqhv ri i
dffruglqj wr �1 Wkh fulwhulrq � lv vdlg wr vhjphqw wkh ixqfwlrq i zkhq/

40 �^i> i{j` @ 4 iru doo i{j 5 S+H,>
50 idplo| iG � +D,j lv forvhg xqghu qrq0hpsw| vxsuhpxp1
Wkhq wkh vxsuhpxp sduwlwlrq jG � +D, gh�qhv wkh vhjphqwdwlrq ri i ryhu vhw D dffruglqj

wr fulwhulrq �=
Wklv gh�qlwlrq lv frqvlvwhqw= dffruglqj wr wkh �uvw d{lrp/ wkh sduwlwlrq ri D lqwr doo lwv

vlqjohwrqv ehorqjv wr wkh idplo| iG � +D,j/ zklfk/ wkhuhiruh/ lv qhyhu hpsw|1 Lq sduwlfxodu/
zkhq vhw D frlqflghv zlwk wkh vsdfh H ri gh�qlwlrq ri i / wkhq jG � +H, lv wkh pd{lpxp
sduwlwlrq ri wkh zkroh vsdfh1 Lq wkh deryh n0Olsvfklw} fulwhulrq lw lv suhflvho| wklv pd{lpxp
sduwlwlrq zklfk lv plvvlqj1 Wkh d{lrp �^i> i{j` @ 4 hqvxuhv xv wkdw zkdwhyhu fulwhulrq lv
frqvlghuhg/ wkhuh lv dozd|v dw ohdvw rqh zd| wr sduwlwlrq H lqwr }rqhv +wkh vlqjohwrqv, wkdw
vdwlvi| lw1 Wklv lv d frpsxovru| frqglwlrq wr eh deoh wr wkhq vshdn ri d odujhvw sduwlwlrq1

515 Uhplqghu rq vhw frqqhfwlrqv
Lq pdwkhpdwlfv/ wkh frqfhsw ri frqqhfwlylw| lv irupdol}hg lq wkh iudphzrun ri wrsrorjlfdo
vsdfhv dqg lv lqwurgxfhg lq wzr gl�huhqw zd|v1 Iluvw/ d vhw lv vdlg wr eh frqqhfwhg zkhq rqh
fdqqrw sduwlwlrq lw lqwr wzr qrq hpsw| forvhg vhwv ^56`1 Wklv �uvw dssurdfk/ ehfdxvh lw lv
yhu| jhqhudo/ grhv qrw ghulyh dq| dgydqwdjh iurp wkh srvvleoh uhjxodulw| ri vrph vsdfhv/ vxfk
dv wkh gljlwdo rqhv/ ru wkh Hxfolghdq rqhv1 Lq vxfk fdvhv/ wkh qrwlrq ri dufzlvh frqqhfwlylw|
wxuqv rxw wr eh pruh frqyhqlhqw1 Dffruglqj wr wklv qrwlrq/ d vhw D lv frqqhfwhg zkhq/ iru
hyhu| d> e 5 D/ wkhuh h{lvwv d frqwlqxrxv pdsslqj # iurp ^3> 4` lqwr D vxfk wkdw #+3, @ d

47



dqg #+4, @ e1 Dufzlvh frqqhfwlylw| lv pruh uhvwulfwlyh wkdq wkh jhqhudo rqh> krzhyhu/ lq U � /
dq| rshq vhw zklfk lv frqqhfwhg lq wkh jhqhudo vhqvh lv dovr dufzlvh frqqhfwhg1

D edvlf uhvxow jryhuqv wkh phdqlqj ri frqqhfwlylw| > qdpho|/ wkh xqlrq ri frqqhfwhg vhwv
zkrvh lqwhuvhfwlrq lv qrw hpsw| lv vwloo frqqhfwhg =

iD � frqqhfwhgj dqg
q
_D � 9@ Û

r

,
q
^D � frqqhfwhg

r

+8,
Lq 4<;;/ M1 Vhuud dqg J1 Pdwkhurq sursrvhg d qhz dssurdfk wr frqqhfwlylw| +^:8`/ fk15 dqg
:, zkhuh wkh| wrrn Ht1+8, dv d vwduwlqj srlqw dqg qrw dv d frqvhtxhqfh/ dqg zkhuh wkh|
lqwurgxfhg wkh zrug frqqhfwlrq wr pdun wkh gl�huhqfh irup wkh xvxdo frqqhfwlylwlhv +e|
wklv wlph/ qhduo| 4<;804<;9/ J1 Pdwkhurq kdg mxvw irupdol}hg klv wkhru| ri pruskrorjlfdo
�owhulqj +^:8`/ fk19, dqg wkh wzr dxwkruv zhuh orrnlqj iru wkh ghvljq ri �owhuv wkdw eh erwk
pruskrorjlfdo dqg frqqhfwhg +^:8`/ fk1:, ,1
Gh�qlwlrq 8 Frqqhfwlrq = Ohw H eh dq duelwudu| qrq hpsw| vsdfh1 Zh fdoo frqqhfwhg fodvv
ru frqqhfwlrq F dq| idplo| lq S+H, vxfk wkdw

+r, Û 5 F
+l, iru doo { 5 H/ i{j 5 F
+ll, iru hdfk idplo| iF � / l 5 Lj lq F/ _ � F � 9@Û lpsolhv ^ � F � 5 F1
Edvhg rq wklv gh�qlwlrq/ dq| vhw F ri d frqqhfwhg fodvv F lv vdlg wr eh frqqhfwhg1 Lq

dgglwlrq/ wkh hpsw| vhw dv zhoo dv wkh vlqjohwrqv i{j> { 5 H duh dozd|v frqqhfwhg1 Lw lv fohdu
wkdw vxfk d gh�qlwlrq grhv qrw uhtxluh dq| wrsrorjlfdo edfnjurxqg1 Wkh fodvvlfdo qrwlrqv +h1j1
frqqhfwlylw| edvhg rq gljlwdo ru Hxfolghdq dufv, duh lqghhg sduwlfxodu fdvhv1

Jlyhq d vhw D 5 S+H, dqg d srlqw { 5 D/ d{lrp +ll, vxjjhvwv wkdw rqh sd|v d vshfldo
dwwhqwlrq wr wkh +vwloo frqqhfwhg, xqlrq � � +D, ri doo frqqhfwhg frpsrqhqwv frqwdlqlqj { dqg
lqfoxghg lq D

� � +D, @ ^iF> F 5 F> { 5 F � Dj= +9,
Wkh vhw rshudwru � � lv reylrxvo| dq rshqlqj1 Khuh wkh hpskdvlv lv sxw rq wkh olqn

ehwzhhq frqqhfwlrqv dqg rshqlqj rshudwlrqv/ wkdw pdnhv pruh suhflvh wkh iroorzlqj wkhruhp
+^:8`/ fk15,=
Wkhruhp 9 Wkh gdwxp ri d frqqhfwhg fodvv F rq S+H, lv htxlydohqw wr wkdw ri d idplo|
i� � > { 5 Hj ri rshqlqjv vxfk wkdw

+lll, iru doo { 5 H/ zh kdyh � � +{, @ i{j
+ly, iru doo D � H/ {> | 5 H/ � � +D, dqg � � +D, duh htxdo ru glvmrlqw
+y, iru doo D � H/ dqg doo { 5 H/ zh kdyh { @5 D , � � +D, @ Û=
Wkh � � v duh fdoohg wkh srlqw frqqhfwhg rshqlqjv ri frqqhfwlrq F 1
Lq dgglwlrq/ hdfk � � / dv dq rshqlqj rq S+H,/ lv e| gh�qlwlrq dq lqfuhdvlqj/ dqwl0h{whqvlyh

dqg lghpsrwhqw rshudwru1 Vhyhudo frqqhfwlrqv fdq eh gh�qhg rq vhw H/ vxfk dv
+d, Jlyhq dq h{whqvlyh glodwlrq � rq S+H, dqg d �uvw frqqhfwlrq F rq S+H,/ vxfk wkdw

�+i{j 5 F iru doo { 5 H/ wkh vhw ri doo [ 5 S+H, vxfk wkdw �+[, 5 F irupv d vhfrqg0fodvv
frqqhfwlrq frqwdlqlqj F>

48



Iljxuh 8= ohiw = Frqqhfwlrq jhqhudwhg e| d sduwlwlrq +wkh olqhv,1 Wkh frqqhfwhg frpsrqhqw
ri vhw D dw srlqw { lv wkh xqlrq ri wkh wzr dufzlvh glvmrlqw eorev ri D _ G � 1 Uljkw = wkh
sduwlfohv ri hdfk foxvwhu ehorqj wr d vhfrqg ohyho frqqhfwlrq1

+e, Jlyhq d sduwlwlrq G ri wkh vsdfh/ doo wkh vxevhwv ri hdfk fodvv G+{,> { 5 H/ ri wkh
sduwlwlrq jhqhudwh d idplo| forvhg xqghu xqlrq +^:8`/ fk15,1 Khqfh zh kdyh wkh frqqhfwlrq

F @ iD_G+{,> { 5 H>D 5 S+H,j
Wkh frqqhfwhg frpsrqhqw � � +D, htxdov wkh lqwhuvhfwlrq D _ G+{, ehwzhhq D dqg wkh

fodvv ri wkh sduwlwlrq dw srlqw {1 Wklv whfkqltxh zloo eh frqvwdqwo| xvhg lq wkh qh{w wkuhh
vhfwlrqv1

Khuh duh wkuhh edvlf surshuwlhv ri wkh vhw frqqhfwlrqv +surriv pd| eh irxqg lq ^;3` iru wkh
�uvw surshuw|/ dqg dovr lq ^9;` zlwk d ghvfulswlrq ri wkh vxsuhpxp/ dqg lq +^:8`/ fk15, iru wkh
odvw wzr,1

� Odwwlfh ri wkh Frqqhfwlrqv = Wkh vhw ri doo frqqhfwlrqv rq S+H, lv forvhg xqghu
lqwhuvhfwlrq > lw lv hyhq d frpsohwh odwwlfh lq zklfk wkh vxsuhpxp ri d idplo| iF � l 5 Lj
lv wkh ohdvw frqqhfwlrq frqwdlqlqj ^ � F � 1

� Frqqhfwlrq Sduwlwlrqlqj Wkhruhp = Ohw F eh d frqqhfwlrq rq S+H, ri frqqhfwhg
rshqlqjv ~� � / { 5 Hj1 Iru hdfk vhw D � H wkh rshqlqjv ~� � +D,/ { 5 Hj vxeglylgh D
dffruglqj wr wkh odujhvw srvvleoh sduwlwlrq lqwr frpsrqhqwv ri fodvv F 1 Wklv rshudwlrq
lv lqfuhdvlqj lq wkdw li D � D � / wkhq dq| frqqhfwhg frpsrqhqw ri D lv xsshu0erxqghg
e| d frqqhfwhg frpsrqhqw ri D � 1

� Lqfuhdvlqjqhvv = Li F dqg F � duh wzr frqqhfwlrqv rq S+H, zlwk F � F � / wkhq hyhu|
F � 0frpsrqhqw ri D lv wkh vxsuhpxp ri wkh F0frpsrqhqw ri D wkdw lw pdmrudwhv1 Khqfh/
wkh sduwlwlrqv ri d jlyhq vhw e| gl�huhqw frqqhfwlrqv lqfuhdvh zlwk wkh frqqhfwlrqv1

Wkh uhdghu zloo �qg d qxpehu ri rwkhu lqvwuxfwlyh frqqhfwlrqv lq ^;5`/ lq ^9;`/ dqg lq ^67`1
Lq ^9;`/ dq dowhuqdwlyh +dqg htxlydohqw, d{lrpdwlf kdv ehhq sursrvhg e| Fk1 Urqvh1 D olqn
ehwzhhq frqqhfwlrq dqg vhjphqwdwlrq kdv ehhq sursrvhg e| G1Jdwlfd0Shuh} hw do lq ^5<`/ lq
sduwlfxodu iru uhjlrq phujlqj dojrulwkpv/ e| phdqv ri h{whqvlyh rshudwruv1
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Klvwrulfdoo| vshdnlqj/ wkh qxpehu ri dssolfdwlrqv ru ri wkhruhwlfdo ghyhorsphqwv zklfk zdv
vxjjhvwhg +dqg shuplwwhg, e| Wkhruhp 9 gxulqj wkh qlqhwlhv lv frqvlghudeoh1 Wkh uhihuhqfhv
^98` ^:5` ^<7` ^7:` ^89` ^57`/ dprqj pdq| rwkhuv/ vkrz wkdw lw kdv rshqhg wkh zd| wr dq
remhfw0rulhqwhg dssurdfk wr vhjphqwdwlrq/ frpsuhvvlrq dqg xqghuvwdqglqj ri vwloo dqg prylqj
lpdjhv1

Wkh| dovr vkrz krz iuxlwixo duh wkh h{fhswlrqdo surshuwlhv ri wkh frqqhfwhg �owhuv1 Krz0
hyhu/ wkh yhu| uhdvrq iru vxfk d ihfxqglw|/ zklfk olhv lq Wkhruhp ; ehorz/ zdv qhyhu eurxjkw
wr oljkw1

516 Frqqhfwlyh fulwhuld dqg vhjphqwdwlrq wkhruhp
Zkdw duh wkh frqglwlrqv wkdw d fulwhulrq � pxvw vdwlvi| wr eh d vhjphqwdwlrq wrroB Wkh qhhg
iru odujhvw sduwlwlrqv rulhqwv xv wrzdugv d frqqhfwlrq edvhg dssurdfk/ yld wkh frqfhsw ri d
frqqhfwlyh fulwhulrq1
Gh�qlwlrq : Frqqhfwlyh fulwhulrq1 D fulwhulrq � = I�S+H,$ i3> 4j lv frqqhfwlyh zkhq
iru hdfk i 5 I wkh vhwv D vxfk wkdw �^i>D` @ 4 irup d frqqhfwlrq/ l1h1 zkhq

40 � lv vdwlv�hg rq wkh fodvv V ri wkh vlqjohwrqv dqg e| wkh hpsw| vhw/
;i 5 I > i{j 5 V @, �^i> i{j` @ 4

50 dqg zkhq iru dq| ixqfwlrq i 5 I dqg iru doo idplolhv iD � j ri S+H, iru zklfk wkh
fulwhulrq � lv vdwlv�hg> zh kdyh

_D � 9@ > dqg a�^i>D � ` @ 4 , �^i>^D � ` @ 4= +:,
Lq rwkhu zrugv/ zkhq d frqqhfwlyh fulwhulrq � lv vdwlv�hg e| d ixqfwlrq i rq d idplo|

iD � j ri uhjlrqv ri wkh vsdfh/ dqg li doo wkhvh uhjlrqv kdyh rqh frpprq srlqw/ wkhq lw lv dovr
vdwlv�hg rq wkh xqlrq ^ � D � 1 D }rqh D lv vdlg wr eh krprjhqhrxv dffruglqj wr i dqg � zkhq
�^i>D` @ 4= Vlploduo|/ zkhq �^i>G+{,` @ 4 iru doo wkh fodvvhv G+{,> { 5 H ri d sduwlwlrq G/
wkhq G lv vdlg wr vdwlvi|/ ru wr ixo�oo fulwhulrq �1

Wkh iroorzlqj nh| wkhruhp/ zklfk lv d frqvhtxhqfh ri wkh deryh frqqhfwlrq sduwlwlrq0
lqj wkhruhp/ fkdudfwhul}hv wkh vhjphqwdwlrq surfhvvhv e| lghqwli|lqj wkhp zlwk fodvvhv ri
frqqhfwlrqv1
Wkhruhp ; Frqvlghu wzr duelwudu| vhwv H dqg W / dqg d idplo| I ri ixqfwlrqv i = H $ W
dqg ohw � eh d fulwhulrq rq fodvv I 1 Wkhq wkh wkuhh iroorzlqj vwdwhphqwv duh htxlydohqw=

41 Fulwhulrq � lv frqqhfwlyh>
51 Iru hdfk ixqfwlrq i 5 I/ wkrvh vhwv rq zklfk fulwhulrq � lv vdwlv�hg frqvwlwxwh d

frqqhfwlrq F
F @iD m D 5 S+H, dqg �^i>D` @ 4j= +;,

61 Fulwhulrq � vhjphqwv doo ixqfwlrqv ri wkh idplo| I1
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Surri1 Ohw F gh�qhg e| Uho1+;,1 E| Gh�qlwlrq 5 +ri d fulwhulrq,/ zh dozd|v uhtxluh wkdw
> 5 F +lwhp +r, ri Gh�qlwlrq 8,1

Ohw �+F, eh wkh idplo| ri sduwlwlrqv ri H zkrvh fodvvhv ehorqj wr F1 Zh revhuyh wkdw
lwhp 6/ l1h1 wkh idfw wkdw fulwhulrq � vhjphqwv i / phdqv e| Gh�qlwlrq 7 wkdw �+F, lv forvhg
xqghu vxsuhpd/ lq sduwlfxodu wkh ohdvw srvvleoh sduwlwlrq/ wkdw lv wkh rqh zkrvh fodvvhv duh doo
vlqjohwrqv/ ehorqjv wr �+F,1

+4 / 5, Lwhpv 4 dqg 5 ri Gh�qlwlrq : duh htxlydohqw wr lwhpv +l, dqg +ll, ri Gh�qlwlrq 8/
dqg lwhp +r, ri Gh�qlwlrq 8 krogv dq|zd|1

+5 , 6, Li F lv d frqqhfwlrq/ wkhq F frqwdlqv doo vlqjohwrqv/ vr wkh hpsw| vxsuhpxp
lq �+F,/ wkdw lv wkh ohdvw hohphqw ri wkh odwwlfh ri sduwlwlrqv +wkh sduwlwlrq zlwk vlqjohwrq
fodvvhv, ehorqjv wr �+F,1 Frqvlghu qrz d qrq0yrlg idplo| G � > l 5 L ri hohphqwv ri �+F,/ dqg
ohw G @ Z

����� G � eh wkhlu vxsuhpxp1 Zh fdq ghfrpsrvh hdfk fodvv ri G lqwr lwv F0frqqhfwhg
frpsrqhqwv/ dqg pdnh d sduwlwlrq G � iurp wkhp> vr G � � G dqg G � 5 �+F,1 Iru l 5 L/
hyhu| fodvv G � +{, lv lqfoxghg lq d fodvv G+|, ri G> exw G � +{, 5 F vr G � +{, lv lqfoxghg lq d
frqqhfwhg frpsrqhqw ri G+|,/ lq rwkhu zrugv lq d fodvv G � +}, ri G � 1 Wkxv G � � G � iru doo
l 5 L/ vr G @ Z

����� G � � G � 1 Zh frqfoxgh wkdw G @ G � / khqfh G 5 �+F,1 Vr �+F, lv forvhg
xqghu vxsuhpd1

+6 , 5, > 5 F dq|zd| +vhh deryh,1 Li �+F, lv forvhg xqghu vxsuhpd/ wkhq lw frqwdlqv
wkh ohdvw srvvleoh sduwlwlrq/ wkdw lv wkh rqh zkrvh fodvvhv duh doo vlqjohwrqv> khqfh F frqwdlqv
doo vlqjohwrqv1 Qrz ohw F � > l 5 L eh d qrq0yrlg idplo| ri hohphqwv ri F zlwk d qrq hpsw|
lqwhuvhfwlrq= s 5 W

����� F � iru vrph s 5 H1 Wr hdfk F � zh dvvrfldwh wkh sduwlwlrq G � zkrvh
fodvvhv duh F � dqg doo wkh vlqjohwrqv i{j iru { 5 HqF � 1 Ohw [ @ Z

����� F � dqg G @ Z

����� G � 1
Fohduo|/ hdfk G � 5 �+F,/ dqg dv �+F, lv forvhg xqghu vxsuhpd/ zh jhw G 5 �+F,1 Iru
{ 5 Hq[/ i{j lv d fodvv ri hdfk G � > l 5 L/ vr i{j lv d fodvv ri G1 Iru { 5 [/ zh kdyh { 5 F �

iru vrph l 5 L/ vr { lv lq wkh vdph fodvv dv s +qdpho| F� , iru wkh sduwlwlrq G � / vr { dqg s
duh lq wkh vdph fodvv iru wkh vxsuhpxp sduwlwlrq G> wkxv [ lv lqfoxghg lq wkh fodvv G+s, ri
s lq G> exw wkh srlqwv { 5 Hq[ duh qrw lq G+s, +vhh deryh,/ vr G+s, @ [/ dqg dv G 5 �+F,/
zh jhw [ 5 F1 Zh kdyh wkxv suryhg wkdw F vdwlv�hv wkh 6 lwhpv ri Gh�qlwlrq 8/ vr F lv d
frqqhfwlrq1

Lq jhqhudo wkh fodvv dw srlqw { ri d vxsuhpxp j G � ri sduwlwlrqv lv qrw ^ � G � +{,=Zh duh
khuh lq wklv idyrxudeoh fdvh ehfdxvh hdfk sduwlwlrq G �

� frqwdlqv rqh qrq0srlqw fodvv dw prvw1
Lq sduwlfxodu/ wkh vhjphqwdwlrq ri ixqfwlrq i ryhu wkh zkroh vhw H dqg dffruglqj wr wkh
frqqhfwlyh fulwhulrq � lv wkh sduwlwlrq G � zkrvh fodvv dw srlqw { lv jlyhq e|

G � +{, @ ^iD = D 5 S+H,> { 5 D>�^i>D` @ 4j { 5 H= +<,
Qrwh wkdw G � +{, lv wkh frqqhfwhg frpsrqhqw � � +H, dffruglqj wr wkh frqqhfwlrq F gh�qhg e|
Ht1+;,1 Rqh zloo qrwlfh wkdw Wkhruhp ; frxog qrw eh vwdwhg e| phdqv ri wkh fodvvlfdo dufzlvh
frqqhfwlylw| rqo|= rqh fdq hdvlo| �qg vhjphqwdwlrq fulwhuld wkdw gr qrw lqyroyh sdwkv/ vxfk
dv wkh mxps frqqhfwlrq suhvhqwhg ehorz1 Dv d pdwwhu ri idfw/ wkh pruh jhqhudo frqfhsw ri d
frqqhfwlrq lv h{dfwo| uljkw iru wkh wkhruhp wr zrun1

Lqghhg/ Wkhruhp ; ehorqjv wr wklv fdwhjru| ri jr0ehwzhhqv iurp dq devwudfw gh�qlwlrq/
kdug wr lpsohphqw +pxvw zh fdofxodwh doo sduwlwlrqv iru fkhfnlqj zkhwkhu wkhuh lv d odujhu
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rqhB, dqg d pruh �orfdo� qrwlrq zklfk ehwwhu ohqgv lwvhoi wr hdv| ydolgdwlrqv1 Exw wkh wkhruhp
grhv qrw surylgh e| lwvhoi dq| uhflsh wr �qg qlfh frqqhfwlyh fulwhuld1

517 Fodvv shupdqhqf|
Wkh vwuhqjkw ri Wkhruhp ; olhv lq wkdw lw surylghv dq| vxe0vsdfh D � H +dqg qrq rqo| ri wkh
zkroh vsdfh, zlwk d odujhvw sduwlwlrq/ vlqfh wkh vhw H lqyroyhg lq wkh wkhruhp lv duelwudu|1
Uhpdun dovr wkdw/ jlyhq dq| sduwlwlrq G ri H/ wkdw lv qrw dvvxphg wr ehorqj wr wkh idplo|
jhqhudwhg e| fulwhulrq �/ Wkhruhp ; dvvrfldwhv d odujhvw sduwlwlrq G � ri wkh idplo| dqg vxfk
wkdw G � � G1

Lq sudfwlfh/ wkh vhw H ryhu zklfk ixqfwlrq i lv gh�qhg lv riwhq nqrzq wkurxjk uhodwlyho|
vpdoo zlqgrzv/ fdoohg pdvnv1 D w|slfdo h{dpsoh lv jlyhq e| wkh wudyholqj ri d WY fdphud1
Wkhq d vdph remhfw V wkdw zh zlvk wr vhjphqw pd| dsshdu lqvlgh wzr glvwlqfw pdvnv/ \ dqg
] vd|1 E| plqlpl}lqj d ixqfwlrqdo ryhu hdfk pdvn wkh ixqfwlrqdo phwkrgv uxq wkh ulvn wr
jhqhudwh wzr gl�huhqw frqwrxuv iru v/ dffruglqj wr wkh pdvn1 Exw zkhq zh wu| wr ryhufrph
wklv gudzedfn e| vwdwlqj/ lq wkh yhu| Gh�qlwlrq 7/ wkdw wkh vhjphqwdwlrq frqfhsw krogv rq
doo srvvleoh vxe0vhwv ri H> duh zh vxuh wkdw li d vhjphqwhg remhfw olhv lq wzr gl�huhqw pdvnv/
lw h{klelwv wkh vdph frqwrxu dw erwk sodfhvB
Sursrvlwlrq < Frqvlghu d frqqhfwlyh fulwhulrq �/ d ixqfwlrq i / wzr pdvnv \ dqg ] ri H/
dqg d srlqw { 5 \ _ ]1 Ohw G � +\ , +uhvs1G � +],, eh wkh vhjphqwhg fodvv ri \ +uhvs1ri ], dw
srlqw {1 Wkhvh wzr fodvvhv duh htxdo/ l1h1

G � +\ , @ G � +], +43,
li dqg rqo| li G � +], olhv lq \ dqg G � +], olhv lq ] l1h1

G � +\ , � ] dqg G � +], � \ +44,
Surri1 +44, , +43, Rq wkh rqh kdqg zh kdyh { 5 G � +\ , � ]> dqg rq wkh rwkhu rqh/

vhw G � +], lv wkh xqlrq ri doo vxevhwv ri ] frqwdlqlqj { dqg zkhuh � lv vdwlv�hg1 Wkhuhiruh
G � +\ , � G � +],1 E| wkh vdph uhdvrqlqj dssolhg wr pdvn \> zh rewdlq wkh lqyhuvh lqfoxvlrq/
zklfk uhvxowv lq Htxdolw| +43,1

+43,, +44, wklv lpsolfdwlrq lv vwudljkwiruzdug li zh revhuyh wkdwG � +\ , � \ dqgG � +], �
]=

Dq lqvwuxfwlyh fdvh dulvhv zkhq zh wdnh iru vhw \ wkh zkroh vsdfh H1 Wkh deryh sursrvl0
wlrq vwdwhv wkhq wkdw wkh orfdo vhjphqwdwlrqG � +],> lq pdvn ]/ htxdov wkh ryhudoo rqh/ G � +H,>
dv vrrq dv G � +H, � ]1 Vxfk d uhvxow wxuqv rxw wr eh pruh irupdo wkdq sudfwlfdo/ vlqfh wkh
sureohp rffxuv suhflvho| zkhq zh fdqqrw dffhvv i ryhu wkh zkroh vhw H1 Lqghhg/ Sursrvlwlrq
< hqvxuhv d jrrg vhjphqwdwlrq frqvlvwhqf| lqvlgh uhodwlyho| forvhg pdvnv1 Exw lw qhhgv pruh
dvvxpswlrqv wr eh h{wudsrodwhg iurp orfdo wr joredo1

Zh qrz eulh | dqdo|vh wkh sureohp ri wkh lghqwl�fdwlrq G � +], @ G � +H,/ zkhq H lv wkh
Hxfolghdq vsdfh U � / dqg zkhq fulwhulrq � lv frqglwlrqqdoo| ghfuhdvlqj1
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Gh�qlwlrq 43 D frqqhfwlyh fulwhulrq � rq d ixqfwlrq i = U � $ W +W dq duelwudu| vhw, lv
vdlg wr eh frqglwlrqqdoo| ghfuhdvlqj zkhq

41 hyhu| fodvv vhjphqwhg dffruglqj wr � lv dufzlvh frqqhfwhg>
51 �^i>D` @ 4 dqg E � D/ zkhuh vhw E lv dufzlvh frqqhfwhg/ lpso| wkdw �^i>E` @ 4
Vxfk d ghfuhdvlqjqhvv lv qrw dozd|v wuxh1 Iru h{dpsoh/ lw lv vdwlv�hg e| erwk fulwhuld ri

frqqhfwhg  dw }rqhv dqg vprrwk frqqhfwlrq/ exw qrw e| wkdw ri txdvl0 dw }rqhv1
Sursrvlwlrq 44 Ohw � eh d frqglwlrqqdoo| ghfuhdvlqj frqqhfwlyh fulwhulrq rq d ixqfwlrq
i = U � $ W / ohw ] eh d vhw lq U � dqg { 5 U � 1 Li wkh vhjphqwhg fodvv G � +], ri ] dw srlqw {
lv vwulfwo| lqfoxghg lq pdvn ] l1h1 li wkhuh h{lvwv dq % A 3 vxfk wkdw

G � +],� %
�

E � ]> +45,
wkhq lw lv htxdo wr wkh fodvv dw srlqw { iru wkh ryhudoo vsdfh U �

G � +], @ G � +U � ,=
Surri1 Jlyhq {/ wkh pdsslqj ] $ G � +], iurp S+U � , lqwr lwvhoi lv lqfuhdvlqj/ khqfh

G � +], � G � +U � ,1 Zh vsolw wkh vhjphqwhg fodvv G � +U � , lqwr wkuhh glvmrlqw vhwv=
42 D � lv wkh dufzlvh frpsrqhqw ri G � +U � , _ ] frqwdlqlqj G � +],>
52 D � @ +G � +U � , _ ],qD � >
62 D � @ G � +U � ,q]=
E| frqglwlrqdo ghfuhdvlqjqhvv/ �^i>D � ` @ 4 / dqg dv { 5 D � � ]/ zlwk D � duf0frqqhfwhg/

zh ghulyh D � @ G � +],1 Vxssrvh wkdw G � +], 9@ G � +U � ,/ wkdw lv D � ^D � 9@ >/ dqg ohw � = ^3> 4`
$ G � +U � , eh d sdwk zlwk �+3, @ { dqg �+4, 5 D � ^D � 1 Ohw

w � @ vxsiv 5 ^3> 4` m ^3> v` � � �
� +D � ,j=

Wkxv ^3> w � ^� � �
� +D � ,1 Li w � 5 � �

� +D � ,/ wkhq wkh uhvwulfwlrq ri � wr ^3> w � ` frqqhfwv D � wr D �

lq D � ^D � � ]/ zklfk frqwudglfwv wkh idfw wkdw D � lv d frqqhfwhg frpsrqhqw ri G � +U � ,_]1
Li w � 5 � �

� +D � ,/ wkhq �+w � , lv d srlqw ri D � dgkhuhqw wr D � / vr dw d glvwdqfh 3 iurp D � /
frqwudglfwlqj Lqfoxvlrq +45,1 Wkxv w � 5 � �

� +D � ,1 Dv �+w � , 5 D � / lw lv dw glvwdqfh � % iurp D � /
dqg dv � lv frqwlqxrxv/ ^w � > w � .%@5` lv glvmrlqw iurp � �

� +D � ,/ wkxv ^w � > w � .%@5` � � �
� +D � ^D � ,1

Wkhq iru w � 5`w � 
 > w � . %@5^/ wkh uhvwulfwlrq ri � wr ^3> w � ` lv d sdwk mrlqlqj D � wr D � zlwklq
D � ^D � � ]/ djdlq d frqwudglfwlrq1

518 Odwwlfh ri wkh frqqhfwlyh fulwhuld
Zh qrz vwxg| wkh orjlfdo vwuxfwxuh ri wkh ydulrxv frqqhfwlyh fulwhuld zh fdq dsso| wr i 1 Wkh
fodvv 	 ri doo frqqhfwlyh fulwhuld rq ixqfwlrq i lv rughuhg e| wkh rughulqj ri wkh frqqhfwlrqv
wkh| lqgxfh rq vsdfh S+H,/ dqg wklv rughulqj |lhogv d frpsohwh odwwlfh zkhuh wkh lq�pxp lv
qrwklqj exw wkh orjlfdo lqwhuvhfwlrq1 Pruh suhflvho|
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Sursrvlwlrq 45 Wkh idplo| 	 ri doo frqqhfwlyh fulwhuld irupv d frpsohwh odwwlfh1 Lq wklv
odwwlfh/ wkh lq�pxp ri d idplo| i� � / l 5 Lj fruuhvsrqgv wr wkh orjlfdo lqwhuvhfwlrq ri wkh
fulwhuld> wkh vxsuhpxp lv wkh vpdoohvw frqqhfwlyh fulwhulrq odujhu wkdq hdfk � � / l 5 L1

