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Coordinates, Symplectic Integrators
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Poincaré-Cartan Integral Invariant,
Euler-Poincaré Equation
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Thermodynamics
Covariant Giblbs Density, Planck
Temperature in Lie Algebra, Heat in
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I GEOMETRIC DEFINITION OF ENTROPY

Entfropy is Invariant
Casimir Function on Leaves of Symplectic
Foliation associated to Coadjoint Orbits
generated via Moment Map of Symmetry

Group acting on the System.
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I Metriplectic Flow on Symplectic Foliation & Transverse Metric Foliation

~ Foliation Leaves = Foliation Leaves =
¢ Level Sets of Energy Level Sets of Entropy

[ele]

METRIC FOLIATION J 13 SYMPLECTIC FOLIATION

1st Principle of
Thermodynamics
Preservation of Energy

METRIPLECTIC FLOW

d—F:{F,H}+(F,S)

dt Non-dissipative Dissipative
Entropy = Constant Energy = Constant

{F,S$}=0 YF :S Entropy Casimir Function for {.,.}
(F,H)=0 VYF:H Energy Casimir Function for (.,.)

2nd Principle of

Thermodynamics
Entropy Production

3 Symplectic Le

3+ Metric Leaf
Level Set of Energy

Thermodynamics-Informed Neural Networks
dZGT dznet 2

dt dt

A= Nf(m;’“’”mfg) A = N

|5_ N batch n=0
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I Thermodynamics Triptych : symplectic & transverse metric foliatons

s DUAL FISHER METRIC | Transverse
¢ HESSIAN OF ENTROPY | Riemanian

% Foliation Charles
Metriplectic 3 EHRESMANN
Flow Symplectic

Foliation,
Transverse

!‘ Koszul MefriC

I Information
Geometry

| Baptiste
COQUINOT

Symplectic
Foliation

Georges Henri
REEB

« with Entropy as
Casimir Function

NON-DISSIPATIVE

FISHER METRIC
HESSIAN OF MASSIEU
KKS 2-FORM

Jean-Louis KOSZUL Jean-Marie SOURIAU
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« Nord-Bassin Parisien » Seminar on « Geometric Structures of Dissipation »
| « Nord-Bassin Parisien » Seminar 2020’s | « Sud-Rhodanien » Seminar 1980’s

> Paris-Metz-Valenciennes-Lille-Louvain- » Lyon, Marseille, Montpellier
Liege-Bruxelles
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Jean-Paul Dufour

Géométrie
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A - ramiltoniennes . .
Singularités, de [,,-,,,,p:,c st Aspects dynamiques et topologiques
Jeuilletages Troisiéme théoréme de Lie des groupes wnfnis

et mécanigque hamiltonienne de transformation de la mécanique et de contact

« L'oubli et la mémoire sont également inventifs »
J. L. Borges, Le Rapport de Brodie




I Seminal Gibbs States from Moment Map of SE(3)

. » As observed by Charles-Michel Marle, Josiah Willard Gibbs in chapter IV of his book
“Elementary Principles in Statistical Mechanics, developed with Especial Reference to the
Rational Foundation of Thermodynamics” published in 1902, considered generalization of
Gibbs states built with the moment map of the product of the one-dimensional group of
translations in time and the three-dimensional group of rotations in space for the study of
systems contained in a rotating vessel, referring to a paper by Maxwell published in 1878. We
can read in the book of Gibbs:

orin pai

ed.

any way, in whole

[...] The consideration of the above case of statistical equilibrivm may be made the foundation
of the theory of the thermodynamic equilibrium of rotating bodies, a subject which has been
treated by Maxwell in his memoir On Boltzmann's theorem on the average distribution of
energy in a system of material points (Gibbs 1902)

onsent of THALES - © 2021 THALES. Allrights reserv

» Jacques Hadamard made a review of this book in 1906 (Hadamard 1906) and wrote:

[...] This book is not one of those that one analyzes hastily; but, on the other hand, the
questions it deals with have been greatly agitated in recent times; the ideas defended by
Gibbs have been the subject of much controversy; the reasoning with which he supported
them has also been criticized. It seems interesting to me to study his work in the light of these
controversies and by discussing these criticisms (Hadamard 1906)
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I Seminal Carathéodory’s axiomatization of Thermodynamics
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Yof an arbitrarily

I---]'Inany arbitrary neighborhood

nitial point
there'is a state that cannotbe

‘arbitrarily approximated by

adiabatic changes of state.
(Cargila¢ odory 1909):!

i
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| Constantin Carathéodory was born in Germany in

Berlin in 1873 but was the son of a Turkish
ambassador of Greek origin. From 1875 to 1895,
Constantin Carathéodory lived in Bruxelles in
Belgium, and studied at Belgian Ecole Militaire.
After a period in Greece, in London and Egypt, he
returns to Berlin in 1900 to study mathematics.

In 1904 in Gottingen, he defended his PhD on
special Euler-Lagrange equations, with H.
Minkowski,. He was successively professor in
Gottingen, Bonn and Hannover. From 1905 to 1910.
From Brussels, Carathéodory wrote to Born in 1907
about his definition of the concepts “amount of
heat” and “reversibility” derived from the Carnot
principle. He was back in Munich in 1924 to work
on variational calculus applied to optics
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I Pfaffian forms by Gaston Darboux

Sur le probleme de Pfaff

Gaston Darboux (1822)

¢ [...] The method that Pfaff made known in 1814,
= in the Memoirs of the Academy of Berlin, for the
integration of a partial differential equation with
any number of independent variables, was long
neglected: the beautiful discoveries of Jacobi
and de Cauchy have alone atiracted the
- aftention of geometers who deal with this
> theory. ... In the first Part, | study the reduced
= forms, and | show that the integration of the first
- Pfaff system is sufficient and immediately gives
- the reduced form when it comes to the
¢ differential expression corresponding to a partial Johann Friedrich
- differential equation. In the second Part, | study Pfaff

¢ the relations between reduced forms, and |

- demonstrate in particular three propositions

which serve as a basis for Mr. Lie's group theory.
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Pfaff problem and
Pfaffian form attracted
the attention of Clebsch
(1862), Darboux (1882),
Lie and Cartan (1899),
among other as
explained in the book of
Edouard Goursat.

Gaston Darboux




I Carathéodory’s axiomatization of Thermodynamics

| By analyzing the Pfaffian form, Carathéodory showed
that if no heat exchange occurs, a system's adiabatic
paths can be described mathematically, and implies
the existence of an integrating factor related to
temperature, leading to the definition of entropy. The
integrating factor transforms the Pfaffian form into an
exact differential, dS, which defines the change in
entropy.
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ny way, in whole o

» For the first law, under any adiabatic change of state, the
exfternal work A by the change in energy is equal to zero
and if we denote the initial &€ and final & energy:

E—e+A=0
» For the second law, under all adiabatic changes of state
that start from any given initial state, certain final states are
not attainable and “unattainable” final states can be found
in any neighborhood of the initial state.
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Wolfgang Pauli Lectures on “Thermodynamics and the Kinetic Theory

of Gases” — Rereading of Carathéodoty Axiomatization
» Heat conduction and Internal Friction are two
' main causes of dissipation

3“

} [...] If the second law were unirue, that is, if

- heat conduction were reversible, then work

© could be obtained from heat without

- compensating changes. Since it is only
possible to convert work into heat without

- compensating changes, is the preferred

_ direction in which actual processes take

- place. We can now also determine which of

~ two temperature 11 and 12 is the higher,

- namely, that one from which heat can flow to

Wolfgang Pauli Lectures on Physics, Volume 3

3 . . “Thermodynamics and the Kinetic Theory of
- the other without compensating changes. Gases”, 2nd chapter dedicated to the 29 Law:

[...] The second law distinguishes heat from the
other forms of energy. It indicates a direction in
time and makes apparent that heat is a
disordered form of energy. (Pauli 1973)

- (Pauli 1973) ‘.,

OPEN
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Constantin Carathéodory axiomatization of thermodynamics
interpreted by foliations by Theodore Frankel

» Theodore Frankel (Frankel 2012) was one of first to interpret Carathéory model with
- theory of foliations and Frobenius's theorem. In chapter entitled ‘Heuristic

-~ Thermodynamics via Caratheodory (Can one go adiabatically from some state to any
nearby state?)’ of his book “The Geometry of Physics: An Introduction”, Frankel
identified entropy as a global adiabatic foliation of state space, guaranteed by the
holonomy of eniropy.

- » Theodore Frankel then rewrite Carathéodory results in a modern geometric framework
Caratheodory’s Theorem: Let @' be a continuously differentiable nonvanishing 1-form on an
M", and suppose that @ =( is not integrable; thus at some x, e M" we have OAdO+#0 .

Then there is a neighborhood U of x, such thatany ¥y €U can be joinedto X, bya
piecewise smooth path that is always tangent to the distribution.

- » Franken concluded that the adiabatic distribution 0 =0is integrable and that there

are locally defined a local entropy function § and 7 on the state space M"'such that
0' = AdS that admit a local integrating factor 7.

THI\LES
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Constantin Carathéodory axiomatization of thermodynamics
interpreted by foliations by Theodore Frankel

[...] If, for example, the foliation defined by O =0
has leaves that wind densely (as in a torus) then
there is no way that a global function S can
exist, since such an § must be constant on each
maximal leaf. It is easy to see, however, that
Kelvin's second law of thermodynamics rules out
the possibility of not only dense adiabatic leaves,
but even leaves that “double back”! For in the
proof that “Kelvin implies Caratheodory,” we saw
that two states related by heating at constant
volume cannot be joined by a quasi-static
adiabatic. This says that no 7' (v) can meet a
maximal adiabatic leaf twice. It might be
thought that the space M " and the adiabatic
foliation must then be of a completely trivial
nature. (Frankel 1972, p.33)

THALES

OPEN Juilding a future we can all trust



I Talk outline

1. Basic on Lie Groups
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2. Information Geometry & Natural Gradient for Learning

9. Thermodynamics-Informed Neural Network and Symplectic
Foliation Structure

10. Conclusion
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‘Infroduction to Lie Groups Representation Theory , Symplectic and Poisson
Geometries (Université Paris Saclay & Sorbonne Université Lectures)

Introduction aux groupes de Lie
pour la physique

Frédéric Paulin

Cours de troisitme annde de Centrale-Supélec
(Université Paris-Saclay)
Option Mathématiques appli

Année 2020-2021

Professeur & I'Université Paris-Saclay (Faculté des sciences d’Orsay)

. Parcours Mathématiques-Physique

LJ ..
C’D universite

CentraleSupélec PARIS-SACLAY

F
——-ﬂ

. b M— M2/International Centre for Fundamental Physics
Parcours de Physique Théorique

Invariances en physique
et théorie des groupes

Jean-Bernard Zuber
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Lie Group & Statistical Physics

Jean-Michel Bismut — Random Mechanics

Jean-Marie Souriau — Lie Group Thermodynamics, Souriau Metric
Jean-Louis Koszul — Affine Lie Group & Algebra representation

Harmonic Analysis on Lie Group & Orbits Method
Pierre Torasso & Michéle Vergne — Poisson-Plancherel Formula
Michel Duflo — Extension of Orbits Method, Plancherel & Character
Alexandre Kirillov — Coadjoint Orbits, Kirillov Character

Jacques Dixmier — Unitary representation of nilpotent Group

Lie Group Representation

Bertram Kostant — KKS 2-form, Geometric Quantization
Alexandre Kirillov — Representation Theory, KKS 2-form
Jean-Marie Souriau — Moment Map, KKS 2-form, Souriau Cocycle
Valentine Bargmann — Unitary representation, Central extension

Lie Group Classification

Carl-Ludwig Siegel — Symplectic Group

Hermann Weyl — Conformal Geometry, Symplectic Group
Elie Cartan — Lie algebra classification, Symmetric Spaces
Willem Killing — Cartan-Killing form, Killing Vectors

Group/Lie Group Foundation

Henri Poincaré — Fuchsian Groups

Felix Klein — Erlangen Program (Homogeneous Manifold)
Sophus Lie — Lie Group
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Representation Theory & (Co-adjoint) Orbits Method: A. Kirillov

Grundlehren der mathematischen Wissenschaften 220
A Series of Comprehensive Studies in Mathematics

A. A. Kirillov

Elements of the Theory
of Representations

MERITS VERSUS DEMERITS

1. Universality: the method works for
Lie groups of any type over any field.

2. The rules are visual, easy to

memorize and illustrate by a picture.
3. The method explains some facts
which otherwise look mysterious.

1. It provides a great number of

symplectic manifolds and Poisson
commuting families of functions.
5. The method introduces two new

fundamental notions: coadjoint
orbits and moment maps.

. The recipes are not accurately

and precisely formulated.

2. Sometimes they are wrong and

need corrections or modifications.

3. It could be difficult to transform
this explanation into a rigorous proof.
. Most completely integrable

dynamical systems were discovered
ecarlier by other methods.

. The description of coadjoint orbits

and their structure is sometimes not
an easy problem.

Springer-Verlag Berlin Heidelberg New York

§ 15. The Method of Orbits

At the basis of the method of orbits lies the following “experimental fact”: the
theory of infinite-di ional repr ions of every Lie group is closely con-
nected with a certain special finite-dimensional representation of this group.
This representation acts in the dual space g* of the Lie algebra g of the group
under study. We will call it a co-adjoint or briefly a K-representation.!

Orbits of a Lie group in the space of a K-representation are symplectic mani-
folds. They can be interpreted as phase spaces of a Hamiltonian mechanical
system for which the given Lie group is the group of symmetries. In 15.2, we shall
give a classification of all homogeneous symplectic manifolds with a given group
of symmetries.

It turns out that unitary irreducible representations of the group G are con-
nected with orbits of this group in the K-representation. The construction of the
representation in an orbit is given in 15.3.

This is a generalization of the procedure of quantization that is used in quantum
mechanics. This point of view is explained in more detail in 15.4.

The author sees the significance of the method of orbits not only in the specific
theorems obtained by this method, but also in the great collection of simple and
intuitive heuristic rules that give the solution of the basic questions of the theory
of representations. With the passage of time, these rules will be elevated to the
level of strict theorems, but already now their value is indisputable.

We shall show in 15.5 how the operations of restriction to a subgroup and
induction from this subgroup can be described with the aid of the natural pro-
jection p:g*—h* where b is the Lie algebra of the subgroup H.

As we shall see in 15.6, generalized characters of irreducible unitary rep-
resentations admit a simple expression in the form of an integral over the cor-
responding orbit. In many cases, this allows us to write an explicit expression for
the Plancherel measure.

Finally, in 15.7 we show that infinitesimal characters of irreducible unitary
representations of a group G can be computed as values of G-invariant poly-
nomials on the corresponding orbits.

15.1. The Co-Adjoint Representation of a Lie Group

Let G be a Lie group, g its Lie algebra, and g* the dual space to g. The group G
acts in g with the aid of the adjoint representation Ad (see 6.3) and in g* with the
aid of the co-adjoint representation, or, briefly, the K-representation. If the Lie
algebra g is realized in the form of the algebra of left-invariant vector-fields on G,
then it is natural to realize g* in the form of the space of left-invariant differential
forms of the first order on G. The K-representation of the group G acts in the space
of 1-forms by right translations.

A. KIRILLOV

ELEMENTS DE LA THEORIE
DES REPRESENTATIONS

EDITIONS MIR « MOSCOU

THALES

we can all trust



Kirillov by Dixmier: « La these de Kirillov, parue en 1962, a suscité
immédiatement beaucoup d’intérét »

Breéves remarques sur ’ccuvre de
A. A. Kirillov

Jacques Dixmier

La these de Kirillov, parue en 1962, a suscité immédiatement beaucoup d’intérét.
Soit G un groupe de Lie nilpotent simplement connexe. Soient g = Lie(G),
g* I'espace vectoriel dual de g, dans lequel G opere par la représentation co-
nd;omle Sou g /G I ensemble des orbites coadjointes. Soit G I’ensemble des
ions irréductibles de G (la plupart sont de dimension in-

ﬁmc) Alors Kmllov construit une bijection canonique g*/G — G ; ainsi, les
ns irréductibles de G sont paramétrées par les orbites co-

adjomm En outre, quantité de notions naturelles concernant les représentations
s’interprétent géométriquement en termes d’orbites coadjointes: restriction a un
sous-groupe, induction unitaire, produit tensoriel, mesure de Plancherel, topolo-
gie de ( G. Détaillons seul un résultat, d'une €lé extraordinaire: soient
n € G et Q 'orbite associée ; soit u la mesure G-mvanante canonique sur
(c’est une distribution tempérée sur g‘) soit u’ sa transformée de Fourier, distri-
bution tempérée sur g ; transportant ' sur G par I’ apphcauon exponenuelle, on

obtient le caractére-distribution de x !

Kirillov.s’est vite convaincu, et il a convai la cc ique
que cette “méthode des orbites™ devait étre applicable a des groupes bien plus
sénéraux que les groupes nilpotents.

Il n’a pas hésité a aborder le cas des groupes de Lie connexes quelconques
Evidemment, des difficuités considérables ont surgi immédi Né
Kiriliov a indiqué une voie d’accés, qui ite'a ét€ larg ilisé

Depuis plus de trente ans, Kirillov applique la méthode des orbites aux groupes
de Lie-Cartan de dimension infinie. Par exemple, soit M une variété C*™ com-
pacm. Soit G e groupe des difféomorphismes de M, ou I'un des sous-groupes
[ enp les él1é de G qui conservent une forme volume, ou une
structure symplecuque. ou une structure de contact. On considere I’ algebre de Lie
g et son dual g*, tous deux définis en tenant compte de la topologie. Aux orbites
coadjointes sont associées des représentations unitaires irréductibles de G, du
moins dans certains cas, par exemple si 1’orbite est de dimension finie ou de codi-
mension finie. Le groupe fondamental de ces orbites peut étre non commutatif,
par exemple étre un groupe symétrique. Kirillov envisage parfois des groupes en-
core plus généraux (par exemple, le groupe Diffy (E) ou E est un fibré principal
de groupe structural H), et parfois au contraire étudie de maniére trés approfondie

ry3

des cas particuliers importants; par exemple, soient § le cercle, Diff (S) le groupe
des difféomorphismes de § conservant I’orientation; alors les orbites coadjointes
pour ce groupe sont liées aux fonctions holomorphes uni dans le d

unité, et A certaines é différentielles linéaires; Kirillov définit sur ces of-

pas 1a méthode des orbites.
Kirillov a écrit plusieurs livres. Deux d'entre cux ont été traduits en frangais
et en anglais: 1) Eléments de la théorie des repré 2) Théore et
ble d’analyse fonctionnelle. T a d'autre part rédigé beaucoup d’articles

bites des structures oomplexa kihleriennes invariantes, d’ol des repré
de 1"algebre de Virasoro et du groupe de Virasoro-Bott.

Les démonstrations précédentes ont amené Kirillov a s’intéresser, dans plu-
sieurs articles, a des questions de pure géométrie différentielle. Soient M une
variété C*°, E un fibré en droites sur M, I'(E) I’ensemble des sections C* de E.
Un crochet de Lie [ , ] sur I'(E) est dit local si [s1, s2] est continue en (51, 52)
et si supp[sy, s2] C supp s () supp s2. Kirillov classifie ces crochets. Il détermine
aussi, dans des cas généraux, quels sont les opérateurs muitidifférentiels invariants

d ‘exposition: chacun d'eux est en réalité un court livre. La clarté des exposés fait
que ces écrits ont €t€ larg lus, et avec profit, par des chercheurs
débutants.
(ol GSI I'occasion de signaler que Kirillov a eu de nombreux €l ves de thése. Les
de ce colloque ont eu la bonne idée de faire imprimer sur un T-shirt
(oﬂ'erl a Kirillov) la liste de ces éléves: 57 noms, un record !
Kirillov a participé, en 1967, A la fondation d’un journal célébre: Functional
Analysis and its Applicatic Il a, pendant 4 ans, &é vice-président de la iété

par difféomorphismes (teis que la dérivation extérieure, ou le crochet ordinaire de
deux champs de vecteurs).

Plus récemment, Kirillov a utilisé avec succés la méthode des orbites pour
des groupes tres différents, les G, (k) (n = 1,2,...; k corps commutatif). (On
note G, (k) le groupe des matrices n x n unipotentes triangulaires supérieures a
éléments dans k.) La théorie est particulidrement poussée lorsque & est un corps
fini. Elle am&ne 2 introduire une suite remarquable des polyndmes en une vari-
able.

Voici un autre théme longuement étudié par Kirillov en collaboration avec
Gelfand. Soient G un groupe algébrique complexe, g son algdbre de Lie, U 1'al-
gébre enveloppante de g, D le corps enveloppant de U. Soit D, le corps en-
gendré par des indé€terminées X, ..., Xa, Y1,- -+ Ya,s 21y - - - » 2k, OU tOUS les Cro-
chets sont nuls sauf [x;, y;] = 1. Alors Gelfand et Kirillov conjecturent en 1966
que D est isomorphe & un corps D, x. Dans les années suivantes, ils démontrent
des cas particuliers de plus en plus nombreux de cette conjecture. Bicn aprds, la
conjecture sera reconnue comme fausse, mais elle aura suscité un grand nombre
de tr:vaux intéressants. Surtout, d&s I'article de 1966, Gelfmd et Kirillov intro-

i de di non ives; I'unc d’entre clics,
promise 2 un grand avenir, scra appelée dimension de Gelfand-Kirillov.

Tl n’est pas surprenant que Kirillov ait étudié, pour elles-mémes, les algébres
de Lie de dimension infinie. Dans un série d’articles, il a mis en évidence des
cas ol la “croissance” de ces algebres est strictement intermédiaire entre la crois-
sance polynomiale et la croissance exponentielle et il a construit des identités
remarquables vérifiées dans 1'algebre de Lie des champs de vecteurs sur R, ou
des champs hamiltoniens sur R2.

La place me manque pour analyser les nombreux articles isolés abordant des
theémes sur lesquels Kirillov n'est pas revenu par la suite. Mentionnons tout de
méme 3 de ces articles: 1) il a complété sur un point trés important I*étude (par
Gelfand-Graev) des représentations unitaires irréductibles de SL; (k) (k corps lo-
cal pact non cc ). 2) Soient H un espace hilbertien, G le groupe
des opérateurs unitaires u dans 'H tels que. 1 — u soit compact. Alors Kirillov a
déterminé les é ires irré ibles de G. 3) Kirillov a résolu un

v

probl@me essentiel de géométrie intégrale posé par Gelfand. Ces études n’utilisent

Mathé de M, Tl est bre de és éditoriaux de plusieurs jour-
naux. Il a suscité la traduction en russe de livres et articles édités a
I'ouest.

Dans sa co Kirillov i le qu'il a regu de

son épouse (qui travaille en informatique). Il est fier de 1’cuvre mathématique
trés connue de son fils.

Ce colloque honore donc un grand h icien: grand hématicien par
les voies qu'il a ouvertes, grand mathé ien par I'infl qu'il exerce depuis
des années.

Jacques Dixmier
11 bis rue du Val de Grice

F-75005 Paris, France



I Lie Group
| GROUP (Mathematics)

, A set equipped with a binary operation with 4 axioms:

> Closure Va,be Gthenaebe G
» Associativity  Ya,b,c € G then (a ob) ec=a o(b oc)
> Identity dee G suchthateea=aee=a

> invertibility YaeG,dbe G suchthatbea=aeb=¢

| LIEGROUP

» A group that is a differentiable manifold, with the property that the
group operations of multiplication and inversion ore smooth maps:
Vx,y € G then ¢: GxG — G then ¢(x, y) =x"'y is smooth

» A lie algebra g = TeG is a vector space with a binary operation called
the Lie bracket [,] AX@X —> g that satisfies axioms:

} [ax+by,z]:a[x,z]+b[y,z] ; [x,x]:O : [x,y]=—[y,x]
Jacobi Identity: [x,[y,z]] +[z,[x,y]] +[y,[z,x]] =0 T H ALES

|2_1 o [x, y] = xy — yx for Matrix Lie Group we canallirust



I Classical Lie Group
| Lie Groups
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SL,(R) = {z € GL,(R) : det z =1} sl,(R) — {X € glp(R) : tr X =0}
SLa(C) = {z € GLy(C) : det z =1} s1,(C) = {X € gln(C) : tr X =0}
O(n) = {z€GL,(R) : tzz=1I,} o(n) = so(n) = {X eglp(R) : X =-X}
SO(n) = O(n)NSL,(R) o(p,q) = 530(17, 9 = {Xe ?[p+q(R) ((C;X Ipq+ Ip,q}}( =0}
= X egl 5 X ==X
O(p,q) = {z€GLp(R) : ‘zlp gz =14} i &
d ! su(n = 2XE gLt} X=X, tx X =10
S0(p,q) = O(p,q) NSLysq(R) i e gt :
U(n) = JreGL,(C) 1 ata=l,}
SU(n) = TU(n)NSL,(C)
| Lie group M, o | size |dm | X €M | Constraint | T €m | 7eR™ | Exp(T) | Comp. | Action |
| n-Dvector | R*,+ | n | n | v ER? |v—v=0| v € R" | veR"” | wv=exp(v) | vit+ve | v+ x |
circle i 2 1 zecC z*'z =1 i0 € iR 0eR z = exp(i0) z) Z3 ZX
Rotation 50(2),- | 4 1 R R'R=I [0], € s0(2) 6eR R =exp([0],) | R1R2 R x
Rigid motion | SE(2),- | 9 | 3 | M=[§t] | RTR=1| [“x]ese(2) | [§] €R® | exp([<2]) | MiM2 | Rx+t
3-sphere S3,.- 4 3 qe H q*q=1 0/2 € H, 0 cR3 q = exp(uf/2) q1 92 qxq*
Rotation S0(3),- | 9 3 R RTR=1I 6], € s0(3) 0 € R3 R =exp([6],) | R1R> R x
Rigid motion | SE(3),- | 16 M=% | RTR=3 [[o(])x g] €se(3) | [6] €R® | exp ([[og)x g]) pat ot el i

IT



I Example: SE(2) (Rigid Motion Group): Rotation and Translation in 2D

R ¢t
0 1

SE(2)

M = [ ] € SE(2) C R>*°

with R € SO(2) a rotation and t € R? a tran
R' —-R't
0 1

R.R, t,+R.t
M, M, = |5 ; ”]

M~ =

Roto-translation=

Translation
+rotation




I Example: SE(2) (Rigid Motion Group)

I Lie Group M= ll(} ﬂ € SE(2) Cc R®*® with R € SO(2) a rotation and t € R? a translation,

m

9 a m . AN 3
|L|e Algebra —M:[[(J)x g] € se(2) Tzlg] e RS Hat: R omi o ort =30k
RT —RTt] Vee : m—o>R"; A (M) =7= 27',- e;,

| Inversion & Composition M= [ 0 1

© 2021 THALES. Allrights reserv

with e; the vectors of the base of R™ (we have e' = E;).

© . R.Ry, t.+ R,tp

3 M. M, = [ 0 1 ] exp : moM ; e X=exp(™")

M = Exp(t) £ [EXP(9) V(0) pJ log: M-—m ;X7 =log(dX)
I Exp a nd Log maps 9 i exp : gl(n,R) = GL(n,R),

0)t oo g
T = Log(M) £ l (6) l . XHZX—‘. X € gl(n,R).

Log(R)
log(4) = 3 (- AT
sin 6 1 —cosf e
V() = 2 I+ 2 ]

ument may not be reproduced, modified, adapted, published, translated, in any way, in wh o\e o n part

] Adjoint Operator ~ A9M™ = (BAFANE S lRp —9[0]x t] =i m
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B The rotation group SO(3), its Lie algebra
50(3), and the vector space R?

In the rotation group SO(3), of 3 x 3 rotation matrices
R, we have the orthogonality condition R"R = I. The
tangent space may be found by taking the time derivative
of this constraint, that is R"R+R'R = 0, which we
rearrange as
R'R=—-(R'R)".

This expression reveals that R™Ris a skew-symmetric
matrix (the negative of its transpose). Skew-symmetric
matrices are often noted [w], and have the form

0 —w: wy
Wh—[xyi"ﬁ}
This gives RTR = [w], .. When R = I we have
R=[w],,

that is, [w], is in the Lie algebra of SO(3), which
we name so0(3). Since [w], € so(3) has 3 DoF, the
dimension of SO(3) is m = 3. The Lie algebra is a
vector space whose elements can be decomposed into

W]y = w By + wyEy + w.E,

: 00 0 001 0-10
with E, = [0071],Ey: [ 0 00],Ez: [1 0 u]the
01 0 -100 000

generators of s0(3), and where w = (wg,wy,w.) € R?
is the vector of angular velocities. The one-to-one linear
relation above allows us to identify so(3) with R® —
we write 50(3) = R3. We pass from s0(3) to R? and
viceversa using the linear operators hat and vee,

Hat : R? — s0(3);
Vee: s50(3) = R?;

wr wh = (w],

[l = W] =w .

The exponential map of SO(3)

We have seen in Ex. 3 that R = R(w], € TrSO(3).
For w constant, this is an ordinary differential equation
(ODE), whose solution is R(t) = Rg exp([w] t). At the
origin Ry = I we have the exponential map,

R(t) = exp([w], t) € S0(3) .

We now define the vector 8 £ uf 2 wt € R® as
the integrated rotation in angle-axis form, with angle ¢
and unit axis u. Thus (@], € so(3) is the total rotation
expressed in the Lie algebra. We substitute it above. Then
write the exponential as a power series,

ok
R= exp([e]x) = Z F([u]x)k D
o !

In order to find a closed-form expression, we write down
a few powers of [u],

NS [u]}, = [u],,
[w% =uu” -1, [}, = - ul,,
[u]} = - [ul%,

and realize that all can be expressed as multiples of I,
[u], or [u]?. We thus rewrite the series as,

R=I+[ul, (0- 46+ 40° )
+[u)? (36% - L6 + 460 —-..) ,

where we identify the series of sinf and cos 6, yielding
the closed form,

R = exp([uf], ) = I+ [u], sin6 + [u]? (1—cosf) .

This expression is the well known Rodrigues rotation
formula. It can be used as the capitalized exponential
just by doing R = Exp(uf) = exp([uf],,).

The adjoint matrix of SE(3)

The SE(3) group of rigid body motions (see App. D) has
group, Lie algebra and vector elements,

R t]_ TAz[["(])x g] 1-=[Z].

0/
The adjoint matrix is identified by developing (31) as
AduT=Mr"M )V =...=
([R[@]x R” -R[6,R"t +RpDV
0 0

|

=(PR§X meg+Rﬂ)V

_[tl«R8+Rp] _[R [t],R] [p

- RO |0 R 6
where we used [RO), = R[0],R" and [a] b =
— [b],, a. So the adjoint matrix is

R

AdM — [0 [t]ﬁR] = R(ix(; .

THALES

Building a future we can all trust




THALES

Information Geomeiry
& Natural Gradient
for Learning

www.thalesgroup.com



i R
DTk A WP
hr‘be bul) WAL Feknna X
T D Rasy (Juces

https://archive.org/details/ENSO1_PHOD_2_1900_2



I Maurice Fréchet, papier de 1943 et cours de I'lHP de I'Hiver 1939

M. Fréchet, Sur I'extension de certaines evaluations statistiques au cas de petits échantillons,

1y not be repr
d
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>d t

This document

SUR L'EXTENSION DE CERTAINES EVALUATIONS
STATISTIQUES AU CAS DE PETITS ECHANTILLONS

par Maurice Fréchet

Introduction,

Ce mémoire *) est consacré i I'extension au cas de petits échantillons de
la méthode de détermination empirique d'un paramétre basée sur le principe de
la moindre dispersion et & sa comparaison avec les méthodes basées sur le principe
de la valeur dominante et sur celui de la plus grande plausibilité.

Si nous nous en étions tenus aux démonstrations, nous aurions pu abréger
sensiblement ce mémoire. Mais il nous a paru nécessaire d’entrer dans plus de
détails qu'on ne le fait généralement, afin de scparer pqu nettement des déduc-
tions mathé les éses et les o ons sur lesquelles elles reposent
et dont le chmx aussi plausible que possible, n’a cependant rien de nécessaire.

Notations. — Soient X,, X,, . X., n valeurs prises par une variable
aléatoire X au cours de » cpncu\es mdcpcndames On se limitera, dans la suite,
au cas ot la loi de répartition de X peut s’exprimer par une probabilité élémentaire
8 dx et oil, de plus, la densité de probabilité 4 en un point x est une fonction d’une
forme connue f(x, #), dépendant d’un paramétre dont la valeur vraie 6, est
inconnue.

On se propose d'évaluer 6, connaissant d’une part, la forme f(x,8) de d et,

d'autre part, les résultats de n épreuves qui ont donné les valeurs numériques

Ky Sgy o0 #ed X,, X, .... X,. Sous cette forme stricte, le probléme ne peut
étre résolu par de vmplcs déductions mathématiques

Il s'agit donc de fixer certaines comventions plausibles qui assigneront a

tout ,,échantillon” de » valeurs xr,, Xy ... Xy de X une valeur déterminée ¢,
L\qucllc sera prise comme valeur empirique de la valeur vraie 6, . ¢ est donc une
certaine fonction convenablement choisie de x|, %y, .... s
(1) t=H. (2, .... xa).

On voit que chaque échantillon détermine ¢, de sorte que
(2) =H,(X,..... X.)

est une variable aléatoire dont chaquc échantillon détermine une valeur. (Quand,
dans nos raisonnements, n sera fixe, nous écrirons, pour simplifier, H au lieu
de H, et T au lieu de 7).

b contenu de ce mémoire a formé une partle de notre cours de statistique
muhém.uque & IInstitut Henri Poincaré pendant I'hiver 1939—1040. 11 constitue l'un
des chapitres du deuxiéme cahler (en préparation) ae nos .Lecons de Statistique
Mathématique”, dont le premier cahier de Calcul
du Pmblbiulés (119 pages in-quarto, dactylowrlphiées) Vlem de paraitre au ,.Centre
de Documentation Universitaire”, Tournols et Constans

Revue de l'Institut International de Statistique, Vol. 11, No. 3/4 (1943), pp. 182-205

Manuscrit perdu du
I'Institut Henri Poincaré pendant

') Le contenu de ce mémoire a formé une partie de notre cours de statistique
mathématique & I'Institut Henri Poincaré pendant I’hiver 1939—1940. I1 constitue 'un
des chapitres du deuxiéme cahier (en préparation) de nos .Lecons de Statistique

Mathématique”, dont le premier cahier .Introduction: Exposé préliminaire de Calcul
des Probabilités” (119 pages in-quarto, dactylographiées) vient de paraitre au ,Centre
de Documentation Universitaire”, Tournois et Constans, Paris,

https://www jstor.org/stable/1401114 T HALES



I Mavurice Fréchet 1943 Seminal Paper (Clairaut Equation)
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[25)

Etude des densités distinguées. Appelons (provisoirement, dans ce mémoire)
densité distinguée, toute densité de probabilité f(x, ) telle que la fonction

oL f(x,6)
46) o+ = o .
dx
[c['a—o f(xr 0) } f(x, 0)

soit indépendante de 6.