Surri1 Frqvlghu d idplo| i� � / l 5 Lj ri frqqhfwlyh fulwhuld1 Ghqrwh e| D wkh vhw ri
wkrvh vhwv iru zklfk doo fulwhuld ri wkh idplo| duh vlpxowdqhrxvo| vdwlv�hg/ dqg e| � @ a� � wkh
lq�pxp +ru orjlfdo lqwhuvhfwlrq, ri doo fulwhuld � � l1h1 iru dq| ixqfwlrq i 5 I zh kdyh

D 5 D / �^i>D` @ a� � +i>D, @ 4= +46,
Fodvv D lv wkh lqwhuvhfwlrq ri wkh frqqhfwlrqv jhqhudwhg e| doo � � / khqfh lv lwvhoi d frqqhfwlrq
^9;`/ ^;3`/ vr wkdw 	 lv dq lqi vhpl0odwwlfh1 Qrz/ 	 dgplwv d odujhvw hohphqw � ����� / qdpho|

� ����� +i>D, @ 4 iru doo D 5 S+H,
khqfh 	 wxuqv rxw wr eh d frpsohwh odwwlfh1 Li F � vwdqgv iru wkh frqqhfwlrq dvvrfldwhg zlwk
fulwhulrq � � / wkhq wkh vxsuhpxp � � ri idplo| i� � / l 5 Lj lv wkh frqqhfwlyh fulwhulrq zkrvh
dvvrfldwhg frqqhfwlrq lv wkh vpdoohvw xsshu erxqg ri doo F � / l 5 L1

Wkh vpdoohvw hohphqw � ��� � ri odwwlfh 	 lv wkdw zklfk/ iru doo i 5 I / lv ixo�oohg e| wkh
hpsw| vhw dqg e| wkh vlqjohwrqv rqo|/ dqg wkh odujhvw hohphqw � ����� wkdw zklfk lv vdwlv�hg e|
doo D 5 S+H,1

Frqvlghu Sursrvlwlrq 45 iurp wkh srlqw ri ylhz ri wkh sduwlwlrqv1 Zh kdyh vhhq wkdw d
sduwlwlrq G � lv vpdoohu wkdq dqrwkhu/ G � � G� vd|/ zkhq wkh fruuhvsrqglqj fodvvhv dw hdfk
srlqw { 5 H vdwlvi| wkh lqfoxvlrq

G � +{, � G� +{, { 5 H /
wkhuhiruh/ zh kdyh � � � � � li dqg rqo| li G � � G� 1 Krzhyhu/ zh kdyh dq lqfuhdvlqj pdsslqj
iurp fulwhuld wr vhjphqwdwlrqv/ zklfk lv qrw d odwwlfh lvrprusklvp1 Wkh vhjphqwhg fodvv
G � +{, ri � @ a� � dw srlqw { pd| qrw frlqflgh zlwk _ � G � +{,/ dowkrxjk wkh vhw _ � G � +{, lv wkh
fodvv +dw srlqw {, ri wkh lq�pxp ri doo juhdwhvw sduwlwlrqv G � dvvrfldwhg zlwk wkh � � fulwhuld1
Pruh suhflvho|/ zh kdyh

G � +{, @ ^iE m { 5 E> a� � ^i>E` @ 4j
� ^iE m { 5 E> � � ^i>E` @ 4j @ G � +{, iru doo l 5 L=

Dv wklv lqfoxvlrq lv wuxh iru doo l 5 L> zh �qdoo| rewdlq
G � +{, � _ � G � +{, +47,

l1h1 wkh juhdwhvw sduwlwlrq G � dvvrfldwhg zlwk a� � lv vpdoohu wkdq wkh lq�pxp iG � ri wkh
juhdwhvw sduwlwlrqv dvvrfldwhg zlwk hdfk fulwhulrq � � 1 Iljxuh 9 ghslfwv wzr h{dpsohv zklfk
vkrz wkdw Lqfoxvlrq +47, pd| eh vwulfw1 Lq wkh �uvw h{dpsoh/ zh kdyh wr ghdo zlwk d frorxu
lpdjh/ lq UJE uhsuhvhqwdwlrq/ lq wkh Hxfolghdq sodqh1 D �uvw fulwhulrq h{wudfwv wkh dufzlvh
frqqhfwhg frpsrqhqwv ri wkh sodqh zkhuh wkh uhg edqg lv deryh Wkuhvkrog u � +soxv wkh
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Iljxuh 9= d, d el0frorxuhg ixqfwlrq kdv ehhq wkuhvkroghg1 Wkh hoolsvh +uhvs1 fuhvfhqw, lv wkh
frqqhfwhg frpsrqhqw ri wkh uhg +uhvs1 juhhq, wkuhvkrog dw srlqw {> e, jlyhq d ixqfwlrq i dqg
d ydoxh d/ d yhuwlfdo +uhvs1 krul}rqwdo, olqh lv d frqqhfwhg frpsrqhqw li lw kdv rqh srlqw | dw
ohdvw zkhuh i+|, � d1

vlqjohwrqv,1 Wklv jlyhv wkh hoolsvh ri Iljxuh 9d1 D vhfrqg fulwhulrq dfwv vlploduo| iru wkh
juhhq edqg/ zklfk uhvxowv lq wkh fuhvfhqw1 Wkh lq�pxp ri wkh wzr fulwhuld fruuhvsrqgv wr wkh
dufzlvh frqqhfwhg frpsrqhqwv zkhuh erwk uhg dqg juhhq edqgv duh deryh wkhlu uhvshfwlyh
wkuhvkrogv> wkh fodvv G � +{, ri wkh lq�pxp dw srlqw { lv wkh vhw E/ zklfk lv vwulfwo| vpdoohu
wkdq wkh lqwhuvhfwlrq D ^E ri wkh wzr uhg dqg juhhq fodvvhv dw wkh vdph srlqw {1

Wkh vhfrqg h{dpsoh lv wkh frqfhuq ri ruwkrjrqdo surmhfwlrqv +vhh Iljxuh 9e,1 Jlyhq d
qxphulfdo ixqfwlrq i lq U � dqg d qxpehu d/ sxw � � ^i>E` @ 4 li E lv d vlqjohwrq/ ru li E lv
dufzlvh frqqhfwhg/ dqg li hdfk | 5 E ehorqjv wr d yhuwlfdo vwudljkw olqh G� � E zkhuh rqh
fdq �qg d srlqw } 5 G� zlwk i+}, � d1 Fulwhulrq � � lv frqqhfwlyh/ dv zhoo wkh htxlydohqw
rqh/ � � vd|/ iru krul}rqwdo olqhv1 Li wkh wzr sduwlwlrqv G � dqg G � kdyh qrw wkh zkroh sodqh
dv xqltxh fodvv/ wkhq G � +uhvs1G � , lv frpsrvhg ri yhuwlfdo +uhvs1 krul}rqwdo, vwulshv/ dqg wkh
fodvvhv ri G � iG � irup uhfwdqjohv/ zkhuhdv wkh sduwlwlrq G � dvvrfldwhg zlwk � � a � � lv wkdw
ri wkh vlqjohwrqv1

Qrwh wkdw dowkrxjk vsdfh H lv qrw d sulrul htxlsshg zlwk dq| frqqhfwlrq/ wkh gdwxp ri
d frqqhfwlyh fulwhulrq � soxv wkdw ri d ixqfwlrq i vxssolhv d frqqhfwlrq wr H1 Qrz/ li H lv
douhdg| htxlsshg zlwk vrph frqqhfwlrq F � / wkhq wkh sursrvlwlrq lpsolhv wkdw wkh lqwhuvhfwlrq
F _ F � > zklfk lv vwloo d frqqhfwlrq/ jhqhudwhv wkh pd{lpxp sduwlwlrq zkrvh fodvvhv vdwlvi|
erwk frqvwudlqwv +Sursrvlwlrq 45,1 Iru lqvwdqfh/ wkh fulwhulrq �ixqfwlrq i lv frqvwdqw rq D�
ohdgv wr wkh sduwlwlrq ri H zkhuh doo  dw }rqhv ehorqj wr d vdph fodvv1 Li/ lq dgglwlrq/ zh
ghpdqg wkdw hdfk fodvv D eh F � 0frqqhfwhg/ wkhq zh �qg wkh vhjphqwdwlrq ri i lqwr  dw dqg
frqqhfwhg }rqhv/ dv suhylrxvo| ghvfulehg1

Wkh qlfh surshuw| ri d orjlfdo �DQG� ri fulwhuld/ vwdwhg lq Sursrvlwlrq 45 +lq wkh vhqvh
ri lqwhuvhfwlrq ri frqqhfwlrqv,/ kdv xqiruwxqdwho| qr frxqwhusduw iru wkh orjlfdo �RU� +lq
wkh vhqvh ri vxsuhpxp ri frqqhfwlrqv, ehfdxvh wkh vxsuhpxp ri vhyhudo frqqhfwlrqv grhv
qrw dozd|v lqyroyh frqqhfwhg frpsrqhqwv zkhuh rqh fulwhulrq dw ohdvw vkrxog eh ixo�oohg1
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Qhyhuwkhohvv/ zh fdq vwdwh wkh sureohp gl�huhqwo| dqg orrn iru wkh frqglwlrqv xqghu zklfk
wkh orjlfdo �RU� iru frqqhfwlyh fulwhuld grhv h{lvw/ dqg pdnhv vhqvh1 Wkh iroorzlqj sursrvlwlrq
dqvzhuv wklv txhvwlrq
Sursrvlwlrq 46 Jlyhq d ixqfwlrq i 5 I > ohw i� � > l 5 Lj eh d idplo| ri frqqhfwlyh fulwhuld/
ri dvvrfldwhg frqqhfwlrqv iF � > l 5 Lj1 Wkhq wkh iroorzlqj wkuhh vwdwhphqwv duh htxlydohqw

41 Iru M � L dqg dq| idplo| iD� > m 5 Mj vxfk wkdw hdfk D� 5 F� / zh kdyh
_

� ���
D� 9@ > , <l � 5 L vxfk wkdw �̂ ��� D� 5 F ��� = +48,

51 Wkh frqqhfwlrq F dvvrfldwhg zlwk wkh vxsuhpxp fulwhulrq � @ b� � htxdov wkh xqlrq ri
wkh F �

F @ ^iF � > l 5 Lj= +49,
61 Iru dq| vhw [ � H/ hdfk F0frpsrqhqw ri [ lv dovr d F � 0frpsrqhqw ri [ iru dw ohdvw

rqh lqgh{ l 5 L1
Surri1 4 , 51 Li zh suryh wkdw ^ � F � lv d frqqhfwlrq/ vlqfh lw lv dovr wkh vpdoohvw xsshu0

erxqg ri doo fodvvhv F � > zh vkdoo kdyh suryhg Uho1+49,1 Frqvlghu d idplo| iE� > m 5 Mj lq ^ � F �

ri d qrq0hpsw| lqwhuvhfwlrq/ dqg d srlqw { 5 _� E� 1 Wkh idplo| iE� j frqwdlqv hohphqwv ri
hdfk frqqhfwlrq vlqfh wkh vlqjohwrq i{j ehorqjv wr doo F � 1 Uhjurxs doo wkrvh vhwv E� wkdw duh
hohphqwv ri d vdph frqqhfwlrq F � lqwr wkhlu xqlrq D � @ ^ iE� � � � >E� � � � 5 F � j1 Wkhq/ dffruglqj
wr Uhodwlrq +48, zh fdq zulwh

^iE� > m 5 Mj @ ^iD � > l 5 Lj @ D ��� >
zkhuh iru vrph lqgh{ l � zh kdyh D ��� 5 F ��� � ^ � F � = WkhuhiruhVF � wxuqv rxw wr eh d frqqhfwlrq/
khqfh VF � @ F=

5 , 41 Ohw iD� > m 5 Mj eh d idplo| lq F ri d qrq0hpsw| lqwhuvhfwlrq1 Dv F lv d frqqhfwlrq/
^iD� > m 5 Mj 5 F1 Vxssrvh wkdw F @ ^ � F � / wkhq ^iD� > m 5 Mj @ D �

��� / zlwk D �

��� 5 F ��� iru vrph
lqgh{ l � 5 L/ l1h1 Uhodwlrq +48,1

4> 5 , 61 Ohw qrz [ eh dq duelwudu| vhw lq H/ { eh d srlqw ri [ dqg \ � +{, eh wkh
F0frpsrqhqw ri [ dw srlqw {1 Uho1+49, lpsolhv wkdw \ � +{, lv jlyhq e| wkh xqlrq

\ � +{, @ ^iE = { 5 E 5 F � > l 5 Lj @ ^iD � +{,> l 5 Lj
zkhuh wkh D � +{, duh wkh F � 0frpsrqhqwv ri [ dw srlqw {1 E| dsso|lqj Uho1+48, zh vhh wkdw
\ � +{, @ D � � +{, iru vrph lqgh{ l � 1

6 , 51 Dv vhw [ vsdqv S+H,/ dqg dv srlqw { vsdqv vhw H/ wkh F0frpsrqhqw \ � +{, vsdqv
wkh zkroh frqqhfwlrq F1 Vlqfh \ � +{, dozd|v ehorqjv wr ^ � F � zh kdyh F � ^ � F � / khqfh F @
^ � F � / zklfk dfklhyhv wkh surri1

Sursrvlwlrq 46 uhpdlqv wuxh zkhq Uho1+48, lv vdwlv�hg iru dq duelwudu| idplo| iD� > m 5
Mj lq ^ � F � 1 Krzhyhu/ wkh dgrswhg suhvhqwdwlrq pdnhv fkhfnlqj hdvlhu1 Wklv sursrvlwlrq
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fodul�hv wkh srvvlelolwlhv dqg wkh olplwv ri wkh orjlfdo �RU� lq vhjphqwdwlrq1 Lw vhuyhv udwkhu
riwhq lq wkh hoderudwlrq ri frqqhfwhg rshudwruv1 Exw lwv prvw frpprq xvh dulvhv zkhq wkh
qrq0srlqw fodvv D � � +{, fryhuv srlqw fodvvhv rqo| ri doo rwkhu frqqhfwlrqv F � > l 9@ l � 1 Wkhq
Uho1+48, lv vdwlv�hg dqg Sursrvlwlrq 46 doorzv xv wr fdofxodwh wkh pd{lpxp fodvv dw srlqw
{ zlwkrxw kdylqj wr fdofxodwh wkh rwkhu fodvvhv1 Wkh joredo dssurdfk wr vhjphqwdwlrq lv
wkhuhiruh uhgxfhg wr lqghshqghqw pruh uhjlrqdo rqhv1 Wklv flufxpvwdqfh lv h{sorlwhg ehorz
iru jhqhudwlqj mxps frqqhfwlrqv iru rqh0mxps frqqhfwlrqv/ dqg lq wkh 50G klvwrjudp ri wkh
frorxu jxlwdu lpdjh1 Rwkhu surshuwlhv ri wkh odwwlfh ri frqqhfwlyh fulwhuld dqg ri wkh dvvrfldwhg
sduwlwlrqv duh fxuuhqwo| xqghu vwxg| e| F1 Urqvh/ zkr kdv hvwdeolvkhg vhyhudo lqvwuxfwlyh
uhvxowv +sulydwh frppxqlfdwlrq,1

Furvv frqqhfwlrqv Erwk Sursrvlwlrqv 45 dqg 46 duh frqvhtxhqfhv ri wkh odwwlfh vwuxfwxuh
ri wkh frqqhfwlrqv ryhu vhw H1 Qrz/ lq Wkhruhp ; hdfk frqqhfwlrq F lv jhqhudwhg e| frpelqlqj
d fulwhulrq � dqg d ixqfwlrq i 1 Zh nhsw ixqfwlrq i �{hg ehfdxvh zh zlvkhg wr irfxv pdlqo|
rq wkh fulwhuld/ exw vxfk d uhtxluhphqw ehfrphv fxpehuvrph zkhq wkh wzr Sursrvlwlrqv 45
dqg 46 duh frqwhpsodwhg iurp wkh ylhzsrlqw ri wkh frqqhfwlrqv1

Dffruglqj wr Wkhruhp ;/ hdfk sdlu +� � > i � , ri d frqqhfwlyh fulwhulrq � � dqg d ixqfwlrq
i � 5 I ghwhuplqhv d xqltxh frqqhfwlrq F � @ F � +� � > i � ,1 Wkhuhiruh/ e| xvlqj wkh vdph surriv
dv lq Sursrvlwlrqv 45 dqg 46/ zh fdq vwdwh wkh iroorzlqj
Wkhruhp 47 +Furvv frqqhfwlrqv wkhruhp, Ohw i� � > i � > l 5 Lj eh d idplo| ri frqqhfwlyh fulwh0
uld � � dqg ri ixqfwlrq i � 5 I/ ri dvvrfldwhg frqqhfwlrqv F � 1 Wkhq

41 Wkh frqqhfwlrq F @ _ � F � lv wkh odujhvw rqh vxfk wkdw hdfk fulwhulrq � � lv vdwlv�hg iru
wkh fruuhvsrqglqj ixqfwlrq i � rq hdfk frqqhfwhg frpsrqhqw ri F>

51 Jlyhq F � @ bF � / wkh iroorzlqj wzr idfwv duh htxlydohqw=
+l, F � lv wkh vpdoohvw frqqhfwlrq zkhuh rq hyhu| frpsrqhqw rqh fulwhulrq � � dw ohdvw lv
vdwlv�hg iru wkh fruuhvsrqglqj ixqfwlrq>
+ll, F � vdwlv�hv lwhp 5 ri Sursrvlwlrq 461

Wklv furvv frqqhfwlrqv wkhruhp jhqhudol}hv erwk Sursrvlwlrqv 45 dqg 46/ dqg rshqv wkh
grru wr pxowlyduldwh ixqfwlrqv/ vxfk dv wlph vhtxhqfhv ri lpdjhv/ ru frorxu lpdjhv +dq h{dpsoh
lv wuhdwhg lq Vhfwlrq ; ehorz,1

519 Ohyhov ri jhqhudolw|
Uhpdundeo|/ zh kdyh ehhq deoh wr lghqwli| wkh vhjphqwdwlrqv rq ixqfwlrqv i = H $ W zlwk
vrph idplo| ri frqqhfwlrqv zlwkrxw kdylqj htxlsshg hlwkhu wkh vwduwlqj vsdfh H ru wkh duulydo
vsdfh W zlwk dq| d sulrul surshuw|1 Wklv lv wuxh iru Wkhruhp ; dv zhoo dv iru Sursrvlwlrqv
45 dqg 46/ zklfk gr qrw lpsrvh dq| frqglwlrq rq H dqg rq W 1 Zkhq/ lq wkh iroorzlqj/
zh vkdoo exlog xs d wkhru| ri wkh frqqhfwhg rshudwruv/ zh vkdoo kdyh wr pdnh W d frpsohwh
odwwlfh1 Wkh vdph uhvwulfwlrq dovr dsshduv lq wkh h{dpsohv ehorz/ exw lw lv qrw dq reoljdwlrq1
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Lqghhg/ Wkhruhp ; rshqv wkh zd| wr doo dssolfdwlrqv zkhuh ydulrxv khwhurjhqhrxv yduldeohv
duh gh�qhg ryhu wkh vdph vsdfh1 Wkhvh flufxpvwdqfhv dulvh lq jhrjudsk|/ iru h{dpsoh/ zkhuh
udglrphwulf gdwd +vdwhoolwh lpdjhv, olyh wrjhwkhu zlwk sk|vlfdo rqhv +dowlwxgh/ vorsh ri wkh
jurxqg/ vxqvklqh/ glvwdqfh wr wkh vhd/ hwf1, dqg zlwk vwdwlvwlfdo gdwd +ghprjudsk|/ iruwxqhv/
glvhdvhv/ hwf1,1 Dprqj rwkhuv/ wkh yhuvdwlolw| ri vsdfh H doorzv xv qrw wr sd| wrr pxfk
dwwhqwlrq wr wkh frqwlqxrxv2gljlwdo glvwlqfwlrq1 Doo wkh looxvwudwlrqv ehorz duh/ ri frxuvh/
gljlwdo/ exw wkh dojrulwkpv wkh| ghvfuleh fdq dozd|v eh vwdwhg lq erwk frqwlqxrxv dqg gljlwdo
iudphzrunv1

Dowkrxjk wkh pdsslqj i lv suhvhqwhg dv d ixqfwlrq ri wkh srlqwv ri H/ lw dozd|v lqwhuyhqhv
lq dvvrfldwlrq zlwk hohphqwv D ri S+H,= lq Gh�qlwlrq : ri d frqqhfwlyh fulwhulrq/ dv zhoo dv lq
wkh surri ri Wkhruhp ;/ wkh glvwlqfwlrq ehwzhhq wkh wzr ohyhov H dqg S+H, lv qhyhu eurxjkw
lqwr sod| +vlqjohwrqv h{fhswhg/ exw wkhlu d{lrp lv lqghshqghqw ri i,1 Qhyhwkhohvv/ iru wkh vdnh
ri fodulw|/ lw zdv suhihudeoh wr �w wkh ohyho ri wkh wkhru| zlwk zkdw zh qhhg iru wkh h{dpsohv
ehorz1 Doo ri wkhvh h{dpsohv ghdo zlwk srlqwzlvh ixqfwlrqv1

Pruh ghhso|/ wkh zkroh dssurdfk pljkw eh vhw lq d pruh devwudfw iudphzrun/ e| uhsodflqj
S+H, e| vrph frpsohwh odwwlfh O/ vd|/ vlqfh wkh wkhru| ri vhw frqqhfwlrq kdv ehhq h{whqghg
wr frpsohwh odwwlfhv lq ^;3`1 Dv d pdwwhu ri idfw/ lq qrqh ri Gh�qlwlrqv 5/ 7/ :/ Wkhruhp
; dqg Sursrvlwlrqv 45 dqg 46/ lv wkh S+H, vshfl�f vwuxfwxuh frpsxovru|1 Exw zh qhhg wkh
dvvxpswlrq wkdw odwwlfh O lv vxs0jhqhudwhg/ lq rughu wr h{whqg wkh �uvw srlqw ri Gh�qlwlrq 71
Lq dgglwlrq/ iru wkh surri ri Wkhruhp ;/ zh dovr qhhg wr sduwlwlrq dq| hohphqw d 5 O lqwr
doo exw rqh vxs0jhqhudwru fodvvhv1 Wklv lv qrw wulyldo/ dqg zh frqmhfwxuh wkdw wkh frpsohwh
glvwulexwlylw| ri O +lq Elunkr�*v vhqvh ^<`, vkrxog surylgh xv zlwk d qhfhvvdu| dqg vx!flhqw
frqglwlrq/ dv lw fdq eh lghqwl�hg zlwk wkh prqrvhsdudwlrq lq Pdwkhurq*v vhqvh +Wkhruhp <05
lq ^85`,1 Rqh fdq dovr zrqghu rq wkh sudfwlfdo lqwhuhvw ri dgrswlqj wkh iudphzrun ri wkh
frpsohwh odwwlfhv1 Khuh/ wkh dqvzhu lv wzr0vlghg=

42 Zh pd| phhw lq sudfwlfh vlwxdwlrqv zkhuh wkh xqghuo|lqj vwuxfwxuh lv qrw h{dfwo| ri
S+H, w|sh1 D w|slfdo h{dpsoh lv jlyhq e| wkh pruskrorjlfdo judsk surfhvvlqj/ vxfk dv wkh
Elqdu| Sduwlwlrq Wuhh ri Sk1 Vdohpelhu dqg I1 Pdutxìv ^:6`/^:7`/ ru wkh Uhjlrq Dgmdfhqf|
Judsk ri I1 Ph|hu ^8;`/^8<`/ ru djdlq wkh frqqhfwlylw| wuhhv ri F1V1 W}dihvwdv dqg S1 Pdudjrv
^<5`1 Lq wkhvh fdvhv wkh edvlf slhfh ri lqirupdwlrq sxwv wrjhwkhu srlqwv dqg hgjhv +l1h1 grxeohwv
ri srlqwv,/ dqg udwkhu riwhq wkh vhw H lv d surgxfw ri wkh lpdjh vsdfh e| wkh uhvroxwlrq d{lv1
Krzhyhu judskv/ dqg vfdoh vsdfhv duh qrw vr idu dzd| iurp d S+H, odwwlfh/ dqg fdq eh uhgxfhg
wr lw xqghu vrph fkdqjhv1

52 Lq pdfklqh ylvlrq/ wkh vsdfh lpdjh fxuuhqwo| xqghu vwxg| lv frpsduhg dqg frpelqhg
zlwk qrq vsdwldo prghov/ ihdwxuhv/ dqg phprul}hg gdwd1 Wkh kxpdq erg|/ dv d jurxqg ri
lqyhvwljdwlrqv iru phglflqh/ ohqgv lwvhoi wr wkh vdph frpphqw1 Wkhq wkh vhjphqwdwlrq wkhruhp
; vwloo fdq kdqgoh vxfk khwhurjhqhrxv frpelqdwlrqv dv vrrq dv wkh qrq0vsdwldo uhihuhqfhv duh
htxlsshg zlwk frqyhqlhqw rughulqj1

Zh qrz sxuvxh wkh suhvhqw vhjphqwdwlrq wkhru| e| ghvfulelqj lwv ydolglw| rq d frpsuh0
khqvlyh vhulhv ri vlwxdwlrqv1 Zh gholehudwho| pl{ zhoo nqrzq dojrulwkpv +zdwhuvkhgv/ uhjlrq
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jurzlqj, zlwk pruh uhfhqw rqhv1 Rxu dlp lv wr vkrz krz eurdg lv wkh vfrsh ri wkh vhjphqwd0
wlrq frqfhsw1 Wkh h{dpsohv duh fodvvl�hg dffruglqj wr d grxeoh hqwu|/ dffruglqj wr zkhwkhu
wkh| dsso| wr wkh vsdfh ri wkh ixqfwlrq xqghu vwxg|/ ru wr ihdwxuh vsdfhv/ dqg zkhwkhu wkh
fulwhuld lqyroyh ru qrw vrph vhhgv +wkh ihdwxuh vsdfhv ri wkhvh odvw wzr fdwhjrulhv duh jdwkhuhg
wrjhwkhu,1 Lq hdfk ri wkhvh h{dpsohv/ wkh ixqfwlrq i xqghu vwxg| lv dozd|v �{hg/ wkhuhiruh lw
lv vrphwlphv rplwwhg lq wkh qrwdwlrq/ zkhq wkh frqwh{w lv qrw dpeljxrxv1

6 Vhhgohvv vhjphqwdwlrqv
Wkh Olsvfklw} frxqwhu0h{dpsoh zh xvhg deryh ohiw xv lq grxew derxw wklv w|sh ri ixqfwlrqv
zklfk lv/ lq rwkhu uhvshfwv/ d edvlf prgho lq pdwkhpdwlfdo pruskrorj|1 Qrz/ wkh glvwdqfh
wkdw zh wrrn iru uhmhfwlqj lw/ lq wkh h{dpsoh ri Iljxuh 7 zdv edvhg rq dq ryhudoo phwulf rq
vsdfh H1 Zkdw kdsshqv li zh uhvwulfw wkh glvwdqfh ydoxhv/ ru li zh uhsodfh wkh ryhudoo phwulf
e| d qhz rqh zkrvh jhrghvlfv vkrxog olh lqvlgh wkh vhwv D dqg E ri Iljxuh 7B Zh zloo qrz
h{soruh wkhvh dssurdfkhv/ diwhu d eulhi uhplqghu rq $0frqwlqxlw| 1

614 Uhplqghu rq $0frqwlqxlw|
H lv qrz d phwulf vsdfh/ ri glvwdqfh g/ dqg W lv wkh odwwlfh ri wkh h{whqghg uhdo olqh/ l1h1 U/
soxv wkh wzr srlqwv dw soxv dqg plqxv lq�qlw|1 Zh hqodujh wkh Olsvfklw} fodvv wr wkdw ri wkh $0
frqwlqxrxv ixqfwlrqv/ ehfdxvh wkh| duh wkh frqfhuq ri wkh vdph dssurdfk1 Wkh $0frqwlqxrxv
ixqfwlrqv duh fodvvlfdoo| gh�qhg e| wkh iroorzlqj frqglwlrq

mi +{,� i +|,m � $+g+{> |,, ; {> | 5 H +4:,
zkhuh wkh pdsslqj $ = U 
 $ U 
 lv frqwlqxrxv dw wkh ruljlq dqg pxvw eh vxe0dgglwlyh/ l1h1
$+d . e, � $+d, . $+e,1 Wklv sdudphwhu $ lv fdoohg prgxoxv ri frqwlqxlw| ^56`1 Iru hdfk
prgxoxv $/ wkh $0frqwlqxrxv ixqfwlrqv irup d frpsohwh vxe0odwwlfh I � ri W � / l1h1 d odwwlfh
zkhuh vxs dqg lqi wxuq rxw wr eh wkh srlqwzlvh vxsuhpxp dqg lq�pxp lq hdfk srlqw ^:;`1
Lq sudfwlfh/ wkh prvw xvhixo wkuhh $0frqwlqxrxv fodvvhv duh

� wkh Olsvfklw} ixqfwlrqv/ zkhuh zh vxevwlwxwh ng+{> |, iru $+g+{> |,, lq wkh lqhtxdolw|
+4:,/

� wkh ixqfwlrqv zkrvh yduldwlrq lv erxqghg e| d vloo u zklfk lv uhdfkhg dw udqjh g � 1 Wkhlu
prgxoxv $ lv jlyhq e|

$ @ � � � ��
 ���
� � li g � g � > $ @ u li g � g � +4;,

� dqg/ ri frxuvh wkh fodvv ri wkh frqvwdqw ixqfwlrqv
Uhodwlrq +4:, vxjjhvwv dq htxlydohqw gh�qlwlrq ri $0frqwlqxlw|/ lq d pruh pruskrorjlfdo

vw|oh1 Gh�qh wkh lqfuhphqw ixqfwlrq � � +i, dv
� � +i, @ +� � i � i,b+i � % � i, +4<,
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zkhuh � � dqg % � duh uhvshfwlyho| wkh glodwlrq dqg wkh hurvlrq e| wkh forvhg edoo ri udglxv e +d
qrwlrq wkdw lv forvh wr Ehxfkhu*v judglhqw +� � i � % � i,@5,1 Wkhq/ d ixqfwlrq lv $0frqwlqxrxv li
dqg rqo| li

� � +i, � $+e,=
Zh qrz frph edfn wr rxu remhfwlyh/ qdpho| hoderudwh $0frqwlqxlw| edvhg vhjphqwdwlrqv1 Lq
wkh frxqwhu0h{dpsoh ri Iljxuh 7/ zh kdyh ehhq wrr ghpdqglqj zkhq zh lpsrvhg wkh Olsvfklw}
frqglwlrq iru dq| ydoxh ri wkh glvwdqfh1 Vxfk d frqglwlrq vkrxog eh uhod{hg dqg uhgxfhg wr
doo glvwdqfhv vpdoohu wkdq d jlyhq udqjh d> dv sursrvhg lq wkh uhjlrqdo $0frqwlqxlw| 1
Gh�qlwlrq 48 D ixqfwlrq i 5 I lv uhjlrqdoo| $0frqwlqxrxv ri udqjh d A 3 rq d vhw D 5
S+H, zkhq lw lv $0frqwlqxrxv lq wkh +qrq0jhrghvlf, rshq edoo E � +{, ri udglxv d dqg fhqwhuhg
dw dq| srlqw { 5 D=