Pour ces densités distinguées, on va pouvoir déterminer la fonction minimi-
sante H'(X,, .... X,) et étendre au cas des petits échantillons la comparaison des
méthodes d’estimation faites par divers auteurs dans le cas des grands échantillons.
11 vaut donc la peine de chercher la forme générale de f(x, 6) pour cette catégorie
de variables.

de 6. En appelant h(x) cette fonction, on voit qu’on a I'identité de la forme

47) A0) 5 L 1G5, 0) = h(x) — 0

(52bis) i =1
Incidemment, puisque, d’aprés (52), 4(f) est positif, il en résulte aussi que

u’ (: ﬂlﬁ) est aussi positif. Méirique de Fisher

On peut d’ailleurs préciser d’une maniére plus directe que par (50), le choix
des fonctions u(6), h(x), I(x): on peut prendre arbitrairement h(x) et l(x) 1)
et alors u(6) est déterminé par (50) ou méme mieux par une formule explicite.
En effet, (50) peut s’écrire
O —u = [ guehtd+it gy,
Donnons-nous alors arbitrairement h(x) et I(x) et soit s une variable arbitraire:
la fonction

+o
f ele'l‘l(x' dx l)

sera une fonction positive connue que nous pourrons représenter par e¥¥. On
voit alors que p(#) sera défini par

O —pu=yp{) ou

ot () > o. On peut considérer comme la dérivée seconde d’une fonction

I
a(6)
u(6); d’ott %L f(x, 0) = pe”(8) [h(x) — 6].

Par suite L f(x, ) — u'e [h(x) —.6] — u(6) est une quantité indépendante
de 6 que nous pouvons représenter par I(x).

Ainsi toute densité distinguée, f(x, 6), est de la forme
f(z, 0) = ol =61+u(6) +1)

(55) p=0u—yW) Legendre-Clairaut

c’est-a-dire une équation de Clairaut. La solution ¢/ = constante réduirait f(z, 6),
d’aprés (48) a une fonction indépendante de 6, cas ot le probléme n’aurait plus
de sens. u est donc donné par la solution singuliére de (55), qui est unique et
s’obtient en éliminant s entre u = 6 s — y(s) et § = y’(s) ou encore entre

+o
e9v—# = [ ehD+1D) dy et

—

+on
(55bis) S eshD+ 10 [h(x) — 6] dx = o.

Si I'on veut, u(6) est donné par la relation
+o
e—H = 8_6",‘. elh(,\-)ill(x) dx

ol s est donné en fonction de 6 par la relation implicite (55bis).




Calyampudi Radhakrishna Rao, papier de 1945 (2 ans apres le
papier et 6 ans apres le cours de Maurice Fréchet)

C.R. Rao, “Information and accuracy attainable in the estimation of statistical parameters”,

reserved.

Bulletin of the Calcutta Mathematical Society, Vol.37, No.3, pp.81-91, 1945

whole orin

: Information and the Accuracy Attainable in the
f Estimation of Statistical Parameters
g E C Radhakrishna Rao

(Communicated by Mr. R C Bose-Received August 23, 1945

Introduction

The earliest method of estimation of statistical parameters is the method of least
squares due to Markoff. A set of observations whose expectations are linear
functions of a number of unknown parameters being given, the problem which
Markoff posed for solution is to find out a linear function of observations whose

ed, adapted, published, transla
ior written consent of Thales

expectation is an assigned linear function of the unknown parameters and whose
variance is a minimum. There is no assumption about the distribution of the
observations except that each has a finite variance.

A significant advance in the theory of estimation is due to Fisher (1921) who
introduced the concepts of consistency, efficiency and sufficiency of estimating
functions and advocated the use of the maximum likelihood method. The princi-
ple accepts as the estimate of an unknown parameter #, in a probability function
&(#) of an assigned type, that function #(z1,...,: r,,) of the sampled observations
which makes the probability density a maximum. The validity of this principle
arises from the fact that out of a large class of unbiased estimating functions fol-
lowing the normal distribution the function given by maximising the probability
density has the least variance. Even when the distribution of ¢ is not normal the
property of minimum variance tends to hold as the size of the sample is increased.
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Rao et Fréchet au
Colloque de 1 948

N

Fig. 9 Colloque International sur le Calcul des Probabilités, Lyon 1948. First row: Paul Lévy and
Maurice Fréchet. On the picture one can find among others J. Doob, R. Fortet, D. Van Dantzig, ==
E. Mourier, J. Kampé de Fériet, A. Blanc-Lapierre. ... (Photo: © Private collection F. Lederer)
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Axiomatization of Information Geomeiry via Category Theory
Nikolai Nikolaevich Chentsov in 60’s
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GIML'24,

Math. Operationsiorsch. Statist., Ser. Statisties, Vol. 9 (1878) No. 2, 267-276

Algebraic Foundation of Mathematical Statistics?

N. N. Cexcov!,

It results from the following sentence which is a non-symmetric analogy to
PyrHAGOR’s theorem for the information deviation [10], [6].

Theorem 6. Let the probability measures R be dominated by {P,}, which form the
exponential family. If there is such distribution P,€{P} that

{ [Jn E (w)j (R—-P,) (dw)=0, 21)
R

P,

whatevrler Loy PP} are, then
IR Poy=l{Rs P L HP&F), YE, (22)

Corollary. The measure P, is the I-nearest to R point of the exponential family.

Recently_a number of proposals for the arising non-symmetric PYrHAGORIC
information geometryfhas been recovered by Csiszar [11].

Nikolai
Nikolaevich
Chentsov
(1930-1992)

MATHEMATICAL
MONOGRAPHS




Fisher Metric and Fréchet-Darmois (Cramer-Rao) Bound

R, = E[(@ - éXe _ é)*} > 1(0)” [1(0)] , = - E{

ds; = Kullback _Divergence(p,(z), p,..,(2))
Po+ao (Z)a’z
Po (Z)
Z g,d0do; 2[1(9)] d0,d9; =do" 1(6).d0

dS; = __[ Po (Z)log

T aylor
33

1(0)

0° log py(2)
00,00,

w=W(0)

2 7.2
= ds; =ds,

THALES



34

Distance Between Gaussian Density with Fisher Metric

1
— 0 A N 1
1(0) = ‘:) 5 avec E[(@—H)(H—@) }21(9) et 9:(?]
O_2

> Fisher matrix induced the following differential metric

2 2 2
ds* =do"1(0).dg =" 299 _ 2 Kde +(d0)2}

2 2 2 \/E

(o2 (o2 (o
> Poincaré Model of upper half-plane and unit disk

z=""1+ic wo="" (w|<1)
\/5 ) z+1
do)

— ds? = 8.
(=]l ]




1 monovariate gaussian = 1 point in Poincaré unit disk

2
do
2

_ dm?

2
O

ds? + 2.

O

Fisher Metric in
Poincaré Half-Plane

~—
< -—__,_//'.’, v
Poincaré-Fisher metric e
In Unit Disk
5
5 |d a)|
ds” = 8.

(1—|o )

d*({m,c,},{m,y,0,})= 2.(log

oV —w

with 8(0",0?) =

(2)

1— Vo™

1+0(0™, ) ’
1-5(0, )




Information Geometry & Machine Learning

> This simple gradient descent has a first drawback of using the same non-adaptive
learning rate for all parameter components, and a second drawback of non
invariance with respect to parameter re-encoding inducing different learning
rates. S.I. Amari has infroduced the natural gradient to preserve this invariance to
be insensitive to the characteristic scale of each parameter direction. The
gradient descent could be corrected by I(8)™' where I is the Fisher information
matrix with respect to parameter g , given by:

T
91‘ <~ gt—l _Utl(et-l)_l %
1(0)= [gj}

azlogp(y/g)ﬂ _{E {Glogp(y/ﬁ)ﬁlogp(y/ﬁ)ﬂ
| Ty=p(y/0)
ij i

with g. =|—-F _
8 { y~p(y/6’)|: (9@56’] 00. 00

i J
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Natural Gradient & Stochastic Gradient: Natural Langevin Dynamics

> To regularize solution and avoid over-fitting, Stochastic gradient is used, as Langevin
Stochastic Gradients

» Yann Ollivier (FACEBOOK FAIR, previously CNRS LRI Orsay) and Gaétan Marceau-
Caron (MILA, previously CNRS LRI Orsay and THALES LAS/ATM & TRT PhD) have
proposed to coupled Natural Gradient with Langevin Dynamics: Natural Lcmgevm
Dynamics (Best SMF/SEE GSI'17 paper) N R

r 1
a(lt(yt) ——loga(ﬁtl)j
6, «0_-n16._)" é\; \/ﬁl( 6,,)""N(0,1,)

» The resulting natural Langevin dynamics combines the advantages of Amcm S
natural gradient descent and Fisher-preconditioned Langevin dynamics for large
neural networks

37 GIML'24, Mines ParisTech 03/09/2024 OPEN I H A I E S



Natural Gradient of Information Geometry for LLM (Large Language
Model) by GOOGLE LLC

LibriSpeech WERs dev test dev-other test-other avg

FAdam: Adam is a natural gradient optimizer using Adam (w2v-BERT paper [44]) 130  2.60 1.40 2.70 2.00
di | :vical Fisher inf ti Adam 1.30 2.54 1.33 2.59 1.93
iagonal empirical Fisher information HERe 129 249 134 249 1.90

Table 1: LibriSpeech WERs

- Adatactcr = FACstacior - Adam = FaAdam

Dongseong Hwang 10 2000y
Google LLC Y
Mountain View, CA, USA ’ -~ A
dongseong@google.com i ’ § 1w \”\Q\
b, - N
Abstract " \
This paper establishes a mathematical foundation for the Adam optimizer, elucidat- - -
ing its connection to natural gradient descent through Riemannian and information (a) LLM 1B (text domain) (b) ASR 600M (speech domain)
geometry. We rigorously analyze the diagonal empirical Fisher information matrix i B s s o e o B . B P A AL
(FIM) in Adam, clarifying all detailed approximations and advocating for the use %1
of log probability functions as loss, which should be based on discrete distributions, & \\
due to the limitations of empirical FIM. Our analysis uncovers flaws in the original 2 \\\\_x
Adam algorithm, leading to proposed corrections such as enhanced momentum o= e —— e
calculations, adjusted bias corrections, adaptive epsilon, and gradient clipping. We € n \>
refine the weight decay term based on our theoretical framework. Our modified = \\\
algorithm, Fisher Adam (FAdam), demonstrates superior performance across " e 1 S0
diverse domains including LLM, ASR, and VQ-VAE, achieving state-of-the-art == — —— — ==
results in ASR. S
1 (¢) VQ-VAE 100M (image domain) (d) Exponent sweep
9t+ 1 — Ot — UF VE(O) Figure 1: Comparison of FAdam and Adam performance. (a) Eval loss (log pplx) on 1B LLMs,

presenting FAdafactor outperforms Adafactor. (b) Average WER on LibriSpeech using 600M
Conformer models, presenting FAdam outperforms Adam. (¢) FID of ImageNet generation using
GIML'24, Mines ParisTech 03/09/2024 opr  100M VQ-VAE models, presenting FAdam outperforms AdamW. (d) Comparison of FIM exponents S
IiS on a 1B LLM, showing 0.5 (square root) as the optimal choice.
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Jean-Marie Souriau:
Symplectic Foliation via Moment
Map and Koszul-Fisher Metric
from Information Geomeiry

for Lie Groups Thermodynamics
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I SOURIAU 2019
| SOURIAU 2019

>OURIAU 2017

hitps://www.youtube.com/watch?v=beM2pUK1H70

i? Internet website : http://souriau?2019.fr

2 In 1969, 50 years ago, Jean-Marie Souriau published the
- book "Structure des systéme dynamiques", in which using
the ideas of J.L. Lagrange, he formalized the "Geometric
Mechanics" in its modern form based on Symplectic
Geometry

2021 THALES. Al

THALES C

» Chapter IV was dedicated to "Thermodynamics of Lie
- groups" (ref André Blanc-Lapierre)

~» Testimony of Jean-Pierre Bourguignon at Souriau'19 (IHES
© director of the European ERC)

Jean-Marie SOURIAU
and JEAN-MARIE SOURIAU

i~ o ihres daria Sour snoeared “Stretwe de 80| Prime
£9 Symplectic Geometry . A ottt ok WG SO Sppelryd SULEING &6 =4
b= ystémes Dynamigue We will celebrate, n 2019, the jubeiee of its publication "‘( ) %
confe Y \ " 4 -
373 i RS G ) o )\(4 @
3 Jean-Pierre BOURGUIGNON Symplectic Mechanics, Geometric Quantization, Relativity, a . &
RN

(CNRS-THES) Thermadynamics, Cosmolegy, Diffeology & Philosophy

o I - g (e @ o G senru


http://souriau2019.fr/
https://www.youtube.com/watch?v=93hFolIBo0Q&t=3s

I Jean-Marie Souriau @ ENS Ulm 1942

=d, in any way, in whole or in part
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I Machine Learning on Lie Groups

] Lie Groups Machine Learning based on Souriau Lie-Groups Thermodynamics

- > We willintroduce "Lie Groups Machine Learning" [1] that extends statistics and
machine learning on Lie Groups based on representation theory and Lie algebra
cohomology.

» From Jean-Marie Souriau "Lie Groups Thermodynamics" [3] initiated in the framework
of symplectic model of statistical mechanics, new geometric statistical tools have
been developed to define:

- maximum Entropy densities of probability on Lie Groups for supervised methods
- Fisher metric extension from Information Geometry for unsupervised methods.

musea M« ]l n'y arien de plus dans les théories
physiques que les groupes de
symétrie si ce n'est la construction
mathématique qui permet

Introductionto | précisément de montrer qu'il n'y a

Symplectic rien de plus » -
Geometry

Souriau’s Moment Map = THALES
g Geometrization of Noether Theorem [t we can all trust

structure
des
systémes
dynamiques

maitrises de mathématiques

S84 DUNOD UNIVERSITE



I Souriau Lie Groups Thermodynamics: General Equations

5 Ces formules sont universelles, en ce sens qu'elles ne mettent pas en jeu
- la variété symplectique U - mals seulement le groupe G , son cocycle

sytplecticue f et les cecuples © . Q. Peut-étre cette "thermolynamique
des groupes ce Lic® a-t-elle un éntérét sathiématicue.

THEORIE

© 2021 THALES. Allrights re

THEORIE MECANIQUE

DE LA CHALEUR:

LA CHALEUR structure
am— des
. 4.'1..\1 SIUsS L ;‘-_‘:V—:{.-:‘"»—-_“"“‘" ‘-“,Z—.‘:,"‘—‘_____.‘".‘_‘.‘.-, Systémes
5 7 dynamiques
e mafirises de mathématiques
PARIS 1B s Skawms
Ums e W B ISBOSTRLL P "'“

DUNOD UNIVERSITE

o o THEORY OF HEAT THALES
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Souriau SSD Chapter IV: Gibbs Equilibrium is not covariant with respect
to Dynamic Groups of Physics

(17.78)

(17.79)

|44 GIIVIL Z4, IVINES FAISIECT UO/UY [ LUL4

. ‘MEC_ANIQUE STATISTIQUE COVARIANTE

Le groupe des translations dans le temps (7.9) est un sous-groupe du
groupe de Galilée ; mais ce n’est pas un sous-groupe invariant, ainsi que le

montre un calcul trivial. Si un systéme dynamique est conservatif dans uns

repére d'inertie, il en résulte qu'il peut ne plus étre conservatif dans un aulre. ‘i;

La formulation (17.24) du principe de Gibbs doit donce étre élargie, pou

devenir compatible avec la relativité galiléenne. &
Nous proposoens donge Je principe suivant :

Si un systéme dynamique est invariant par un sous-groupe de Lie
du groupe de Galilée, les équilibres naturels du systéme constituent I‘cn\‘
semble de Gibbs du groupe dynamique G 3

g ! alge .
celle de @, no:éc @ ; un équnlxbre du systéme sera caractérisé par -un élé--

ment Z de'@%’, donc de ¥ ; on pourra écrire 2 ’i
PCONN B | 3
. ~.
Z=| 0 0 e 3
0 0o 0 {

en utilisant les notations (13 .4) ; Z parcourt I'ensemble Q défini en (16.219) ;
a chaque valeur de 7 est associé un élément M du dual 4% de ¥, valeur g&
moyenne du moment u ; on peut appliquer les formules (16.219), (16.220), ‘4
qui généralisent les relations thermodynamiques (17.26), (17.27), (17. 28)." 7
On voit que ¢’est Z (17.78) qui généralise la « température »; le théoréme: a]
d'isothermic (17.32) s’étend immédiatement : 1'équilibre d’un systéme v
composé de plusicurs parties sans mteractumn s'oblient en attribuant é{
chaque composante un équilibre correspondant d la méme valeur de Z 1:‘
I’entropie s, le potentiel de Planck z et le moment moyen M sont additifs. W *
OPEN

J.M. Souriau, Structure des
systémes dynamiques,
Chapitre IV « Mécanique
Statistique »

Trompette de Souriau

Lorsque le fait qu’on rencontre est en
opposition avec une théorie régnante, il
faut accepter le fait et abandonner la
théorie, alors méme que celle-ci,

soutenue par de grands noms, est
généralement adoptée

THALES

Building a future we can all trust



I Symplectic Model of Souriau Lie Groups Thermodynamics

| Souriau Geometric (Planck) Temperature is an element of Lie Algebra of Dynamical
Group (Galileo/Poincaré groups) acting on the system

| Generalized Entropy is Legendre Transform of minus logarithm of Laplace Transform
and is Casimir Function on Symplectic leaves (obtained by coadjoint orbit via
moment map)

| Fisher(-Souriau) Metric is a Geometric Calorific Capacity (hessian of Massieu Potential)

Souriau formalism is fully
no special coordinates (




Jean-Marie Souriau Seminal Paper - 1974

Ml Statistical Mechanics, Lie Group and Cosmology - 1st part: Symplectic Model of Statistical Mechanics

8 Jean-Marie Souriau

A Abstract: The classical notion of Gibbs' canonical ensemble is extended to the case of a symplectic
8 manifold on which a Lie group has a symplectic action ("dynamic group"). The rigorous definition
3 oiven here makes it possible to extend a certain humber of classical thermodynamic properties
8l (femperature is here an element of the Lie algebra of the group, heat an element of its dual), notably
3l inequalities of convexity. In the case of non-commutative groups, particular properties appear: the
4 symmetry is spontaneously broken, certain relations of cohomological type are verified in the Lie
8l olgebra of the group. Various applications are considered (rotating bodies, covariant or relativistic
8 stafistical Mechanics). [These results specify and complement a study published in an earlier work (*),
#l Which will be designated by the initials SSD].

8 (*) Souriau, J.-M., Structure des systemes dynamique. Dunod, collection Dunod Universiteé, Paris 1969.

Souriau, J-M., Mécanique statistique, groupes de Lie et cosmologie, Colloques Internationaux
C.N.R.S., n°237 - Géométrie symplectique et physique mathématique, pp.59-113, 1974
English translation by F. Barbaresco:

https://www.academia.edu/42630654/Statistical Mechanics Lie Group and Cosmolo

THALES

we can all trust



https://www.academia.edu/42630654/Statistical_Mechanics_Lie_Group_and_Cosmology_1_st_part_Symplectic_Model_of_Statistical_Mechanics

Symplectic Geometry & Foliations Theory Epic

pa) =3
| y

- e | : P - | #‘z\/
;-,1 y v

= 4 i

Joseph-Louis Lagrange Gaston Darboux Elie Cartan Erich Kdhler Hermann Weyl  Carl-Ludwig Siegel Jiirgen K. Moser  Loo-Keng Hua

L

y o ==k
Vladimir Arnold Lee Hwa-Chung Charles Ehresmann Georges Reeb André Lichnerowicz  Paulette Libermann  Jean-Marie Souriau

F. Barbaresco, Esthétique structurelle des feuilletages symplectiques du mouvement, de la chaleur et de I'information : la quéte romantique de Jean-Marie
Souriau de Carthage a Massilia ou le triptyque de la Nature des choses (De Rerum Natura) « Esthétisme - Structure - Mouvement », ENS/IRCAM MAMUPHI seminar,
to be published by Spartacus Editor for MAMUPHI anniversary hitps://spartacus-idh.com/

MAMUPHI video: https://www.youtube.com/watch?v=dWyWXubGfXA

MAMUPHI Slides: hitp://www.entretemps.asso.fr/2022-2023/Barbaresco.pdf

hitps://www.academia.edu/112471996/Structural_aesthetics_of the_symplectic_foliations_of movement_heat_and_information_the_romantic_quest_of Jean_Ma
rie_Souriau_from_Carthage_to_Massilia_or_the_triptych_of the_Nature_of things_De_Rerum_Natura_Aesthetics_Structure_Movement_



https://spartacus-idh.com/
https://www.youtube.com/watch?v=dWyWXubGfXA
http://www.entretemps.asso.fr/2022-2023/Barbaresco.pdf
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Lagrange 2-form rediscovered by Jean-Marie Souriau

» Rewriting equations of classical mechanics in phase space LFJ
v

dv dr
m—=F n—) n— = ==
% m 7 F et v ” /
- » Souriau rediscovered that Lagrange had considered the evolution space: y=|r |eV
mov—Fot=0 v
or—vot=0

~ » A dynamic system is represented by a foliation. This foliation is determined by an
antisymmetric covariant 29 order tensor o, called the Lagrange (-Souriau) form, a
bilinear operator on the tangent vectors of V.

St 5't
(3 )S'y)=(m&—F&,8'r—vS't)—(mS'v—FS8't,5—vdt) Sy=|6r| et §'y=|5'r
ov o'v

~ 2 In the Lagrange-Souriau model, o is a 2-form on the evolution space V, and the
-- differential equation of motion implies: dy € &

o o(y)No'y)=0, VS'y o(8y)=0 ou Sy eker(o) TH/\LES

we can all trust



Souriau Work Roots: Frangois Gallissot Theorem

> Gallissot Theorem: There are 3 types of differential forms generating the equations of
a moTerlol pom’r motion |invariant by the action of the Galileo group

— Z (mdv, — Fdt)
2 IF. Garuissor, Les formes extérieures en Mécanique (Thése), Durand,
3
m
—Z(dx. —v.a’t)2
2 J J

j=1

A Chartres, 1954.

3
B:f=5,(dx,—vdi)\mdv, - Fdt) with §, krénecker symbol

1

C: a)—i (mdv, — Fdt) (dx -V, dt)

> do= Ocons’rralned the Pfaff form o, Fdx, to be closed and to be reduced to the
differential of Ut C = o =md,dv, /\dx ZdH dt with H=T-U and T=1/2)"m(,

» It proves that @ has an ex’rerlor dlfferen’nol dw generating Poincaré-Cartan Ih’regral
invariant: :

GIML'24, Mines ParisTech 03/09/2024 da) = mV-dx g = Hdt
g eeree LT THALES



Francois Gallissot Work in 1952 based on Elie and Henri Cartan works

LES FORMES EXTERIEURES EN MECANIQUE Pour atteindre ces divers objectifs il m'a semblé utile de reprendre

par F. GALLISSOT. dans le chapitre 1 I'étude des bases logiques sur lesquelles est édifiée
la mécanique galiléenne. Je montre ainsi dans le § 1 que lorsqu’on
se propose de trouver des formes génératrices des équations du

1952 mouvement d'un point matériel invariantes dans les transforma-
INTRODUCTION tions du groupe galiléen, la forme la plus intéressante esl une forme

extérieure de degré deux définie sur une variété V., — E QE®.T

La mécanique des systtmes paramétriques développée tradition- (E, espace euclidien, T droite numérique temporelle)('). Dans
nellement d’aprés les idées de Lagrange s'est toujours heurtée & des le § 11 on montre qu'd tout systtme paramétrique holonome i n
difficultés notables lorsqu'elle a désiré aborder les questions de frot- degrés de liberté est associé une forme () de degré deux de rang 2n
tement entre solides (impossibilité et indétermination) ou la notion définie sur une variété différentiable dont les caractéristiques sont les
générale de liaison (asservissement de M. Béghin), d'autre part la équations du mouvement (*). Cette forme s'exprime si l'on veul an
forme lagrangienne des équations du mouvement ne nous donne moyen de 2n formes de Pfaff et de df, la forme hamiltonienne

aucune indication sur la nature du probléme de I'intégration.
Dans ces célebres lecons sur les invariants intégraux Elie Cartan
a montré que toutes les propriétés des équations différentielles de la

n'étant qu'un cas particulier simple. Dans le § 3 j'indique
sommairement comment on peut s'affranchir de la servitude des

coordonnées dans 1'étude des systtmes dynamiques et le réle impor-
tant joué par I'opérateur i( ) antidérivation de M. H. Cartan (*), le

S’affranchir

de la servitude

dynamique des syttmes holonomes résultaient de l'existence de Jlaiad coordonnées
I'invariant intégral f w, w=pdq'— Hd!. Ainsia tout systtme holo- champ caractéristique E de la forme () étant défini par la relation

nome dont les forces dérivent d'une fonction de forces est associé i(E)() =0 {E)2=o.
une forme w, les équations du mouvement étant les caractéris-
tiques de la forme extérieure dw. Au cours de ces dix dernidres
années, sous l'influence des topologistes s’est édifiée sur des bases
qui semblent définitives la théorie des formes extérieures sur les
variétés différentiables. Il est alors naturel de se demander si la méca-
nique classique ne peut pas bénéficier largement de ce courant
d'idées, si elle ne peut pas étre construite en placant a sa base une
forme extérieure de degré deux, si grice & la notion de variétés, la
nfxtion de liaison ne peut pas étre envisagée sous un angle plus intelli- F. GaLuissor, Les formes extérieures en Mécanique (Thése), Durand
gible, si les indéterminations et impossibilités qui paraissent para- Chartres. 1954 : .
doxales dans le cadre lagrangien n'ont pas une explication natu- J .

relle, enfin 8'il n'est pas possible de considérer sous un jour nouveau

le probleme de l'intégration des équations du mouvement, ces OPEN I H
dernitres étant engendrées par une forme () de degré deux. A L E S

(') M. Kravrcuexxo a présenté cetle conception au VIII® Congrés de Mécanique.

(*) Dés 1946 M. Licaxerowicz au Bulletin des Sciences Mathémaliques tome LXX,
p- go a déja introduit les formes extérieures pour la formation des équations des systémes
holonomes et linéairement non holonomes.

(?) M. H. Garrax, Collogue de Topologie, Bruxelles, 1g50. Masson, Paris, 1¢51.




Interior/Exterior Products and Lie derivative

52

> i, is the (p-1)-form on X obtained by inserting V' (x) as the first argument of @ :

Interior product : iVa)(v2 al -Vp ) = CO(V(X),VZ, "t vp )

> O A isthe (p+1)-formon X where @ is a p-form and @ is a 1-form on X :

P .
. . I A
Exterior product: @ A a)(voa" 'an) = Z(_]) Q(Vi)a)(vo,. Vo, 'an)
i=0
(Where the hat indicates a term to be omitted).

> LVCO is a p-form on X ,and LVa) = () if the flow of }/ consists of symmetries of @

° . . d tV*
Lie derivative : LVQ)(VI,---,V ):_e a)(vl,---,v )

t=0

GIML'24, Mines ParisTech 03/09/2024 oren T H I\ L E S



Exterior derivative and E.Cartan, H. Cartan & S. Lie formulas

> dw isthe (p+1)-form on X defined by taking the ordinary derivative of @ and
then anfisymmetrizing:

P 0w n

Exterior derivative : da)(vo,---,vp)zZ(—l)la—(vl.)(vo,---,vl.,---,vp)
i=0 X

p=0ldo] =00 ; p=L[do| =0w,-0,0, ; p=2,[do], =00, +0 0, +0,0,

> The properties of the exterior and Lie Derivative are the following:
L,o=di,o+i,do E Cartan)

by @ = by Ly —Lyi, 0 (HCartan)
Ly yo=L,Lyo—L; Ly (5 le)



Souriau Moment Map (1/2)

> Let (X, O') be a connected symplectic manifold.
> A vectorfield 17 on X is called symplectic if its flow preserves the 2-form :
Lo=0
» If we use Elie Cartan's formula, we can deduce that :
Lo=dio+ido=0
> bu’r as da 0 ’rhen dl o = (). We observe that the 1-formj ¢ is closed.
> When this 1-form is exact, ’rhere is a smooth function x — H o7|7f1 X with:

[,0 = —dH
» This vector field 1y is called Hamiltonian and could be define as s symplectic
gradient :
77 — VSympI{

SIML'S Aines ParisTech 03/09/2024 I I
54 GIML'24, Mines ParisTech 03/09/2024 OPEN H A E S



Souriau Moment Map (2/2)

di,o=0 [,0 = —dH
> We define the Poisson bracket of two functions H , H ' by :

(H,H'}=0(n,n")=0(V,,H"'V,,H)

Symp
with [ o =—dH ond i .0c=—dH'

> Let a Lie group (7 that acts on X and that also preserve o .

> A moment map exists if these infinitesimal generators are actually hamiltonian, so
that a map exists:

DX > g* with iZXO- — —dHZ where HZ = <CD(.X),Z>

55 THALES



I Notation !

| | use notation as used by Koszul and Souriau which is not the most
classical one

*

Ad} =(4d .|

with

(Ad.F,Y)= <F, Adg1Y> VgeGYenFeq

| 56 GIML'24, Mines ParisTech 03/09/2024 OPEN T I I A I E S



I Coadijoint operator and Coadjoint Orbits (Kirillov Representation)

| Lie Group Adjoint Representation

» the adjoint representation of a Lie group Adg is a way of representing its elements as
linear tfransformations of the Lie algebra, considered as a vector space

Adg:(d\};g)e:g_)g lIJ(;—)14MZL((;)
X > Ad,(X) = gXg ™! g, (h)=ghg”
Ady(X) = dgetXg™| _ €T.G ad =T ,Ad :T.G — End (T,G)

’ Lie Group Co-Adjoint Representation X, YeT, G ad,(Y)=|X,Y]

- > the coadjoint represen’rohon of a Lie group Ad is the dual of the adjoint
representation (gdeno’res the dual space to o ):

VgeG.Y eq,F ey, then (4d,F,Y)=(F,4d Y)

*

K=dd;=(4d,) and K.(X)=—(ad,) THALES

GIML'24, Mines ParisTech (
|57 we can all trust



I Coadijoint operator and Coadjoint Orbits (Kirillov Representation)

| Co-adjoint Orbits as Homogeneous Symplectic Manifold by KKS 2-form

* - > A coadjoint orbit: O, = {Ad;F,g = G} subset of g ,F €@’
carry a natural homogeneous symplectic structure by a closed G-invariant 2-form:

0o (K.yF. K. F)=B, (X,Y)=(F,[X,Y]),X.,Y g

= » The coadjoint action on O is a Hamiltonian G-action with moment map Q — x

] Souriau Foundamental Theorem « Every symplectic manifold is a coadjoint
. orbit » is based on classification of symplectic homogeneous Lie group actions

by Souriau, Kostant and Kirillov o, (ad, X,ad,.Y)=(F,[X,Y])
OF:{Ad;F,geG,Feg*} ‘ X.YenFeq

Coadjoint Orbit Homogeneous Symplectic Manifold
(action of Lie Group on dual Lie algebra) (@ smooth manifold with a closed
differential 2-form o, such that de=0,
where the Lie Group acts transitively)

To make statistics on Lie Groups, migrate on the symplectic

manifold generated by coadjoint orbits to capture symmetries



I Bedrock of Information Geomeitry

€ MyHeritagg "~1'

-

Jean-Marie Souriau (ENS 1942) Jean-Louis Koszul (ENS 1940)
Ii? GIML'24, Mines ParisTech 03/09/2024 OPEN T H A L E S




I Information Geometry & Machine Learning : Legendre structure

| Legendre Transform, Dual Potentials & Fisher Metric

» S.I. Amari has proved that the Riemannian metric in an
exponential family is the Fisher information matrix
defined by:

2
g =— P | ith ®(0) =—log [e "
7 8900, | )
ij

» and the dual potential, the Shannon entropy, is given
by the Legendre transform:

as(1)

>—CI)(9) with 7, =M and 6. =
a6, on,

S(n) =(0,n

| 60 GIML'24, Mines ParisTech 03/09/2024 OPEN

+D(6) Slopg

g 100 _0)-5(n)
| =

0.

Classical Geometry
(curveis given by a
continuum of points)

Plucker Geometry
(curveis given by the
envelop ofits tangents )
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Fisher Metric and Koszul 2 form on sharp convex cones

> J.L. Koszul and E. Vinberg have infroduced an affinely invariant Hessian metric on
a sharp convex cone ’rhrough its characteristic function

d,(0)=-log I dy =—logy, (@) with @ € Q sharp convex cone

v, (0)= j dy with Koszul-Vinberg Characteristic function

> 15t Koszul form a: ¢ =d®,(0) =—-dlogy,(6)

> 2nd Koszul form y: y = Da = Dd logy ,(0) JCCliH B Al
(Ddlogl//g(x))(u):l// zu){ j F(ér)zdg.jc(g)zdg_( j F(af).G(é)ng ] >0 with F(g):e*5<x,¢> and G(§)=e§<x,g> (u, &)
Q o o o _<§’0>
. . i e
> Diffeomorphism: 7 =a =-dlogy,(0)= _[ &py(8)ds withp,(5) = I _<§,9>d§
e

> Legendre fransform: S, (77) = (6’, ) (9) with 7=d®,(0) and 6? ds,(n)
6] GIML’'24, Mines ParisTech 03/09/2024 T H A L E S



Koszul-Vinberg Characteristic Function

» The name “characteristic function” come from the following link:
Let Q be a cone in U and Q' its dual, for any A >0, H,(x) = {y e U/(x,y} = /1}

and let d”’y denote the Lebesgue measure on H ,(x):

d?