Iru h{dpsoh/ d ixqfwlrq i 5 I lv d uhjlrqdo Olsvfklw} rq vhw D zkhq zh kdyh
{ 5 D/ | 5 H dqg g +{> |, � d , mi +{,� i +|,m � ng +{> |, +53,

Wkh edoo E � +{, lv vdlg wr eh Olsvfklw} +iru ixqfwlrq i dqg vorsh n,1

615 Olsvfklw} vhjphqwdwlrqv
61514 Uhjlrqdo Olsvfklw} frqqhfwlrqv
Uhodwlrq +53, vxjjhvwv wr lqwurgxfh wkh iroorzlqj wzr fulwhuld

� � ^i>D` @ 4 l� { 5 D , E � +{, lv Olsvfklw} +54,
� �

� ^i>D` @ 4 l� { 5 D , <| = { 5 E � +|, � D> zkhuh E � +|, lv Olsvfklw}/ +55,
ru li D lv d vlqjohwrq +iru erwk fulwhuld,1 Lq wkh �uvw fulwhulrq/ xqolnh wkh vhfrqg rqh/ wkh
E � +{,*v duh qrw vxssrvhg wr eh lqfoxghg lq vhw D1 Fulwhulrq +54, uhplqgv xv ri dq hurvlrq/
dqg Fulwhulrq +55, ri dq rshqlqj1 Lqghhg/ rqh sdvvhv iurp wkh �uvw wr wkh vhfrqg e| uhsodflqj
vhw D e| lwv glodwh � � +D, dffruglqj wr wkh rshq edoo E �

� � ^i>D` @ 4 , � �

� ^i> � � +D,` @ 4=
Sursrvlwlrq 49 Erwk fulwhuld � � dqg � �

� duh frqqhfwlyh1
Surri1 Ohw iD � > l 5 Lj eh d idplo| ri vhwv wkdw vdwlvi| Uhodwlrq +54,/ dqg ohw { 5 ^ � D � 1

Wkhuh h{lvwv dq lqgh{ l � 5 L vxfk wkdw { 5 D ��� wkhuhiruhE � +{, lv Olsvfklw} dqg � � ^i> ^ � D � ` @ 41
Vlploduo|/ zkhq doo phpehuv ri wkh idplo| iD � > l 5 Lj vdwlvi| Fulwhulrq +55,/ wkhq iru hdfk
srlqw { 5 ^ � D � rqh fdq �qg dq lqgh{ l � 5 L dqg d srlqw | vxfk wkdw { 5 E � +|, � D ��� � ^ � D �

vr wkdw � �

� ^i> ^ � D � ` @ 4=
Uhpdundeo|/ wkh dvvxpswlrq % _ � D � @ >% grhv qrw lqwhuyhqh lq wkh surri> wkhuhiruh

fulwhulrq � � ohdgv wr d vhjphqwdwlrq sduwlwlrq G � zklfk kdv d xqltxh qrq vlqjohwrq fodvv/ G �

vd|/ zlwk
G � @ ^i{ m { 5 H dqg E � +{, lv Olsvfklw}j= +56,
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Iljxuh := d, ;0elwv lqlwldo lpdjh> e, dqg f, lq zklwh/ }rqhv wkdw duh orfdoo| Olsvfklw} e| hurvlrq
+e, dqg e| rshqlqj +f, z1u1w1 K+9/:,> lq eodfn/ wkh }rqhv zkrvh doo sl{hov duh vlqjohwrqv fodvvhv1

Jlyhq d frqqhfwlrq F/ wkh fodvv G � fdq frqwdlq lvrodwhg srlqwv z1u1w1 F/ wkhq lq wkh vhjphq0
wdwlrq dulvlqj iurp wkh lqwhuvhfwlrq ri F dqg wkh frqqhfwlrq dulvlqj iurp � � wkhvh srlqwv irup
vlqjohwrq fodvvhv/ lq dgglwlrq wr wkh rwkhu vlqjohwrq fodvvhv lq wkh frpsohphqw ri G � +iru d
pruh ghwdlohg glvfxvvlrq derxw wklv dpeljxlw|/ vhh Vhfwlrq 8 lq ^;:`,1 Vlploduo|/ Fulwhulrq +55,
ohdgv wr vhjphqwdwlrq sduwlwlrq G �

� zkrvh xqltxh qrq vlqjohwrq fodvv
G �

� @ ^i{ m { 5 H dqg { 5 E � +|, zklfk lv Olsvfklw}j @ � � +G � ,= +57,
Wkh lpsohphqwdwlrqv ri fulwhuld � � dqg � �

� duh hdv|1 Lq wkh Hxfolgldq fdvh/ wklv uhodwlrq +56,
phdqv wkdw rq fodvv G � / ixqfwlrq i lv htxdo wr erwk lwv hurvlrq dqg lwv glodwlrq e| wkh yhuwlfdo
�shqflo� K+n> d, +d f|olqghu zkrvh wrs hqgv e| d frqh, ri vorsh n dqg udglxv d

{ 5 G � / i+{, @ +i �K,+{, @ +i �K,+{,= +58,
Wkh sdvvdjh wr G �

� lv vwudljkwiruzdug e| phdqv ri Ht1+57,1 Uhodwlrq +56, dovr surylghv d
gljlwdo dojrulwkp wr shuirup wkh vhjphqwdwlrq1 Uhpdun wkdw wkh h{suhvvlrq ri wkh fulwhulrq
rq d vhw D uhtxluhv wkdw rqh nqrzv i rq wkh glodwh ri D e| wkh edoo ri udglxv d +dqg qrq
rqo| rq D lwvhoi,1 Iljxuh : looxvwudwhv wkh wzr Olsvfklw} w|sh vhjphqwdwlrqv1 Wkh vhwv G �

dqg G �

� duh wkh zklwhv lq Iljxuh :e dqg f uhvshfwlyho|/ iru wkh sdudphwhu ydoxhv lqglfdwhg
lq wkh fdswlrq1 Wkh| duh lqvwuxfwlyh ehfdxvh wkh| vxevwlwxwh d uhjlrqdo sureohp wkdw dgplwv
d vroxwlrq iru d joredo wkdw grhv qrw/ exw wkh| ghshqg rq wkh vl}h sdudphwhu d zklfk lv
qrw frqyhqlhqw iru sudfwlfdo xvhv/ dqg zklfk ohdyhv wklfn eodfn vwulshv/ lq fdvh ri hurvlrqv dw
ohdvw1 Zh zloo qrz wu| dqg holplqdwh wklv sdudphwhu e| vhjphqwlqj dffruglqj wr wkh vr0fdoohg
vprrwk frqqhfwlrq1

61515 Vprrwk frqqhfwlrq
Dv udglxv d uhgxfhv/ wkh frqglwlrq +56, ehfrphv ohvv ghpdqglqj/ dqg wkh qrq0vlqjohwrq fodvv
G � lqfuhdvhv1 Lq idfw/ wkh zkroh sduwlwlrq G � lqfuhdvhv vlqfh doo lwv rwkhu fodvvhv/ zklfk duh
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vlqjohwrqv/ fdq rqo| hqodujh dqg zh kdyh
3 ? e � d , G � � G � , G � � G �

3 ? e � d , G �

� � G �

� , G �

� � G �

�

Wkhuhiruh wkh vxsuhpxp ri wkh sduwlwlrqv G � > l1 h1 G @ jiG � > d A 3j kdv lwvhoi d xqltxh
qrq0vlqjohwrq fodvv

G @ ^iG � > d A 3j @ i{ 5 H m <d A 3 = E � +{, lv n0Olsvfklw} iru ixqfwlrq ij
Fodvv G lv wkh juhdwhvw rshq vhw rq zklfk wkh ixqfwlrq lv orfdoo| Olsvfklw}1 D srlqw { ehorqjv
wr fodvv G ri G li dqg rqo| li rqh fdq �qg d d A 3 vxfk wkdw ixqfwlrq i lv n0Olsvfklw} lq
E � +{,= Zkhq qr vxfk d A 3 fdq eh dvvrfldwhg zlwk srlqw {/ wkhq wkh vlqjohwrq i{j wxuqv rxw
wr eh rqh ri wkh fodvvhv ri wkh vxsuhpxp sduwlwlrq G=

Vlploduo|/ wkh rshqlqj w|sh sduwlwlrqv G �

� |lhog wkh vxsuhpxp G � @ jiG �

� > d A 3j> zklfk
dgplwv wkh iroorzlqj xqltxh qrq0vlqjohwrq fodvv
G � @ ^iG �

� > d A 3j
@ i{ 5 H m <d A 3><| 5 H = { 5 E � +|, � G � dqg E � +|, lv n0Olsvfklw} iru ixqfwlrq ij

Lq wkh Hxfolghdq fdvh/ l1h1 zkhq H @ U � / wkh wzr vxsuhpxp sduwlwlrqvG dqgG � duh lghqwlfdo1
Wr vkrz lw/ lw vx!fhv wr suryh wkdw wkh wzr qrq0vlqjohwrq fodvvhv G dqg G � duh wkh vdph1 Zh
gudz iurp Ht1+57, wkdw G � G � 1 Frqyhuvho|/ ohw { 5 G � =Wkhq wkhuh h{lvwv d Olsvfklw} rshq
edoo E � +|, iru vrph udglxv d A 3/ dqg vrph fhqwuh | 5 H / zlwk { 5 E � +|, � G � 1 Wkhuhiruh
g+{> |, ? d dqg li rqh wdnhv e lq wkh lqwhuydo `d� g+{> |,> 3^/ wkhq wkh rshq edoo E � +{, lv
n0Olsvfklw} iru i / vr wkdw { 5 G � � G1 Wklv uhvxowv lq wkh htxdolw| G @ G � 1 Vxfk dq
lghqwl�fdwlrq qr orqjhu krogv lq wkh gljlwdo fdvh/ l1h1 zkhq H @ ] � 1 Wkhq zh kdyh G @ G �

dqg G � @ G �

� 1
Fohduo|/ vhjphqwdwlrq G lv lqgxfhg e| wkh frqqhfwlyh fulwhulrq � =

�^i>D` @ 4 l� { 5 D = , <d A 3 dqg E � +{, lv Olsvfklw}/ ru D lv d vlqjohwrq/
zklfk lv qrwlfhdeo| gl�huhqw iurp wkh xqlrq � � @ ^i� � > d A 3j +zklfk lv qrw frqqhfwlyh,1
Wkh txdqwlw| � � +i>D, htxdov 4 zkhq wkhuh h{lvwv d ydoxh d A 3 vxfk wkdw E � +{, lv n0Olsvfklw}
iru doo srlqwv { ri vhw D / zkhuhdv zkhq �^i>D` @ 4 wkh Olsvfklw} udglxv d fdq ydu| dv srlqw
{ vsdqv vhw D=

Vwurqjhu uhvxowv duh rewdlqhg zkhq vsdfh H lv htxlsshg zlwk dq lqlwldo frqqhfwlrq F1
Wkhq wkh lqwhuvhfwlrq ri wkh frqqhfwlyh fulwhulrq wkdw xqghuolhv F zlwk wkh orfdo n0Olsvfklw}
surshuw| jhqhudwhv }rqhv wkdw duh erwk vprrwk dqg F0frqqhfwhg1

Zkhq frqqhfwlrq F lv dq dufzlvh frqqhfwlylw|/ wkhq lq hdfk fodvv D ri G/ ixqfwlrq i lv
$0frqwlqxrxv dorqj doo sdwkv lqfoxghg lq wkh lqwhulru

�

D ri D1 Lq fdvh ri wkh 50G gljlwdo vsdfh
] � lq sduwlfxodu/ wkh vpdoohvw ydoxh ri wkh udqjh d ri Uho1+53, lv rqh +xqlw vtxduh/ ru kh{djrq,1
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Iljxuh ;= d, hohfwurq plfurjudsk ri frqfuhwh> e, dqg f, vhjphqwdwlrq ri lpdjh d, e| vprrwk
frqqhfwlrqv ri sdudphwhuv : dqg 9 uhvshfwlyho|1

Lw vx!fhv/ wr lpsohphqw lw/ wr hurgh ixqfwlrqv i dqg �i e| wkh frqh K+n> 4, zkrvh edvh lv wkh
xqlw vtxduh ru kh{djrq/ dqg zkrvh khljkw lv n/ wkh ruljlq ehlqj sodfhg dw wkh wrs/ dqg wkhq
wr wdnh wkh lqwhuvhfwlrq ri wkh wzr vhwv zkhuh i htxdov lwv hurvlrq dqg lwv glodwlrq uhvshfwlyho|1
Dowhuqdwlyho|/ wkh srlqw fodvvhv ri sduwlwlrq G fdq eh rewdlqhg e| wdnlqj wkh wkuhvkrog ri wkh
lqfuhphqw ixqfwlrq +4<, ehwzhhq 3 dqg n> zlwk e @ 41 Wkh wzr dojrulwkpv duh htxlydohqw1

Wkh vprrwk frqqhfwlrq wxuqv rxw wr eh d jrrg vhjphqwdwlrq wrro wr vhsdudwh wkh vprrwk
}rqhv iurp wkh pruh judqxodu rqhv zlwk d vlplodu juh| ohyho/ dv lw riwhq dsshduv lq hohfwurq
plfurvfrs| ^;5`1 Iljxuh ; ghslfwv wzr vhjphqwdwlrqv ri d frqfuhwh plfurjudsk/ fduulhg rxw
e| xvlqj vprrwk frqqhfwlrqv1

61516 Txdvl0 dw }rqhv
Lqvwhdg ri uhtxlulqj wkdw i eh $0frqwlqxrxv dorqj doo sdwkv lqfoxghg lq D/ zh fdq dovr rqo|
uhtxluh wkh $0frqwlqxlw| iru dw ohdvw rqh sdwk1 Wklv pruh frpsuhkhqvlyh qhz fulwhulrq lv vwloo
frqqhfwlyh/ dqg ohdgv wr wkh frqqhfwlrq dffruglqj wr wkh �txdvl0 dw� }rqhv/ gxh wr I1 Ph|hu
^8:`1 Wklv wlph/ wkh gljlwdo lpsohphqwdwlrq lqyroyhv jhrghvlf uhfrqvwuxfwlrqv +vhh Iljxuh 5<e
ehorz,1

7 Vhhg0edvhg vhjphqwdwlrqv
Iurp qrz rq wkh ylhzsrlqw fkdqjhv= wkh vhjphqwdwlrqv xqghu vwxg| vwduw dqg vsuhdg rxw
iurp vrph vshfl�f vrxufhv1 Frqvlghu d foxvwhulqj surfhvv zkhuh zh �qg rq wkh rqh kdqg
d fhuwdlq ixqfwlrq i / dqg rq wkh rwkhu kdqg d idplo| J @iJ � / l 5 Lj ri vhwv J � 5 S+H,=
Wkh vhwv J � duh fdoohg vhhgv ehfdxvh wkh foxvwhulqj surfhvv frqvlvwv lq djjuhjdwlqj wr wkhp
doo srlqwv { ri wkh vsdfh/ dffruglqj wr vrph uxohv wkdw lqyroyh ixqfwlrq i 1 Wkh foxvwhulqj
surfhvv pd| frpsulvh/ ru qrw/ vhyhudo lwhudwlrqv> wkh vhhgv orfdwlrqv pd| eh �{hg ru ghshqg
rq wkh lwhudwlrqv> wkh vhhgv wkhpvhoyhv pd| eh hqgrjhqrxv +h1j1 wkh plqlpd ri i, ru fduu|
dq h{whuqdo lqirupdwlrq1 Zkdwhyhu wkhvh frqglwlrqv duh/ dqg wkh foxvwhulqj dojrulwkp lv/ lw
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uhvxowv lq wkh dvvljqphqw ri hdfk srlqw { 5 H wr rqh/ ru pruh/ �qdo vhhg1 Wkhq hyhu| vxfk
surfhvv jhqhudwhv d frqqhfwlyh fulwhulrq1 Pruh suhflvho|/ zh fdq vwdwh wkh iroorzlqj/ zkhuh
V+H, vwdqgv iru wkh vhw ri wkh vlqjohwrqv ri S+H,
Sursrvlwlrq 4: Jlyhq d ixqfwlrq i 5 I/ d vhhg idplo| J+H,/ dqg d foxvwhulqj surfhvv zklfk
ohdgv wr d �qdo vsdfh glvwulexwlrq ri wkh vhhgv/ wkh fulwhulrq

�^i> i{j` @ 4 i{j 5 V+H,
�^i>D` @ 4 iru D 5 S+H,qV+H,/ zkhq doo srlqwv ri D

duh dvvljqhg wr d xqltxh �qdo vhhg/
�^i>D` @ 3 zkhq qrw/

lv frqqhfwlyh1
Surri1 Wkh �uvw d{lrp ri gh�qlwlrq : lv vdwlv�hg e| frqvwuxfwlrq ri fulwhulrq �= Iru

surylqj wkh vhfrqg rqh/ frqvlghu d idplo| iD � / l 5 Lj lq S+H, zkrvh lqwhuvhfwlrq lv qrw
hpsw|1 Zh revhuyh wkdw li doo srlqwv ri vhw D � duh dvvljqhg wr d xqltxh vhhg J � / l 5 L dqg
li { lv d srlqw ri wkh lqwhuvhfwlrq _ � D � / wkhq { lv dvvljqhg wr doo vhhgv J � dqg wkh xqltxhqhvv
dvvxpswlrq lpsolhv wkdw J � @ J� iru doo l> m 5 L=

Lq wkh �qdo pd{lpxp sduwlwlrq/ wkh uhjlrqv zkrvh srlqwv duh djjuhjdwhg wr pruh wkdq
rqh vhhg duh sxoyhul}hg lqwr doo wkhlu vlqjohwrqv +wkh uhdghu pd| fkhfn wkdw wkh fulwhulrq �wkh
srlqwv ri D duh dvvljqhg wr rqh ru wzr vhhgv� lv qrw frqqhfwlyh/ dqg wkdw wkh fulwhulrq �wkh
srlqwv ri D duh dvvljqhg wr rqh ru pruh vhhg � frphv edfn wr wdnh vhw H dv wkh xqltxh fodvv,1

Zh qrz olvw d ihz vhhg edvhg vhjphqwdwlrqv1 Wkh| duh fodvvlfdo dqg srsxodu/ h{fhsw wkh
odvw rqh +mxps frqqhfwlrq ^;5`, zklfk lv ohvv zhoo nqrzq/ dowkrxjk lw lv sduwlfxoduo| h!flhqw1

714 Zdwhuvkhg frqwrxuv
Zh ehjlq wklv eulhi vxuyh| e| phqwlrqlqj rqh ri wkh roghvw vhjphqwdwlrq whfkqltxhv/ zklfk
zdv lqlwldoo| gxh wr V1 Ehxfkhu dqg Fk1Odqwxhmrxo/ qdpho| wkh zdwhuvkhg frqwrxuv ^:`/^88`1

Frqvlghu dq lqwhjhu ixqfwlrq i iurp U � ru ] � lqwr ]/ dqg lqwhusuhw wkh judsk ri i dv wkh
vxuidfh ri d jhrjudsklfdo uholhi1 Vxssrvh wkdw d kroh lv pdgh lq hdfk orfdo plqlpxp/ iurp
zklfk wkh uholhi lv  rrghg +Iljxuh <,1 Surjuhvvlyho|/ wkh zdwhu ohyho lqfuhdvhv1 Lq rughu wr
suhyhqw wkh phujlqj ri zdwhu frplqj iurp wzr gl�huhqw krohv/ dw hdfk vwhs ri wkh surjuhvvlrq
d gdp lv exlow rq hdfk frqwdfw srlqw1 Dw wkh hqg/ wkh xqlrq ri doo frpsohwh gdpv gh�qh wkh
vr0fdoohg zdwhuvkhgv1 Wkh phwkrg lv sduwlfxoduo| dgdswhg wr frqwrxu ghwhfwlrq1 Iru h{dpsoh/
zh fdq revhuyh lq Iljxuh 43e wkdw wkh judglhqw prgxoh ri wkh elrorjlfdo fhoov ri Iljxuh 43d
h{klelwv fuhvw olqhv wkdw fruuhvsrqg wr wkh pd{lpxp vorsh yduldwlrq lq wkh lqlwldo fhoov lpdjh1
Wkhuhiruh/ zkhq zh vxshulpsrvh wkh zdwhuvkhg olqhv ri wkh judglhqw zlwk wkh lqlwldo lpdjh
zh rewdlq d frqwrxulqj ri wkh fhoov1

Dv wkh fulwhulrq �doo D srlqwv duh  rrghg iurp d vdph plqlpxp� lv reylrxvo| frqqhfwlyh/
wkh zdwhuvkhgv sduwlwlrq wkh gh�qlwlrq vsdfh H lqwr dufzlvh frqqhfwhg fdwfkphqw edvlqv/
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Iljxuh <= Zdwhuvkhgv ri d uholhi

Iljxuh 43= d, f|wrorjlfdo vphdu> e, prgxoh ri wkh judglhqw ri d,> f, zdwhuvkhg ri e,1

soxv lqwr doo srlqwv ri wkh zdwhuvkhg frqwrxuv/ frqvlghuhg dv vlqjohwrqv lq wkh vhjphqwdwlrq
sduwlwlrq1

Dv d pdwwhu ri idfw/ d judglhqw prgxoh lv riwhq qrlv|/ dqg wkh ghulyhg zdwhuvkhg sduwlwlrq
ryhu0vhjphqwhg1 Rqh jhwv durxqg wkh gudzedfn e| uhsodflqj wkh plqlpd judglhqw j e| wkh
jlyhq vhhgv1 Wkh f|wrorjlfdo vphdu ri Iljxuh 43e zdv surfhvvhg wklv zd|1 Wkhuh dozd|v
h{lvwv d vpdoohvw ixqfwlrq *+j, odujhu wkdq j dqg zkrvh doo plqlpd duh orfdwhg dw wkh vhhgv
lpsodqwdwlrqv1 Wkh rshudwru * = j $ *+j, wxuqv rxw wr eh d forvlqj/ fdoohg vzdpslqj ^88`1

715 Uhjlrq jurzlqj
Wkh zhoo nqrzq Fkdvvhu|0Jdued| dojrulwkp iru frorxu lpdjh vhjphqwdwlrq ^55` exlogv uhjlrqv
iurp d vhulhv ri vhhgv wkdw sod| h{dfwo| wkh uroh ri plqlpd1 Hdfk sl{ho lv frpsduhg wr
wkh vhhgv dffruglqj wr dq djjuhjdwlrq fulwhulrq wkdw lqyroyhv frorxu glvwdqfhv/ soxv rwkhu
srvvleoh dwwulexwhv/ vxfk dv wh{wxuh ru frqyh{lw| frqvwudlqwv1 Wkhvh frpsdulvrqv |lhog d �uvw
vhjphqwdwlrq ri wkh vsdfh1 Wkhq d qhz vhhg lv uhgh�qhg lq hdfk fodvv dffruglqj wr ydulrxv
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prwlydwlrqv/ dqg wkh vhjphqwdwlrq surfhgxuh lv lwhudwhg111 dqg vr rq iru d �qlwh qxpehu ri
wlphv1 Wkhq e| dsso|lqj Sursrvlwlrq 4: wr wkh odvw lwhudwlrq/ zh vhh wkdw wkh zkroh surfhgxuh
lv frqqhfwlyh1

Wkh vdph frpphqw dssolhv wr d qxpehu ri fodvvl�fdwlrq dojrulwkpv iru forxgv ri srlqwv/
wkdw zrun lq pxowlglphqvlrqdo vsdfhv/ vxfk dv wkh Glgd|*v srsxodu N0phdqv ^5:`1

716 Mxps fulwhuld dqg frqqhfwlrqv
Wkh kxpdq ylvlrq hdvlo| dffhswv vpdoo yduldwlrqv zkhq wkh| ruljlqdwh iurp wkh plqlpd ru
wkh pd{lpd ri wkh ixqfwlrq xqghu vwxg|1 Wkh mxps fulwhuld zh suhvhqw qrz zrun wklv zd|/
dffruglqj wr d ihz yduldqwv ^;3`^;5`1 Wkh| jhqhudol}h qrwlrqv vxfk dv wkuhvkrogv ru ohyho vhwv
+iru wkh vdnh ri vlpsolflw|/ zh gr qrw v|vwhpdwlfdoo| uhsurgxfh ehorz wkh d{lrpv ri frqqhfwlyh
fulwhuld iru wkh vlqjohwrqv dqg wkh hpsw| vhw,1

Ohw H eh d vsdfh rq zklfk d frqqhfwlrq/ F vd|/ kdv ehhq gh�qhg1 Vxssrvh wkdw wkh duulydo
vsdfh W lv phwulf dqg wrwdoo| rughuhg +h1j1 W @ U> W @ ] ru dq| frpsdfw vxevhw ri U ru ],1
Frqvlghu d frqwlqxrxv ixqfwlrq i = H $ W / khqfh d ixqfwlrq wkdw kdv plqlpd dqg pd{lpd1

rqh0mxps fulwhulrq �= Ohw D � H eh d F0frqqhfwhg vhw/ dqg n eh d srvlwlyh frqvwdqw1
Gh�qh wkh rqh0mxps fulwhulrq � e| wkh iroorzlqj uhtxluhphqw= �^i>D` @ 4 li D lv d vlqjohwrq/
ru wkh vxssruw ri d plqlpxp ri i / ru li iru dq| srlqw { 5 D wkhuh h{lvwv d plqlpxp p ri i
ri vxssruw P � D dqg vxfk wkdw 3 � i+{,�p ? n1

Wkh srvlwlyh qxpehu n lv fdoohg wkh udqjh/ ru wkh mxps/ ri �1 Fulwhulrq � lv reylrxvo|
frqqhfwlyh= zkhq lw lv vdwlv�hg e| doo wkh D � ri d idplo| iD � > l 5 Ljdqg li { 5 _ � D � > wkhq ^ � D �

lv frqqhfwhg ehfdxvh hdfk D � 5 F> lq dgglwlrq dw hdfk srlqw } 5 ^ � D � wkh ydoxh i+}, lv ohvv
wkdq n deryh d plqlpxp1 Wkh plqlpxp p lv qrw qhfhvvdulo| xqltxh lq D1

Wkh vhjphqwdwlrq sduwlwlrq G ��
 � / ri fodvv G ��
 � +{, dw srlqw {> pd| eh ghvfulehg lq wkh
iroorzlqj zd|1 Ohw P eh wkh idplo| ri wkh +F0frqqhfwhg, vxssruwv P � H ri doo plqlpd p
ri wkh ixqfwlrq i 1 Iru P 5 P frqvlghu wkh vhw E+P, vxfk wkdw

E+P, @ i} = } 5 H> 3 � i+},�p ? nj=
Vhw E+P, lv frpsrvhg ri doo sl{hov ri H zkhuh wkh ydoxhv ri ixqfwlrq i duh ohvv wkdq n

deryh ohyho p1 Lw reylrxvo| frqwdlqv P 1 Ghqrwh e| V+P, wkh frqqhfwhg frpsrqhqw ri E+P,
wkdw frqwdlqv wkh vxssruw P 1 Wkhq wkh vhw

V � @ ^iV+P,> P 5 Pj +59,
lv frpsrvhg ri doo srlqwv { ri wkh vsdfh zkhuh i+{, lv ohvv wkdq n deryh d plqlpxp/ zklfk
hqwdlov wkdw wkh fodvv G ��
 � +{, dw srlqw { lv wkh F0frqqhfwhg frpsrqhqw � � +V, ri vhw V dw srlqw
{/ zkhq { 5 V/ dqg G ��
 � +{, @ i{j zkhq qrw1 Rqh zloo qrwlfh wkdw/ xqolnh wkh zdwhuvkhg
fdvh/ hdfk vhjphqwhg frpsrqhqw � � +V, pd| frpsulvh vhyhudo plqlpxp }rqhv P 1 Qrwh dovr
wkdw wkh frqqhfwlrq jhqhudwhg e| wkh rqh0mxps fulwhulrq � � lv mxvw d vxe0vhw ri F vlqfh hdfk
D+P, lv F0frqqhfwhg1
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Iljxuh 44= Mxps frqqhfwlrqv jhqhudwhg e| wkh doxplqd plfurjudsk ri Ilj1 5/ iru d mxps
n @ 48> d, iurp ehorz/ e, iurp deryh/ f, lq�pxp ri ehorz dqg deryh1 Lq eodfn/ wkh vhw U ri
doo vlqjohwrqv1

Zh zloo looxvwudwh wkh rqh0mxps fulwhulrq zkhq i lv wkh doxplqd plfurjudsk ri Iljxuh 5d/
dovr uhsurgxfhg lq Iljxuh 45d1 Iljxuh 44d ghslfwv wkh sduwlwlrq G ��
 � lqgxfhg e| i iru n @ 481
Frqyhqwlrqdoo| lq Iljxuhv 44d/e dqg f wkh zklwh sduwlfohv duh wkh qrq vlqjohwrq fodvvhv ri wkh
sduwlwlrqv dqg wkh vhwv lq eodfn duh pdgh ri doo vlqjohwrqv V @ ^^i{j>G ��
 � +{, @ i{j`1 Wkh
 dw erwwrpv ri wkh ydooh|v dsshdu dv zklwh vwulshv lqvlgh eodfn wxehv +wkh vorsh uhjlrqv,1

Dv fulwhulrq � lv qrw vhoi0gxdo/ lw pd| eh lqvwuxfwlyh zkdw lw jlyhv zkhq zh dsso| lw wr wkh
qhjdwlyh lpdjh 588� i 1 Wkh qhz fulwhulrq/ � � vd|/ ghulyhv iurp � e| uhsodflqj %plqlpxp%
e| %pd{lpxp% lq wkh gh�qlwlrq ri �1 Lwv dfwlrq rq wkh doxplqd plfurjudsk lv ghslfwhg lq
Iljxuh 44e1 Wkh erwwrpv ri wkh ydooh|v qrz ehfrph gdun/ exw ohvv frqwlqxrxv1 Wkhvh ydooh|v/
l1h1 wkh judlqv erxqgdulhv ri doxplqd/ zloo eh ehwwhu h{wudfwhg li zh frpelqh erwk fulwhuld
lqwr d v|pphwulfdo yhuvlrq1 Wkh vlpsohvw v|pphwul}dwlrq frqvlvwv lq wdnlqj wkh lq�pxp �a
� � vlqfh zh nqrz iurp Sursrvlwlrq 45 wkdw �a � � lqkhulwv wkh frqqhfwlyhqhvv ri �dqg � � 1
Gxh wr wkh glvsod| frqyhqwlrq ri Iljxuh 44/ lw vx!fhv wr wdnh wkh lqwhuvhfwlrq ri wkh wzr vhwv
Iljxuh 44d dqg e1 Wkh uhvxow lv ghslfwhg lq Iljxuh 44f1 Wklv lqwhuvhfwlrq pd| vhhp urxjk/
exw lwv vnhohwrq e| lq xhqfh }rqhv |lhogv wkh udwkhu vdwlvidfwru| erxqgdu| h{wudfwlrq vkrzq
lq Iljxuh 45e1

Wkh frqfuhwh hohfwurq plfurjudsk ri Iljxuh ;d jlyhv dqrwkhu rssruwxqlw| wr looxvwudwh wkh
%dqg% Sursrvlwlrq 45 zkhq d vhfrqg frqqhfwlrq lv xvhg wr vwuhqjwkhq d �uvw rqh/ qdpho| wkh
vprrwk frqqhfwlrqv ri Iljxuh ;1 E| wdnlqj lwv lq�pxp zlwk d mxps frqqhfwlrq ri d vxlwdeoh
sdudphwhu/ zh uhpryh wkh qrlvh ri hdfk frqqhfwlrq/ dqg rewdlq wkh udwkhu qlfh Iljxuh 46f/
zkhuh wkhuh duh pruh %eodfnv%/ l1h1 pruh vlqjohwrq fodvvhv/ exw d ehwwhu qrlvh uhgxfwlrq1