~1)!
Wa(x)= I dy—(m _) y

Am-l J-Q*mH/l(x)
> There eX|sT a bijection xe Q> x €Q, satisfying the relation (gx) ="'g”'x" for all
geG(Q)={geGLU)/gQ=Q} the linear automorphism group of Q@ and x" is:
i (2) (2)
r = Q*mH/l(x)yd y/-.-Q*mHi(x)d Y
> We can observe that X is the center of gravity of Q' NH,(x). We have the
property that ¥, (gx) = ‘det(g)‘_l Wqo(x) for all xeQ, g e G(Q) and then that Wo (X)dx
is, an. invariant measure on Q
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Koszul-Vinberg Characteristic Function

> We can observe that X is the center of gravity of Q° NH,(x). We have the
-1
property that ¥q(gx) = \det(g)\ Wo(x) forall xeQ,ge G(Q) and then that ¥ (x)dx

IS an invorionn’[l measure on Q.

> Writing 0, =) a’ —+one can write:
i=1 X

0,D,(x)=0, (—logl//Q(x)) ,aeU,xeQ
0,00(0) =wo(x)" [(a,y)e ™ dy=(a,x")
o

> Then, the tangent space to the hypersurface {y eUly,(y)= t//Q(x)} at xe Q)
is given by {)’ < U/<x*,y> = m} .For xeQ,a,beU, the bilinear form 0,0, logw,(x)
is symmetric and positive definite, so that it defines an invariant Riemannian

- metricon Q .
GIML'24, Mines ParisTech 03/09/2024 OPEN T H A L E S
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I Fisher Metric and Souriau 2-form: Lie Groups Thermodyamics

| Statistical Mechanics, Dual Potentials & Fisher Metric

» In geometric statistical mechanics, J.M. Souriau has developed a “Lie groups
thermodynamics” of dynamical systems where the (maximum entropy) Gibbs
density is covariant with respect to the action of the Lie group. In the Souriqu

model, previous structures of information geometry are preserved:
2
1(B) = - 8 ” with (D(,B)——log_[ (BU®) 72 UM —q
_0s
S(Q)={(B,0)-D(B) with Q= <ﬂﬂ’> a(QQ>

Jean-Marie Souriau

» In the Souriau Lie groups thermodynamics model, g is a “geometric” (Planck)

temperature, element of Lie algebra g of the group, and Q is a “*geometric”
heat, element of dual Lie algebra g of the group.
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Fisher-Souriau Metric as a non-null Cohomology extension of KKS 2
form (Kirillov-Kostant-Souriau 2 form)

Souriau-Fisher Metric ](,B) — [gﬂ} with g5 ([,B, Z1]»[,Ba Zz]) = (:)ﬂ (Zp[ﬁa Zz])

with ©,(2,,2,)=0(2,,2,)+(0.[2,.2,] )

Non-null cohomology: aditional term from Souriau Cocycle Equivariant KKS 2 form

O(X,Y)= Ty~ {Jy,Jy} with J(x): M —>g suchthatJ, (x)=(J(x),X), X eg

O(X,Y):axg >N with @(X)=T.0(X(e)) 0(8.2)+(0.[8.2] )=0
XY - (0(X),Y) B cKer®,
Souriau Fundamental Q(Adg (ﬂ)) _ Ad; (0) + e(g)

....Equation of lie Group Thermodynamics

65 THALES



Non-equivariance of Coadjoint operator

> Non-equivariance of Coadjoint operator:
O(4d,(B))=A4d(0)+0(g)

> This is the action of Lie Group on Moment map:

J(@, ()= a(g. J(x) = 4d(J(x))+ 0(g)
> By noting the action of the group on the dual space of the Lie algebra:

Gxqg —a ,(s5,E) > sE=Ad E+0(s)

> Associativity is given by:

(8,8,)¢ = Aa’:lszga +0(s,5,) = Aa’:1 Aa’:2 E+0(s,)+ Aa’:1 0(s,)

(5,5, = Ad; (Ad, E+0(s,))+0(s,) =5,(5,€) , Vs,,5,€G.E eq
66 THALES
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Souriau Cocycle

X%
> @ g} e is called nonequivariance one-cocycle, and it is a measure of the
lack of equivariance of the moment map.

O(st) = J((st).x)— Ad.J (x)

O(st) = J(s.(t.x))— Ad.J (t.x) |+| Ad J (t.x)— Ad]Ad;J (x)
O(st) = O(s)+ Ad. | J (t.x)— Ad;J(x) |

O(st) = O(s) + Ad"6(¢)

67 THALES



Souriau one-cocycle and compute 2-cocycle
O(X,Y):axg—>R with @(X)=T.0(X(e))
XY - (0(X),Y)

» We can also compuTe tangent of one-cocycle @ at neutral element, to
compute 2-cocycle @ :

Cea, 0.(s)=(0(s).5)=(J (sx).&)~(4d}J (x).<)
0, (s)=(J (sx),¢)=(J (%), 4d )

1.0, (5)=(L.J£,(0.¢)+(J (x).ad) with &, =X,
7.0, (£) =X, [(J00.0) ]+ (I (2).[£.€])
1.6,(5)=-{(/.).(/.O)+ (Y. [&.¢]) =0(¢)
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Souriau Tensor
OX,Y) =Ty~ {Sy- Iy} ==(dO(X),Y) , X.Y eu

O([X.,Y],Z)+O([r.Z],X)+0([Z2,X],Y)=0 , X,Y,Zeg

> By differentiating the equation on affine action, we have:

T.J(&,(x))=-ad.J(x)+O(&,.)
dJ(Xx)=ad,J(x)+dO(X) , xeM,X eqg

(dJ(Xx),Y)=(ad,J(x),Y)+(dO(X),Y), xe M, X,Y eq

(dJ(Xx),Y)=(J(x),[ X, Y])+(d6(X),Y) ={(J,X),(J,Y)}(x)
(L[ X, Y] = {(J, X),(J,Y)}(x) =—=(dO(X),Y)

o = THALES



Souriau Riemannan Metric and Fisher Metric

> Forﬂ eQ) et g5 be the Hessian form on TﬂQ =@ with the potential
O(p)=—logyw,(fB) .For X,Y eq, we define:

2 2
gﬂ(X,Y)=—a(D(X,Y)=(a j logy,, (S+sX +1tY)
s=t=0

2 OsOt

> The positive definitiveness is given by Cauchy-Schwarz inequality:
J‘ e—<U<:),ﬂ>d/1(§)-J' <U(§),X>2 €—<U(é),ﬁ>di(§)

1 M M

ﬂ(X’Y): 2 2
g vo(B) —(I<U(§),X>e<U(§)’ﬁ>di(§)]

1
_ = :
Vo (B) _U e<u(§),ﬂ>/2.<U(§),X>e<U(§)’ﬂ>/2dl(é:)j THALES

> >0
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Souriau Riemannan Metric and Fisher Metric

gﬁ(XDY):<_Z—§(X),Y> for X,Y eq

> we have forany f€Q,g2€G and Y enq :
(0(4d,B).Y)=(0(B), 4d .Y )+(6(g).Y)

> Let us differentiate the above expression with respect to g. Namely, we substitute
g= exp(tZl),l‘ € R and differentiate at t = 0. Then the left-hand side becomes:

] e (S

» and the right-hand side of is calculated as:

(%}t0<Q(,3),Y—t[Zl,Y]+o(t2)>+<9(1+tZl+o(t2)),Y>

71 :_<Q(,B)>[Zl>Y]>+<d9(z1)ay> THALES



Sovuriau Riemannan Metric and Fisher Metric
2> Therefore,

(22 12, a2l 12.]

» Substituting Y = _[,B YA ] to the above expression:

gﬂ([,B,Zl],[,B,Zz]) <__§([Z 'B]) [18922]>

g, ((8.2,].[8.2,]) = (d0(2)).[ 8.2,]) +{Q(B).[ Z..[ B. 2,]])

> We define then symplectic 2-cocycle and the tensor:

©(2,)=d0(Z)
@( ) < (Z)Zz> J[Zl, 2]_{‘121"]22}
0,(2.2,)=(0(8).[2.2,])+6(2.2,) wp ,([8.2].15.2,]) = 0,(2.[8.2,])
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Fundamental Souriau Theorem

G

Lie Group

IB . (Planck) température
element of Lie algebra

: Heat, element of dual
Lie Algebra

73 GIML'24, Mines ParisTech 03/09/2024
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Lie Algebra
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-
-
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0" =0(4d,(B))= 4d.(0)+6(g)
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Souriau-Fisher Metric & Souriau Lie Groups Thermodynamics:
Bedrock for Lie Group Machine Learning

TEMPERATURE HEAT
In Lie Algebra G In Dual Lie Algebra
gﬂ([ﬂﬂzll[ﬂﬂzz]): @ﬂ(praZz])Z 0

a Q o u a2 10gje_<ﬂ’U(§)>dﬂ.
M

Gibbs canonical
ensemble 52

Ad, () Ad () +0(2)  1(B)=1(4d (p))=~-

AR 14
S
Entropy invariant under the
s(0)=(B,0)-@(p) action of the group

s(Q)=(B.0) - ®(B)=(0"(D).0) - ®(© ()

Logarithm of Partition Function
(Massieu Characteristic Function)

|74

o-op) =S ca’ 79 (@<
THALES



I Gallileo Group & Algebra & V. Bargman Central extensions

| Symplectic cocycles of the Galilean group: V. Bargmann (Ann. Math. 59,
1954, pp 1-46) has proven that the symplectic cohomology space of the
Galilean group is one-dimensional.

| Gallileo Lie Group & Algebra_  _  _ I

X'=RX+ut+w X R u wix
'=t+e t'|=|0 1 el ¢t
X,2i and we R’,ec R" 1] [0 O 1 1]
R e SO(3) w 17y ~ _ .
| Bargmann'Central extension: 0O 0 = 77 and y e R°,s €R
[ R u 0 w 0 0 0 @Weso3): X adxX
0 1 0 e - B

_—
'R -

GIML'24, Mines ParisTech §3/09/20 2
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Souriau Gibbs states for Hamiltonian actions of subgroups of the
Galilean group

> Souriau Result: Action of the full Galilean group on the space of motions of an
isolated mechanical system is not related to any Equilibrium Gibls state (the
open subset of the Lie algebra, associated to this Gibbs state, is empty)

> The 1-parameter subgroup of the Galilean group generated by g element of Lie
Algebra, is the set of matrices

( .
00] 1

A@) b() d() A(r) = exp(7(@)) and b(7) = [Z%(j(@))“ ]&
exp(z8)=| 0 1 re | with - i-1 L

0 0 1 d(r) =[§%(j<a3>)fIJSM(i%(j(@))”j&

j@) a & ‘
= 0 1 ¢£|en
0 0 0
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Souriau Thermodynamics of butter churn (device used to convert
cream into butter) or “La Thermodynamique de la crémiere”
’“‘,«"‘ | ]

0 “The angular momentum is imparted to the gas when
the molecules collide with the rotating walls, which
W changes the Maxwell distribution at every point, shifting

Rotation Speed - its origin. The walls play the role of an angular
c momentum reservoir. Their motion is characterized by a
certain angular velocity, and the angular velocities of
0)2 ) the fluid and of the walls become equal at equilibrium,
f_ (;7 ) =———|le xr exactly like the equalization of the temperature
i\"i0 252 z i0

with A =|eé, x7,| distance to axis z

through energy exchanges'. — Roger Balian

pl.(,B)z %exp(— <Jl.,,6’>): cst.exp| — > :

2
— 2 m. (0] 2
o F—=|— | A
m.kT 17 2K’T(8j
> the behaviour of a gas made of point particles of various
masses in a centrifuge rotating at a constant angular velocity —
(the heavier particles concentrate farther from the rotation €
axis than the lighter ones)

By - :
77 GIML'24, Mines ParisTech 03/09/2024 OPEN I H A I E S




I Link with Classical Thermodynamics

| We have the reciprocal formula:

o s
Q=27 p=2
S(Q)=<Z%,ﬂ>—<b () = <Q,%>—S

| For Classical Thermodynamics (Time translation only), we recover the
definition of Boltzmann-Clausius Entropy:

0S

ﬁ—_
3 8Q:>dS—ﬂ
1 r

T
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Souriau Model of Covariant Gibbs Density

> Souriau has then defined a Gibbs density that is covariant under the action of the

group: (&)= SOV _ o VA
Paivbs = J~e_<U(5),/;> Ji
M
with ®(B)=—log j s
(é:)e U(f)ﬂ
_0D(p) _ Aj4 _
0=—70"= T A[ U(&)p(£)dA,

M
> We can express the Giblbs density with respect to O by inverting the relation
0D (f) RIS (ure(0))
Q= Y (H)(,B) . Then pGibbs,Q(g) = with =0~ (Q)
79 GIML'24, Mines ParisTech 03/09/2024 oPEN T H I\ L E S



A Poisson action of a group G on a symplectic manifold M defines a
mapping of M into the dual space of the Lie algebra of the group
P: M - g*

That is, we fix a point x in M and consider the function on the Lie algebra
which associates to an element a of the Lie algebra the value of the Hamil-
tonian H, at the fixed point x:

px(a) = H,(x).

This p, is a linear function on the Lie algebra and is the element of the dual
space to the algebra associated to x:

P(x) = px.

Following Souriau (Structure des systémes dynamiques, Dunod, 1970), we
will call the mapping P the momentum. Note that the value of the momentum
is always a vector in the space g*.

Theorem. Under the momentum mapping P, a Poisson action of a connected
Lie group G is taken to the co-adjoint action of G on the dual space g* of its
Lie algebra (cf. Appendix 2), i.e., the following diagram commutes:

|
|

P Lp
v[ Ad*, l

g# g‘

Corollary. Suppose that a hamiltonian function H: M — R is invariant under
the Poisson action of a group G on M. Then the momentum is a first integral
of the system with hamiltonian function H.

V.I. Arnold

' Mathematical
Methods of
Classical
Mechanics

Second Edition

@ Springer



3.5 Noether type theorems

Consider now the “levels” of the moment map®® u : W — g* of a hamiltonian G-
action on the symplectic manifold (W,w). The most classical form of E. Noether’s
theorem seems to be stated nowadays as:

131 ghall call level £ the inverse imaEe u~1(€) even if € is not a number.

Theorem 3.5.1 Let H be a function on W which is invariant by the G-action.
Then p is constant on the trajectories of the hamiltonian vector field Xy.

Proof. Indeed, if (%) is a trajectory of Xy, one can write, for any X € g :

£ <pon(t),X > < Tyu(Xu(r())), X >

Michele Audin
= < Xu(7(1), Tyou(X) > The Topology of
= < Kl Gealas Torus Act.lons on
Symplectic Manifolds
= (X, X#)y)
= —dH'y(t)(&)

But H is invariant and X a fundamental vector field of the action, and thus:
H(exp(sX) - 7(t)) = H(v(t))
which, when differentiated at s = 0, is: https://link.springer.com/book/10.1007/978-3-0348-7221-8

dH(X(¥(t))) = 0.

O

The field Xy is thus tangent to the levels p~1(¢). Birkhiauser
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Souriau Entropy Invariance

» We observe that Souriau Entropy § 0, defined on
coadjoint orbit of the group has a property of invariance .

5(4d;(©)=5(0)
> with respect to Souriau affine definition of coadjoint action:
Ad(Q) = Ad (0)+6(g)
> where H(g) is called the Souriau cocyle.

ROTATION OF A RIGID BODY
IN QUANTUM MECHANICS

Q (Adg (ﬁ)) — Ad; (Q) + ‘9 (g) Casimir Function in : F\

Coadjoint Representation
Invariant under the action

S(Q(Adg(ﬂ))):S(Q) of the Group

e H.B.G. Casimir, On the Rotation of a Rigid Body in
83 Quantum Mechanics, Doctoral Thesis, Leiden, 1931.

Hendrik Casimir
(Thesis supervised by

Niels Bohr & Paul Ehrenfest)




Entropy Invariance under the action of the Group (1/2)

Bes— Ad,(f)="¥(4d,(p)) = j d2,

U ,Ad, (,B)

¥(4d,(B) = | N e Ao oolehe)

wiad, (p) ="V (p)

0(g")=-4d _0(g)= ¥(4d,(B)) = [Ad00)

®(p)=—log'¥(B)

= (4d,(p)=(p)~(0(s").5)=P(B)+(Ad 9(g1)-5|>/\|_55

¥ (5)



Entropy Invariance under the action of the Group (2/2)

S(0)=(Q. B)- ()= 5(0(4d,B))=(0(4d,B), Ad B) - P (4d,pB)

0(4d,(B))=A4d.(0)+0(g)

i@(Adg(ﬂ)):—log‘P(Ad </3>>=—< (g7), ﬂ>+®(ﬁ)

= 5(0(4d,B))=(4d,(0)+6(g).4d, B >+<9 >

= 5(0(4d,p))=(4d;(0)+0(g). 4d,B)- <Aa’ 0(2), ,8> ,8)
(g).8
B)-

= 5(0(4d,p))=(4d’. Ad(Q)+ Ad.0(g), B)-(Ad_.6(2), B) - (B)

Ad_,4d;(0)=0=S(0(4d,f)) = (0. 5)-@(B) =5 (¥)
85 THALES



Souriau Entropy and Casimir Invariant Function

> Classically, the Entropy is defined axiomatically as Shannon or von Neumann
Entropies without any geometric structures constraints.

> Entropy could be built by Casimir Function Equation:

. oS ‘ B
(adSZij+ (5Ql C,a [anQk+® =0

O(X,Y)=(0(X),Y)= —{J ., J, ==(dO(X),Y) , X,Yeg

=
O(X)=T,0(X(e))
0(g)=0(4d,(B))-Ad,(Q)

THALES



Souriau Entropy and Casimir Invariant Function

o

> if we consider the heat expression , that we can write 50 —<Q,5IB> =0 .

> For each o tangent to the orbit, and S%Bgenercl’red by an element Z of the Lie
algebra, if we consider the relation CD(Adg(,B)) = CD(,B)—<6?(g_1),,B> , we
differentiate it at g =e using the property that:

O(X,Y)=—(dO(X),Y) , X,Y eq
> we obtain : <Q,[ﬁ,Z]>+(:)(ﬂ,Z)=O S
> From last Souriau equation, if we use the identities f=—, adﬂZ:[,B,Z] and
6(8.2)=(0(p).2) : oS
> Then we can deduce that:\ @ Q+0O| — |,Z2)=0, VZ
.. 00 oQ
> So, Entropy S(Q) should verify:
w00 )0 (S41,(0)-0 Vw2 R 0es
20 oS OH ~( 0S OH
S,H . =(0,| —,— |)+0| —,— |=0
- (5.1}, (2) <Q L@Q GQD [aQ an THALES



Entropy as Invariant Casimir Function in Coadjoint Representation

NEW GEOMETRIC DEFINITION OF ENTROPY

{SaH}(Q)=<Q{

[el.,e} Ckek : Cl.f structure coefficients

1S,H}5(0)=0

a_Sa_HD cio, 8

60’ 40

o0

adaSQ+®£§gj

0

OH
aQ 00,

is.11,(0)- (o]

oS oH

00’60

o5
60’ 80

):0 , VH:@ >R, Oeu

GIML'24, Mines ParisTech 03
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A(X,Y)=

[XY]

O(X,Y)=(0(X),Y) with O(X)=T.0(X(e))

—{J . Jy} where J, (x)=(J(x),X)

0(g)=0(4d,(B))-Ad(Q)

THALES



Souriau Entropy and Casimir Invariant Function

<Q{aQ 8Q> < (isj a_g> :
i o 5
i

oS
H,{S,H), (0 )—<ad65Q+®( J >O:>adaSQ+®
2 00 ) 80 2

89

)
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Souriau Entropy and Casimir Invariant Function

> Souriau property: B € Ker®, = <Q 15, Z]> +0(S

= (0,ad, Z>+®(,B,Z)=0:><aa’ﬁQ,Z> ©(8,2)=0
_as os
adaSQ+®(aSj Z)=0,vZ
20 o0

:>adaSQ+®(aSj 0
%0 e

90
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21

Souriau relation on foliation

> In his 1974 paper, Jean-Marie Souriau has written (without proof):

(0.[8.2])+6(p.2)=

> To prove this equation, we have to consider the parametrized curve
t—= Adexp(tz)ﬂ withZegandze R

> The parameterized curve Ad_ o(2) B passes, for t =0, through the point 3,
since Aa'eX is the identical mop of the Lie Algebra g . This curve is in the adjoint
orbit of g %o by taking its derivative with respect to ¢, then for ¢t =0, we obtain a
Tcmgen’r vectorin B at the adjoint orbit of this point. When Z takes all possible
valuesin &, the vectors thus obtained generate all the vector space tangent in S
to the orbit of this point:

d(4d,y ) [aw [ d(4d, )

dr \ap| “{oadif)= 0l A

GIML’'24, Mines ParisTech 03/09/2024 OPEN I H A I E S



Souriau relation on foliation

> As we have seen before CD(Adg,B) = (D(,B)—<6?(g‘1),ﬂ>. If we set g =exp(tZ),
we obtain: CD(Aa’eXp(tZ),B)=CD(,3)—<6’(€Xp(—tZ)),,B>

> By derivation with respect to ¢ at =0, we finally recover the equation given by
Souriau :

do (Adexp(fz )’B )

— =(0.,[Z,B])=—(d6(-2), B) with ®(X,Y)=-(dO(X),Y)

t=0

92 THALES



Fundamental Equation of Geometric Thermodynamic: Entropy
Function is an Invariant Casimir Function in Coadjoint Representation

S0 >R L) ) oS
: S =(5,0)-ap),0=228) g 5 PO
0 S(0) op o0

New Definition of Entropy

Invariance of Entropy as Invariant Casimir Function in Coadjoint Representation
Under the action of the Group

0(Ad, ()= Ad’(0)+6(g) adgsgm(_j:o

IR A Ay

B(X,Y)=(OX),Y)=Jpy y ~ (I, } ==(dOX),Y)
93 THALES



Lie Groups Thermodynamic Equations and its extension (1/3)

Q . Heat, element of dual Lie Algebra IB . (Planck) température element of Lie algebra

O(Ad,(B))=Ad,(0)+0(g)

(D : Massieu Characteristic Function

®(B)=-log j e P14

H(g) : Souriau Cocyle

J : Souriau Moment Map
%
J. M —>q

S :Entropy Legendre Transform

S(0)=(5.0)~D(p) with Q—aq’;ﬂ)eg o ﬁ—@S(QQ)

I : Fisher Information Metric (’92(1)
I[(f)=-
4 op’ THALES




Lie Groups Thermodynamic Equations and its extension (2/3)

Entropy Invariance under the action of the Group ! Entropy Solution of Casimir Equation
S(4d(Q))=5(0) aSQ+®(aS] 0
Ad: (0) = Ad; (Q)+6’(g) Souriau cocycle o0 o0
Souriau characteristic of the foliation ®(X) = T;Q(X(e))
(0.[.2])+6(8.2)=0 0(2)=0(4d,(B))-4d,(0)
cntopy & Poison sracket {8, '} (Q) = < Q,[ gg | 2;[ D . @( Sg | Zg j 0

@(X,Y) <®(X)Y> [XY] {JX,JY} _<d‘9(X)’Y>TH/\LES
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Lie Groups Thermodynamic Equations and its extension (3/3)

\
Entropy = oH 2nd principle is related ds ~ oH OS
roduction dS =© NNE dt o positivity of Fisher —— = © ) >0
o ﬂ[@Q ﬂj O e ﬂ(@Q 20

Metric Tensor related to Fisher Metric (:) a—H,ﬂ — (:) 6—H,ﬂ +{ O, a—H,ﬂ

"\oo 00 00" _
| | o . oH
s 2 —ad;, 0+ @[@]
00
_ _ T _
Stochastic g + ad;HQ+®(a—Hj dt+Z ad;H.QJr@(aHij odW, (t) -0
Equation o0 @Q _ =1 | 8_Ql 6Q |

9 - - THALES



Euler-Poincaré Equation in case of Non-Null Cohomology

« Ayant eu I'occasion de m’occuper du mouvement de rotation d’un corps solide
creux, dont la cavité est remplie de liquide, j’ai été conduit a mettre les équations

générales de la mécanique sous une forme que je crois nouvelle et qu’il peut
étre intéressant de faire connaitre » - Henri Poincaré, CRAS, 18 Février 1901

SEANCE DU LUNDI 18 FEVRIER 1901,
PRESIDENCE DE M. FOUQUE.

MEMOIRES ET COMMUNICATIONS
DES MEMBRES ET DES CORRESPONDANTS DE L'ACADEMIE,

MECANIQUE RATIONNELLE. — Sur une forme nouselle des équations
de la Mécanique. Note de M. H. PoINCARE.

« Ayant eu l'occasion de m’occuper du mouvement de rotation d’un
corps solide creux, dont la cavité est remplie de liquide, j'ai été conduit
a mettre les équations générales de la Mécanique sous une forme que je
crois nouvelle et qu’il peut étre intéressant de faire connaitre.

+0 . .
J T dT
k i g zc‘skia—,m—F—Qr

« Elles sont surtout intéressantes dans le cas ou U étant nul, T ne dépend que

de Saxcé, G. Euler-Poincaré equation for Lie groups with s ’
des n » - Henri Poincaré

non null symplectic cohomology. Application to the
mechanics. In GSI 2019. LNCS; Nielsen, F., Barbaresco,

F., Eds.; Springer: Berlin, Germany, 2019; Volume 11712 oPEN T H A L E S



Lie-Poisson variational principle

o —adaHQJr@(Zg]

a %

> This Lie-Poisson equation is equivalent to this Lie-Poisson variational principle:

5][<Q(t),g—g(t)>—H(Q(t))jdt:O where -
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Lie-Poisson variational principle

99

> Proof of Lie-Poisson variational principle:

5][<Q<r),a—g(t>> —H (Q(t))jdt = I£<5Q —> <
[< dn | aH >+@[Z_g,nnd I(<ch;7
g ;

< d_Q+addHQ+®(ggj >dt+<Q,77>; -

Int.
by
parts

R
o))
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I Koszul Poisson Cohomology and Entropy Characterization

| Poisson Cohomology was infroduced by A. Lichnerowicz and J.L. Koszul.

| Koszul Cohomology and seminal work of Elie Cartan. Koszul made
reference to seminal E. Cartan paper

> “Elie Cartan does not explicitly mention A(g’) [the complex of alternate forms on
a Lie algebra], because he treats groups as symmetrical spaces and is therefore
interested in differential forms which are invariant to both by the translations to the
left and the translations to the right, which corresponds to the elements of A(g’)
invariant by the prolongation of the coadjoint representation. Nevertheless, it can
be said that by 1929 an essential piece of the cohomological theory of Lie
algebras was in place.” — Jean-Louis Koszul

| ]OO GIML'24, Mines ParisTech 03/09/2024 OPEN I I I A L E S



Koszul Poisson Cohomology and Entropy Characterization

101

> Y. Vorob'ev and M.V. Karasev have suggested cohomology classification in terms
of closed forms and de Rham Cohomology of coadjoint orbits €2 (called Euler
orbits by authors), symplectic leaves of a Poisson manifold N .

>Let Z'(Q) and H*(Q) be the space of closed k-forms on Q and their de
Rham cohomology classes.

> Considering the base of the fibration of N by these orbits as N/Q , they have
intfroduced the smooth mapping

Z*[Q]=C"(N/Q—Zz"(Q))and H[Q]=C"(N/Q— H"(Q))
> The elements of Z* (Q) are closed forms on €2 , depending on coordinates onN/Q

> Then H'[Q]=Casim(N) is the set of Casimir functions on N , of functions which
are constant on all Euler orbits.

» Entropy is then characterized by zero-dimensional de Rham Cohomology.

> The center of Poisson algebra induced from the symplectic structure is the zero-
dimensional de Rham cohomology group, the Casimir functions.

GIML'24, Mines ParisTech 03/09/2024 OPEN I H A I E S



Poincaré Unit Disk and SU(1,1) Lie Group

> The group of complex unimodular pseudo-unitary matrices SU(]) 1):

a b 2 2
G:SU(I,I):{b* *j/|a| b’ =1, a,beC}
a

> the Lie algebra Q = Eu(l,l) is given by:

—ir n
g:{( \ .j/reR,neC
n o ir

with the following bases (ul,uz,u3 ceq :

1(0 —i 1{0 1 1{—1 O
u == » Uy =7 » Uy = ;
2\i 0 2\1 0 PAN

with the commutation relation:

[u3,u2]:u1,[u3,u1]=u2,[u2,M;PJ:—U3 THALES
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Poincaré Unit Disk and SU(1,1) Lie Group

» Dual base on dual Lie algebra is named
% * % %
(u1 JUy, Uy ) S

> The dual vector space & = U (1,1) can be identified with the subspace of
8l(2, C) of the form:

) z xX+iy 0 1 0 i 1 0
Q = =X +y +z /X,y,Z€ R
—x+iy -z -1 0 i 0 0 -1

> Coadjoint action of g € (; on dual Lie algebra § c g* is written g,f

103 THALES



Coadjoint Orbit of SU(1,1) and Souriau Moment Map
( , 5 )

*

Z+22 u; + "+ 1+|Z| u, eO(ru;),zeD
\(1_|Z| )

i(1=l7) " (1-])

> J islinked to the natural action of (G on D (by fractional linear transforms) but
olso the coadjoint action of (G on O(ru3 ) =G/ K
> J could be interpreted as the stereographic projection from the two-sphere

S? onto C\U 0 :

J(z)=r

Charles-Michel Marle, Projection
stéreographique et moments, hal-
02157930, version 1, Juin 2019

The coadjoint action of

G = SU(I 1) is the upper
sheet Xy > O of the
two- sheeT hyperboloid

* 2 2 2
104{§:x1u1 XUy XUy =X — X Xy =T } THALES




Moment Map for SU(1,1)

> The associated moment map J : D — su"(1,1) defined by J(z)u, =J,(z,z"), maps
D into a coadjoint orbit in su” (1,1) .
» Then, we can write the moment map as a matrix element of su (1,1) :

* * * * * * * . _ . 1+ 2 .
J(z):Jl(z,z )”1 +J2(z,z )u2+J3(z,z )u3 J(Z)r{(ﬂz Sy ETZ e E u},zeD

=) i) (1)

2 x
1+‘Z‘ z
2 - 2
1—‘2‘ 1—‘2‘ . . z  x+iy) (0 1 0 i Loy, »
J(Z)ZI” 1"“2‘2 =4 g _{K—XJFZ';V ., ]—x(_l OJer(i O)+Z[0 _J X, Y,z € }
z
1—‘2‘2 1—‘2‘2
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Poisson Bracket for SU(1,1)

> Since the unit disk is Kahlerian, it is symplectic and so can be given a phase space
structure and interpretation. This Poisson Bracket cguld be written in terms of the

Poincare disk coordinates as: ( | | ) of © of O
g S
{/.8}= i (82 0z 0Oz @Zj

> |t is possible to define new coardinates (q) p) that are canonical in the sense that:

{fa g} — @f 6g — af 6g with coordinates given by: qtip — z

Oq Op Op Oq 2 /1—|z|2

> The Metriplectic equation is then given by:
2\2
af (1-[") (8]‘ OH  of 8Hj
H:+(f,H)= — H
{f } (f’ ) 21 0z 0z 0z Oz ’ (f’ )
106 THALES




Souriau Lie Groups Thermodynamics Model for SU(1,1) and Unit Disk

Dissipative flow

J@=J(2.2 )u +J, (2.2 )y + 5 (22 Juy -
l
1+|z[ ' = of
i‘z -2— YD) ~ = )‘
- 1—‘2‘ 1—‘2‘ - £ /
J(z2)=p 5 g £ Symplectic Leaves =
z 1+ 2] | Level sefs of Entropy
2 2
=z 14

R-fi-B=pt gz

Ju, +Ju, +Ju, € su (1,1)

. (1 0) * (o N oL
ulz ) u2: ) ) /s =
O _1 l O L,/

Non Dissipative flow ,/

Entropy = Invariant
Casimir Function

Unit Disk as Symplectic Manifold
D={Z€C/‘Z‘<l}

(along the symplectic §

leaves) . dZ/\dZ
2 o, =2ir v
Gy H}_(l—\Z\ ) (Gf oH  of GH) 1=2]
w7ler YUY 2 \ezas 6 ez ) THALES




Souriau Gibbs density for SU(1,1)

> We can the write the covariant Gibbs density in the unit disk given by moment map
of the Lie group SU(I,I) and geometric temperature inits Lie algebra f e Aﬁ :

~(J(2).8) *
e dz Adz
Do (2)= with dA(z) = 2ir ———
Gibb ( ) je_<J(Z)’ﬂ>dﬂ(Z) (1_‘2‘2 2
D
l+|Z|2 P
(1) () (o g
AP 1+ ’[77* —irj
) (Z) . ~{r(2300" ~1r( 5007 )1, 8) e (1) (14eF)
o [ aa(z) [ aa(z)
D D
. 1 0 1 1
J(z)=r(2Mbb+ —Tr(Mbb+)1) with M =| and b=——
- — —Z
08 1= THALES



4

!, (1) (1-1F) [ n]

D) * .
n —ir

Souriau Gibbs density

2z 1+|Z|2

(1) (1-12F)

(2)==
Fom [e " az2)
> To write the Gibbs density with respect to its sl’?o’nshcol moments, we have to
express the density with respectto Q= E[J(z)] _ ir 1n )eA
> Then, we have to invert the relation Ebegween Q and B, toreplace 77* —zr
by S=07(0)ex where O=—2=0(f)eg with D(f)= logJ. dﬂ(z)

deduce from Legendre tranform. f?ﬁe mean momen’r map is given by: ?