Krzhyhu wkh v|pphwul}dwlrq � a � � e| lq�pd kdv d glvdgydqwdjh= zkhq rqh fodvv D iurp
� ryhuodsv zlwk dqrwkhu/ D � iurp � � / wkhlu lqwhuvhfwlrq pd| ehfrph d qhz fodvv lq wkh ehvw
fdvh/ exw lv riwhq sxoyhul}hg lqwr doo lwv vlqjohwrqv1 Dq dowhuqdwlyh vroxwlrq frqvlvwv lq vsolwwlqj
D^D � lqwr wzr fodvvhv rqo|/ dffruglqj wr zkhwkhu i+{, lv forvhu wr wkh plqlpxp p/ ru wr wkh
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Iljxuh 45= d, lqlwldo doxplqd plfurjudsk > e, vxshulpsrvlwlrq ri d, dqg ri wkh Vnl} ri vhw
Ilj1 44f1

Iljxuh 46= Dq h{dpsoh ri lqwhuvhfwlrq ri fulwhuld1 d, frqfuhwh hohfwurq plfurjudsk ri Ilj1;d
> e, vhjphqwdwlrq ri d, e| mxps frqqhfwlrq ri udqjh 45 > f, lqwhuvhfwlrq ri mxps frqqhfwlrq
e, dqg vprrwk frqqhfwlrq ri udqjh 9 rewdlqhg lq Ilj1;f 1
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Iljxuh 47= V|pphwulfdo mxps frqqhfwlrq lq rqh glphqvlrq1 Wkh �uvw vwhs +rqh0mxps, lv
ghslfwhg e| wkh %4% duurzv> wkh vhfrqg/ dqg odvw/ vwhs ri wkh lwhudwlrq e| wkh %5% duurzv1

pd{lpxp p � 1 Wkh fruuhvsrqglqj v|pphwulfdo rqh0mxps fulwhulrq � � lv irupdoo| lqwurgxfhg
dv iroorzv

� � ^i>D` @ 4 / iD 5 F/ dqg iru hdfk { 5 D wkhuh h{lvwv hlwkhu
0 d plqlpxp p ri i lq D vxfk wkdw 3 � i+{,�p ? n>
dqg m i+{,�p m�m i+{,� � m>;� 5 Pj
0 ru d pd{lpxp p � ri i lq D vxfk wkdw 3 � p� � i+{, ? n
dqg m i+{,�p � m�m i+{,� � � m>;� � 5 P� j

zkhuh P +uhvs1P� , vwdqgv iru wkh vhw ri doo ydoxhv ri wkh plqlpd +uhvs1 wkh pd{lpd,
ri ixqfwlrq i 1 Iljxuh 47 ghslfwv dq h{dpsoh ri mxps frqqhfwlrq lq rqh glphqvlrq1 Wkh %4%
duurzv fruuhvsrqg wr wkh wkh rqh0mxps vlwxdwlrq/ dqg wkh grwwhg olqhv wr wkh vhjphqwv iurp
wkh pd{lpd11

Mxps fulwhulrq � Lq wkh doxplqd plfurjudsk ri Iljxuh 44/ wkh rqh0mxps frqqhfwlrq kdv
ehhq xvhg pruh iru h{wudfwlqj wkh xqlrq U ri doo vlqjohwrqv +wkh eodfn vhw, wkdq iru gl�hu0
hqwldwlqj wkh vhjphqwhg fodvvhv +wkh zklwh frqqhfwhg frpsrqhqwv,1 Lq rwkhu vlwxdwlrqv wkh
odwhu remhfwlyh ehfrphv sulprugldo/ vr wkdw wkh vlqjohwrq duhd kdv wr eh uhgxfhg dv prvw dv
srvvleoh1 Wklv jrdo fdq eh rewdlqhg e| lwhudwlrq1 Vxssrvh wkdw wkh ixqfwlrq i lv erxqghg/
zulwh V � @ V �

� iru wkh frpsohphqw ri wkh vhw V � gh�qhg e| Uhodwlrq 59/ dqg ghqrwh e| i �

wkh uhvwulfwlrq ri ixqfwlrq i wr V � 1 Wkhq wkh dssolfdwlrq ri wkh rqh0mxps fulwhulrq � wr i �

uhvxowv lq d qhz }rqh V ��� � V � vxfk wkdw lq hdfk F0frqqhfwhg frpsrqhqw ri V ��� wkh ixqfwlrq
i � lv ohvv wkdq n deryh rqh ri lwv plqlpd1
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Xqghu lwhudwlrq/ vxffhvvlyh qhvwhg vhwv V � > V � >hwf1 duh jhqhudwhg1 Dv ixqfwlrq i lv erxqghg/
diwhu d �qlwh qxpehu q ri lwhudwlrqv wkh vhw V � ehfrphv hpsw|1 Wkh zkroh vsdfh H lv
wkhq sduwlwlrqhg lqwr }rqhv lq zklfk wkh udqjh ri yduldwlrq deryh lqvlgh plqlpd lv vpdoohu
wkdq n1 Rqh suryhv +Sursrvlwlrq 6 lq ^;:`, wkdw wklv sduwlwlrq lv wkh juhdwhvw rqh zlwk F0
frqqhfwhg fodvvhv lq zklfk i +uhvs1 i � > i � > ===i � , lv ohvv wkdq n deryh d plqlpxp lq V � +uhvs1
V ��� > V ��� > ===V ��� ,1 Lq wkh fdvh ri Iljxuh 47/ wkh zkroh surfhvv frpsulvhv wzr vwhsv rqo|1

Wkh vdph w|sh ri lwhudwlrqv dssolhv dv zhoo wr wkh v|pphwulfdo irup � � ri wkh rqh0mxps
fulwhulrq1 Lq wkh dssolfdwlrqv/ wklv v|pphwulfdo lwhudwlyh yhuvlrq wxuqv rxw wr eh dq h{fhoohqw
whfkqltxh wr vhjphqw lpdjhv/ wkdqnv wr wkh txdolw| ri wkh sduwlwlrqv lw fuhdwhv +ihz srlqw }rqhv/
ylvxdoo| vljql�fdqw fodvvhv,/ dqg wr lwv idvw frpsxwdwlrq1 Dv wkh mxps n ydulhv jhrphwulfdoo|
+n @ 4> 5> 7> ;==, wkh sduwlwlrqv wkdw vhjphqw i duh qhvwhg lq hdfk rwkhu1 Wklv doorzv xv wr
exlog xs pxowlvfdoh vhjphqwdwlrq vfkhphv e| phdqv ri mxps frqqhfwlrqv1 Iljxuh 48 ghslfwv
dq h{dpsoh lq frorxu lpdjhu|/ zkhuh wkh rqo| slhfh ri lqirupdwlrq zh nhhs lv wkh oxplqdqfh/
ehfdxvh lwv h{wuhpd duh ylvxdoo| pruh vljql�fdqw wkdq wkrvh ri wkh vdwxudwlrq ru wkh kxh1 Wr
jlyh d ehwwhu lghd ri wkh uhvxowlqj vhjphqwdwlrqv/ wkh dulwkphwlfdo dyhudjhv ri wkh uhg/ juhhq
dqg eoxh lq hdfk frqqhfwhg fodvv kdyh ehhq fdofxodwhg > wklv fuhdwhv d prvdlf zklfk fdq eh
frpsduhg wr wkh ruljlqdo lpdjh1 Qrwlfh wkh odfn ri idovh froruv lq wkh uhvxowv1

D odvw frpphqw= zdwhuvkhgv dqg mxps fulwhuld kdyh ehhq lqwurgxfhg dv dfwlqj rq qx0
phulfdo ixqfwlrqv1 Zh glg lw ehfdxvh vxfk d iudphzrun prghov wkh h{dpsohv suhvhqwhg khuh/
dqg dovr ehfdxvh zh lpsolflwo| fkrvh wr wdnh plqlpd dqg pd{lpd dv vhhgv1 Exw zkhq h{rjhq
vhhgv duh jlyhq/ ru eurxjkw iurp d suhylrxv surfhvvlqj vwhs/ wkhq wkh duulydo vsdfh W qr orqjhu
qhhgv wr eh wrwdoo| rughuhg> lw vx!fhv wr surylgh lw zlwk d phwulf1 Lqghhg/ wkh dfwxdo ghpdqg
lv wkh h{lvwhqfh ri vhhgv/ dqg li zh vxssuhvv wkhp/ zh orvh frqqhfwlyhqhvv1 Iru h{dpsoh/ d
fulwhulrq vxfk dv

�^i>D` @ 4 / ^vxsii+{,> { 5 Dj � lqiii+{,> { 5 Dj` � n
lv qrw frqqhfwlyh= rqh frxog qrw vhjphqw d ixqfwlrq iurp lw1

8 Ihdwxuh0vsdfhv edvhg vhjphqwdwlrqv
Wkh deryh vhjphqwdwlrqv lqyroyh lpdjh rshudwlrqv iru h{wudfwlqj wkh frqqhfwhg }rqhv1 Wkhvh
wudqvirupdwlrqv pd| ru pd| qrw ghshqg rq qxphulfdo sdudphwhuv/ exw wkh| dozd|v rffxu
lq wkh vdph vsdfh dv wkdw ri wkh lpdjh xqghu vwxg|1 Wkh vhjphqwdwlrq surfhgxuhv zh qrz
kdyh lq plqg uhihu wr dq h{whuqdo vsdfh lq zklfk vrph phdvxuhphqwv duh glvsod|hg1 Wkh
odwwhu fdq eh klvwrjudpv/ lq rqh glphqvlrq ru pruh/ ru wkh sorw ri wkh vxuidfh duhd ri d
prylqj zdyh iurqw/ ru djdlq d suredelolw| vsdfh lq zklfk rswlpl}dwlrqv duh shuiruphg lq dq
lwhudwlyh pdqqhu/ dv wkh uhod{dwlrq whfkqltxhv gr1 Lq wkhvh dssurdfkhv/ wkh frqqhfwlyh fulwhuld
jhqhudoo| dgplw d grxeoh lqwhusuhwdwlrq dffruglqj wr zkhwkhu wkh| duh vwdwhg lq wkh lpdjh
vsdfh ru lq wkh h{whuqdo rqh/ dowkrxjk wkh| vwloo uhpdlq/ edvlfdoo|/ wkh frqfhuq ri srlqwv ru
uhjlrqv ri wkh lpdjh xqghu vwxg|1

Wkh wkuhvkrog rshudwru lv wkh vlpsohvw phdvxuhphqw edvhg vhjphqwdwlrq1 Diwhu kdylqj
eulh | suhvhqwhg lw dqg olvwhg d ihz ri lwv qxphurxv yduldqwv/ zh ghyrwh wkh odvw wzr vhfwlrqv
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Iljxuh 48= d, Frorxu yhuvlrq ri Vw Fxjdw sdlqwlqj ri Wkh Ylujlq > e, f, dqg g, vhjphqwdwlrqv
ri d, e| lwhudwlyh mxps frqqhfwlrqv ri udqjh 8 / 43 dqg 48 uhvshfwlyho|1 Qrwh wkdw wkh uhjlrq
qxpehu ghfuhdvhv h{srqhqwldoo|1
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wr wzr pruh vrsklvwlfdwhg vlwxdwlrqv1 Lq wkh �uvw rqh/ wkh lpdjh lv d 60G vhw/ zkrvh lqglfdwru
ixqfwlrq lv xqiruwxqdwho| d frqvwdqw/ vr wkdw zh kdyh wr �qg d pruh frqyhqlhqw qxphulfdo
ixqfwlrq wr vhjphqw lq vrph h{whuqdo vsdfh1 Lq wkh vhfrqg vlwxdwlrq/ zklfk ghdov zlwk d frorxu
lpdjh/ lw lv vkrzq wkdw wkh vhjphqwdwlrq ri wkh zkroh vsdfh lv qrw qhfhvvdu| iru h{wudfwlqj
vrph ri lwv fodvvhv ri lqwhuhvw1 Lq wkh zkroh vhfwlrq/ lw lv dozd|v vxssrvhg wkdw wkh fulwhuld
duh vdwlv�hg e| wkh vlqjohwrqv dqg e| wkh hpsw| vhw1

814 Frqqhfwlyh fulwhuld dqg wkuhvkrog
Lq wkh vsdfh ri d qxphulfdo lpdjh/ wkh wkuhvkrog rshudwru lv gh�qhg e| wkh iroorzlqj fulwhulrq

� � ^i>D` @ 4 +, lqiii+{,> { 5 Dj � w �
zklfk h{wudfwv doo wkrvh srlqwv zkhuh ixqfwlrq i lv deryh +ru ehorz, d jlyhq ydoxh w � = Wkh
wkuhvkrog fulwhulrq lv reylrxvo| frqqhfwlyh1 Xs wr qrz/ doo fulwhuld zh kdyh ghvfulehg zhuh
wudqvodwlrq lqyduldqw iru wkh juh| wrqh d{lv W / l1h1 ixqfwlrqv i dqg i . w> +w 5 W , |lhoghg wkh
vdph vhjphqwdwlrq1 Wkh wkuhvkrog fulwhulrq lv qrw ri wklv w|sh1 Khuh duh d ihz yduldqwv ri
wkh wkuhvkrog lghd

� Rqh fdq wdnh wkh lqwhuvhfwlrq ri fulwhulrq � � zlwk � �

� � ^i>D` @ 4 +, vxsii+{,> { 5 Dj � w �

zklfk surylghv wkh wkuhvkrog ehwzhhq ohyhov w � dqg w � >
� Rq fdq lqwhuvhfw wkhvh wkuhvkrog fulwhuld zlwk d frqqhfwlrq F rq S+H,>
� pruhryhu rqh fdq frpelqh wkh suhylrxv frqqhfwlrqv zlwk d fulwhulrq ri plqlpxp yroxph1
Iru h{dpsoh/ rqh fdq vhohfw dprqj doo wkuhvkroghg fodvvhv G+|,> | 5 H/ wkrvh zkhuh wkh
lqwhjudo U � � ����� i+{,g{ lv odujhu wkdq d jlyhq ydoxh>

� rqh fdq dovr kdyh lqwhjudo fulwhuld zklfk dvvrfldwh xsshu erxqgv1 Iru h{dpsoh= vxssrvh
vsdfh H lv phwulf/ dqg ghqrwh e| E+|> u � , wkh edoo ri fhqwuh | dqg udglxv u � 1 Vwduw iurp
d frqqhfwlrq F rq S+H,> dqg wdnh iru vhjphqwhg fodvvhv doo frqqhfwhg frpsrqhqwv D
vxfk wkdw iru dq| | 5 D wkh lqwhjudo U � � ��
 � � ��� i+{,g{ � d � / zkhuh d � dqg u � duh �{hg1
Fohduo|/ wkh fulwhulrq h{wudfwv vprrwk uhjlrqv>

� Rqh fdq dovr wklqn ri doo gluhfwlrqdo/ wh{wxudo/ ru kxh fulwhuld wkdw duh dvvrfldwhg zlwk
wkh xqlw flufoh1 Lq ^64` D1 Kdqexu| dqg M1 Vhuud frqvlghu wkh xqlw flufoh dv dq h{whuqdo
vsdfh wkdw doorzv wkhp wr vhjphqw lpdjh uhjlrqv dffruglqj wr wh{wxuh dqg kxh fulwhuld1

815 Vhw vhjphqwdwlrq
Wkh pdwhuldo xqghu vwxg| lq wklv h{dpsoh/ eruurzhg iurp ^;8`/ lv d vwdfn ri rqh kxqguhg
wklq vhfwlrqv ri wkh vklqerqh ri d fklfnhq hpeu|r1 Wkh elrorjlvwv zdqw wr nqrz zkhwkhu wkh
jurzwk ri wkh erqh surfhhgv e| qhvwhg f|olqghuv1 Zh vhh lq Iljxuh 49 wzr erqh vhfwlrqv1
Wkh| duh shushqglfxodu wr wkh orqj d{lv ri wkh vklqerqh dqg h{klelw vruwv ri flufxodu furzqv/
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Iljxuh 49= Wzr vhfwlrqv ri wkh vklqerqh

Iljxuh 4:= Dq h{dpsoh ri 50G jhrghvlf zdyhiurqw1

vr wr vd|1 Li wkh dvvxpswlrq ri wkh elrorjlvwv lv wuxh/ wkh vxffhvvlyh f|olqghuv vkrxog eh olqnhg
e| d ihz eulgjhv/ lq rughu wr hqvxuh wkh urexvwqhvv ri wkh zkroh erqh vwuxfwxuh1

Krz wr mxgjh wkh wuxwk ri wkhlu k|srwkhvlv/ dqg li qhhg eh/ krz wr vhjphqw wkh sloh ri
furvv vhfwlrqv lqwr wkh ydulrxv qhvwhg f|olqgulf furzqv B

Wkh surfhgxuh lv edvhg rq wkh lghd ri xvlqj wkh fhqwudo kroh ri wkh erqh +wkh phgxoodu|
uhjlrq, dv d f|olqgulf pdunhu/ dqg/ vwduwlqj iurp lw/ wr lqydgh wkh vrolg erqh e| 60G jhrghvlf
glodwlrqv1

Iljxuh 4: vkrzv krz jhrghvlf glodwlrq zrunv lq wzr glphqvlrqv1 Krzhyhu wkh fxuuhqw
fdvh lv wkuhh glphqvlrqdo/ dqg zh qhhg/ iru lwv lpsohphqwdwlrq/ wr fkrrvh d xqlw vskhuh = zh
zloo wdnh wkh xqlw fxeh0rfwdkhgurq suhihudeo| wr wkh xqlw fxeh1 Lw lv pruh lvrwurslf +47 idfh
gluhfwlrqv lqvwhdg ri 9,/ pruh frpsdfw +45 yr{hov yhuvxv 59, dqg forvhu wr dq Hxfolghdq vskhuh
+wkh 45 yhuwlfhv duh dw wkh vdph glvwdqfh iurp wkh fhqwuh,^:<`1

Wkh jhrghvlf glodwlrqv fuhdwh d zdyh iurqw wkdw sursdjdwhv wkurxjk wkh erqh1 Zh phdvxuh
wkh vxuidfh duhd ri wklv zdyh iurqw dw hdfk vwhs ri lwv glvfuhwh sursdjdwlrq1
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Iljxuh 4;= Zdyh iurqw vxuidfh duhd dw hdfk vwhs ri wkh sursdjdwlrq

Iljxuh 4; ghslfwv wkh sorw ri wklv duhd phdvxuhphqw yhuvxv wkh vwhs qxpehu1 Vhyhudo
plqlpd duh fohduo| ylvleoh1 Lqghhg/ zkhq vwduwlqj iurp wkh d{lv ri wkh erqh/ wkh zdyh lqydghv
wkh vrolg }rqhv/

0 lw phhwv d erqh f|olqghu �uvw/ zkhuh wkh iurqw vsuhdgv rxw odujho| =
0 wkhq/ wkh iurqw kdv wr furvv vrph qduurz eulgjhv iru uhdfklqj wkh vhfrqg f|olqgulf furzq/

khqfh lwv duhd uhgxfhv >
0 wkhq djdlq wkh iurqw sursdjdwhv ryhu wkh vhfrqg f|olqgulf furzq dqg lwv vxuidfh h{whqgv/

hwf11
Wkh sorw ri Iljxuh 4;/ zlwk lwv zhoo surqrxqfhg plqlpd/ fruurerudwhv wkh elrorjlfdo dv0

vxpswlrq ri qhvwhg f|olqgulf furzqv/ dqg wkh devflvvdh ri wkh vxffhvvlyh plqlpd lqglfdwh wkh
jhrghvlf glvwdqfh iurp wkh d{ldo pdunhu wr wkh erwwohqhfnv ri wkh eulgjhv1

Li zh vsolw wkh 60G erqh lqwr wkh }rqhv wkdw wkh plqlpd vhsdudwh/ gr zh shuirup d
vhjphqwdwlrq B \hv lqghhg1 Irujhw wkh vhw iru rqh lqvwdqw dqg frqvlghu wkh sorw rqo|1 Wkh
iroorzlqj fulwhulrq

;

?

=

�^i> i{j` @ 4
�^i>D` @ 4 zkhq vhjphqw D 5 S �] � � frqwdlqv qr plqlpxp ri i
�^i>D` @ 3 zkhq qrw

zkhuh i lv d 4�G qxphulfdo gljlwdo ixqfwlrq1 Wklv reylrxvo| frqqhfwlyh fulwhulrq glylghv wkh
{0d{lv lqwr vhjphqwv zlwk qr plqlpxp/ dqg dvvljqv srlqw fodvvhv wr doo devflvvdh ri plqlpd1
Surmhfwlqj edfn/ qrz/ wklv glylvlrq rqwr wkh 60G erqh vhw/ zh rewdlq wkh vhjphqwdwlrq ri wkh
vklqerqh lqwr lwv qhvwhg f|olqghuv +Iljxuh 4<,1

Wkh whfkqltxh lq wklv h{dpsoh zdv wr uhvruw wr wkh zdyh iurqw duhdv/ l1h1 wr uhsodfh d
60G vhw zklfk lv kdugo| ylvleoh e| d 40G vljql�fdqw ixqfwlrq/ dqg wkhq wr gh�qh d frqqhfwlyh
fulwhulrq wkdw pdnhv vhqvh rq wkh 40G sorw dv zhoo dv lq wkh 60G vsdfh1
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Iljxuh 4<= Vhjphqwdwlrq ri wkh wzr deryh vhfwlrqv1

816 Orfdo vhjphqwdwlrq e| 50G klvwrjudp
Wkh h{dpsoh wkdw iroorzv lv eruurzhg iurp M1 Dqjxor dqg M1 Vhuud ^7`/ dqg ohdgv wr d prgho
ri oljkw zklfk lv sursrvhg lq ^;:`1 Frqvlghu wkh jxlwdu lpdjh ri Iljxuh 53d1

Zh orrn iru vrph vhjphqwdwlrq fulwhulrq edvhg rq wkh krprjhqhlw| ri wkh frorxu1 Wkh
lpdjh/ zklfk lv surylghg lq +U/J/E, prgh lv wudqvfulehg lqwr wkh +euljkwqhvv/ vdwxudwlrq/ kxh,
prgh edvhg rq wkh O � qrup iru wkh vdnh ri frqvlvwhqf| +iru d glvfxvvlrq rq wkh dgydqwdjhv
ri V|vwhp +5:, yhuvxv KOV w|sh uhsuhvhqwdwlrqv/ vhh ^65`/ dqg iru wkh ghulydwlrq ri V|vwhp
+5:,/ vhh ^;6`,1 Wkh wudqvlwlrq irupxodh duh wkh iroorzlqj

o +f, @ p +f, @ 4
6 +pd{.phg .plq,

v +f, @
;

?

=

�
� +pd{�p +f,, li pd{.plq � 5phg
�
� +p +f,�plq, li pd{.plq � 5phg +5:,

k +f, @ n
�

� +f, . 4
5 � +4, ����� � =pd{.plq�5phg

5v +f,
�

zlwk phg @ phgldq+u> j> e,>pd{ @ pd{+u> j> e,>plq @ plq+u> j> e,/ dqgp @ phdq+u> j> e,1
Wkh frorxuv u> j> dqg e udqjh iurp 3 wr 4/ dqg wkh lqwhjhu � +f, ydulhv iurp 3 wr 8 dffruglqj
wr wkh dqjxodu vhfwru1 V|vwhp +5:, vkrzv wkdw zkhq wkh kxh k lv frqvwdqw ryhu vrph uhjlrq/
wkhq wkh euljkwqhvv o/ wkh vdwxudwlrq v dqg wkh phgldq phg duh olqhduo| olqnhg

v @ d +o �phg, +5;,
zlwk d � �6 ru d � 61 Wklv vxjjhvwv wkh sorwwlqj ri wkh 50G klvwrjudp ri o +{0d{lv, yhuvxv v
+|0d{lv,1 Lw lv ghslfwhg lq Iljxuh 54d dqg h{klelwv wzr pdmru doljqphqwv
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Iljxuh 53= d, lqlwldo frorxu lpdjh> e, wzr vhjphqwhg }rqhv1

0 z � / d orqj vhjphqw zlwk d srvlwlyh vorsh/ rq d olqh wkdw sdvvhv e| wkh ruljlq
0 z � / d vkruwhu vhjphqw/ ri qhjdwlyh vorsh dqg sodfhg rq d olqh sdvvlqj wkurxjk srlqw

+4> 3, =
Lqwurgxfh wkh iroorzlqj fulwhulrq lq wkh vsdfh ri wkh oxplqdqfh2vdwxudwlrq klvwrjudpplqxv

lwv ruljlq=
� � ^i>D` @ 4 zkhq doo sl{hov { 5 D olh rq d jlyhq olqh sdvvlqj e| wkh ruljlq
� � ^i>D` @ 3 zkhq qrw

Fohduo|/ fulwhulrq � � lv frqqhfwlyh1 Lq wkh suhvhqw fdvh/ lw |lhogv iru h{dpsoh wkh doljqphqw
z � 1 Wkh edfn surmhfwlrq rq wkh lpdjh vsdfh h{wudfwv wkh wdeoh ri wkh jxlwdu/ dv ghslfwhg rq
Iljxuh 53e1

Wkh doljqphqw z � zloo eh uhdfkhg e| dqrwkhu fulwhulrq � � / vlplodu wr � � / exw zkhuh wkh
olqh pxvw sdvv wkurxjk srlqw +4> 3, = Lq wkh lpdjh vsdfh/ doljqphqw z � fruuhvsrqgv wr wkh
fohdu uhjlrq ri wkh kdqg dqg �qjhu1 Dffruglqj wr Sursrvlwlrq +46,/ wkh vxsuhpxp � ri wkh
wzr fulwhuld � � dqg � � lv vwloo frqqhfwlyh +lq wkh lpdjh vsdfh wkh wzr }rqhv gr qrw ryhuods, > �
uhvxowv lq wzr vhjphqwhg uhjlrqv/ soxv srlqw fodvvhv hovhzkhuh1 Lq ixuwkhu vwhsv/ rqh fdq vwloo
frpelqh qhz fulwhuld zlwk � +h1j1 olqhv ri rwkhu vorshv/ forxgv lq wkh oxplqdqfh2vdwxudwlrq
vsdfh,1

Dv orqj dv wkh| duh frqqhfwlyh dqg wkh| jhqhudwh uhjlrqv wkdw gr qrw ryhuods zlwk wkh
suhylrxv rqhv/ wkh suhylrxv vhjphqwdwlrqv uhpdlq ydolg1 Lq rwkhu zrugv/ Sursrvlwlrq +46,
doorzv xv wr uhsodfh d joredo vhjphqwdwlrq e| wkh vxsuhpxp ri pruh orfdo rqhv/ wkdw fdq eh
surfhvvhg lqghshqghqwo|1

Wr frqfoxgh/ zh pd| qrwlfh wkdw wkh uhjlrqdol}hg prgho iru oljkw sursdjdwlrq sursrvhg lq
^;:` doorzv xv wr lqwhusuhw wkh olqhdu uhodwlrq ehwzhhq vdwxudwlrq dqg oxplqdqfh/ e| holplqdwlqj
wkh phgldq iurp htxdwlrq +5;,1 Exw zh glg qrw uhvruw wr dq| sk|vlfdo prgho iru dfklhylqj
wkh vhjphqwdwlrq1
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Iljxuh 54= d, 50G klvwrjudp ri wkh vdwxudwlrq v yhuvxv wkh euljkwqhvv o @ p iru wkh jxlwdu
lpdjh1 e, pdvnv ri wzr doljqphqwv lq wkh klvwrjudp d,1

9 Vhjphqwdwlrq dqg �owhulqj
D vhjphqwdwlrq fulwhulrq xvxdoo| ghshqgv rq rqh/ ru pruh/ qxphulfdo sdudphwhuv1 Zkhq/ iru
d jlyhq ixqfwlrq/ wkh sdudphwhu ydulhv/ wkh qxpehu ri fodvvhv ri wkh vhjphqwdwlrq sduwlwlrq
riwhq ydulhv lq d prqrwrqrxv pdqqhu1 Krzhyhu/ wkh fodvvhv wkhpvhoyhv duh qrw qhfhvvdulo|
qhvwhg1 Frqvlghu iru h{dpsoh wkh wkuhh vhjphqwdwlrqv ri Vw Fxjdw Ylujlq/ lq Iljxuh 481 Wkh
mxps e| 43 hqodujhv wkh fodvvhv ri wkdw e| mxps 8 +ehfdxvh 43 lv d pxowlsoh ri 8,/ exw wkh
mxps e| 48 grhv qrw hqodujh wkdw e| mxps 431 Rq wkh rwkhu kdqg/ lq doo wkhvh vhjphqwdwlrqv
zh jr gluhfwo| iurp vrph lqlwldo lpdjh wr sduwlwlrqv ri wkh vsdfh/ dqg e|sdvv srvvleoh �owhulqj
+l1h1 pdsslqjv iurp lpdjh wr lpdjh,1 Vkrxog lw eh srvvleoh/ lq wkh deryh vhjphqwdwlrq
dssurdfk/ wr lqvhuw vrph �owhulqj ehwzhhq wkh lqlwldo lpdjh dqg wkh �qdo sduwlwlrqB Vxfk
frpelqdwlrq zloo pdnh vhqvh rqo| li wkh �owhulqj vwhs khosv xv lq suhsdulqj wkh vhjphqwdwlrq
rqh e| uhjurxslqj/ khqfh vlpsoli|lqj/ wkh �0fodvvhv1 Wklv vhfwlrq dqg wkh wzr iroorzlqj rqhv
duh ghyrwhg wr wkh vwxg| ri vxfk frpelqdwlrqv1

Iurp qrz rq/ wkh duulydo vsdfh W lv vxssrvhg wr eh d frpsohwh odwwlfh zlwk xqlyhuvdo
erxqgvp � dqgp � / lq rughu wr rshq wkh zd| wr pruskrorjlfdo rshudwlrqv1 D qdwxudo dssurdfk
khuh frqvlvwv lq vwduwlqj iurp rshqlqjv = e| frpsrvlwlrq zlwk wkhlu gxdo irupv/ wkh forvlqjv/
wkh| doorz xv wr exlog xs d eurdg vshfwuxp ri �owhuv1 Dqg vlqfh wkh fodvv ri wkh rshqlqjv lv
forvhg xqghu vxsuhpxp/ zh fdq vwduw iurp wkh vlpsohvw rqhv/ l1h1 wkh vr fdoohg sxovh frqqhfwhg
rshqlqjv/ zklfk duh dvvrfldwhg zlwk wkh sxovhv vxs0jhqhudwruv ri W � 1 Exw wkhq zh kdyh wr
wdnh iru wkh fodvv I ri ixqfwlrqv wkh idplo| W � ri doo ixqfwlrqv i iurp H lqwr W ru/ srvvleo|/
d vxe0odwwlfh ri W � 1

Xqolnh lq wkh wkhru| ghyhorshg lq Vhfwlrq 5/ zkhuh ixqfwlrq i zdv �{hg dqg fulwhulrq �
yduldeoh/ fulwhulrq � lv qrz �{hg dqg ydulrxv ixqfwlrq rshudwruv pds W � lqwr lwvhoi1
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Iljxuh 55= Wzr frxqwhu h{dpsohv iru vwurqj frqqhfwlyhqhvv1 d, hdfk ri wkh wzr gursv v � dqg
v � jrlqj wkurxjk +{> w, kdv d zdwhuvkhg fodvv dw srlqw { zklfk lv lwv rzq edvh> v � a v � kdv
wzr plqlpd dqg lwv zdwhuvkhg fodvv dw { vkulqnv +dqg wklv lqi lv qr orqjhu d gurs,1 e, wkh
mxps fodvv ri wkh plqlpxp ri i � lv D � / wkdw ri wkh plqlpxp ri i � lv D � / krzhyhu wkh fodvv
D ri wkh plqlpxp ri i � a i � lv vpdoohu wkdq D � ^D � =

914 Vwurqj frqqhfwlylw| dqg gursv
Vhjphqwdwlrq sxusrvhv uhtxluh wkdw zh uhlqirufh Gh�qlwlrq : ri fulwhulrq frqqhfwlyhqhvv1
Gh�qlwlrq 4; Vwurqj frqqhfwlyhqhvv= D fulwhulrq � lv vdlg wr eh vwurqjo| frqqhfwlyh zkhq
iru doo ixqfwlrqv i 5 W �

4 2fulwhulrq � lv vdwlv�hg rq wkh fodvv V ri wkh vlqjohwrqv dqg e| wkh hpsw| vhw/
;i 5 I > �^i> >` @ 4 dq g i{j 5 V @, �^i> i{j` @ 4

52 iru dq| ixqfwlrq idplo| ii � > l 5 Lj lq W � dqg dq| vhw idplo| iD � > l 5 Lj lq S +H, > li
wkhuh h{lvwv d srlqw { 5 _ � D � zkhuh wkh i � +{, duh htxdo iru doo l 5 L/ wkhq

a�^i � >D � ` @ 4 , �^a i � >^D � ` @ 4= +5<,
Wkh frqglwlrq a�^i � >D � ` @ 4 phdqv wkdw iru doo l 5 L/ zh kdyh �^i � > D � ` @ 41 Wkh vwurqjo|

frqqhfwlyh fulwhulrq � lv vdlg wr eh frqglwlrqdoo| forvhg xqghu lq�pxp1 Lq sduwlfxodu/ zkhq
doo ixqfwlrqv i � duh lghqwlfdo/ wkhq wkh deryh gh�qlwlrq uhgxfhv wr Gh�qlwlrq : ri d frqqhfwlyh
fulwhulrq1 Wkh vhfrqg uhtxluhphqw ri Gh�qlwlrq 4; uhvwulfwv udwkhu vhyhuho| wkh fkrlfh iru
srvvleoh fulwhuld1 Iru h{dpsoh/ lw dffhswv wkh vprrwk frqqhfwlrq dqg wkdw e|  dw rqhv ru
txdvl0 dw }rqhv/ exw lw uhmhfwv erwk zdwhuvkhg dqg mxps frqqhfwlrq +vhh Iljxuh 55,1

Zh qrz lqwurgxfh wkh fodvv ri wkh gurs ixqfwlrqv/ zklfk sod|v dq hvvhqwldo uroh lq wkh
hoderudwlrq ri wkh frqqhfwhg �owhulqj1
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Gh�qlwlrq 4< Gursv = jlyhq d fulwhulrq � rq W � / d gurs v ri edvh D lv d ixqfwlrq v = H $ W
wkdw lv krprjhqhrxv iru fulwhulrq � rq vhw D/ dqg pd{lpxp hovhzkhuh

�^v>D` @ 4 > { 5 D � @, v +{, @ p �

D gurs v ri edvh D lv vdlg wr jr wkurxjk wkh srlqw +{> w, 5 H � W zkhq { 5 D dqg v +{, @ w=
Lq sduwlfxodu/ zkhq fulwhulrq � lv frqqhfwlyh/ d juhdwhvw edvh ri v dozd|v h{lvwv1 Hyhu|

ixqfwlrq i 5 W � fdq reylrxvo| eh ghfrpsrvhg lq vhyhudo zd|v lqwr dq lq�pxp ri gursv/ dqg
zkhq d fulwhulrq � kdv ehhq fkrvhq/ wkhuh dozd|v h{lvwv dw ohdvw rqh ghfrpsrvlwlrq ri hdfk
i 5 W � lqwr gursv rq wkh edvhv ri zklfk wkh fulwhulrq lv vdwlv�hg1 Wklv surshuw| uhpdlqv wuxh
iru doo fulwhuld > li/ lq dgglwlrq/ fulwhulrq � lv vwurqjo| frqqhfwlyh/ wkhq wkh idplo| ri wkh gursv
jrlqj wkurxjk srlqw +{> w, 5 H � W lv forvhg xqghu lq�pxp1 Pruh suhflvho|/ zh frqvlghu wkh
rughuhg sdluv +v>D, ri doo gursv jrlqj wkurxjk +{> w, dqg rughu wkhp dv iroorzv

+v>D, � +v � >D � , / v � v � dqg D � D � = +63,
Fohduo|/ Uhodwlrq +63, lv dq rughulqj uhodwlrq zkhuh wkh lq�pxp lv jlyhq e|

a

�
+v � 
D � , @ +a

�
v � 
 >^

�
D � , +64,

Li wkh idplo| V ��
 � ri doo gursv jrlqj wkurxjk +{> w, irupv d odwwlfh/ vxfk lq�pxp vkrxog eh
d gurs1
Sursrvlwlrq 53 Ohw � eh d vwurqjo| frqqhfwlyh fulwhulrq rq wkh ixqfwlrqv i 5 W � 1 Jlyhq
wkh sdlu +{> w, 5 H � W / wkh idplo| V ��
 � ri doo gursv jrlqj wkurxjk +{> w, irupv d frpsohwh
odwwlfh iru wkh rughulqj +63,/ lq zklfk wkh lq�pxp lv qrwklqj exw wkh srlqwzlvh lq�pxp ri
Uhodwlrq +64,1

Surri1 Ohw iv � > l 5 Lj eh d vxe0idplo| lq V ��
 � 1 Ghqrwh e| D � wkh edvh ri gurs v � > l 5 L dqg
e| v � wkh lq�pxp av � 1 Dv srlqw { ehorqjv wr doo D � dqg dv hdfk v � +{, htxdov w/ wkh lq�pxp
v � jrhv wkurxjk +{> w, = Wkhq/ e| dsso|lqj wr � wkh vwurqj frqqhfwlyhqhvv Uhodwlrq +5<,/ zh
rewdlq �^v � > ^ � D � ` @ 41 Pruhryhu/ li { 5 +^ � D � , � / wkhq { ehorqjv wr doo D �

� khqfh hdfk v � +{,
htxdov p � dqg v � +{, @ p � = Wkhuhiruh/ ixqfwlrq v � lv d gurs ri edvh ^ � D � / dqg idplo| V � 
 � lv
forvhg xqghu lq�pxp1 Pruhryhu/ wkh dqwl0sxovh ri edvh {

v ����� +{, @ w > v ����� +|, @ p � | 9@ {
zklfk lv wkh odujhvw ixqfwlrq ri W � jrlqj wkurxjk +{> w,/ lv dovr d gurs/ vlqfh �^v ��� � > i{j` @ 41
Khqfh/ wkh frpsohwh lqi0vhpl odwwlfh V ��
 � / zklfk dgplwv d pd{lpxp hohphqw/ wxuqv rxw wr eh
d frpsohwh odwwlfh1

Wkh plqlpxp hohphqw ri odwwlfh V ��
 � lv ghqrwhg e| v ��
 � / lw kdv d edvh
G ����� � @ ^ i^ iD = { 5 D>�^v>D` @ 4j > v 5 V ��
 � j = +65,
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Vlqfh fulwhulrq � lv frqqhfwlyh/ hdfk ixqfwlrq v 5 V � 
 � fdq eh vhjphqwhg dffruglqj wr Wkhruhp
;/ dqg lwv vhjphqwhg fodvv dw srlqw { lv htxdo wr G � @ ^iD = { 5 D>�^v>D` @ 4j > vr wkdw

G � ��� � @ ^ iG � > v 5 V ��
 � j =
Zh qrz frqvlghu d �{hg ixqfwlrq i 5 W � / vxfk dv w � i+{,= Wkh gursv ri V ��
 � zkrvh ydoxhv

lqvlgh wkh edvh duh vpdoohu wkdq i irup d vxe0odwwlfh ri wkh suhylrxv rqh1 Pruh suhflvho|
Fruroodu| 54 Jlyhq d ixqfwlrq i 5 W � / d vwurqjo| frqqhfwlyh fulwhulrq �> dqg d sdlu +{> w, 5
H � W / zlwk w � i+{,> wkh idplo| V ��
 � +i, ri wkrvh ixqfwlrqv v 5 V � 
 � vxfk wkdw

| 5 G � @, v +|, � i +|, +66,
zkhuh G � lv wkh edvh ri gurs v/ lv d frpsohwh vxe0odwwlfh ri V ��
 � 1

Surri1 Wkh dvvxpswlrq w � i+{, lpsolhv wkdw V ��
 � +i, frqwdlqv wkh dqwl0sxovh dw srlqw
+{> w,/ khqfh wkh juhdwhvw hohphqw ri odwwlfh V ��
 � = Zh kdyh wr suryh wkdw wkh idplo| V ��
 � +i, lv
forvhg xqghu wkh srlqwzlvh lq�pxp1 Wklv idplo| lv qrw hpsw|/ vlqfh lw frqwdlqv wkh dqwl0sxovh
dw srlqw +{> w, = Dv V ��
 � +i, lv d sduw ri V � 
 � / zh gudz iurp Surs153 wkdw lw lv forvhg xqghu
wkh srlqwzlvh lq�pxp lq V ��
 � / l1h1 wkdw dq| idplo| iv � > l 5 Lj lq V ��
 � +i, ri edvhv G � kdv dq
lq�pxp gurs v � +i, @ av � ri edvh G � @ ^ � G � = Lw uhpdlqv wr yhuli| wkdw wkh gurs v � lv dq
hohphqw ri V ��
 � +i,= Li | 5 G � wkhq wkhuh h{lvwv dq lqgh{ m 5 L vxfk wkdw | 5 G� > khqfh
v � +|, � v� +|, � i +|,/ l1h1 v � ixo�oov lpsolfdwlrq +66,/ zklfk dfklhyhv wkh surri1

Wkh plqlpxp hohphqw ri odwwlfh V ��
 � +i, lv ghqrwhg e| v ��
 � +i,/ dqg lwv d edvh/ e| G ��� � � +i,=

915 Sxovh rshqlqj
Li zh orrn dw wkh wklqjv iurp wkh srlqw ri ylhz ri wkh rshudwruv/ lw ehfrphv frqyhqlhqw wr
lqwurgxfh wkh idplo| i� � 
 � > +{> w, 5 H � Wj ri wkh pdsslqjv iurp W � lqwr lwvhoi +iru d jlyhq
fulwhulrq �, wkdw duh gh�qhg dv iroorzv

41 li w � i+{,> wkhq � ��
 � +i, htxdov wkh frqvwdqw plqlpxp ixqfwlrq p � >
51 li w � i +{, wkhq

^� ��
 � +i,`+|, @ ^v ��
 � +i,`+|, @ ^a iv> v 5 V ��
 � +i,j`+|, zkhq | 5 G � ��� � +i, +67,
^� ��
 � +i,`+|, @ p � zkhq | @5 G � ��� � +i,

61 Lq dgglwlrq zh vxssrvh wkdw wkh plqlpxp ixqfwlrqp � lv d gurs/ l1h1 wkdw �^p � >H` @ 4=
Sursrvlwlrq 55 Zkhq � lv d vwurqjo| frqqhfwlyh fulwhulrq/ wkhq hdfk � ��
 � wxuqv rxw wr eh
dq rshqlqj/ fdoohg wkh sxovh rshqlqj dw sxovh l ��
 � 1
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Surri1 Wkh rshudwru � ��
 � lv reylrxvo| dqwl0h{whqvlyh/ zh kdyh wr suryh wkdw lw lv dovr
lqfuhdvlqj dqg lghpsrwhqw1 Erwk surshuwlhv duh wulyldoo| vdwlv�hg zkhq w � i+{,> vlqfh wkh
plqlpxp ixqfwlrq p � lv d gurs1

Lqfuhdvlqjqhvv= ohw i � dqg i � eh wzr ixqfwlrqv/ zlwk i � � i � = Zh vxssrvh w � i � +{, �
i � +{,/ vr wkdw qrqh ri wkh wzr idplolhv V � 
 � +i � , dqg V ��
 � +i � , lv hpsw|1 Ohw v � eh d gurs ri
V � 
 � +i � , ri edvh D � 1 Frqvlghu wkh idplo| ri wkrvh vhwv \ 5 S +H, vxfk wkdw

�^v � > \ ` @ 4 dqg | 5 \ , v � +|, � i � +|,= +68,
Wkh i\ j idplo| lv qrw hpsw| vlqfh lw frqwdlqv wkh vlqjohwrq i{j1 Ghqrwh e| D � wkh xqlrq
ri doo vhwv \ wkdw vdwlvi| wkh wzr uhodwlrqv +68,1 E| frqqhfwlyhqhvv ri fulwhulrq �> zh kdyh
�^v � >D � ` @ 4= Khqfh wkh ixqfwlrq

v � +|, @ v � +|, zkhq | 5 D � > dqg v � +|, @ p � zkhq | @5 D � >
lv d gurs ri V ��
 � +i � , zklfk jrhv wkurxjk srlqw +{> w,= Qrz/ ryhu D � dqg D �

� zh kdyh v � +|, @
v � +|,/ dqg ryhu D � qD � lw frphv i � +|, ? v � +|, � i � +|, dqg v � +|, @ p � > vr wkdw zh �qg iru doo
| 5 H

v � +{,a i � +{, � v � +{,a i � +{,=
Dv zh kdyh dvvrfldwhg/ zlwk hdfk hohphqw ri wkh lq�pxp +67, lqyroyhg e| vwurqj frqqhfwlyh0
qhvv lq � ��
 � +i � , > d vpdoohu hohphqw ri wkh lq�pxp ri � � 
 � +i � , > zh fdq zulwh

v � +i � ,a i � � v � +i � ,a i � = +69,
Li zh qrz frqvlghu dq duelwudu| gurs v � ri edvh G � > ri V � 
 � +i � ,/ zh revhuyh wkdw lw lv dovr d
gurs ri V ��
 � +i � , zklfk |lhogv/ dffruglqj wr Uho1+65,/

G � ��� � +i � , � G � � � � +i � ,= +6:,
Wkh wzr lqhtxdolwlhv +69, dqg +6:, lpso| wkdw � � 
 � +i � , � � ��
 � +i � , > l1h1 wkdw rshudwru � ��
 � lv
lqfuhdvlqj1

Lghpsrwhqfh= Frqvlghu d gurs v � 5 V ��
 � +� ��
 � , ri edvh G � � =Zh kdyh/ rq wkh rqh kdqg
v � +{, @ w> dqg rq wkh rwkhu rqh

| 5 G � � , v � +|, � � � 
 � +i, � i
| @5 G � � , v � +|, @ p �

khqfh v � lv d gurs ri V ��
 � +i,/ vr v � � v � 
 � +i,= Exw dv dq hohphqw ri v ��
 � ^v ��
 � +i,` wkh gurs v �

lv vpdoohu wkdq v ��
 � +i, rq wkh grpdlq G � � 1 Wkhuhiruh doo wkh gursv ri V � 
 � +� ��
 � , duh htxdo wr
v � 
 � +i,rq wkhlu edvhv/ vr wkdw wkhlu lq�pxp lv qrwklqj exw v ��
 � +i,/ zklfk dfklhyhv wkh surri1

D sxovh rshqlqj lv uduho| xvhg dorqh/ exw udwkhu lq dvvrfldwlrq zlwk d idplo| ri rwkhu
sxovhv rshqlqjv1 Revhuylqj wkdw dq| ixqfwlrq j 5 W � lv wkh vxsuhpxp ri doo sxovhv l � 
 �
vpdoohu wkdq lw/ dqg wkdw d vxsuhpxp ri rshqlqjv lv vwloo dq rshqlqj/ zh fdq sdudphwul}h
sxovh rshqlqjv e| phdqv ri ixqfwlrqv j dqg sxw
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Iljxuh 56= d, Lqlwldo lpdjh/ i vd|/ ri d prvdlf> e, pdunhu lpdjh/ l1h1 ixqfwlrq j ri uho1 +6;,1
Ixqfwlrq j lv wkh hurvlrq ri wkh lqlwldo lpdjh e| d kh{djrq ri vl}h irxu1

Gh�qlwlrq 56 Zkhq fulwhulrq � lv vwurqjo| frqqhfwlyh/ dqg zkhq j 5 W � lv dq duelwudu|
ixqfwlrq/ wkhq wkh vxsuhpxp

� � @ b
�� ��
 � > l ��
 � � j� +6;,

lv dq rshqlqj fdoohg rshqlqj ri pdunhu j1

D sduwlfxodu fdvh ri wklv rshudwru lv wkh jhrghvlfdo uhfrqvwuxfwlrq e| glodwlrq iurp wkh
pdunhu j xqghu wkh pdvn i 1 Wklv srsxodu rshudwlrq gdwhv iurp wkh hljkwlhv/ dqg lwv �uvw
v|vwhpdwlf vwxg| pd| eh irxqg lq ^:9`1 Khuh wkh fulwhulrq � lv wkdw ri wkh frqqhfwhg  dw
}rqhv +l1h1 �^i>D` @ 4 iru D frqqhfwhg dqg i frqvwdqw ryhu D,/ zklfk lv vwurqjo| frqqhfwlyh/
dqg wkh hohphqwdu| rshqlqj � ��
 � lv wkh jhrghvlfdo uhfrqvwuxfwlrq iurp wkh pdunhu l ��
 � 1 Wkh
irxu skrwrjudskv ri Iljxuh 56 dqg Iljxuh 57 looxvwudwh wkh qrwlrq ri d frqqhfwhg rshqlqj1 Wkh
lqlwldo lpdjh i lv khuh Iljxuh 56d/ dqg lwv hurghg yhuvlrq Iljxuh 56e zloo vhuyh dv pdunhu j1
Iru d sxovh +{> w, wdnhq lq wkh zklwh uhjlrq ri wkh uljkw h|h/ lq Iljxuh 56e/ wkh fruuhvsrqglqj
sxovh rshqlqj � ��
 � +i, lv ghslfwhg lq Iljxuh 57d> wkh vxsuhpxp ri doo sxovh rshqlqjv ri wkh
pdunhu j lv uhsuhvhqwhg lq Iljxuh 57e1 Vxfk d uhfrqvwuxfwlrq ri ixqfwlrq i / %iurp ehorz%/
e| h{sdqglqj pdunhu j surylghv xv zlwk dq rshqlqj wkdw hlwkhu suhvhuyhv/ ru holplqdwhv/ wkh
frqwrxuv/ exw zlwkrxw fuhdwlqj qhz rqhv ^:5`/^57`/ ^4:`1 E| lghpsrwhqfh ri wkh rshqlqj/ li
zh vwduw iurp Iljxuh 57e/ hurgh lw dqg uh0h{sdqg wkh hurvlrq/ zh vkdoo rewdlq djdlq Iljxuh
57e/ zlwkrxw fkdqjhv1

916 Frqqhfwhg rshudwruv
Frqvlghu dq duelwudu| rshudwru # iurp W � lqwr lwvhoi/ ru pruh jhqhudoo| iurp d ixqfwlrq
vsdfh I lqwr lwvhoi/ dqg d fulwhulrq � = I� S+H, $ i3> 4j= Wkh sdlu i�> #j> ylhzhg dv
d zkroh/ ehfrphv lwvhoi d fulwhulrq edvhg rq wkh txdqwlw| �^#+i,>D`/ vlqfh wklv txdqwlw|
htxdov hlwkhu 3 ru 41 Pruhryhu/ fulwhulrq i�> #j lqkhulwv vrph edvlf surshuwlhv wkdw � pd|
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Iljxuh 57= d, sxovh rshqlqj � � 
 � +i, iru d sxovh +{> w, wdnhq lq wkh zklwh sduw ri wkh uljkw h|h ri
Ilj1 56e1 e, vxsuhpxp � � +i, ri doo sxovh rshqlqjv iru wkh sxovhv vpdoohu ru htxdo wr Ilj156e

vdwlvi|1 Iru h{dpsoh/ li fulwhulrq � lv frqqhfwlyh +uhvs1 vwurqjo| frqqhfwlyh,/ wkhq fulwhulrq
i�>#j lv frqqhfwlyh +uhvs1 vwurqjo| frqqhfwlyh, dv zhoo1 Wr suryh lw/ zh revhuyh wkdw wkh
frqqhfwlyhqhvv d{lrp +:, dssolhv iru doo ixqfwlrqv i 5 I 1 Vlqfh #+I, � I / lw vx!fhv wr
uhsodfh i e| #+i, lq d{lrp +:,1 Iru wkh vdph uhdvrq/ wkh sdvvdjh � $ i�>#j suhvhuyhv dovr
wkh vwurqj frqqhfwlyhqhvv/ dqg wkh sxovh ghfuhdvlqjqhvv ri Gh�qlwlrq 5:1

Wkh qhz surshuw| wkdw zh zloo dgg qrz wr fulwhulrq i�>#j qr orqjhu krogv rq �/ exw rq
rshudwru #1 Lq lpdjh surfhvvlqj/ rqh fodvvlfdoo| xvhv wkh dgmhfwlyh %frqqhfwhg% wr vljqli| wkdw
dq rshudwlrq # rq W � hqodujhv wkh vhjphqwdwlrq sduwlwlrq1 Zh nhhs wkh whup/ exw uhgh�qh
lw zlwklq wkh edfnjurxqg ri frqqhfwlyh fulwhuld1
Gh�qlwlrq 57 Dq rshudwru # rq W � lv vdlg wr eh frqqhfwhg zlwk uhvshfw wr d frqqhfwlyh
fulwhulrq � zkhq iru doo i 5 W � dqg iru doo D � H lw vdwlv�hv wkh uhodwlrqvkls

�^i>D` @ 4 , �^#+i,>D` @ 4= +6<,
Lq rwkhu zrugv/ wkh frqqhfwlrq jhqhudwhg e| � dqg #+i, lv odujhu wkdq wkdw gxh wr � dqg i 1

Wkh uhdvrq ri lpsolfdwlrq +6<, lv fohdu1 Dv vrrq dv wkh vhjphqwdwlrq dffruglqj d frqqhfwlyh
fulwhulrq � lv suhfhghg e| d frqqhfwhg �owhu/ dffruglqj wr � dv zhoo/ rqh fdq lqwhusuhw wkh
vhtxhqfh ri wkh wzr rshudwlrqv dv d xqltxh vhjphqwdwlrq1 Lw xvxdoo| ghshqgv rq d vl}h srvlwlyh
sdudphwhu/ zklfk surylghv lw zlwk vhpl0jurxsv vfdoh vsdfh surshuwlhv +vhh qh{w vhfwlrq ehorz/
dqg ^;4`/^47`/ ^68`,1

Lq sduwlfxodu zkhq d frqqhfwlrq F lv gh�qhg ryhu S+H, dqg zkhq �^i>D` @ 4 iru D frq0
qhfwhg dqg i frqvwdqw/ wkhq Lpsolfdwlrq +6<, uhgxfhv wr wkh fodvvlfdo gh�qlwlrq ri d frqqhfwhg
rshudwru +l1h1 i frqvwdqw ryhu wkh frqqhfwhg vhw D , #+i, frqvwdqw ryhu D/ ^:9` ^:5`/^57`/^67`,1

Frqvlghu qrz wkh vhjphqwdwlrq fodvv G � +{, dw srlqw {/ l1h1
G � +{, @ ^iD = { 5 D> �^i>D` @ 4j=
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Vlqfh � lv frqqhfwlyh/ Lpsolfdwlrq +6<, vkrzv wkdw dw hyhu| srlqw {zh kdyh �^#+i,>G � +{,` @ 4>
khqfh G � +{, � G � �	��� +{, vr wkdw G � � G � �	��� / l1h1 wkh rshudwru # hqodujhv wkh vhjphqwdwlrq
sduwlwlrqv1 Dv vxfk dq hqodujhphqw fdq rqo| eh uhdfkhg e| phujlqj fodvvhv/ wkh ryhudoo
erxqgdu| vhw ri wkh fodvvhv uhgxfhv1 Zh fdq vwdwh
Sursrvlwlrq 58 Dq| frqqhfwhg rshudwru zlwk uhvshfw wr d frqqhfwlyh fulwhulrq � rq W �

hqodujhv wkh vhjphqwdwlrq sduwlwlrqv/ dqg uhgxfhv wkh erxqgdulhv ri wkh dvvrfldwhg fodvvhv1
Lq sduwlfxodu/ li wkh erxqgdulhv duh uhjxodu hqrxjk wr kdyh d �qlwh shulphwhu/ wkhq wklv

shulphwhu dovr uhgxfhv1 Qrwh wkdw dq rshudwru wkdw hqodujhv wkh sduwlwlrqv pd| qrw eh frq0
qhfwhg1 D vxssohphqwdu| dvvxpswlrq lv qhfhvvdu| iru wkh frqyhuvh vwdwhphqw/ vxfk dv wkh vhw
ghfuhdvlqjqhvv1 Li/ zkhq ixqfwlrq i lv �{hg/ wkh pdujlqdo pdsslqj �^i>D` = S+H, $ i3> 4j lv
ghfuhdvlqj/ l1h1 li

�^i>D` @ 4 dqg E � D , �^i>E` @ 4 +73,
dqg li lpsolfdwlrq +73, uhpdlqv wuxh iru doo ixqfwlrqv i 5 I / wkhq rqh vd|v wkdw fulwhulrq � lv
vhw ghfuhdvlqj1 Wkh wkuhvkrog rshudwru iru h{dpsoh lv ri wklv w|sh/ dv zhoo dv wkh vhjphqwdwlrq
lqwr srvvleo| qrq frqqhfwhg  dw }rqhv +li i lv frqvwdqw ryhu vhw D/ lw lv d iruwlrul frqvwdqw
ryhu dq| vhw E � D,1
Sursrvlwlrq 59 Zkhq wkh frqqhfwlyh fulwhulrq � lv vhw ghfuhdvlqj/ wkhq dq| rshudwru wkdw
hqodujhv wkh sduwlwlrqv lv frqqhfwhg 1

Surri1 Li �^i>D` @ 4 wkhq iru dq| srlqw { 5 D zh �qg D � G � +{, � G � �	��� +{,1 Qrz/
e| gh�qlwlrq ri G � �	��� +{, zh kdyh �^#+i,>G � � ��� +{,` @ 4> zklfk lpsolhv �^#+i,>D` @ 4 e| vhw
ghfuhdvlqjqhvv ri fulwhulrq �/ l1h1 lpsolfdwlrq +6<,1

Khuh lv d frxqwhu0h{dpsoh gxh wr F1 Urqvh +sulydwh frppxqlfdwlrq,1 Jlyhq d vhw frqqhf0
wlrq F/ ohw � eh gh�qhg e| �^i>D` @ 4 l� D 5 F dqg i lv frqvwdqw rq D1 Ohw � � eh wkh fulwhulrq
yhuli|lqj � � ^i>D` @ 4 l� D lv d pd{lpdo  dw }rqh ri i 1 Iru # frqqhfwhg lq wkh xvxdo vhqvh/
iru d pd{lpdo  dw }rqh D ri i zh kdyh � � ^i>D` @ �^i>D` @ 4/ wkhq �^#+i,>D` @ 4/ exw qrw
qhfhvvdulo| � � ^#+i,>D` @ 4/ ehfdxvh #+i, pd| eh frqvwdqw rq d odujhu  dw }rqh frqwdlqlqj
D1

Rqh zloo qrwlfh wkdw vhw ghfuhdvlqjqhvv lv d sduwlfxoduo| ghpdqglqj frqglwlrq1 F1 Urqvh
+sulydwh frppxqlfdwlrq, sursrvhv wr zhdnhq lw dv iroorzv1 Vwduw iurp d frqqhfwlrq F/ wkhq d
fulwhulrq � lv F0ghfuhdvlqj li

l, zkhqhyhu �^i>D` @ 4/ zh pxvw kdyh D 5 F
ll, iru D>E 5 F vxfk wkdw �^i>D` @ 4 dqg E � D/ zh kdyh �^i>E` @ 4
Sursrvlwlrq 59 uhpdlqv wuxh xqghu wklv zhdnhu dvvxpswlrq ri F0ghfuhdvlqjqhvv1 Dq|zd|/

zh kdyh dyrlghg wr xvh Sursrvlwlrq 59 lq wkh suhvhqw wkhru|1
Frplqj edfn wr wkh sxovh rshqlqj +67,/ zh revhuyh wkdw wkrxjk G � � � � +i, lv wkh odujhvw

vhw rq zklfk fulwhulrq � lv vdwlv�hg iru ixqfwlrq v ��
 � / wkh sxovh rshqlqj � ��
 � +i, pd| qrw eh
qhfhvvdulo| frqqhfwhg1 Krzhyhu wklv qlfh surshuw| zloo eh rewdlqhg zkhq fulwhulrq � lv sxovh
ghfuhdvlqj=
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Gh�qlwlrq 5: +Sxovh ghfuhdvlqjqhvv, D frqqhfwlyh fulwhulrq � lv vdlg wr eh sxovh ghfuhdvlqj
zkhq/ iru dq| ixqfwlrq i / dq| vhw D vxfk wkdw �^i>D` @ 4 dqg iru dq| idplo| i+{ � > w � , > l 5 Lj>
vxfk wkdw ;l 5 L> { � 5 D dqg w � � i +{ � ,/ rqh fdq �qg d idplo| ii � > l 5 Lj ri ixqfwlrqv i � vxfk
wkdw

42 hdfk i � lv vpdoohu ru htxdo wr i ryhu D dqg i � +{ � , @ w � >
52 hdfk i � lv krprjhqhrxv ryhu D

�^i � > D` @ 4> l 5 L> +74,
62 wkh srlqwzlvh vxsuhpxp ri wkh i � *v lv krprjhqhrxv ryhu D

�^bii � > l 5 Lj>D` @ 4> +75,
72 Lq dgglwlrq/ zkhq i @ p � > wkhq fulwhulrq � lv vdwlv�hg iru doo vxevhwv ri H

;D 5 S +H, > �^p � > D` @ 4= +76,
Ghvslwh wklv orqj gh�qlwlrq/ sxovh ghfuhdvlqjqhvv lv qrw d yhu| ghpdqglqj suhuhtxlvlwh1

Zkhq W @ U/ wkh �uvw wkuhh d{lrpv duh ixo�oohg e| doo fulwhuld wkdw duh lqyduldqw xqghu
grzqzdug wudqvodwlrq/ l1h1 iru zklfk erwk i dqg i � g/ g A 3> |lhog wkh vdph vhjphqwdwlrq1
Dv iru wkh irxuwk d{lrp/ lw mxvw jlyhv d vwdwxv wr wkh }hur ixqfwlrq1 Qrwh dovr wkdw wkh
wkuhvkrog fulwhulrq lv qrw sxovh ghfuhdvlqj1 Sxovh ghfuhdvlqjqhvv zrunv %yhuwlfdoo|%/ zkhuhdv
vhw ghfuhdvlqjqhvv lv sxuho| %krul}rqwdo%1
Sursrvlwlrq 5; = Ohw � eh d vwurqjo| frqqhfwlyh dqg sxovh ghfuhdvlqj fulwhulrq/ dqg i 5 W �

eh dq duelwudu| ixqfwlrq1 Wkhq iru dq| sxovh l � 
 � vxfk wkdw w � i+{, wkh sxovh rshqlqj ri
Htxdwlrq +67, lv d frqqhfwhg rshudwru1

Surri1 Ohw G � � � � ghqrwh wkh vhjphqwhg fodvv ri v ��
 � dw srlqw {/ zkhuh v ��
 � lv wkh lq�pxp
gh�qhg e| Uho1+67,1 Frqvlghu d krprjhqhrxv }rqh ] � ri i / l1h1 vxfk wkdw �^i> ] � ` @ 4=Zh
kdyh wr suryh wkdw �^� ��
 � +i, > ] � ` @ 4= Li G � � � � _] � @ > wkhq � ��
 � +i, @ p � ryhu ] � dqg iurp
Uhodwlrq +76,/ zh kdyh �^� ��
 � +i, > ] � ` @ 4= D vhfrqg reylrxv fdvh dulvhv zkhq ] � � G ��� � � >
vlqfh wkhq � ��
 � +i, htxdov v � 
 � rq ] � ^Uho1+67,`/ vr wkdw �^� ��
 � +i, > ] � ` @ 4=

Frqvlghu qrz d krprjhqhrxv }rqh ] � wkdw lqwhuvhfwv G ����� � > exw zlwk srvvleo| rxwvlgh
srlqwv/ dqg wdnh d srlqw | 5 G ����� � _ ] � 1 Dv fulwhulrq � lv sxovh ghfuhdvlqj/ wkhuh h{lvwv d
ixqfwlrq i � � i zlwk i � +|, @ ^v ��
 � +i,`+|, dqg �^i � > ] � ` @ 4= Lqwurgxfh wkh iroorzlqj gurs k =

� k +|, @ i � +|, | 5 ] �
k +|, @ p � | @5 ] � =

Erwk ixqfwlrqv v ��
 � +i, dqg k ehorqj wr fodvv V��
 ��� � � � ��� +i,/ wkhuhiruh wkhlu lqi v ��
 � +i,a k lv vwloo
d gurs ri fodvv V ��
 � ��� � � ��� +i, dqg wkh vhw G ��� � � +{, ^ ] � lv d krprjhqhrxv }rqh ri v ��
 � +i, a k1
Qrz zh fdq dozd|v pdnh wkh gurs v � 
 � +i, a k jr wkurxjk +{> w,= li { 5 ] � / lw vx!fhv wr wdnh
| @ {/ dqg li { @5 ] � wkhq ^v ��
 � +i,`+{,ak+{, @ ^v � 
 � +i,`+{, @ w1 Wkhuhiruh ixqfwlrq v ��
 � +i,ak
lv d gurs ri wkh idplo| V ��
 � / khqfh v ��
 � +i, a k @ v ��
 � +i, dqg zh kdyh G � ��� � ^ ] � � G � � � � /
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ru htxlydohqwo| ] � � G ��� � � 1 Dffruglqj wr Uho1+67,/ lw lpsolhv wkdw v ��
 � htxdov wkh wudqvirup
� ��
 � +i, ryhu ] � > zklfk dfklhyhv wkh surri1

Wkh jhrphwulfdo lqwhusuhwdwlrq ri Sursrvlwlrq 5; lv fohdu= hlwkhu wkh edvh { ri wkh sxovh
ehorqjv wr wkh krprjhqhrxv }rqh ] � / dqg wkhq ] � � G ����� � > ru { @5 ] � dqg wkhq ] � � ^G ��� � � ` � =
Wklv uhpdun doorzv xv wr hdvlo| h{whqg wkh sursrvlwlrq wr wkh pdunhu edvhg rshqlqjv ri
Uho1+6;, l1h1 wr

� � +i, @ b
�� ��
 � > l ��
 � � j� @ b

�� ��
 � +i, > w � j+{,� =
zkhuh pdunhu j lv dq duelwudu| ixqfwlrq1 Lqghhg/ zh kdyh wr suryh wkdw dq| krprjhqhrxv
}rqh ] � ri i lv vwloo krprjhqhrxv iru � � +i,= Ohw M eh wkh idplo| ri doo sxovhv +{� > w� , zkrvh
edvhv idoo lq ] � dqg iru zklfk w� � i+{� ,> dqg j � eh wkhlu vxsuhpxp1 Vlploduo|/ ohw j � eh
wkh vxsuhpxp ri wkh uhpdlqlqj sxovhv ri wkh idplo| i+{> w,> w � j+{,j1 Zh kdyh j @ j � b j �
vr wkdw � � +i, @ � ��� +i, b � ��� +i,1 Zh gudz iurp wkh deryh jhrphwulfdo lqwhusuhwdwlrq wkdw
^� � � +i,`+] � , @ p � / khqfh � � +i, @ � � � +i, ryhu ] � = Vlqfh fulwhulrq � lv sxovh ghfuhdvlqj/ hdfk
plqlpxp gurs v ��� 
 ��� +i,> m 5 M> lv vpdoohu/ lq ] � > wkdq d ixqfwlrq i� vxfk wkdw �^i� > ] � ` @ 4=
Wkhuhiruh � ��� +i, � bi� ryhu ] � 1 Qrz/ vwloo e| sxovh ghfuhdvlqjqhvv zh dovr kdyh �^bi� > ] � ` @
4 dqg li zh wdnh d srlqw } lq ] � zh fdq �qg d ixqfwlrq i � jrlqj wkurxjk ^� ��� +i,`+}, dqg zlwk
�^i � > ] � ` @ 41 Wkhq zh gudz iurp wkh vwurqj frqqhfwlyhqhvv ri fulwhulrq � wkdw

4 @ �^� ��� +i,a i � > D` @ �^� ��� +i,>D` @ �^� � +i,>D`=
Wkhuhiruh zh fdq vwdwh wkh iroorzlqj

Sursrvlwlrq 5< Ohw � = W � � S+H, $ i3> 4j eh d vwurqjo| frqqhfwlyh dqg sxovh ghfuhdvlqj
fulwhulrq dqg j eh d pdunhu ixqfwlrq1 Wkhq wkh rshqlqj

� � +i, @ b
�� ��
 � +i, > l ��
 � � j� +77,

ri pdunhu j lv d frqqhfwhg rshudwru1
Qr vshfldo frqglwlrq krogv rq pdunhu j +li j � i / rqh fdq dozd|v uhsodfh j e| jai,=Zkhq

wkh vhjphqwdwlrq fulwhulrq � lv wkdw ri wkh  dw }rqhv/ wkhq wkh frqglwlrqv ri Sursrvlwlrq 5< duh
vdwlv�hg dqg wkh rshqlqj � � lv frqqhfwhg1 Wklv rshudwlrq lv riwhq fdoohg %wkh uhfrqvwuxfwlrq
ri ixqfwlrq i e| glodwlrq iurp ixqfwlrq j%1 Wkh deryh h{dpsoh ri wkh prvdlf/ lq Iljxuhv 56
dqg 57 ghslfwv vxfk frqqhfwhg rshqlqj1 Dowkrxjk wklv looxvwudwlrq lv gljlwdo/ dqg lqyroyhv d
wrwdoo| rughuhg odwwlfh W / wkh wzr sursrvlwlrqv 5; dqg 5< uhpdlq ydolg iru �qlwh ru frqwlqxrxv
vsdfhv H dqg duelwudu| frpsohwh odwwlfhv W 1 Qrwh dovr wkdw frqqhfwhg rshqlqjv/ wkh gxdo
forvlqjv/ dqg wkhlu frpsrvlwlrq surgxfwv vxfk dv wkh ohyhoolqjv r�hu dq dqfkrudjh srlqw wr
SGHv +h1j1 S1 Pdudjrv dqg I1 Ph|hu*v zrun rq ohyhoolqj SGH lq ^87`,1
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: Gxdolw| dqg klhudufklhv
:14 Gxdolw|
Wkh frqqhfwhg rshqlqj pxvw eh ylhzhg dv d vwduwlqj srlqw iurp zklfk wkh gxdo forvlqj lv hdvlo|
ghulyhg1 E| ydulrxv frpelqdwlrqv ri wkhvh wzr rshudwruv/ d eurdg vshfwuxp ri pruskrorjlfdo
rshudwruv lv wkhq dffhvvleoh1 Zh kdyh wkxv wr lqwurgxfh qrz wkh gxdolw|/ dqg wr dqdo|}h wkh
qhz frqvwudlqwv lw ghpdqgv1

Wkh gxdo W � ri odwwlfh W lv rewdlqhg e| uhyhuvlqj wkh vhqvh ri wkh rughulqj uhodwlrq +�
ehfrphv �, dqg e| h{fkdqjlqj vxsuhpxp dqg lq�pxp1 Zkdw gr wkh frqqhfwlyhqhvv dqg
ghfuhdvlqjqhvv frqvwudlqwv ehfrph xqghu gxdolw| B

� frqqhfwlyhqhvv = Gh�qlwlrq : grhv qrw uhtxluh dq| sduwlfxodu vwuxfwxuh iru W zklfk lv
mxvw vxssrvhg wr eh d vhw +vhh dovr Gh�qlwlrq 5,> li fulwhulrq � lv frqqhfwlyh iru vrph ixqfwlrq
i = H $ W / lw uhpdlqv frqqhfwlyh iru wkh vdph i / frqvlghuhg dv ixqfwlrq i = H $ W � 1

� Vhw ghfuhdvlqjqhvv = wkh vdph uhpdun dssolhv wr Uho1+73, dv zhoo = vhw ghfuhdvlqjqhvv lv
suhvhuyhg xqghu gxdolw|1

� Vwurqj frqqhfwlyhqhvv = zh qrz �qg d qrwdeoh fkdqjh/ vlqfh frqglwlrq +5<, ehfrphv
a�^i � >D � , @ 4 @, �^b i � >^D � ` @ 4 i 5 W � +78,

� Sxovh ghfuhdvlqjqhvv = zkhq zh zdqw wkh surshuwlhv ri Gh�qlwlrq 5: wr eh ydolg rq fodvv
W � � / zh pxvw uhsodfh wkh frqglwlrq =

w � i +{, e| w � i +{, > i 5 W � +79,
Dv rqh fdq vhh/ wkh jhqhudo uhvxowv derxw vhjphqwdwlrq/ vxfk dv rswlpdo sduwlwlrqlqj/

lqi vhpl0odwwlfh/ hwf11 duh gluhfwo| wudqvsrvdeoh iurp d ixqfwlrq i = H $ W wr wkh ixqfwlrq
i = H $ W � = Dv iru wkh surshuwlhv wkdw lqyroyh frqqhfwhg rshudwruv/ dqg deryh doo iru
Sursrvlwlrq 5</ wkh vxssohphqwdu| dvvxpswlrq wkdw wkh wzr uhodwlrqv +78, dqg +79, duh wuxh
kdv wr eh pdgh1 Qrwh wkdw wkh vhfrqg uhodwlrq lv ohvv dq dvvxpswlrq wkdq wkh ghpdufdwlrq
ri d fhuwdlq grpdlq iru sdudphwhu w1 Rq wkh rwkhu kdqg/ wkh lpsolfdwlrq +78, lv dq dfwxdo
k|srwkhvlv ri gxdolw|1

Zkhq wkhvh wzr frqglwlrqv duh vdwlv�hg wkh frqqhfwhg rshqlqjv rq W � duh qrwklqj exw
frqqhfwhg forvlqjv rq W 1 Wkhq wkh sxovh frqqhfwhg rshqlqj wxuqv rxw wr eh wkh urrw ri d
qxpehu ri frqqhfwhg �owhuv zklfk ghulyh iurp lw e| gxdolw|/ e| frpsrvlwlrq surgxfwv dqg
e| vxs*v dqg lqi*v1 Wkh uhdghu lqwhuhvwhg lq wkh vxemhfw zloo �qg dq dexqgdqw olwhudwxuh rq
frqqhfwhg �owhulqj iru qxphulfdo ixqfwlrqv/ zklfk pdlqo| gdwhv iurp wkh qlqhwlhv +vhh iru
h{dpsoh wkh zrunv ri M1 Fuhvsr/ K1 Khlmpdqv/ I1 Ph|hu/ Sk1 Vdohpelhu/ O1 Ylqfhqw dqg
M1 Vhuud dprqj rwkhuv/ ^:9`/ ^:5`/ ^57`/ ^67`/ ^8<`,1 Wkh pdunhu0edvhg rshqlqjv duh qrw wkh
rqo| srvvleoh frqqhfwhg rshqlqjv= rwkhu rqhv duh ghvljqhg iurp lqwhjudov ri ixqfwlrq i ^<7`/
^<6`/ exw wkh iruphu doorz xv wr frqvwuxfw/ e| frpsrvlwlrq zlwk gxdo forvlqjv/ qlfh vhoi0gxdo
klhudufklhv ri rshudwruv ^8:`/ ^;4`/ ^49`1

D srsxodu fodvv ri frqqhfwhg rshudwruv/ wkdw duh rewdlqhg e| gxdolw|/ duh wkh vr0fdoohg
%dowhuqdwlqj �owhuv%1 Khuh lv dq h{dpsoh ri vxfk rshudwruv1 Wkh ixqfwlrq i / lq Iljxuh 58 d/
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Iljxuh 58= d, Lqlwldo lpdjh i = Dowhd +Vsdlq,1 e, Frqqhfwhg rshqlqj ri i e| wdnlqj iru
pdunhu lwv hurghg yhuvlrq ri vl}h irxu1 f, Frpsrvlwlrq surgxfw ri wkh rshqlqj e, e| wkh gxdo
forvlqj1 g, Frpsrvlwlrq surgxfw lq wkh uhyhuhvh rughu/ l1h1 forvlqj iroorzhg e| rshqlqj1 Qrwh
wkh odfn ri frppxwdwlylw|1

ghslfwv d sdqrudplf ylhz ri wkh vpdoo flw| ri Dowhd/ lq Vsdlq1 Wklv lqlwldo lpdjh lv udwkhu
qrlv|/ dqg uhtxluhv vrph �owhulqj sulru wr lwv vhjphqwdwlrq1 Ilj 58e lv d frqqhfwhg rshqlqj
� � +i, ri i 1 Lw lv frqvwuxfwhg h{dfwo| dv zh glg iru wkh prvdlf lpdjh/ lq Iljxuh 571 Vwduwlqj
iurp wklv rshqlqj Ilj 58e zh wkhq wudqvirup lw e| wkh forvlqj gxdo ri � � zlwk uhvshfw wr wkh
qhjdwlyh/ zklfk uhvxowv lq Iljxuh 58f1 Ilqdoo|/ li zh lqyhuw wkh rughu ri wkhvh wzr rshudwlrqv/
dqg ehjlq zlwk wkh forvlqj/ wkhq zh rewdlq Iljxuh 58g1 Rqh suryhv wkhruhwlfdoo| wkdw Iljxuh
58g lv oljkwhu wkdq Iljxuh 58f/ dqg wklv fdq eh revhuyhg khuh e| frpsdulqj wkh urriv ri wkh
fkxufk1

:15 Klhudufklhv dqg frqqhfwhg rshudwruv
Zkhq d frqqhfwlyh fulwhulrq � kdv ehhq fkrvhq/ krz lv lw srvvleoh wr frqvwuxfw d klhudufk|
i# � > � A 3j ri frqqhfwhg rshudwruvB Wkh dqvzhu wr wklv txhvwlrq ghshqgv rq wkh zd| lw lv
ghflghg wr vwuxfwxuh wkh vdlg klhudufk|/ exw zh fdq douhdg| uhpdun wkdw zh hqmr| dq dgydqwdjh=
wkh fodvv ri wkh frqqhfwhg rshudwruv lv forvhg xqghu frpsrvlwlrq1 Lqghhg/ li # dqg # � vwdqg
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iru wzr frqqhfwhg rshudwruv/ wkhq Uho1+6<, lpsolhv wkdw
� ^i>D` @ 4 @, � ^# +i, >D` @ 4 @, � �# � # +i, > D� @ 4= +7:,

Erwk frpsrvlwlrq surgxfwv # � # dqg ## � duh vwloo frqqhfwhg rshudwruv1

:1514 Zhdn klhudufklhv
Wkh plqlpdo srvvleoh vwuxfwxuh lv wkdw ri wkh suh0rughulqj 1 Lw xqghuolhv prvw ri wkh phujlqj
dojrulwkpv1
Gh�qlwlrq 63 Ohw # dqg # � eh wzr frqqhfwhg rshudwruv/ dqg � d frqqhfwlyh fulwhulrq 1
Rshudwru # � lv vdlg wr eh odujhu wkdq # iru � zkhq zh kdyh iru doo i 5 I

� ^# +i, >D` @ 4 @, � �# � +i, >D� @ 4=
Rqh fdq vd|/ htxlydohqwo|/ wkdw wkh frqqhfwlrq jhqhudwhg e| +�> # � , frqwdlqv wkdw ri +�>#,=

Lw lpsolhv wkdw wkh vhjphqwdwlrq sduwlwlrq dffruglqj ��> # � � lv frduvhu wkdq wkdw dffruglqj wr
+�>#, = Khuh lv dq h{dpsoh/ zkhuh i = U � $ U1 Rshudwru # frqvlvwv lq wkh iroorzlqj vwhsv=

0 vhjphqwlqj i dffruglqj wr �/ zklfk |lhogv sduwlwlrq G �
0 uhsodflqj i e| lwv dyhudjh lq hdfk fodvv G � +{, ri G �
0 phujlqj wkh wzr  dw }rqhv zkhuh juh| ohyho devroxwh gl�huhqfh lv wkh vpdoohvw rqh +li

wkh| duh vhyhudo vxfk sdluv/ qhz frqglwlrqv/ rq wkhlu orfdwlrqv iru h{dpsoh/ pd| eh dgghg,
0 lq wkh wzr phujhg }rqhv/ uhsodflqj wkh juh| ydoxhv e| wkhlu duhd zhljkwhg dyhudjh1
Zlwk vxfk dq rshudwru/ wkh lwhudwlrqv # � � � @ # � #># � � � @ # � # � �

�
� � / hwf1/ |lhog d

klhudufk| ^8<`1 Wkh pdmru gudzedfn ri uhgxflqj d klhudufk| wr d wrwdo rughulqj frphv iurp
wkh lpsrvvlelolw| wr sursdjdwh rswlpdolw| wkurxjk lwhudwlrqv1 Lq wkh suhylrxv h{dpsoh/ wkh
hqhuj| H lv wkh vxp ri doo mxpsv +lq devroxwh ydoxh, dorqj hdfk erxqgdu|/ zkhuh hdfk vlpsoh
duf ri frqwrxu lv frxqwhg iru 41 Wkh deryh surfhgxuh kdv frqvlvwhg lq plqlpl}lqj wkh hqhuj|
uhgxfwlrq zkhq rqh erxqgdu| lv uhpryhg1 Wkhuh lv ri frxuvh qr uhdvrq wr uhvwulfw wkh yduldwlrq
ri hqhuj| wr d vlqjoh uhprydo/ dqg zh kdyh wr lqwurgxfh/ dv # � / wkh rshudwru wkdw plqlpl}hv
wkh ryhudoo mxps yduldwlrq zkhq q erxqgdulhv duh uhpryhg1 Xqiruwxqdwho|/ wklv rswlpdo
rshudwru # � grhv qrw qhfhvvdulo| frlqflgh zlwk wkh q � � lwhudwlrq ^# � ` � � � ri # � 1 Wkhuh lv d
frq lfw ehwzhhq q frqvlghuhg dv wkh sdudphwhu ydoxh +khuh wkh qxpehu ri erxqgdulhv, dqg
dv wkh lwhudwlrq qxpehu1

Dq h{dpsoh= wkh zdwhuidoo dojrulwkp Krzhyhu zkhq wkh hohphqwdu| rshudwru # � grhv
qrw lqyroyh dq| sdudphwhu/ wkhq wkh lwhudwlrq qxpehu grhv qrw frpshwh zlwk dq|wklqj hovh
dqg d vljql�fdqw klhudufk| lv rewdlqhg e| lwhudwlqj # � 1 D w|slfdo h{dpsoh lv jlyhq e| wkh
Ehxfkhu0Ph|hu zdwhuidoo dojrulwkp ^88`/ zklfk lv suhvhqwhg khuh rq d frorxu fdvh wkdw zh
ghyhorshg zlwk M1 Dqjxor ^8`1

Ixqfwlrq i vwdqgv iru d qxphulfdo ru d frorxu lpdjh/ dqg judgi iru wkh prgxoh ri lwv
judglhqw1 Lq wkh frorxu lpdjh fdvh/ wkhuh duh vhyhudo gh�qlwlrqv ri wkh frorxu judglhqw1 Khuh/
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Iljxuh 59= Lqlwldo lpdjh ri %sduurwv%

zh wdnh djdlq wkh O � qrup uhsuhvhqwdwlrq ri wkh Oxplqdqfh2Vdwxudwlrq2Kxh wulsohw/ dv lq0
wurgxfhg e| V|vwhp +5:,1 Iru wkh kxh/ zklfk lv dq dqjoh/ gh�qh wkh lqfuhphqw mk +{,� k +|,m
dv wkh ydoxh ri wkh dfxwh dqjoh ri h{wuhplwlhv { dqg | rq wkh xqlw flufoh ^64`1 Ghqrwh e| � dqg
% uhvshfwlyho| wkh xqlw glodwlrq dqg hurvlrq lq wkh vsdfh ri gh�qlwlrq ri lpdjh i +l1h1 xqlw
vtxduh ru kh{djrq,/ dqg sxw

judgo @ +�+o,� o,b+o � %+o,,
judgk @ +�+k,� k,b+k� %+k,,

Wkh frorxu judglhqw prgxoh lv wkhq lqwurgxfhg e| wkh iroorzlqj uhodwlrq
judgi @ v� judgk. +4� v,� judgo=

Lq wklv edu|fhqwulf uhodwlrq/ wkh kljkhu wkh vdwxudwlrq/ wkh pruh frorxu yduldwlrq lv wdnhq
lqwr dffrxqw1 Wkh zdwhuvkhg ri judgi |lhogv d �uvw vhjphqwdwlrq1 Hdfk ri lwv fodvvhv lv
doorfdwhg wkh phgldq ydoxhv ri wkh juhhq/ wkh uhg dqg wkh eoxh ri wkh lqlwldo lpdjh lq wkh
fodvv/ zklfk uhvxowv lq d qhz frorxu lpdjh1 Dqg zh lwhudwh wkh surfhvv1 Iru h{dpsoh/ li zh
vwduw iurp wkh %sduurwv% vwdqgdug lpdjh ri Iljxuh 59/ irxu vxffhvvlyh vwhsv ri zdwhuidoo |lhog
wkh prvdlf lpdjhv wkdw duh ghslfwhg lq Iljxuh 5:1 Dw d urxjk jxhvv wkh pdmru vkdshv vhhp
wr eh suhvhuyhg1 Qxpehu ri qrq vljql�fdqw uhjlrqv dsshdu dw wkh �uvw wkuhh ohyhov/ dqg rqh
kdv wr uhdfk wkh irxuwk rqh iru d ehwwhu/ exw qrw uhdoo| frqylqflqj/ sduwlwlrq1 Vpdoo ihdwxuhv
dv wkh h|hv ydqlvk/ xquhdolvwlf iurqwlhuv dsshdu lq wkh ihdwkhuv/ hwf11

:1515 Vwurqj klhudufklhv
Wkh vlpsohvw zd| wr ryhufrph wkh lwhudwlrq gudzedfn frqvlvwv lq uhlqiruflqj klhudufklhv e| gh0
pdqglqj wkdw wkh frpsrvlwlrq surgxfw # � �# � ehfrph lwvhoi dq hohphqw ri idplo| �# � 
 � A 3�
wkdw dfwv pruh wkdq erwk # � dqg # � wdnhq vhsdudwho|1 Vxfk d frqglwlrq mxvw phdqv wkdw wkh
# � *v irup dq lqfuhdvlqj vhpl jurxs gh�qhg e| wkh htxdwlrq

# � # � @ # � �>� � 3> +7;,
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Iljxuh 5:= Irxu lwhudwlrqv ri wkh zdwhuidoo klhudufk|/ lqyroylqj prvdlf lpdjhv1

dqg e| wzr frqglwlrqv wkdw wudqvodwh wkh %pruh dfwlqj% h�hfw/ qdpho|
41 ;�>� � 3/ wkh ydoxh � ri Uho1+7;, vdwlv�hv wkh lqhtxdolw| � � vxs+�>�,>
51 ;� � � � 3> wkhuh h{lvwv d �/ zlwk � � � � 3/ vxfk wkdw Uho1+7;, lv vdwlv�hg1
Wkh ydoxh � @ 3 lv dozd|v dvvrfldwhg zlwk wkh lghqwlw| rshudwru/ vr wkdw zh fdq htxlyd0

ohqwo| vshdn ri srvlwlyh/ ru ri qrq qhjdwlyh/ grpdlq ri yduldwlrq iru �1 Lpdjh surfhvvlqj xvhv
edvlfdoo| wkh wzr dgglwlyh +l1h1 v+�>�, @ �. �, dqg judqxorphwulf +l1h1 v+�>�, @ vxs+�>�,,
vhpl jurxsv wkdw kdyh ehhq lqwurgxfhg lq Gh�qlwlrq 41 Wkh �uvw rqh pd| frlqflgh zlwk dq
lwhudwlrq surfhgxuh1 Wklv rffxuv iru h{dpsoh zkhq # � lv wkh hurvlrq ru wkh glodwlrq e| d
xqlw gljlwdo glvf +vtxduh/ kh{djrq,/ ru wkh frqyroxwlrq e| wkh xqlw Jdxvvldq1 Exw wklv lv qrw
dozd|v wuxh/ dv zh vdz suhylrxvo|/ dqg dq|zd| uhpdlqv vshfl�f wr wkh dgglwlyh vhpl0jurxsv1

E| frpelqlqj Uhodwlrq +7;, zlwk Sursrvlwlrq 58 zh �qg wkh iroorzlqj qlfh ihdwxuh
Sursrvlwlrq 64 Wr vd| wkdw d idplo| �# � 
 � � 3� irupv dq lqfuhdvlqj vhpl0jurxs ri frq0
qhfwhg rshudwruv iurp I lqwr lwvhoi lpsolhv wkdw wkh idplo| i+�># � ,> � � 3j lv dq lqfuhdvlqj
fkdlq +l1h1 d wrwdoo| rughuhg vhw, lq wkh odwwlfh ri wkh frqqhfwlyh fulwhuld1 Wkhq wkh vhjphqwd0
wlrqv ri dq| ixqfwlrq i 5 I dffruglqj wr wkh +�># � ,*v lqfuhdvh zlwk �> dqg wkhlu erxqgdu|
vhwv ghfuhdvh zlwk � =

Surri1 Ohw i 5 I dqg � � � � 31 Wkh frqglwlrq dvvrfldwhg zlwk Uho1+7;, lpsolhv wkh
h{lvwhqfh ri d � � � vxfk wkdw # � # � @ # � 1 Dv # � lv d frqqhfwhg rshudwru/ zh kdyh iurp
Uho1+6<,

�^# � +i,> D` @ 4 , �^# � # � +i,>D` @ �^# � +i,>D` @ 4=
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Wkhuhiruh wkh vhjphqwdwlrq ri # � +i, lv odujhu wkdq wkdw ri # � +i,/ khqfh iurp Sursrvlwlrq
58/ wkh fruuhvsrqglqj erxqgdu| vhwv ghfuhdvh1

Lq rwkhu zrugv/ wkh vhpl0jurxs�# � 
 � � 3� jhqhudwhv d frqqhfwhg s|udplg lq X1 Eudjd0
Qhwr*v vhqvh ^49`1 Rq wkh rwkhu kdqg/ lw wxuqv rxw wr surylgh dq dqvzhu wr wkh hslvwhprorjlfdo
txhvwlrq %e| frpsrvlqj d +qrq rswlpdo, rshudwru zlwk dq rswlpl}dwlrq surfhgxuh/ gr zh vwloo
rewdlq vrphwklqj wkdw fdq eh fdoohg rswlpdoB% Wkh dqvzhu lv srvlwlyh/ lq wkh frqglwlrqv ri wkh
sursrvlwlrq/ dqg pdnhv suhflvh wkh vhqvh ri yduldwlrq ri wkh surgxfw rswlpxp dv d ixqfwlrq
ri �= Lq wkh ixqfwlrqdo dssurdfk/ d vlplodu sdudphwhu � dsshduv zkhq edodqflqj wkh whup
%�� shulphwhu ri wkh sduwlwlrq% djdlqvw d vsdfh lqwhjudo wkdw lqfuhdvhv zlwk wkh dphqglqj
h�hfw ri #1 Exw wkh uhvxowlqj sduwlwlrqv duh qrw rughuhg1 Khuh/ wkh uhgxfwlrq krogv rq wkh
erxqgdu| vhw lwvhoi/ dqg qrw rq lwv phdvxuh/ zklfk fdq eh lq�qlwh1 Wkh sudfwlwlrqhuv riwhq
wdnh dgydqwdjh ri vxfk d s|udplgdo vwuxfwxuh wr fuhdwh v|qwkhwlf sduwlwlrqv wkdw eruurz wkhlu
frqwrxuv wr gl�huhqw ohyhov ri wkh klhudufk| ^:6`/ +iru h{dpsoh/ d vpdoo ghwdlo lv nhsw dw d orz
ohyho/ dqg sursdjdwhg wr d kljkhu rqh= wklv fdq zrun zhoo ehfdxvh wkh erxqgdulhv ri wkh vpdoo
ghwdlo plvv wkrvh ri wkh odujhu sduwlwlrq,1

Krz wr fkrrvh wkh vhpl0jurxsB Sursrvlwlrq +5<, derxw frqqhfwhg rshqlqjv vxjjhvwv wr
ghdo zlwk judqxorphwulf w|sh vhpl0jurxsv +Uho1+5,,/ vlqfh zh hqwhuhg wkh dqdo|vlv e| irfxvlqj
rq rshqlqj1 Pruhryhu/ dv wkh frqqhfwhg rshudwruv duh forvhg xqghu frpsrvlwlrq +Uho1+7:,,/
wkuhh klhudufklhv ri frqqhfwhg �owhuv fdq eh gudzq iurp frqqhfwhg rshqlqjv1 Wkh| duh wkh
iroorzlqj

41 wkh vhtxhqfhv i� � > � A 3j ri ghfuhdvlqj rshqlqjv/ ru Pdwkhurq*v judqxorphwulhv ^83`/
dqg e| gxdolw| wkh vhtxhqfhv ri lqfuhdvlqj forvlqjv i* � > � A 3j/ ru dqwl0judqxorphwulhv>

51 wkh s|udplgv iP � @ * � � � = = = * � � � * � � � > l d srvlwlyh lqwhjhuj ri dowhuqdwlqj vhtxhqwldo
�owhuv +ru D1V1I1,/ zkhuh i� � j lv d judqxorphwu|/ dqg i* � j dq dqwl0judqxorphwu|/ zklfk
duh gxh wr V1U1 Vwhuqehuj ^<4` dqg M1 Vhuud +Fk1 43 lq ^:8`,>

61 I1 Ph|hu*v ohyhoolqjv ^8:`1 D ohyhoolqj ohyho @ �* lv wkh frpsrvlwlrq surgxfw ri d pdunhu
edvhg frqqhfwhg rshqlqj +6;, e| d pdunhu edvhg frqqhfwhg forvlqj/ zlwk vrph voljkwo|
uhvwulfwlyh frqglwlrqv ^;4`1 Wkh qlfh surshuw| khuh lv wkdw wklv frpsrvlwlrq surgxfw lv
frppxwdwlyh +wkh surshuw| lv suryhg lq ^;4` iru frqqhfwlrqv vxfk dv wkh  dw }rqhv/ exw
lw lv pruh jhqhudo > zh gr qrw wdfnoh wklv srlqw khuh,1 Wkh gluhfw frqvhtxhqfh ri wklv
frppxwdwlylw| lv wkdw lw surylghv ohyhoolqj zlwk d judqxorphwulf vhpl0jurxs vwuxfwxuh1
D SGH uhsuhvhqwdwlrq ri ohyhoolqj/ e| I1 Ph|hu dqg S1 Pdudjrv/ pd| eh irxqg lq ^87`1

Zh fdq looxvwudwh wkh gl�huhqfh ehwzhhq wkh odvw wzr w|shv e| fduu|lqj rq zlwk %Dowhd%
h{dpsoh1 Iljxuh 5; ghslfwv wkh wzr ohyhov ri dq D1V1I1 s|udplg iP � > l A 3j/ iru l @ 7 dqg
l @ :1 Lq wkh vhtxhqfh P � / wkh rshqlqj � � / zlwk m � l> frqvlvwv ri wkh hurvlrq %� e| dq
kh{djrq ri vl}h m iroorzhg e| wkh uhfrqvwuxfwlrq wkdw xvhv %� dv pdunhu1 E| frpsdulqj Iljxuh
58f zlwk Iljxuh 5;d/ zh fdq revhuyh wkdw iru d vdph vl}h l @ 7 wkh ghwdlov duh wuhdwhg pruh
�qho| e| wkh dowhuqdwlqj vhtxhqwldo �owhu P � 1 Iru h{dpsoh/ wkh vpdoohu grph ri wkh fkxufk/
qhdu wkh fhqwuh ri wkh lpdjh/ lv ehwwhu gholqhdwhg lq Iljxuh 5;d1 Dovr/ wkh dqjohv lq wkh zdoov
lq iurqw ri wkh fkxufk uhpdlq ylvleoh1
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Iljxuh 5;= Vhtxhqwldo dowhuqdwlqj �owhuv e| uhfrqvwuxfwlrq/ dfwlqj rq %Dowhd% lpdjh1 Erwk
vhtxhqfhv ehjlq e| wkh xqlw rshqlqj> d, vl}h irxu > e, vl}h vhyhq1