1+‘w‘ 2w
Q=E[J(2)|=E|p (I_M ) (1—‘W‘2) where we D
2—W B 1+‘W‘
. () ) ) THALES



Gauss Density on Siegel Unit Disk

> The moment map for SU(n,n)/S(U(n)xU(n)) is then given by:

(1,-zz") ' (1,+zz") -2z'(1,-2z")"
J(Z)=pn » »
2(1,-2z") z  (1,+2Z")(1,-2Z")
> The Souriau Gibbs density is then given with ,M €& and Z e SD, by:

i <pn((1nzz+)] (£ _+zz+) ~27*(1, —zz+)_1_ ,ﬂ> =0" (Q) cq

, (Z) e 21,-22%) 2 (1n+zz+)(1n—zz+) O-E [J(Z)]
Gibbs ~(J(2).8) dA(7 5D *
Jerraed 0- 6(;): (h)<s

> Gauss density of SPD matrix is given by Cayley Transform with:

. Z=(Y-1)(Y+1),.,Y eSym(n) THALES
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METRIPLECTIC FRAMEWORK FOR DISSIPATIVE HEAT EQUATION

> Systems that preserve energy throughout the phase are characterized by an
Hamiltonian formulation of dynamics.

» Classical Hamiltonian systems cannot take into account dissipative effects, as
ireversible changes from a thermodynamic standpoint (dissipative dynamics that
do not preserve energy).

> A. N. Kaufman and P.J. Morrison have infroduced in 1983, the metriplectic
bracket by infroducing a bracket formalism that ensures both conservation of
energy and non-decrease of entropy, and that reduces to the standard Poisson
bracket formalism in the limit of no dissipation.

> This model has been axiomatized in parallel by Grmela and his collaborators
(GENERIC method: General Equation for Non-Equilibrium Reversible Irreversible
Coupling).

] ]2 GIML'24, Mines ParisTech 03/09/2024 OPEN I H A I E S



METRIPLECTIC FRAMEWORK FOR DISSIPATIVE HEAT EQUATION

113

> Dissipation could take two forms:

- viscosity removes energy from the system (e.g. Navier-Stokes equation)

- thermal diffusion with conservation of energy and entropy production by heat
transfer (e.g. Boltzmann operator, Transport equations with collision operators,...).
> Metriplectic dynamics includes these kind of systems compliant both with the first
and second thermodynamics principles.

» In the metriplectic formalism, evolution equation is given by a new bracket: {{,}}

%:{{f,F}}Z{f»F}JF(f»F)

Non-Dissipative Bracket Dissipative Bracket
(Poisson Bracket) (Mefric Flow Bracket)

GIML'24, Mines ParisTech 03/09/2024 OPEN I H A I E S



METRIPLECTIC FRAMEWORK FOR DISSIPATIVE HEAT EQUATION

L 1F = Fy+(F)

> Hamil’rornon components is infroduced by requiring:
F=H+S

» The 2nd bracket has 2 constraints :
(f.F)=(F.f) and (f,f)20

> with the entropy S selected from the set of Casimir invariants of the non-
canonical Poisson bracket, playing the role of a Lyapunov functional.

> A metriplectic vector field induced by Fis given by the dynamics:

dz. J oF oF

[ E—

a o, e,
B Zj <)
] ]4 GIML’'24, Mines ParisTech 03/09/2024 OPEN T H A L E S




Metriplectic Model Compliance to Thermodynamics Principles

> First principle: Energy conservation

F=H+S§
‘;—i[:{H,F}+(H,F)={H,H}+{H,S}+(H,H)+(H,S)=0

({H,H} =0 by symmetry
because 1{f,S} =0, Vf
(H,f)=0, Vf

115 THALES



Metriplectic Model Compliance to Thermodynamics Principles

> Second principle: Entropy production

%:{S,F}+(S,F)20+(5,H)+(s,s):(s,s)zo

({S , f } =0, Vf (Casimir property)
because < (f,H)=0, Vf

positive semi-definite = (5,5)>0

> The choice of thermal equilibrium is induced by selecting Entropy as Casimir
invariant function.

114 GIML'24, Mines ParisTech 03/09/2024 oren T H I\ L E S



Metriplectic Model and Casimir invariants

> Finally in metriplectic systems, the geometry is determined by two compatible
brackets, a Poisson bracket and a symmetric bracket:

T Pl = s+ (1.5)

> The energy H is a Casimir invariant of the dissipative bracket, and the entropy ,§
is a Casimir invariant of the Poisson bracket:

{S,H}=0 VH
(H,S)=0 VS
7 S = THALES



I Foliation Structures of Thermodynamics-Informed Neural Networks

| Thermodynamics-Informed Neural Networks and Symplectic Foliation

= d
dr

» Souriau's Lie Groups Thermodynamics allows to choroc’rerlze geome’rrlcolly metriplectic flow by:

> TINN are based on metriplectic flow (also called GENERIC flow) modeling:

- non-dissipative dynamics (15 thermodynamic principle of energy preservation)
- dissipative dynamics (2"d thermodynamic principle of eniroga/ production).

Metriplectic - y . Er:;ro?y
Flow dZ 8 S reservation roduction
={ZEi+(25) mup — —L(Z)—+M(Z)— d—E(z)— —( )—Z—SM(Z)6—>O
/4 74

- Symplectic foliation (non-dissipative part)
- Riemanian Foliations (dissipative part), transverse to symplectic leaves

From symmetries of the problem, we can generate Lie group coadjoint orbits that are symplectic
leaves defined as level sets of Entropy, where Entropy is an invariant Casimir function in coadjoint
representation (invariant function on these symplectic leaves).

- Dynamics along these symplectic leaves, given by Poisson bracket, characterize non-dissipative
dynamics with Entropy preservation.

- Dissipative dynamics are then given by transverse Poisson structure and metric flow bracket, with
evolution from leaf to leaf constrained by entropy production and Energy preservati I_?hcm
transverse structure are linked with RiemqnnionotcE)NIioﬁons given by Souriau-Fisher meT 7 ALES

we can all trust



I Metriplectic Flow on Symplectic Foliation & Transverse Metric Foliation

~ Foliation Leaves = Foliation Leaves =
¢ Level Sets of Energy Level Sets of Entropy

[ele]

METRIC FOLIATION J 13 SYMPLECTIC FOLIATION

1st Principle of
Thermodynamics
Preservation of Energy

METRIPLECTIC FLOW

d—F:{F,H}+(F,S)

dt Non-dissipative Dissipative
Entropy = Constant Energy = Constant

{F,S$}=0 YF :S Entropy Casimir Function for {.,.}
(F,H)=0 VYF:H Energy Casimir Function for (.,.)

2nd Principle of

Thermodynamics
Entropy Production

3 Symplectic Le

3+ Metric Leaf
Level Set of Energy

Thermodynamics-Informed Neural Networks
dZGT dznet 2

dt dt

A= Nf(m;’“’”mfg) A = N

N, batch n=0
Lk

2



I SINN & MINN: Symplectic-Informed NN & Metriplectic-Informed NN

. || Symplectic Integrator | Metriplectic Integrator

» Capture of symmetries (Geometry-Informed) » Capture 1st principle (Energy

> Capture Noether Invariants via Souriau’s preservation, Moment map)

Moment Map as Energy, Angular » Capture 2"9 principle (Entropy
Momentum (Physics-Informed) Production)

@ _F.H) @ _{F H)+(F.S)

dt dt
*) The ti lufi f Hamilton' fi
(*) The |maeh?vou |onaoH amilton's equations F = H—I—S
p= _8_q > 4= 8p (*) 1" principle: Preservation of Energy
is a symplectomorphism, meaning that it conserves dH —0
the symplectic 2-form dp A dgq . A numerical dr

scheme is a symplectic integrator if it also conserves
this 2-form and equation are reduce to:

z=(p,q)=z={z,H(2)} d—S>0 TH/\LES

GIML'24, Mines ParisTech 03/09/2024 OPEN d
|]20 14 uilding a future we can all trust

2nd Principle Entropy production




Metriplectic Flow and Symplectic Complete Integrable System

> They form what is well known in symplectic geometry under a variety of names: dual
pair, symplectically complete foliation, bifoliation, bifibration.

> These foliations are fibrations, then the space of the leaves of the polar foliation is an
affine manifold which has the same dimension of the invariant tori and plays the role
of ‘action manifold’ of the system. Furthermore, the base of the fibration by the
invariant tori is a Poisson manifold and the space of its symplectic leaves can be
identified with the action manifold.

> A submanifold of M is said to be isotropic (resp. coisotropic) if its tangent spaces are
contained in (resp. contain) their own symplectic complements. Lagrangian
submanifolds are both isotropic and cmsotroplc Let F be a foliation of M. The polar
of T, if it exists, is the unique foliation I of M with the property that the tangent
spaces of its leaves are the symplectic orthogonals of the ’rongen’r spaces of the

leaves of 3. Furthermore, (SL) =3.If J isisotropic then I s coisotropic.

> A foliation 3 which has a polor is called symplectically complete. If 3 is symplec’rlcolly
complete, then the pcur 3,3 ) is called a bifoliation. If, moreover, both 3 and J* are
fibrations, then( 3,3 }is also called a bifibration A bifibration is a partigul
dual-pair.o: ) - ? CIU I(zi SL g S

121
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I Symplectic potentials and Guillemin Metric

> We consider Action-Angle coordinates: @ = dx' A dH
> We olso consider Iv\omenT Map  u: M — g where x1, . .’x” are coordinates
on g givenby Xx' = <Xl.,.> where (X X ) is a base of vectors field oé
group action: dx =—1, @ We can select ongulor coordinates such that X —
» Symplectic coordlno’res ond complex structure: Consider a complexe1 structure J 89
Jdx' =G"d6, and Jd6, =—-G,dx’ where G, = (G’J )
» We can then deduce the metric:
g =G dx'dx’ +G'd8d6, where (Gij) is symetric positive definite

> We can make appear a symplectic potential:

dJdO. = ——L dx* Adx’ of type (1,1)
Ox 8Gl.. oG,
dJdo, =0= —" = ,Ju convex, G,
Ox Ox’

1w g =uydv'dy’ +u’d0d0, where (uff):



I Transversally oriented foliation & the Godbillon-Vey characteristic class

. | GODBILLON-VEY CLASSES OF SYMPLECTIC FOLIATIONS by Kentaro Mikami

[ele]

» Each transversally oriented foliation has the Godbillon-Vey characteristic class, and
regular Poisson structures define symplectic foliations.

> K. Mikami has given a new interpretation and the explicit formula for a
representative of the Godbillon-Vey characteristic classes of symplectic foliations in
the context of Poisson geometry.

» For each transversely oriented foliation, we have the famous Godbillon-Vey
characteristic class. When the symplectic foliations of regular Poisson structures are
transversely oriented, they have the Godbillon-Vey characteristic classes. K. Mikami
has given a formula defining their Godbillon-Vey classes in ferms of Poisson structure.

> Transversely oriented foliations have secondary characteristic classes which are
called the Godbillon-Vey class.

- Reference: J.-L. Koszul, Crochet de Schouten-Nijenhuis et cohomologie, in ‘Elie Cartan et
les Mathématiques d’aujourd’hui’, 257-271; Société Math. de France, Astérisque, hors

série, 1985. THALES

GIML'24, Mines ParisTech 03/09/2024 OPEN .~ 21 . o
|]23 Juilding a future we can all trust




Canonical /Noncanonical Hamiltonian Structures and Poisson Bracket

> The 1st part of a metriplectic vector field relative to non-dissipative part is given by
Poisson bracket. Considering the Hamiltonian function H g, p) depending on
the canonical coordinates § and momenta P, with z ={ p, g’), Hamiltonian

equations:
dZi :Ji.a—H:{Zi,H}, i,j:1,...,2N
dt "oz,

0 1
J=| " "land {f,g}= 8f J
-1, 0, oz, " 82

k
> We note the symplectic 2-form @ = de A dql- such that @' J,g. = 51.].



Metric Flow Structures and Symmetric Bracket

> The 2nd part of a metriplectic vector field relative to dissipative part, is a flow in a
metric space. A metric flow on a finite dimensional phase space manifold, has
the following form in coordinates:

E_v, B o(2,5), izl M
dt 0z

J

of og . . .
(f,g) = 67Mlj(z)87, i,j=1,...M with (f,g) :(g,f)
> where § is c]m Enfropy fuéc’rion. We should have the properties for the metric:

M positive semi-definite = % = (S .S ) >0

Energy Conservation H (Hamiltonian) = (H, f)=0, Vf
125 THALES



METRIPLECTIC MODEL

> The symmetry condition is a generalization of the Onsager symmetry of linear
irreversible thermodynamics to non-linear problems, but classically in Metriplectic
model, they don’t consider the possibility of Casimir symmetry.

> In the Lie-Poisson framework, different dissipation Bracket (,) that can be defined
by the Lie algebra have been proposed in the literature for Metriplectic system: the
double bracket, Cartan-Killing bracket, and Casimir dissipation bracket.

» For Lie-Poisson systems, Lie-Poisson bracket for two functions f, h is given by:

of oh of of
9h — ol "~ 9 ~ — d — d
{f }(Z) : [GZ @Z:| - Z’ Z ¢ Z’Z Oz
> Hamiltonian dynamics is given py : @f
—z{f,h}(z)z adahz ™ :E—adahz

GIML’'24, Mines ParisTech 03/09/2024 aZ OPEN

0z THALES
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METRIPLECTIC MODEL

> In coordinate realization, with a coordinate chart (Zl. ) the Poisson bivector is
represented by a set of coefficient function determining the Poisson bracket:

{f’h}:‘]l‘.@%jﬁz‘]ﬁ%
10z, 0z; dt oz,

> For Lie-Poisson structure defined on the dual of a finite dimensional Lie algebraq,

we can intfroduce structure constants with an N dimensional Lie algebra
admitting a basis {el,..., eN} ; [el., ej:| = Cgek (with summation convention
over the repeated indices).

> The Lie-Poisson dynamics is given by:

dz . . Oh

]27 GIML’'24, Mines ParisTech 03/09/2024 OPEN T I I A I E S



METRIPLECTIC MODEL

> The double bracket is given by:

of Oh of 0
Z f—Z J of

ij lJ ZkZ
0z, Oz,

z, 0z,
> with the me’mplec’nc dynamics :

dz. ('9h
—r= ¢z, —+Zcﬂchz
l

J
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I METRIPLECTIC MODEL

| The symmetric dissipative metriplectic bracket as Euclidean metric tensor
on the symplectic leaves foliated by the Casimir invariants

> Sato observed that the canonical form of the symmetric dissipative part of the
metriplectic bracket is identified in terms of a ‘canonical metric tensor’
corresponding to an Euclidean metric tensor on the symplectic leaves foliated by
the Casimir invariants.

> It makes the link with Symplectic model of Lie groups Thermodynamics. A single
generating function @ = <IB, Q> — S is sufficient to generate the dynamics by
the action of the metriplectic bracket:

L {{Folf =" {F.0)+(F.0)

| ]29 GIML'24, Mines ParisTech 03/09/2024 OPEN I I I A L E S



I Variational Principles of Thermodynamics

| Variational Principles
» D’Alembert’s variational principles and Gauss' principle of the least constraint, which are
differential principles
» Maupertuis' principle of the least action and the Hamilton principle, which are integral
principles
| Thermodynamics can be embraced with variational principles
» ONSAGER’s principle of least dissipation of energy restricted to the particular case of heat
conduction in anisotropic contfinua

> ONSAGER & MACHLUP’s principle and TISZA & MANNING's principle of least dissipation of
energy extended for the case of adiabatically isolated, non-contfinuous systems.

» PRIGOGINE's principle of minimum production of entropy with ONO clarification of the
relation with least dissipation of energy.

» GLANSDORFF and PRIGOGINE's integrale principle when the conductivity coefficients are not
constant

| ]30 GIML'24, Mines ParisTech 03/09/2024 OPEN T I I A I E S



COQUINOT NON-EQUILIBRIUM THERMODYNAMIC THEORY OF
DISSIPATIVE BRACKETS
» Coquinot deduced that the dynamics of out-of-equilibrium thermodynamics on

the phase space can be expressed with a symmetric bracket for any two
functionals f and g :

,g _— ; — - C d )/
(f ) YZ[ aéa(y) g 6;,8()7)

» Coquinot has observed that this equation is a pure geometric object,
independent of the basis g , where the functional derivatives can be seen as
functional groEien’rs,:land both’functional gradients are contracted thanks to the

pseudometric Laﬂ and where the bracket is symmetric thanks to the Onsager-
Casimir relations.

> As previously, has been demonstrated that:

oo(x,t) oo(x,t)
=V L 1)V
ot E[ op (y )

d’y=Y (O', S )
06, (¥,1)




COQUINOT NON-EQUILIBRIUM THERMODYNAMIC THEORY OF
DISSIPATIVE BRACKETS

- » Baptiste Coquinot proves a formal equivalence between the

: classical out-of-equilibrium thermodynamics and a subclass of
metriplectic dynamical systems, showing that the pseudometric
nature of the dissipative bracket, usually an ad hoc hypothesis, is
the exact transcription of the well-known second law of
thermodynamics and Onsager’s relations through this equivalence.

ed

in whol

rights reserv
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> Coquinot’s construction shows that the dissipative brackets are
completely natural for non-equilibrium thermodynamics, just as
Poisson brackets are natural for Haomiltonian dynamics, deriving a
general dissipative bracket, for the first time, from basic
thermodynamic first principles.

ent

ed, adapted, published, translated, in

without the prior written cons:

> Baptiste Coquinot has considered the role of entropy, a Casimir
invariant, as counterpart to the role of the Hamiltonian in analytical
mechanics, the non-negativity of the pseudometric ensures the
entropy growth, as given by the second law of thermodynamics.