D gudzedfn ri wkh deryh +vhtxhqwldo ru qrw, dowhuqdwlqj �owhuv lv wkhlu surshqvlw| wr uhgxfh
wkh frqwudvwv1 Wklv h�hfw lv pruh gxh wr wkh fkrlfh ri wkh pdunhu wkdq wr wkh �owhu lwvhoi1
D vhfrqg ihdwxuh ri wkhvh �owhuv lv wkdw wkh| idyrxu vkdus zklwh }rqhv ru vkdus gdun rqhv
dffruglqj dv wkh| ehjlq zlwk dq rshqlqj ru d forvlqj1 Wkdw fdq eh dq dgydqwdjh ru qrw/
ghshqglqj rq wkh frqwh{w1 Lq frqwudvw/ wkh ohyhoolqj klhudufklhv ehfrph vhoi0gxdo dv vrrq dv
wkhlu pdunhuv vdwlvi| wklv surshuw|1

Wkhvh frpphqwv rulhqw xv wrzdugv ohyhoolqjv klhudufklhv/ dqg vxjjhvw wkdw zh wdnh dv
pdunhuv iru %Dowhd% lpdjh wkh prvw vljql�fdqw h{wuhpd1 Wkh vhoi gxdo pdunhu p � � / xvhg
iru erwk Iljxuhv 5<e dqg 63d/ lv rewdlqhg e| uhsodflqj i e| }hur hyhu|zkhuh h{fhswhg rq
lwv pd{lpd dqg plqlpd zkrvh g|qdplfv lv A ;3/ +ryhu 589 jud| ohyhov,/ dqg e| ohdylqj i
xqfkdqjhg rq wkhvh h{wuhpd +vhh wkh KPLQ dqg KPD[ rshudwruv lq S1 Vrlooh*v errn ^<3`,1
Wkh pd{lpd ri i zlwk d g|qdplfv A n duh wkrvh zklfk hphujh dw pruh wkdq n deryh wkh
�uvw vdggoh srlqw zkhq jrlqj grzq1 Wkh| duh jlyhq e| wkh frqqhfwhg rshqlqj � ����� +i, ri i
e| pdunhu i � n/ zkhuh n lv d srvlwlyh frqvwdqw1

Zh wkhq fkrrvh dv frqqhfwlyh fulwhulrq � wkdw ri wkh txdvl0 dw }rqhv ri vorsh 4/ gh�qhg lq
Vhfwlrq 61516/ dqg zh frpsxwh wkh frqqhfwhg rshqlqj Ht1+6;,/ iroorzhg e| lwv gxdo forvlqj1
Wklv uhvxowv lq wkh ohyhoolqj e| txdvl0 dw }rqhv ghslfwhg lq Iljxuh 5<e1 Zh fdq revhuyh rq
Iljxuh 5<e wkdw wkh vhd/ zkrvh juh| lv doprvw frqvwdqw rq d odujh }rqh/ kdv ehhq frqvlghudeo|
vprrwkhg1 Lqghhg/ wkh zkroh vprrwkhg uhjlrq irupv d vlqjoh fodvv ri wkh vhjphqwdwlrq1

Dowhuqdwlyho|/ zh fdq nhhs wkh vdph pdunhu p � � dqg uhsodfh wkh fulwhulrq e| wkdw ri  dw
}rqhv1 Wkh fruuhvsrqglqj ohyhoolqj lv ghslfwhg lq Iljxuh 63d Wkh wh{wxuh ri wkh vhd lv pruh
suhvhuyhg/ exw wkh vhd fodvv lv ryhu0vhjphqwhg1 Wkh uhdghu pd| �qg wkh suhflvh dojrulwkpv
lq ^59`/ ru lq ^;4`1

Wkh ohyhoolqj klhudufk| pd| eh looxvwudwhg/ dv iroorzv/ e| phdqv ri wklv h{dpsoh1 Wdnh
Iljxuh 63d dv wkh lqlwldo lpdjh/ dqg frpsxwh lwv ohyhoolqj e|  dw }rqhv/ iru wkh pdunhu p � � �

93



Iljxuh 5<= d, Lqlwldo lpdjh/ flw| ri Dowhd > e, ohyholqj ri d, iru wkh fulwhulrq � ri wkh txdvl
0 dw }rqhv +pdunhu p � � ,1

Iljxuh 63= Ohyholqjv ri Dowhd lpdjh iru wkh  dw }rqhv fulwhulrq �1 Lq d, wkh pdunhu lv p � � /
dqg lq e, p � � � =
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Iljxuh 64= d, Iru zrrg wh{wxuh lghqwl�fdwlrq/ wkh vpdoo oljkw sdwfkhv ri wkh rdn vshflphq d,
pxvw eh ghwhfwhg1 e, Lpdjh ri wkh yhlqv rulhqwdwlrqv1 f, ehvw grxeoh rshqlqj1

zklfk lv pdgh ri doo h{wuhpd zlwk d g|qdplfv A 563= Lw uhvxowv lq Iljxuh 63e1 Dv ohyhoolqjv
vdwlvi| wkh judqxorphwulf vhpl0jurxs htxdwlrq +5, wkh lpdjh ghslfwhg lq Iljxuh 63e zrxog
kdyh ehhq wkh vdph dv li zh kdg gluhfwo| fdofxodwhg wkh ohyhoolqj ri wkh lqlwldo lpdjh i iru
pdunhu p � � � 1
ohyhoolqj+i@p � � � , @ ohyhoolqj^ohyhoolqj+i@p � � ,@p � � � ` @ ohyhoolqj^ohyhoolqj+i@p � � � ,@p � � `=

Wkh surjuhvvlyh ohyhoolqj dfwlrq dsshduv fohduo| zkhq frqiurqwlqj Iljxuh 63d dqg e1 Qrwlfh
wkh uhodwlyho| fruuhfw suhvhuydwlrq ri vrph �qh ghwdlov dqg erughu olqhv/ zklfk duh nhsw ehfdxvh
ri wkhlu kljk g|qdplfv/ xqolnh rwkhu hohphqwv +wh{wxuhv/ ru d krxvh qhdu wkh vhd/ iru h{dpsoh,
wkdw frpsohwho| ydqlvk1

:16 Wrwdo rughulqj dqg klhudufklhv
Wkh lghd ri d wrwdo rughulqj dvvrfldwhg zlwk d vfdoh sdudphwhu xqghuolhv wkh klhudufklfdo
dssurdfkhv1 Wklv sk|vlfdo phdqlqj/ wkrxjk reylrxv dqg zhoo dgdswhg wr vfdoh vsdfh +pdjql�0
fdwlrq idfwruv duh vfdodu, kdv qr sduwlfxodu uhdvrq wr eh lpsrvhg wr rwkhu vlwxdwlrqv1 Qrwklqj/
lq d vhpl0jurxs vwuxfwxuh/ ghpdqgv d vlqjoh odeho sdudphwul}dwlrq/ dv wkh iroorzlqj h{dpsoh
looxvwudwhv lw1

Iru klv SkG zrun/ D1 Kdqexu| kdg wr ghvljq dq rq0olqh fodvvl�hu ri rdn erdugv ghvwlqhg
wr pdnh ixuqlwxuh/ dqg wr phdvxuh wkh vl}hv dqg wkh rulhqwdwlrqv ri vpdoo oljkw sdwfkhv ^63`
^64`1 Wkh| duh jhqhudoo| ri d vlplodu froru wr rwkhu sduwv ri wkh zrrg/ exw whqg wr fxw yhlqv
fdxvlqj d glvuxswlrq lq wkh grplqdqw orfdo wh{wxuh rulhqwdwlrq ^Iljxuh 64d`1

Wkh �uvw vwhs ri klv surfhvvlqj uhsodfhv wkh zrrg lpdjh +93; [1 <88 sl{hov, e| wkdw ri wkh
orfdo pdlq gluhfwlrq rq d qhljkerukrrg ri 97 [1 97 sl{hov/ dffruglqj wr dq dojrulwkp ghyhorshg
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e| D1U1 Udr ^9:`1 Wklv jhqhudwhv d gluhfwlrq lpdjh ri 83 [1 445 sl{hov/ l1h1 d ixqfwlrq � iurp
H lqwr wkh xqlw flufoh F= Lq d vhfrqg vwhs wkh wh{wxuh lghqwl�fdwlrq lv rewdlqhg e| phdqv ri
d judqxorphwu| i� � > � � 3j wkdw zrunv dv iroorzv =

0 vhohfwlqj wkrvh srlqwv zkrvh dqjxodu ydoxh olhv lq wkh dfxwh vhfwru ^�>�. $`
D � 
 � +�, @ i{ = { 5 H> � +{, 5 ^�>�. $`j 3 � $ � � +7<,

0 dsso|lqj � � wr vhw D � 
 � +�,
0 lvrwursl}lqj wkh uhvxow zlwk uhvshfw wr wkh dqjxodu ruljlq � e| wdnlqj wkh vxsuhpxp

� � 
 � +�, @ ^ i� � ^D � 
 � +�, > 3 � � � 5�`j +83,
Li zh dwwulexwh frqyhqwlrqdoo| wkh dqjxodu ydoxhv � dqg 3 wr wkh srlqwv ri vhw D � 
 � +�, dqg
ri lwv frpsohphqw uhvshfwlyho|/ wkhq rshudwru D � 
 � wxuqv rxw wr eh dq rshqlqj wkdw lqfuhdvhv
zlwk $= Lw hdv| wr vhh wkdw wkh frpsrvlwlrq surgxfw � � � D � 
 � / dqg diwhu lw wkh vxsuhpxp
dyhudjh � � 
 � / duh erwk ghfuhdvlqj rshqlqjv ri � dqg ri � � $=Zh fdq zulwh

� � 
 � � � � � 
 � � @ � � ����� � 
 � � � 
 � ����� � 
 � � �

l1h1 d vhpl0jurxs zlwkrxw xqghuo|lqj klhudufk|/ lq wkh vhqvh ri wrwdo rughulqj +Krz frxog
d klhudufk| eh hvwdeolvkhg ryhu d urxqg wdeoh dv wkh xqlw flufohB,1 Vxfk d grxeoh vhpl0
jurxs vkrxog qrw eh frqvlghuhg dv d pdwkhpdwlfdo fxulrvlw|/ lw lv dq dfwxdo wrro wkdw hqdeohv
lqgxvwuldo frpsdqlhv wr fodvvli| wkrxvdqgv ri slhfhv ri rdn +vhh dovr ^47`,1

Lqghshqghqwo| ri wkhlu 40G ihdwxuh/ wkh klhudufklhv vhhp vrphwlphv wr frqvwudlq wrr pxfk
ehfdxvh dw hdfk vwhs/ wkh rughulqj pxvw eh vdwlv�hg1 Wkh mxps frqqhfwlrq suryhg wr eh
d uhpdundeoh vhjphqwdwlrq fulwhulrq wkdw ghshqgv rq wkh khljkw � ri wkh mxps1 Qrz/ wkh
dvvrfldwhg sduwlwlrq G � lv odujhu wkdq wkdw G � � xqltxho| zkhq � lv d pxowlsoh lqwhjhu ri � � 1
Lq ehwzhhq/ prvw ri wkh fodvvhv hqodujh/ exw wkhlu iurqwlhuv pd| voljkwo| ydu|1 Lv wkh lqvxudqfh
wkdw zh shulrglfdoo| �qg d odujhu sduwlwlrq qrw vx!flhqw iru xvlqj wkh fulwhulrq klhudufklfdoo|B

Dqrwkhu yduldqw lv lqvwuxfwlyh1 Lq d uhpdundeoh vwxg|/ X1P1 Eudjd0Qhwr dqg M1 Jrxwvldv
^49` dssurdfk klhudufklhv ri frqqhfwhg �owhuv e| lqwurgxflqj d frqqhfwlrq phdvxuh1 Wkhlu
edfnjurxqg lqyroyhv wkh vdph qrwlrq ri d frqqhfwlrq dv lq wklv sdshu/ exw wkhlu ruljlqdo lghd
ri phdvxulqj frqqhfwlrqv doorz wkhp wr hoderudwh s|udplgv/ dqg dovr wr dffhsw d ix}}| yhuvlrq
ri wkh frqqhfwlrqv1

; Pxowl0glphqvlrqdo vhjphqwdwlrq= dq h{dpsoh
Prvw ri wkh suhylrxv h{dpsohv frqfhuq juh| wrqh lpdjhv1 Hyhq lq wkh zdwhuidoo h{dpsoh ri
Vhfwlrq :1514/ wkh wkuhh frorxu edqgv kdyh ehhq uhgxfhg wr d vfdodu judglhqw iurp wkh �uvw
vwhs ri wkh surfhvvlqj1 Exw suhflvho|/ diwhu kdylqj frqghqvhg lqirupdwlrq vr gudvwlfdoo|/ dqg
vr vrrq lq wkh surfhvv/ zh zhuh qrw deoh wr uhdfk �qh dqg dffxudwh vhjphqwdwlrqv1 Krz frxog
wkh wkuhh frorxu edqgv eh lqyroyhg pruh wkrurxjko| lq wkh vhjphqwdwlrq surfhvvB
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Iljxuh 65= Sduurwv lpdjh= d, oxplqdqfh > e, kxh > f, pd{0plq vdwxudwlrq1

Lw riwhq vhhpv wkdw wkh grplqdqw vhjphqwdwlrq sdudphwhu lv wkh kxh lq wkh }rqhv ri
kljk vdwxudwlrq/ dqg ehfrphv pruh dqg pruh wkh oxplqdqfh dv wkh vdwxudwlrq uhgxfhv1 Wklv
revhuydwlrq lv uh0irupxodwhg lq txdqwlwdwlyh whupv e| M1 Dqjxor dqg M1 Vhuud lq ^8`1 Wkhlu
dssurdfk fdq eh vsolw xs lqwr wkuhh pdmru vwhsv wkdw lqyroyh ydulrxv sdudphwhuv dqg fkrlfhv/
qdpho| =

41 Wr fkrrvh d uhsuhvhqwdwlrq iru wkh wulsohw �oxplqdqfh2vdwxudwlrq2kxh�/ +KOV/ KVY/
hwf1, >

51 Wr lqghshqghqwo| vhjphqw wkh kxh/ oxplqdqfh dqg vdwxudwlrq edqgv +wklv ghshqgv rq
rqh sdudphwhu dw ohdvw iru hdfk edqg,>

61 Wr frpelqh wkh oxplqdqfh dqg kxh sduwlwlrqv lqwr d xqltxh frpsrvlwh sduwlwlrq e| xvlqj
wkh vhjphqwhg vdwxudwlrq dv d fxuvru +djdlq rqh vfdodu sdudphwhu lv dgghg,1

;14 Oxplqdqfh2vdwxudwlrq2kxh uhsuhvhqwdwlrq
Zh zloo dsso| wklv dssurdfk wr wkh sduurwv lpdjh ri Iljxuh 59/ e| nhhslqj wkh vdph uhsuh0
vhqwdwlrq +5:, ri wkh frorxu wulsohw dv suhylrxvo|1 Wkh wkuhh edqgv duh ghslfwhg lq Iljxuh
651

;15 Oxplqdqfh dqg kxh vhjphqwdwlrqv
Ydulrxv whfkqltxhv fdq eh dssolhg wr vhjphqw wkh wzr qxphulfdo lpdjhv ri oxplqdqfh dqg
ri vdwxudwlrq1 Vlqfh wklv sdshu lv ghyrwhg wr odwwlfh edvhg vhjphqwdwlrq/ zh zloo fkrrvh wkh
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Iljxuh 66= Vhjphqwdwlrqv e| mxps frqqhfwlrq ri ydoxh n @ 531 d, oxplqdqfh/ e, kxh1 Erwk
sduwlwlrqv duh glvsod|hg lq idovh frorxu1

mxps frqqhfwlrq/ dv lqwurgxfhg lq Vhfwlrq 7161 Lw ghshqgv rq d srvlwlyh sdudphwhu/ qdpho|
wkh dpsolwxgh n ri wkh mxps1

Dv wkh sdudphwhu lqfuhdvhv/ wkh ryhu0vhjphqwdwlrqv uhgxfh/ exw lq frpshqvdwlrq khwhur0
jhqhrxv uhjlrqv dsshdu1 D jrrg edodqfh ehwzhhq wkhvh wzr h�hfwv vhhpv wr eh uhdfkhg iru d
mxps n @ 53 ryhu 589 ohyhov1 Hyhq wkhq/ vpdoo uhjlrqv vwloo qhhg wr eh uhpryhg1 Wklv zloo eh
grqh e| phdqv ri dqrwkhu frqqhfwlyh fulwhulrq/ ghqrwhg e| � / dqg wkdw zrunv rq sduwlwlrqv/
lqvwhdg ri ixqfwlrqv1 Jlyhq d sduwlwlrq G ri ] � > wdnh iru vhhgv doo fodvvhv zlwk dq duhd A 831
Ohw iP� 
 m 5 Mj ghqrwh wklv vhhgv idplo|1 Sxw

� ^G>D` @ 4 zkhq D 5 F dqg zkhq doo srlqwv ri D +84,
duh forvhu wr rqh vhhg wkdq wr wkh rwkhuv/

+soxv wkh frqglwlrqv rq wkh vlqjohwrqv dqg wkh hpsw| vhw,1 Zh rewdlq wkh fulwhulrq ri Odqwxh0
mrxo*v vnhohwrq e| }rqhv ri lq xhqfh/ ru VNL]1 Lw lv reylrxvo| frqqhfwlyh +vhh Surs14:, dqg
uhvxowv lq Iljxuh 66d/ zkhuh doo uhjlrqv zlwk dq duhd ? 83 sl{hov kdyh ehhq holplqdwhg1

Wkh dssurdfk iroorzhg iru wkh oxplqdqfh dssolhv dv zhoo wr wkh kxh1 Wkh rqo| gl�huhqfh
lq wkh phwkrg olhv lq wkdw/ iru wkh kxh/ dq duelwudu| ruljlq kdv wr eh �{hg= wkh uhg kdv ehhq
fkrvhq/ dv xvxdo1 Wkh wzr vhjphqwdwlrqv duh ghslfwhg lq Iljxuh 661

;16 Wkh vdwxudwlrq edqg dqg frpsrvlwh sduwlwlrq
Zh qrz kdyh lq kdqg wzr uhsuhvhqwdwlyh sduwlwlrqv/ iru wkh oxplqdqfh dqg wkh kxh uhvshfwlyho|1
Krz wr frpelqh wkhp B Wkh lghd khuh lv wr uhgxfh wkh vdwxudwlrq lpdjh wr d vhw [/ wkdw
fruuhvsrqgv wr wkrvh sl{hov ri d kljk vdwxudwlrq1 Wkhq/ wkh kxh sduwlwlrq lv uhvwulfwhg wr vhw
[ dqg wkh oxplqdqfh rqh wr vhw [ � = Zkhq d fodvv ri wkhvh sduwlwlrqv furvvhv wkh erxqgdu|
C[/ rqh vsolwv lw lqwr wzr fodvvhv dorqj wkh erxqgdu|1

Wkh vlpsohvw zd| wr ghwhuplqh vhw [ vkrxog frqvlvw/ ri frxuvh/ lq wkuhvkroglqj wkh vdw0
xudwlrq lpdjh dw d fhuwdlq ohyho/ w vd|1 Exw vxfk d vhohfwlrq e| wkuhvkroglqj/ wkrxjk vlpsoh/
grhv qrw shuplw wr frqwuro wkh vkdsh ri vhw [+w,/ zklfk fdq eh luuhjxodu zlwk ydulrxv krohv
dqg vpdoo sduwlfohv1 Dq lpsuryhphqw frqvlvwv lq sduwlwlrqlqj wkh vdwxudwlrq e| surfhvvlqj lw
mxvw dv zh glg iru wkh oxplqdqfh dqg wkh kxh1
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Iljxuh 67= d, Prvdlf lpdjh ri %sduurwv% vdwxudwlrq edqg/ zlwk wkh vdph vhtxhqfh ri rshudwlrqv
dv iru Ilj1 661 e, sl{hov lpdjh d, zlwk d ydoxh � 89=

Iljxuh 68= Sduurwv lpdjh vhjphqwdwlrq d, e| zdwhuidoo +ohyho 7 ri Ilj15:,/ e, e| frpsrvlwh
sduwlwlrq1
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Iljxuh 67d ghslfwv wkh uhvxowv iru wkh fulwhulrq ri mxps frqqhfwlrq1 E| doorfdwlqj wr hdfk
fodvv wkh dyhudjh vdwxudwlrq ri lwv sl{hov/ zh jhqhudwh d prvdlf lpdjh zklfk wxuqv rxw wr eh
pruh uhjxodu/ khqfh pruh urexvw/ wkdq wkh lqlwldo vdwxudwlrq ri Iljxuh 65f1 E| wkuhvkroglqj
wklv prvdlf lpdjh zh rewdlq wkh vhw [ +w, ri doo sl{hov ri ohyho � w> zkrvh iurqwlhu lv d vhohfwlrq
ri wkh hgjhv ri wkh vdwxudwlrq sduwlwlrq1 Li zh qrz sorw wkh wrwdo hgjh ohqjwk ri [ +w, yhuvxv
wkh wkuhvkrog ohyho w d plqlpxp dsshduv durxqg devflvvd 931 D fodvv ri wkh v|qwkhwlf sduwlwlrq
lv hlwkhu wkh lqwhuvhfwlrq ri d oxplqdqfh fodvv zlwk wkh orz vdwxudwlrq }rqh [ � +93,/ ru wkh
lqwhuvhfwlrq ri d kxh fodvv zlwk wkh kljk vdwxudwlrq }rqh [+93,1 Wkhuhiruh/ li wkh fodvvhv ri
wkh oxplqdqfh/ wkh kxh/ dqg wkh v|qwkhwlf sduwlwlrq dw srlqw { duh ghqrwhg e| D � +{,/ D � +{,/
dqg D+{, uhvshfwlyho|/ zh kdyh

D+{, @ D � +{, _[ � +93, zkhq { 5 [ � +93,
D+{, @ D � +{, _[+93, zkhq { 5 [+93,=

Wkh fruuhvsrqglqj frpsrvlwh sduwlwlrq lv ghslfwhg lq Iljxuh 68e1 Wkh suhylrxv vhjphqwdwlrq
ri wkh sduurwv/ e| zdwhuidoov +Iljxuh 5:/ ohyho 7,/ zlwk wkh gudzlqj ri wkh sduwlwlrq/ kdv ehhq
uhsruwhg rq wkh ohiw vlgh ri Iljxuh 681 Dv h{shfwhg/ wkh pxowlglphqvlrqdo dssurdfk ri Iljxuh
68e |lhogv ehwwhu frqwrxulqj1

;17 Vhjphqwdwlrq frqqhfwlrqv xvhg lq wkh h{dpsoh
Ohw xv pdnh wkh lqyhqwru| ri wkh ydulrxv fulwhuld lqyroyhg lq wklv h{dpsoh/ ri wkh fruuhvsrqglqj
vhjphqwdwlrq frqqhfwlrqv/ ri wkhlu orjlfdo uhodwlrqvklsv/ dqg dovr ri wkh sdudphwhuv zh kdyh
lqwurgxfhg1

� Wzr mxps fulwhuld/ � �
� dqg � �� / kdyh ehhq xvhg iru wkh kxh dqg wkh oxplqdqfh uhvshf0

wlyho|/ zlwk d frpprq mxps ydoxh n @ 531 Wkhq zh wrrn wkh lq�pxp ri hdfk ri wkhp
dqg ri wkh frqqhfwlyh fulwhulrq � � � +i>D, zklfk htxdov 4 zkhq duhd+D, A 83 duh 3 zkhq
qrw +zkdwhyhu ixqfwlrq i lv,1 Wklv uhvxowv lq

� �
�
a� � � > � ��

a� � �

ri dvvrfldwhg frqqhfwlrqv F �� dqg F �� uhvshfwlyho|1
� Zh wkhq kdyh xvhg wkh VNL] vnhohwrq � dv dq rshudwru rq wkh odwwlfh ri wkh frqqhfwlrqv
dvvrfldwhg wr doo frqqhfwlyh fulwhuld rq i +Sursrvlwlrq 45,1 �+F, lv wkh vpdoohvw frqqhf0
wlrq zkhuh hdfk srlqw ri d qrq vlqjohwrq fodvv lv forvhu wr rqh qrq vlqjohwrq fodvv ri F
wkdq wr doo wkh rwkhu qrq vlqjohwrq fodvvhv ri F1 Rshudwru � lv h{whqvlyh dqg lghpsrwhqw/
vr wkdw wkh wzr frqqhfwlrqv F � @ �+F �� ,> F � @ �+F �� , wxuq rxw wr |lhog pd{lpd1

� Iru wkh vdwxudwlrq/ wkh mxps fulwhulrq � �
� / dv gh�qhg e| Uho1+BB,/ kdv ehhq frpelqhg e|

vxsuhpd dffruglqj wr zkhwkhu wkh fodvvhv zhuh ehorz ohyho 93 ru qrw/ l1h1 iru 4 � l � 6
ru qrw1 Zh rewdlq wkh wzr frqqhfwlyh fulwhuld

� �
� @ bi� �

� ^i>D`> 4 � l � 6j
� �

� @ bi� �
� ^i>D`> 7 � l � 46j>
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zklfk jhqhudwh wkh wzr frqqhfwlrqv F �
� dqg F �

� =
� wkh �qdo frqqhfwlrq F frpsrvhv wkh suhylrxv rqhv lq wkh iroorzlqj pdqqhu/ wkdw looxv0
wudwhv Wkhruhp 47 rq furvv frqqhfwlrqv

F @ +F �
aF �

� ,
b+F �

aF �

� , +85,

Doo lq doo/ wkh zkroh surfhvv ghshqgv rq wkuhh srvlwlyh sdudphwhuv/ rqh iru wkh mxps
fulwhulrq +n,/ dqrwkhu iru wkh duhdv fxw r� +83, dqg wkh odvw rqh iru wkh vdwxudwlrq fxuvru +93,1
Exw lw grhv qrw lqyroyhv sdudphwhuv rqo|/ exw dovr fkrlfhv1 Lq wkh suhvhqw fdvh/ zh phw dv
pdmru fkrlfhv =

0 wkh froru uhsuhvhqwdwlrq +dprqj UJE/ ODE/ KOV/ O � qrup/ hwf1,
0 wkh frqqhfwlyh fulwhuld iru vhjphqwlqj wkh oxplqdqfh dqg wkh kxh edqg +mxps � � / txdvl0

 dw }rqhv/ ru rwkhuv,/ zklfk fdq eh gl�huhqw iru wkh wzr edqgv/
0 wkh ghflvlrq wr hqodujh erwk oxplqdqfh dqg kxh sduwlwlrqv e| phdqv ri fulwhulrq �
0 wkh zd| wr rewdlqlqj wkh vdwxudwlrq fxuvru vhw/ hlwkhu e| d vlpsoh wkuhvkrog ru yld d

prvdlf lpdjh1
Lq klv hslvwhprorj| ri Suredelolwlhv/ J1 Pdwkhurq hvwdeolvkhv d fohdu glvwlqfwlrq ehwzhhq

hvwlpdwlqj dqg fkrrvlqj/ ^84`1 Dv d frqvhtxhqfh/ wkhuh lv qr vxfk wklqj dv dq ryhudoo rswlpl}d0
wlrq/ vlqfh wkh joredo surfhvv pl{hv xs fkrlfhv dqg sdudphwhuv1 Wkh txhvwlrq ri hvwlpdwlqj
lq dq rswlpdo zd| krogv rq wkh sdudphwhuv rqo|1 Dowhuqdwlyh fruuhfw vhjphqwdwlrqv ri wkh
ydulrxv edqgv frxog kdyh ehhq uhdfkhg e| plqlpl}lqj frqyhqlhqw ixqfwlrqdov khuh1 Exw wkh
�qdo v|qwkhvlv ri Uho185 lqyroyhv wrr pdq| fkrlfhv dqg wr pdq| orjlfdo rshudwlrqv wr eh wkh
pdwwhu ri rqh ixqfwlrqdo rswlpl}dwlrq rqo|1

< Frqfoxvlrq
Zkdw kdv ehhq zulwwhq vr idu lv d wkrxjkw derxw wkh qrwlrq ri dq rswlpl}dwlrq1 Lw lv dq
dwwhpsw wr vxusdvv wkh frqwudglfwlrq ehwzhhq wkh joredolw| ri dq rswlpxp/ dqg wkh idfw wkdw
lw riwhq dsshduv dv d vwhs lq d odujhu surfhvv1 Lq zklfk vhqvh wkhq fdq zh vshdn ri rswlpdolw|B

Zh dvnhg rxuvhoi wkh txhvwlrq derxw wkh vhjphqwdwlrq ri d vsdfh zkhuh d sk|vlfdo yduldeoh
vsuhdgv rxw/ l1h1 derxw wkh odujhvw sduwlwlrq ri wklv vsdfh lqwr krprjhqhrxv uhjlrqv1 Zh
vkrzhg wkdw wkh sureohp dgplwv d odujhvw vroxwlrq zkhq wkh fulwhulrq dffruglqj wr zklfk wkh
uhjlrqv duh vdlg krprjhqhrxv lv frqqhfwlyh/ l1h1 zkhq lw jhqhudwhv frqqhfwlrqv ryhu doo wkh
vxevhwv zkhuh lw lv vdwlv�hg/ dqg xqltxho| lq wkdw fdvh +Wkhruhp ;,1

Vxusulvlqjo|/ wkh lghd ri d frqqhfwlrq/ zklfk zdv eruq lq wkh gl�huhqw frqwh{w ri pruskr0
orjlfdo �owhulqj/ wxuqhg rxw wr eh wkh h{dfw frqyhqlhqw wrro iru rxu sxusrvh1 Zh frxog ghulyh
iurp wklv lghqwl�fdwlrq wkdw wkh vhjphqwdwlrq fulwhuld irup d frpsohwh odwwlfh zkhuh vxs dqg
lqi surylghg rswlpdo sduwlwlrqlqj zlwk d suhflvh phdqlqj/ dqg doorzhg xv wr frpelqh vhjphq0
wdwlrqv lq ydulrxv pdqqhuv +Wkhruhp 47,1 Lq dgglwlrq/ e| lqwurgxflqj frqqhfwhg rshudwruv/
zh frxog pdqdjh frpsrvlwlrq surgxfwv ehwzhhq vhjphqwdwlrqv dqg �owhuv +Sursrvlwlrq 5<,1
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Rswlpdolw| uhpdlqv dozd|v suhvhuyhg/ dowkrxjk wkh odwwlfh dssurdfk uhodwlyl}hv wkh qrwlrq
dqg wkh uroh ri dq h{wuhpxp1

E| vr grlqj/ zh glg qrw wu| dqg glvfryhu d jhqhudo vhjphqwdwlrq surfhgxuh/ zklfk suredeo|
grhv qrw h{lvw1 Udwkhu/ zh irfxvhg rq wkh frqglwlrqv fulwhuld pxvw ixo�oo iru ghfrpsrvlqj
d frpsoh{ vlwxdwlrq lqwr vhuldo ru sdudooho wdvnv1 Grzqvwuhdp/ wkh fkrlfh ri vxfk ru vxfk
fulwhulrq eulqjv zlwk lw wkh ydulrxv vshfl�fv1

Vrph ri wkh txhvwlrqv dvnhg lq wkh lqwurgxfwlrq uhfhlyhg khuh srvlwlyh dqvzhuv =
� Lq wkh odwwlfh dssurdfk zh dgrswhg khuh/ wkh xqltxhqhvv ri wkh vhjphqwdwlrq/ dv dq
rswlpdo sduwlwlrq/ lv hqvxuhg dv vrrq dv wkh lqyroyhg fulwhuld duh frqqhfwlyh1 Pruhryhu
wklv vhjphqwdwlrq krogv qrw rqo| rq wkh �hog ri wkh lpdjh xqghu vwxg|/ exw dovr rq hdfk
ri lwv vxe0}rqhv/ dv vwdwhg e| Wkhruhp ;/ wkh fhqwudo uhvxow ri wklv sdshu1

� Wkh Hxfolgldq2Gljlwdo dowhuqdwlyh qr orqjhu h{lvwv1 Jlyhq d wrwdoo| duelwudu| vhw H/
wkh vhw S+H, wxuqv rxw wr eh d vx!flhqwo| gh�qhg lqsxw vsdfh1 Wkh dgydqwdjhv ru wkh
gudzedfnv ri U � yhuvxv ] � duh wudqvihuuhg wr wkh vshfl�f fulwhuld1

� Wkh vhjphqwhg fodvv dw srlqw { lv dozd|v uhdfkhg e| h{whqvlrq/ l1h1 e| xqlrqv ri ri
krprjhqhrxv }rqhv wkdw frqwdlq wkh srlqw {1 Wkhuhiruh/ wkh vhjphqwdwlrq fodvvhv duh
lqghshqghqw ri wkhlu orfdwlrq lq wkh phdvxulqj �hog/ dvvxplqj wkdw d frqyhqlhqw qhljk0
erukrrg lv h{shulphqwdoo| dffhvvleoh +Sursrvlwlrq <,1

� E| frxsolqj frqyhqlhqw �owhuv zlwk vhjphqwdwlrq/ vfdoh vsdfh klhudufklhv duh exlow xs/
zlwk uhvshfw wr qrq0olqhdu vhpl0jurxsv lq sduwlfxodu1 Wkh| duh lghqwl�hg wr vhtxhqfhv
ri lqfuhdvlqj fulwhuld +Sursrvlwlrq 64,1

Lq wkh dssolhg vhfwlrqv/ zh kdyh fodvvl�hg wkh vhjphqwdwlrqv dffruglqj wr wkh lqyroyhg
vsdfhv +lpdjh vsdfh yhuvxv ihdwxuh vsdfhv, dqg wkh h{lvwhqfh ri vhhgv1 Exw iurp wkh ylhzsrlqw
ri wkh rshudwruv/ d pruh shuwlqhqw glvfulplqdwlrq uhvwv rq zkhwkhu d fulwhulrq lv vwurqjo|
frqqhfwlyh ru qrw +Gh�qlwlrq 4;,1

Wkh deryh zrun lv idu iurp ehlqj h{kdxvwlyh1 Zh glg qrw uhdoo| wu| wr hvwdeolvk olqnv
ehwzhhq jhrphwulf  rz SGH*v dqg odwwlfh edvhg vhjphqwdwlrqv1 Sursrvlwlrq 4: derxw vhhgv
sduwo| hqoljkwv wkh txhvwlrq/ dqg wkh h{dpsoh rq 60G zdyh iurqw sursdjdwlrq lqwr d vklqherqh
fohduo| vkrzv krz pxfk vhjphqwdwlrq dqg SGH sursdjdwlrq duh glvwlqfw qrwlrqv1 Krzhyhu/
wkhvh uhpdunv duh mxvw lqsxwv1 Zh glg qrw zrqghu hlwkhu derxw jhqhudo frqglwlrqv rq fulwhuld
wr jlyh ulvh wr plqlpl}dwlrq ixqfwlrqdov1 Zh glg qrw wklqn derxw d udqgrp yhuvlrq ri wkh
wkhru|/ ru d ix}}| rqh/ wkdw zrxog shuplw xv wr zhdnhq qrwlrqv vxfk dv %wkh odujhvw sduwlwlrq%1
Zh krsh wkdw wkh vhjphqwdwlrq dssurdfk e| pd{lpxp sduwlwlrqv/ dqg lwv uroh lq lpdjh
surfhvvlqj/ zloo rshq grruv dqg vxjjhvw wkh h{sorudwlrq ri qhz sdwkv1

Dfnqrzohgjphqwv= L zrxog olnh wr judwhixoo| wkdqn Suri1 Fk1 Urqvh iru wkh ghhs
uhdglqj kh pdgh ri wkh pdqxvfulsw dqg wkh h{wuhph txdolw| ri wkh lpsuryhphqwv kh sursrvhg1
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Kh pdgh suhflvh pruh wkdq rqh ri p|  dzhg uhdvrqlqjv1 L dp dovr lqghewhg wr Suri1 S1
Pdudjrv dqg wr Gu1 X1 Eudjd0Qhwr iru wkhlu ydoxdeoh zulwwhq dqg yhuedo frpphqwv rq wkh
dssurdfk dgrswhg khuh1

Uhihuhqfhv
^4` O1 Doyduh}/ S10O1 Olrqv/ M1P1 Pruho/ Lpdjh Vhohfwlyh Vprrwklqj dqg Hgjh Ghwhfwlrq

e| Qrqolqhdu Gl�xvlrq +LL,1 VLDP Mrxuqdo rq qxphulfdo dqdo|vlv 5</ ;780;99/ 4<<51
^5` O1 Doyduh}/ I1 Jxlfkdug/ S10O1 Olrqv/ M1P1 Pruho D{lrpdwlvdwlrq hw qrxyhdx{

rsìudwhxuv gh od pruskrorjlh pdwkìpdwltxh1 F1U1 Dfdg1 Vfl1 Sdulv/ ss1 598059;/ w1 648/
Vìulh L/ 4<<5

^6` M1 Dqjxor/ M1 Vhuud/ J1 Iodqgulq Txdqwlwdwlyh Ghvfulswruv ri wkh O|pskrf|whv1
Dqdo|wlfdo Fhooxodu Sdwkrorj|/ 53341 55+425,= 9<0:31

^7` M1 Dqjxor/ M1 Vhuud Frorxu Ihdwxuh H{wudfwlrq iurp Oxplqdqfh2Vdwxudwlrq Klvwrjudp
lq O � Uhsuhvhqwdwlrq1 Whfk1 uhsruw Hfroh ghv Plqhv/ Pdufk 53361

^8` M1 Dqjxor/ M1 Vhuud Frorxu Vhjphqwdwlrq e| Rughuhg Phujlqjv1 LFLS 5336/ Edufhorqd
vhsw1 4704:

^9` J1 Ehuwudqg/ Vlpsoh Srlqwv/ Wrsrorjlfdo Qxpehuv dqg Jhrghvlf Qhljkerukrrgv lq
Fxelf Julgv1 Sdwwhuq Uhf1 Ohwwhuv/ yro1 48/ ss1 433604345/ 4<<71

^:` V1 Ehxfkhu/ F1 Odqwxhmrxo/ Xvh ri Zdwhuvkhgv lq Frqwrxu Ghwhfwlrq1 Surf1 Lqw1
Zrunvkrs rq lpdjh surfhvvlqj/ uhdo0wlph hgjh dqg prwlrq ghwhfwlrq2hvwlpdwlrq/ Uhqqhv
+Iudqfh,/ Vhswhpehu 4<:<1

^;` V1 Ehxfkhu Vhjphqwdwlrq g*Lpdjhv hw Pruskrorjlh Pdwkìpdwltxh Wkëvh gh Grfwrudw/
Hfroh ghv Plqhv gh Sdulv/ 4<<31

^<` J1 Elunkr�/ Odwwlfh Wkhru|/ 6 � � hglwlrq/ D1P1V1 Froort1 sxeo1/ yro1 58/ 4<;61
^43` U1 ydq ghq Errpjddug/ Pdwkhpdwlfdo Pruskrorj|= h{whqvlrqv wrzdugv frpsxwhu

ylvlrq/ Sk1G1 Wkhvlv/ Xqly1 ri Dpvwhugdp/Wkh Qhwkhuodqgv/ 4<<5
^44` U1 ydq ghq Errpjddug dqg D1 Vphxoghuv Wkh Pruskrorjlfdo Vwuxfwxuh ri Wkh

Lpdjhv= Wkh Gl�huhqwldo Htxdwlrqv ri Pruskrorjlfdo Vfdoh0Vsdfh1 LHHH Wudqv1 Sdwwhuq1
Dqdo1 Pdfk1 Lqwhoolj1 yro149/ ss 443404446/ Qry 4<<71

^45` J1 Erujhiruv/ J1 Udphood/ J1 Vdqqlwl gl EdmdKlhudufklfdo Ghfrpsrvlwlrq ri Pxowl0
Vfdoh Vnhohwrqv1 LHHH Wudqv1 rq Sdwwhuq Dqdo|vlv dqg Pdfklqh Lqwhooljhqfh/ 5334/Yro
56/ q � 44 ss1 45<9046451

^46` P1 Eruq dqg H1 Zroi Sulqflsohv ri Rswlfv/ Shujdprq Suhvv/ R{irug/ Hqjodqg/ 4<;:1
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^47` X1P1 Eudjd0Qhwr/ M1 Jrxwvldv/ Pxowluhvroxwlrq Frqqhfwlylw|= Dq d{lrpdwlf Ds0
surdfk1 Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh surfhvvlqj/ M1 Jrxv0
wldv/ O1 Ylqfhqw dqg G1V1 Eorrpehuj hgv1/ Noxzhu/ 5333/ ss148<049;1

^48` X1P1 Eudjd0Qhwr/ M1 Jrxwvldv/ Frqqhfwlylw| rq Frpsohwh Odwwlfhv= Qhz Uhvxowv/
Frpsxwhu Ylvlrq dqg Lpdjh Xqghuvwdqglqj ;8/ 4 Mdq1 5335/ ss1 550861

^49` X1P1 Eudjd0Qhwr/ M1 Jrxwvldv/ D Pxowlvfdoh Dssurdfk wr Frqqhfwlylw|1 Frpsxwhu
Ylvlrq dqg Lpdjh Xqghuvwdqglqj/ ;< +5336, :3043:1

^4:` X1P1 Eudjd0Qhwr/ Pxowlvfdoh Frqqhfwhg Rshudwruv/ vxeplwwhg wr MPLY/ Vshfldo Lvvxh
%Pdwkhpdwlfdo Pruskrorj| diwhu 73 |hduv%1

^4;` U1Z1 Eurfnhww dqg S1 Pdudjrv Hyroxwlrq htxdwlrq iru frqwlqxrxv0vfdoh pruskrorj|1
Surf1 LHHH Lqw1 Frqi1 Dfrxvw1 Vshhfk/ vljqdo Surfhvvlqj1 Vdq Iudqflvfr/ FD/ Pdufk 4<<51

^4<` Y1 Fdvhoohv/ E1 Froo dqg M1P1 Pruho = Jhrphwu| dqg Froru lq Qdwxudo Lpdjhv1
MPLY 49 = ;<0438/ 53351

^53` Y1 Fdvhoohv/ I1 Fdwwh/ W1 Froo/ I1 Glerv = D Jhrphwulf Prgho iru Dfwlyh Frqwrxuv1
Qxphulvfkh Pdwkhpdwln 99/ 4<<6/ ss 40641

^54` Y1 Fdvhoohv/ U1 Nlppho dqg J1 Vkdslur = Jhrghvlf Dfwlyh Frqwrxuv/ LMFY / Yro
55 q � 4 ss1 940:</4<<:1

^55` M1P1 Fkdvvhu|/ F1 Jdued| Dq Lwhudwlyh Vhjphqwdwlrq Phwkrg Edvhg rq d Frq0
wh{wxdo Froru dqg Vkdsh Fulwhulrq1 LHHH Wudqvdfwlrqv rq Sdwwhuq Dqdo|vlv/ Pdfklqh
Lqwhooljhqfh/4<;7/ 9/ 9/ :<70;331

^56` J1 Fkrtxhw Wrsrorj| Dfdghplf Suhvv/ Q1\1 4<991
^57` M1 Fuhvsr/ M1 Vhuud / U1Z1 Vfkdihu Wkhruhwlfdo Dvshfwv ri Pruskrorjlfdo Ilowhuv

e| Uhfrqvwuxfwlrq1 Vljqdo Surfhvvlqj/ Yro1 7:/ Qr 5/ ss1 5340558/4<<8
^58` M1 Fuhvsr/ U1Z1 Vfkdihu/ Orfdolw| dqg Dgmdfhqf| Vwdelolw| Frqvwudlqwv iru Pruskr0

orjlfdo Frqqhfwhg Rshudwruv1 Mrxuqdo ri Pdwkhpdwlfdo Lpdjlqj dqg Ylvlrq :/ 4 +4<<:,/
;804351

^59` M1 Fuhvsr/ U1Z1 Vfkdihu/ M1 Vhuud/ Fk1 Judwlq/ I1 Ph|hu Wkh Iodw ]rqh Ds0
surdfk= D jhqhudo orz0ohyho Uhjlrq Phujlqj Vhjphqwdwlrq Phwkrg1 Vljqdo Surfhvvlqj/
95/ q � 4/ 4<<:/ ss1 6:0931

^5:` H1 Glgd|/ M1Ohpdluh/ M1Srxjhw/ I1Whvwx Hoìphqwv g*Dqdo|vh gh Grqqìhv/ Gxqrg/
4<;51

^5;` O1 Jduulgr/ Sk1 Vdohpelhu/ G1 Jdufld H{whqvlyh Rshudwruv lq Sduwlwlrq Odwwlfhv iru
Lpdjh Vhtxhqfh Dqdo|vlv Vljqdo Surfhvvlqj/ Yro1 99/ Qr 5/ ss1 48:04;3/ 4<<;1
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^5<` G1 Jdwlfd0Shuh}/ F1 Jx/ P0W> Vxq/ V1 Uxl}0Fruuhd H{whqvlyh sduwlwlrq rshu0
dwruv/ jud| ohyho frqqhfwhg rshudwruv/ dqg uhjlrq phujlqj2fodvvl�fdwlrq vhjphqwdwlrq
dojrulwkpv= wkhruhwlfdo olqnv/ LHHH Wudqvdfwlrqv rq Lpdjh Surfhvvlqj/ yro143 q � </ vhsw
5334/ ss466504678

^63` D1 Kdqexu| Pruskrorjlh pdwkìpdwltxh vxu oh fhufoh xqlwì/ dyhf dssolfdwlrq dx{ whlqwhv
hw dx{ wh{wxuhv rulhqwìhv1 Wkëvh gh Grfwrudw/ Hfroh ghv Plqhv gh Sdulv/ Pduv 53351

^64` D1 Kdqexu|/ M1 Vhuud Pruskrorjlfdo Rshudwruv rq wkh Xqlw Flufoh/ LHHH Wudqvdfwlrqv
rq Lpdjh Surfhvvlqj 43 +45, ss1 4;7504;83/ 5334

^65` D1 Kdqexu| M1Vhuud = Frorxu Lpdjh Dqdo|vlv lq 6G0srodu Frruglqdwhv1 GDJP v|p0
srvlxp/ Ylhqqd Dsulo 5336

^66` U1P1 Kdudolfn/ O1J1 Vkdslur/ Lpdjh vhjphqwdwlrq whfkqltxhv/ Frpsxwhu Ylvlrq
Judsklfv dqg Lpdjh Surfhvvlqj/ 5</ ss 4330465/ 4<;81

^67` K1M1D1P1 Khlmpdqv FrqqhfwhgPruskrorjlfdo Rshudwruv iru Elqdu| Lpdjhv1 Frpsxwhu
Ylvlrq dqg Lpdjh Xqghuvwdqglqj/ :6/ 4<<</ <<04531

^68` K1M1D1P1 Khlmpdqv Pruskrorjlfdo Vfdoh0vsdfhv dqg Olh Jurxsv/ lq Pdwkhpdwlfdo
Pruskrorj|/ K1 Wdoerw/ U1 Ehduh/ Hgwv1 FVLUR V|gqh| 5335/ ss158605971

^69` V1O1 Krurzlw}/ W1 Sdyolglv/ Slfwxuh Vhjphqwdwlrq e| d Wuhh Wudyhuvdo Dojrulwkp1
Mrxuqdo ri wkh DFP 56/ ss 69;06;;/ 4<:91

^6:` G1 Mhxolq +Hg, Dgydqfhv lq Wkhru| dqg Dssolfdwlrqv ri Udqgrp Vhwv Zruog Vflhqwl�f/
4<<:/ 659s1

^6;` G1 Mhxolq Udqgrp wh{wxuh prghov iru pdwhuldo vwuxfwxuhv1 Vwdwlvwlfv dqg Frpsxwlqj rq
Lpdjh Dqdo|vlv/ 53331 43+5,= s1 45404651

^6<` P1 Ndvv/ D1 Zlwklq dqg G1 Whu}rsrxorv = Vqdnhv = Dfwlyh Frqwrxu Prghov1
Lqwhuqdwlrqdo Mrxuqdo ri Frpsxwhu Ylvlrq 4/ 4<;;/ 6540664

^73` Fk1 R1 Nlvhopdq Gljlwdo Jhrphwu| dqg Pdwkhpdwlfdo Pruskrorj|/ Ohfwxuh Qrwhv
Xqly1 ri Xssvdod/ Dsulo 5337/ ;<s1

^74` M1M1 Nrhqghulqn/ Wkh vwuxfwxuh ri lpdjhv/ Elro1 F|ehuq1 83/ ss 69606:3/ 4<;71
^75` F1 Odqwxhmrxo dqg V1 Ehxfkhu Rq wkh Xvh ri wkh Jhrghvlf Phwulf lq Lpdjh Dqdo|vlv1

M1ri Plfurvfrs| Yro1454/ ss16<07</4<;41
^76` P1 Ohyhqwrq/ Z1 Julpvrq dqg R1 Idxjhudv = Vwdwlvwlfdo Vkdsh Lq xhqfh rq

Jhrghvlf Dfwlyh Frqwrxuv FYSU 53331
^77` U1 Pdoodgl/ M1D1 Vhwkldq/ dqg E1F1 Yhpxul = Vkdsh Prgholqj Zlwk Iurqw Sursd0

jdwlrq 0 d Ohyho Vhw Dssurdfk1 LHHH Wudqv1 rq SDPL/ 4:/ 4<<8/ ss 48;04:81
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^78` S1 Pdudjrv Gl�huhqwldo pruskrorj| dqg lpdjh surfhvvlqj1 LHHH Wudqv1 Lpdjh Sur0
fhvvlqj/ yro :;/ ss1 <550<6:/ Mxqh 4<<91

^79` S1 Pdudjrv dqg I1 Ph|hu Qrqolqhdu SGHv dqg Qxphulfdo Dojrulwkpv iru Prgholqj
ohyhoolqjv dqg Uhfrqvwuxfwlrqv Ilowhuv1 Vfdoh0Vsdfh Wkhrulhv lq Frpsxwhu Ylvlrq/ Q1
Pdgv/ hw do1/ Hgv1 Ohfwxuh Qrwhv lq Frpsxwhu Vflhqfh/ q � 49;5/ 4<<</ ss1 69606:71

^7:` E1 Pdufrwhjxl dqg I1 Ph|hu/ Pruskrorjlfdo Vhjphqwdwlrq ri Lpdjh Vhtxhqfhv1 Lq
Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh surfhvvlqj/ Vhuud M1 dqg Vrlooh
S1 hgv1/ Noxzhu/ 4<<7/ ss1 434043;1

^7;` G1 Pduu dqg H1 Kloguhwk Wkhru| ri hgjh ghwhfwlrq/ Surf1 Ur|1 Vrf1 Orqg1 E53:/
4;:054:/ 4<;31

^7<` G1 Pduu Ylvlrq/ Iuhhpdq dqg Fr1/ 4<;51
^83` J1 Pdwkhurq Udqgrp Vhwv dqg Lqwhjudo Jhrphwu|/ Zloh|/ Qhz0\run/ 4<:81
^84` J1 Pdwkhurq Hvwlpdwlqj dqg fkrrvlqj/ Vsulqjhu0Yhuodj +4<;<, 474s1
^85` J1Pdwkhurq Ohv wuhloolv frpsdfwv1 Whfk1 uhs1 Q0562<32J/ Hfroh ghv Plqhv gh Sdulv/

Sduw 4/ 4<<3/ sduw 5/ 4<<91
^86` J1Pdwkhurq Ohv qlyhoohphqwv1 Whfk1 uhs1 Q03:2<:2PP Hfroh ghv Plqhv gh Sdulv/4<<:1
^87` I1 Ph|hu dqg S1 Pdudjrv Qrqolqhdu Vfdoh0vsdfh Uhsuhvhqwdwlrq zlwk Pruskrorjlfdo

Ohyhoolqjv1 MYFLU/ 5333/ 44= ss1 57805981
^88` I1 Ph|hu dqg V1 Ehxfkhu Pruskrorjlfdo Vhjphqwdwlrq1 MYFLU/ 4<<3/ Yro14 +4,/

ss1540791
^89` I1 Ph|huPlqlpxp Vsdqqlqj Iruhvwv iru Pruskrorjlfdo Vhjphqwdwlrq1 LqPdwkhpdwlfdo

Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh dqg vljqdo surfhvvlqj/ Pdudjrv S1 hw do1 hgv1/
Noxzhu/4<<91

^8:` I1 Ph|hu/ Wkh ohyhoolqjv/ Lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh
dqg vljqdo surfhvvlqj/ Noxzhu/ 4<<;/ ss14<405391

^8;` I1 Ph|hu/ Klhudufklhv ri Sduwlwlrqv dqg Pruskrorjlfdo Vhjphqwdwlrq/ lq LHHH Zrun0
vkrs rq Vfdoh0Vsdfh dqg Pruskrorj| lq Frpsxwhu Ylvlrq ) LFFY 53341 Ydqfrxyhu/
Mxo| :0;/ 53341

^8<` I1 Ph|hu/ Dq Ryhuylhz ri Pruskrorjlfdo Vhjphqwdwlrq1 Lqwhuqdwlrqdo Mrxuqdo ri Sdw0
whuq Uhfrjqlwlrq dqg Duwl�fldo Lqwhooljhqfh/ 53341 48+:,= 43;<0444;1

^93` \1 Ph|hu Zdyhohwv dqg Rshudwruv1 Dgydqfhg Pdwkhpdwlfv/ Fdpeulgjh Xqlyhuvlw|
Suhvv/ 4<<51

^94` M0P1 Pruho dqg V1 Vrolpl Yduldwlrqdo Phwkrgv lq Lpdjh Vhjphqwdwlrq/ Elunkçxvhu
Ervwrq 4<<81
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^95` G1 Pxpirug/ M1 Vkdk/ Erxqgdu| Ghwhfwlrq e| Plqlpl}lqj Ixqfwlrqdov1 LHHH Frq0
ihuhqfh rq Frpsxwhu Ylvlrq dqg Sdwwhuq Uhfrjqlwlrq/ Vdq Iudqflvfr 4<;81

^96` G1 Pxpirug dqv M1 Vkdk Erxqgdu| Ghwhfwlrq e| Plqlpl}lqj Ixqfwlrqdov/ lq Lpdjh
Xqghuvwdqglqj/ V1 Xopdqq dqg Z1 Ulfkdugv Hgv/ 4<;;1

^97` V1 Rvkhu dqg M1 D1 Vhwkldq Iurqw Sursdjdwlqj zlwk Fxuydwxuh0Ghshqgdqw Vshhg=
Dojrulwkpv edvhg rq Kdplowrq0Mdfrel Irupxodwlrqv/ M1 Frpsxw1 Sk|vlfv/ yro1 :</ ss1450
7</ 4<;;

^98` P1 Sdugãv / M1 Vhuud / O1Wruuëv Frqqhfwlylw| Ilowhuv iru Lpdjh Vhtxhqfhv1 Lq Lpdjh
Dojheud dqg Pruskrorjlfdo Surfhvvlqj LLL/ Sdxo G1 Jdghu/ Hgzdug U1 Grxjkhuw|/ Mhdq
F1 Vhuud Hgv1 VSLH/ Yro1 4:9</ 4<<5/ ss1 64;065<1

^99` S1 Shurqd dqg M1 Pdoln D Vfdoh Vsdfh dqg Hgjh Ghwhfwlrq Xvlqj Dqlvrwurslf Gl�x0
vlrq1 Surf1 LHHH Frpsxwhu Vrf1 Zrunvkrs rq Frpsxwhu ylvlrq/ 4<;:1

^9:` D1 U1 Udr1 D Wd{rqrp| Iru Wh{wxuh Ghvfulswlrq Dqg Lghqwl�fdwlrq1 Vsulqjhu0Yhuodj/
4<<31

^9;` F1 Urqvh/ Vhw Wkhruhwlfdo Dojheudlf Dssurdfkhv wr Frqqhfwlylw| lq Frqwlqxrxv ru
Gljlwdo Vsdfhv1 MPLY/ 4<<;/ Yro1 ; q � 4/ ss1 7408;1

^9<` F1 Urqvh/ M1 Vhuud Jhrghv| dqg Frqqhfwlylw| lq Odwwlfhv Ixqgdphqwd Lqirupdwlfdh/
Yro 79/ lvvxh 7/ vhsw1 5334/ ss1 67<06<8

^:3` D1 Urvhqihog Vhtxhqwldo rshudwlrqv lq gljlwdo slfwxuh surfhvvlqj Mrxuqdo ri wkh DFP/
4<99/ 46/ 7:407<71

^:4` D1 Urvhqihog dqg D1F1 Ndn Gljlwdo slfwxuh surfhvvlqj1 Df1Suhvv/ Qhz0\run/ 4<;51
^:5` S1 Vdohpelhu dqg M1 Vhuud/ Iodw ]rqhv Ilowhulqj/ Frqqhfwhg Rshudwruv/ dqg Ilowhuv

e| Uhfrqvwuxfwlrq LHHH Wudqvdfwlrqv rq Lpdjh Surfhvvlqj1 Dxjxvw 4<<8/ yro1 7/ q � ;/
448604493 1

^:6` S1 Vdohpelhu dqg I1 Pdutxìv Uhjlrq0edvhg Uhsuhvhqwdwlrqv ri Lpdjh dqg Ylghr=
Vhjphqwdwlrq Wrrov iru Pxowlphgld Vhuylfhv LHHH Wudqvdfwlrqv rq flufxlwv dqg v|vwhpv
iru ylghr whfkqrorj|/ yro1 </ qr ;/ Ghfhpehu4<<< ss1447:0449:

^:7` S1 Vdohpelhu dqg O1 Jduulgr Frqqhfwhg Rshudwruv Edvhg rq Uhjlrq0wuhh Suxqlqj/
lq Pdwkhpdwlfdo Pruskrorj| dqg lwv dssolfdwlrqv wr lpdjh surfhvvlqj/ M1 Jrxvwldv/ O1
Ylqfhqw dqg G1V1 Eorrpehuj hgv1/ Noxzhu/ 5333/ ss1 4:304:;1

^:8` M1 Vhuud/ Lpdjh dqdo|vlv dqg pdwkhpdwlfdo pruskrorj|/ sduw LL= wkhruhwlfdo dgydqfhv/
M1 Vhuud hg1/ Dfdghplf Suhvv/ Orqgrq/ 4<;;1

^:9` M1 Vhuud dqg O1 Ylqfhqw Dq Ryhuylhz ri Pruskrorjlfdo �owhulqj/ LHHH Wudqv1 rq
Flufxlwv/ V|vwhpv dqg Vljqdo Surfhvvlqj/ Yro1 44/ Q � 4/ ss17:043;/4<<5 1
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^::` M1 Vhuud dqg S1 Vdohpelhu Frqqhfwhg Rshudwruv dqg S|udplgv1 Lq Qrq olqhdu dojheud
dqg pruskrorjlfdo lpdjh surfhvvlqj VSLH/ Yro1 5363/ Vdq Glhjr/ Mxo| 4<<6/ ss1 980:91

^:;` M1 Vhuud Htxlfrqwlqxrxv Ixqfwlrqv/ d Prgho iru Pdwkhpdwlfdo Pruskrorj|1 Lq Qrq
olqhdu dojheud dqg pruskrorjlfdo lpdjh surfhvvlqj VSLH/ Yro1 4:9</ Vdq Glhjr/ Mxo|
4<<5/ ss1 58505961

^:<` M1 Vhuud Fxeh/ Fxeh0rfwdkhgurq ru Ukrpergrghfdkhgurq dv Edvhv iru 60G vkdsh Gh0
vfulswlrqv/ Dgydqfhv lq Ylvxdo Irup Dqdo|vlv/ F1 Dufhool dqg Do1 +hgv1, Zruog Vflhqwl�f
4<<:/ 835084<1

^;3` M1 Vhuud Frqqhfwlylw| rq Frpsohwh Odwwlfhv1 Mrxuqdo ri Pdwkhpdwlfdo Lpdjlqj dqg
Ylvlrq </ +4<<;,/ ss 5640584

^;4` M1 Vhuud Vhw Frqqhfwlrqv dqg Glvfuhwh Ilowhulqj +Surf1 GJFL 4<<<, Ohfwxuh Qrwhv lq
Frpsxwhu Vflhqfh/ Yro1 489;/ J1 Ehuwudqg/ P1 Frxsulh dqg O Shuurwrq +hgv1,/ Vsulqjhu/
4<<</ ss 4<405391

^;5` M1 Vhuud Frqqhfwlylw| iru Vhwv dqg Ixqfwlrqv Ixqgdphqwd Lqirupdwlfdh/ 74 +5333, 47:0
4;9

^;6` M1 Vhuud Hvsdfhv frxohxu hw wudlwhphqw g*lpdjhv +whfk1 uhsruw Hfroh ghv Plqhv Q0
672352PP,/ Rfwrehu 5335/ 46s1

^;7` M1 Vhuud Ylvfrxv Odwwlfhv/ wr eh sxeolvkhg lq MPLY lq 5338
^;8` M1 Vhuud Pruskrorjlfdo Ghvfulswlrqv Xvlqj Wkuhh0Glphqvlrqdo Zdyhiurqwv Lpdjh Dqdo

Vwhuhro 5335 > 54 =40<
^;9` M1 Vhuud Vhjphqwdwlrq/ Whfk1 Uhs1 HPS Q0392362PP pdufk 5336/ 58s1
^;:` M1 Vhuud Pruskrorjlfdo Vhjphqwdwlrq ri Frorxu Lpdjhv/ LVPP*38/ Sdulv/ Dsulo 53381
^;;` M1 D1 Vhwkldq Ohyho Vhw Phwkrgv1 Fdpeulgjh Xqly1 Suhvv/ 4<<91
^;<` S1 Vrlooh Pruskrorjlh Pdwkìpdwltxh = gx uholhi ã od glphqvlrqdolwì 0 Dojrulwkphv hw

pìwkrghv0/ Wkëvh gh Grfwrudw/ Xqlyhuvlwì Fdwkroltxh gh Orxydlq/ Orxydlq0od0Qhxyh/
Ehojlxp +4<<5,1

^<3` S1 Vrlooh Pruskrorjlfdo lpdjh dqdo|vlv1 Vsulqjhu0Yhuodj/ Ehuolq Khlghoehuj/ 4<<<1
^<4` V1U1 Vwhuqehuj Pruskrorj| iru Juh|0wrqh Ixqfwlrqv1 Frpsxwhu Ylvlrq/ Judsklfv dqg

Lpdjh Surfhvvlqj 68/ ss 666�688/ 4<;91
^<5` F1 W}dihvwdv/ S1 Pdudjrv Vkdsh Frqqhfwlylw|1 MPLY Yro14:/ q � 5/ vhsw 5335 ss 43<0

45<1
^<6` F1 Ydfklhu H{wudfwlrq gh fdudfwìulvwltxhv/ vhjphqwdwlrq g*lpdjhv hw pruskrorjlh pdwk0

ìpdwltxh1 Wkëvh gh Grfwrudw/ Hfroh ghv Plqhv gh Sdulv/ 4<<81
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^<7` O1Ylqfhqw Pruskrorjlfdo Jud|vfdoh Uhfrqvwuxfwlrq lq Lpdjh Dqdo|vlv= Dssolfdwlrqv
dqg h!flhqw Dojrulwkpv1 LHHH Wudqvdfwlrqv lq Lpdjh Surfhvvlqj/ Dsulo 4<<6/ Yro1 5/
ss1 4:905341
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