Baptiste Coquinot, Philip J. Morrison, A General Metriplectic Framework With Application To THALES
Dissipative Extended Magnetohydrodynamics, Journal of Plasma Physics (2020) Building a future we can all trust
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Foliation

> André Haefliger passed away 7th March 2023 : Haefliger, A.: Naissance des fevilletages
d’Ehresmann-Reeb a Novikov. Journal 2(5), 99-110 (20146)

> G. REEB, Sur certaines propriétés topologiques des variétés feuilletées (These), Hermann 1952.
supervised by Charles Ehresmann

> " Sur une durée de quarante années I'immeuble s’est édifié; des centaines d’ouvriers ont ceuvré.
L’édifice n’est pas achevé, mais on peut visiter. Oui, visiter est le mot” - Georges REEB

Georges Henri Reeb

Charles Ehresmann

Sergei Petrovich Novikov ndre aefilger
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. . , C. EHRESMANN, Structures fevilletées,
1963, naissance des « Structures feuilletees » Proceedings of the Fifth Canadian
Mathematical Congress, 109-172., 1963

STRUCTURES FEUILLETEES

COLLOQUES INTERNATIONAUX : ! = CHARLES EHRESMANN, Institut Henri Poincaré
DU i
RCHE ’ i’ 2 Introduction
CENTRE NATIONAL S5 £ S SO l lm} Rl i . Cet article a pour but la définition précise et I'étude des structures
a8 &a : 5 feuilletées dans le cadre de la théorie des structures locales telle

qu'elle est exposée dans (3; 5; 6). Les résultats connus dans le cas
des variétés feuilletées sont précisés et généralisés au cas d'un
feuilletage topologique localement simple. Les notions d’holonomie,
de déroulements et de tubes analysées ici permettent d'étudier les
questions de stabilité. Seuls des problémes généraux sont abordés,
les applications étant réservées pour une publication ultérieure.
La plupart des idées contenues dans ce travail ont été exposées
dans mes cours (en particulier, Paris 1955-56, 1958, 1961) et dans
des conférences (par exemple Princeton 1953, Buenos-Aires 1959—
d ) 60, Montréal 1961). Rappelons que la notion de variété feuilletée
STRUCTURES FEU[LLEI'EFS i i a été introduite dans une Note en collaboration avec Reeb (1),
i p puis étudiée d'une fagon approfondie par Reeb (13; 14) dans
différentes publications. Les structures feuilletées d'espéce B # §
élargie et de seconde espéce ont été définies dans (3). Les I'-struc-
tures étudiées par Haefliger (16), qui sont étroitement liées aux
feuilletages de seconde espéce, ne seront pas considérées ici. Les
feuilletages localement simples ont été introduits dans une Note
en collaboration avec Shih Weishu (2).

1. Définitions de diverses espices de structures feuilletées

1. Feuilletages topologiques

Soit E un ensemble muni de deux topologies T et T'. On dira
que (7, T') définit sur E un feuilletage topologique ou une structure
d'espace fewilleté topologique si la condition suivante est vérifiée :
Pour tout x € E, il existe un voisinage ouvert U’ de x relativement
A 7" sur lequel T et 7" induisent la méme topologie.

Si (T, T") est un feuilletage topologique sur E, alors 7" est une
topologie plus fine que 7". Nous supposerons désormais que 7" est

109

CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE \

" mann W 1
Structures fewlle’rees Grenoble 25-30 juillet 1963 - Georges Reeb
Auteur(s) : Georges Reeb - Charles Enresmann - René Thom - Paulette Libermann

1135 Editeur : Centre National De La Recherche ScientifiqueCollection : Colloques Int. Du Cnrs, 1964 8 7% lem R =3



I Georges Reeb & Analytical Mechanics

| Symplectic Model of Analytical Mechanics

» Symplectic Geometry in conjunction with Analytical Mechanics has grown considerably over the
past decades; inspired by the work of S. Lie and E. Cartan, A. Lichnerowicz, G. Reeb, J.M. Souriau,
as well as F. Gallissot, who were the initiators of this revival of Analytical Mechanics.

| Foliation in Lie Groups Actions and Thermodynamics Integrable Pfaff forms

> In paper “Structures feuilletées”, G. Reeb asked the following questions about foliation structures
“Why have they been studied. How were they studied? Is it "profitable" to continue these
investigations?” and proposed motivations for studying foliations. Among motivations, G. Reeb
identified two key use-cases, Lie Groups action and integrable Pfaff forms of Thermodynamics:

“Lie groups action theory (theory much older than that of foliations) often leads to consider generated
foliations. Similarly, the "moving frame" theory (Cartan) ("dual” in a rather vague sense of the previous one)
suggests classes of foliations with a remarkable transverse structure.”

- “Thermodynamics has long accustomed mathematical physics [cf. Duhem Pierre] to the consideration of
completely integrable Pfaff forms: the elementary heat dQ [notation of thermodynamicists] representing the
elementary heat yielded in an infinitesimal reversible modification is such a completely integrable form. This
point does not seem to have been explored since then.”.

» Foliation and Cartan’s moving frame was developed by Reeb PhD student, Edmond Fédida.

| ]36 GIML'24, Mines ParisTech 03/09/2024 OPEN I I I A L E S



Structures fevilletées — Georges Henri REEB
Motivations for Folations Studies

G. Reeb, Structures fevilletées, Differential Topology, Foliations and Gelfand-Fuks cohomology, Rio
de Janeiro. 1976, Springer Lecture Notes in Math. 652 (1978), 104-113.

STRUCTURES FEUILLETEES

Pourquoi les a-t-on étudiées, Comment les a-t-on étudiées. Est-il

"rentable" de continuer ces investigations ?

Orbites coadjointes (action d’un groupe sur le Thermodynamiques et
dual de I'algébre de Lie) formes de Pfaff
M, ¢ La théorie des actions de groupes de Lie {théorie bien plus M, : La thermodynamique a habitué de longue date la physique ma-
— ==
ancienne que celle des feuilletages) conduit souvent a consi- thématique [cf. DUHEM P,] 2 la considération de formes de
dérer des feuilletages engendrés. De méme la théorie du Pfaff complétement intégrables : la chaleur élémentaire dQ
"repdre mobile" (CARTAN) ("duale" en un sens assez vague de [notation des thermodynamiciens] représentant la chaleur é1é-
la précédente) suggére des classes de feuilletages 3 structure mentaire cédée dans une modification infinitésimale réver-

transversale remarquable. sible est une telle forme complétement intégrable. Ce point

ne semble guére avoir été creusé depuis lors.

"Sur une durée de quarante années I'immeuble s’est édifié; des centaines
d’ouvriers ont ceuvré. L'édifice n’est pas achevé, mais on peut visiter. Oui,

visiter est le mot” - Georges REEB THALES




Georges REEB contribution to Analytical Mechanics
(in « CEuvres completes de Charles Ehresmann »)

La Géométrie Symplectique en liaison avec la Mécanique Analyti-
que, a pris un extension considérable ces trente derniéres années ; ins-
pirés par les travaux de S. Lie et E. Cartan, A. Lichnerowicz[27] , S
G. Reeb [44, 45), J.M. Souriau (48], ainsi que F. Gallissot [8], ont été =
les initiateurs de ce renouveau de la Mécanique Analytique.

| References:

> G. REEB, Propriétés topologiques des trajectoires des
systemes dynamiques, Mém. Acad. Se. Bruxelles 27 (1952).

> G. REEB, Varietés symplectiques, varietés presque-

complexes et systemes dynamiques, Comptes Rendus de
I’ Académie de Sciences, 235, (1952) 776-778

» G, REEB, Espaces de Finsler et espaces de Cartan, Coll. Int.
CNRS Géom. Diff. Strasbourg (1953), 35-40.

> G. REEB, Problemes relatifs aux variétés presque

symplectiques et systemes dynamiques, Convegno Int.
138 v Geom: Diff: Venise-Bologne-Pise (1953} 104-113
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Symplectic Leaves

& fransverse Metric Leaves

PHYSICAL REVIEW E 91, 042138 (2015)

Essential equivalence of the general equation for the nonequilibrium reversible-irreversible
coupling (GENERIC) and steepest-entropy-ascent models of dissipation for nonequilibrium

thermodynamics

Alberto Montefusco and Francesco Consonni
Politecnico di Milano, Via Ponzio 34/3, Milano, Italy

Gian Paolo Beretta”
Universita di Brescia, via Branze 38, Brescia, Italy
(Received 19 November 2014; published 28 April 2015)

{S,A}) = P(dS,dA) = dA|P*(dS)] =0 VA € C®(M),

or, equivalently, Py,

WdSany) = 0.

(60)

|H.A| = DdH.dA) = dA|D*(dH)] =0 VA € C¥(M),

or, equivalently. D%, (d Har)) = 0.

(61)

> Inthe context of GENERIC dynamics, the degeneracy condition (60) implies
that symplectic leaves are at constant entropy (and the other distinguished

functionals of the Poisson bracket) while the degeneracy condition (61)
implies that metric leaves are at constant energy (and the other

distinguished functionals of the dissipative bracket).

» Each frajectory is effectively constrained on a single metric leaf.

> The relationship between metric leaves, where GENERIC dynamics (of an
overall closed and isolated thermodynamic system) takes place, and
symplectic leaves, where purely Hamilfonian dynamics takes place.

> Metric leaves are surfaces with constant energy, while the symplectic leaves

are surfaces with constant entropy (because Hamiltonian dynamics is

reversible).

» The intersection of symplectic leaves on a metric leaf produces isentropic

contours and the GENERIC non dissipative vector (for an overall closed and
isolated thermodynamic system) is always contained in such an intersection.
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Transverse Structure of Foliations
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Transverse Structure of Foliations

PREFACE

Issue de la rencontre de W.T. Van Est et de P. Molino, la
premiére "Journée Transverse"”, consacrée & la structure de l'espace
des feuilles d'un feuilletage, fut organisée en 1979 3 Paris VII

par P. Libermann.

L'intérét d'une rencontre élargie, suggérée par P. Molino,
apparut rapidement, renforcé par la convergence des points de vue
de W.T. Van Est et de A. Haefliger.

L'impulsion décisive devait venir de P. Cartier, & qui sa
culture universelle fit apercevoir la confluence des méthodes des
géométres différentiels avec celles introduites par A. Connes, en
liaison avec les travaux de Ruelle-Sullivan, et reconnaitre la con-
vergence de courants mathématiques lointains issus de domaines
variés (Géométrie Algébrique, topos de Grothendieck, sous-groupes

virtuels de Mackey, etc...).

Son appui assura le succds de ces Journées, dépassant les
prévisions, attesté par la quantité et la qualitéd des conférenciers
et des participants. Un horaire trés chargé, rangon de ce succés,

ne fit pas faiblir le¢ nombre et 1'attention des auditeurs.

L'Université Paul Sabatier de Toulouse a accueilli 1le
Colloque sur son campus et assuré la base du financement, notamment
gréce d des crédits sur programme accordés & 1'Equipe de Topologie

Algébrique et Différentielle.

La Société Mathématique de France, avec le concours du
C.N.R.S., a accordé son soutien moral et financier, complété par une

subvention de la D.C.R.I.

On trouvers ci-aprés les textes rédigés des 2/3 des confé-
rences prononcées a ce Colloque, la plupart avec des développements
et améliorations considérables, fruits des discussions tenues au

cours de ces Journdes.

STRUCTURE TRANSVERSE DES FEUILLETAGES

I1 était prévu d'ouvrir et de fermer ce recueil par le
texte de l'Introduction et de la Conclusion prononcées par
P. Cartier, qui devait &tre ré&digé en collaboration avec A. Comnes.
I1 a fallu malheurecusement y renoncer, sous peine de retarder

exagérément la publication.

Cette lacune est partiellement comblée par les exposés
de W.T. Van Est et de A. Haefliger, qui fondent la théorie, tout en
1'illustrant d'applications concrétes. La structure de l'espace des
feuilles y apparait comme une classe d'équivalence, en un sens natu-
rel, de pscudogroupes, ou plus généralement de groupoides (dits
d'holonomie), munis d'une structure (topologique, différentielle,
etc...) invariante.

Il résulte d'une construction de G. Hector que ce point de
vue équivaut exactement & celui de P. Molino, trds bri2vement
rappelé dans son article, qui consiste 3 considérer une certaine

classe d'équivalence de feuilletages, qu'il appelle F-varidté. Notons

que les  F-variécés sont définies par une relation d'équivalence
plus large, mais conduisent aux m@mes invariants continus que les
F-variétés, du fait que le groupoide d'holonomie est dense dans le

groupoide d'holonomie transverse utilisé par C. Godbillon.

Les autres conférences illustrent la variété et la riches-
se des méthodes d'étude de cette structure transverse et des appli-
cations géométriques que 1'on en tire, tant pour les propriftés glo~-
bales du feuilletage que pour cellesdes feuilles. On y trouvera une
moisson de résultats inddits.

Cet &chantillonnage ne saurait cependant préteandre &tre
exhaustif, ni statistiquement représentatif des applications des
propriétés transverses. C'est par un concours de circonstances, et
non par suite d'un choix prémédité, que les thimes le plus souvent

abordés sont les feuilletages riemanniens et la cohomologie basique,

alors que les propriétés de croissamce des feuilles et d'ergodicité

le sont beaucoup plus rarement.

11 semble intéressant do soulignor le fait que certaines

notions de variétés singuli®res, apparues dans des contextes &loignés

PREFACE

des feuilletages, se sont trouvées &tre des cas particuliers impor-
tants d'espaces de feuilles : les Q-vari&tés de Barre, et les
V-varidtés de Satake, redécouvertes comme orbifolds de Thursten,
que l'on voit fréquemment apparaltre dans ce qui suit.

Je ne saurais terminer sans rendre hommage 2 la mémoire
du grand géomdtre Ch. Ehresmann, disparu peu d'annes avant la tenue
de ce Colloque, fondateur avec G. Reeb, de la théorie des feuilleta-
ges. Beaucoup des notions fondamentales, qui sont 3 la base des

travaux que 1l'on va lire, lui sont dues, notamment notamment les

diverses variantes du groupoide d'holonomie et la notion de groupoi=-
de différentiable (et structuré), qui revient en surface aprés um

long cheminement souterrain.
nombre de ses disciples, illustre 1'actualité de sa pensée.

Ce colloque, auquel participaient

J. Pradines
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Transverse Foliation Structures

*Sabourin, H. : Quelques o)
aspects de la méthode des
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I André Lichnerowicz, College de France

| Cours 1982-1983 - Etude systématique des rapports entre fevilletages et
variétés de Poisson | Etude de cohomologies d'algébres de Lie attachées
a une variété de contact

> hitps://www.college-de-france.fr/sites/default/files/media/document/2023-
05/1982-1983 lichnerowicz.pdf

Soit (M, F) une variété symplectique munie d'un feuilletage lagrangien .
On a montré qu'il existe toujours sur M une connexion adaptée au feuilletage
qui induit sur chaque feuille une connexion plate sans torsion. Si la variété
admet une métrique riemannienne de type fibré pour &, elle admet une mé-
trique riemannienne qui induit sur chaque feuille une métrique plate. On a ainsi
précisé et généralisé des résultats récents d’A. Weinstein et P. Dazord. Les
mémes résultats sont valables si, au lieu d’'un feuilletage lagrangien, on consi-
dere un feuilletage isotrope de (M, F) tel que le champ des plans orthogonaux
symplectiques soit un feuilletage coisotrope.
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Triple Orthogonal Systems : Darboux and Lamé
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0.Introduction

L'essentiel de mon travail de recherche a pour cadre général I'espace des orbites nil-
potentes co-adjointes d’une algébre de Lie semi-simple réelle ou complexe.

Considérons, plus précisément, un groupe de Lie réel ou complexe G, d’algébre de Lie
0, qui opére sur g pay la représentation adjointe, puis sur le dual g* de g suivant 'action
“duale”. On obtient ainsi un ensemble d’orbites “coadjointes”, noté g*/G. Lorsque G est
semi-simple, on peut identifier g A son dual, via la forme de Killing X, et donc l'u:uon

djointe A I'action adjointe. On idére alors |’ ble N des élé

de g, puis l'ensemble N/G des orbites nil djoi Cet ble joue en fait
un role essentiel en théorie de Lie.

o L'une des questions lmporlanws & envisager concerne I'étude et la classification
é lle de | des ions d'un groupe de Lie réel et, plus précisément,
de 1" ble des i itaires irréductibles, appelé dual unitaire . Histo-
riquement. cette écude a ¢ initiée dans le c-dle des groupes nilpotents; une réponse
compléte a été apportée dans ce cas par A.A Kirillov ([30]), qui a établi une bijection
naturelle entre le dual unitaire et I'ensemble des orbites coadjointes introduisant de ce
fait , pour la premigre fois, la notion de méthode des orbites.

Cette éthose a été ensuite généralisée aux iels par les travaux de
P.Bernat ([12]), aux groupes résolubles de type 1 par L. Auslander et B.Kostant ((11]) et
enfin aux groupes par L.Puk ky ([40])). L* ble des orbites

coadjointes sert encore A donner dans ce cas une paramétrisation du dual unitaire mais,
cette fois, il ne suffit pas & tout décrire.

Tl est naturel donc de s'intéresser au cas d'un groupe réductif et de tenter, entre autres,
d'y développer une méthode des orbites. Un u:l travail est actuellement en cours et de
nombreux auteurs ont apporté une b idérable a cette ion difficile.
En voici une liste non exhaustive : D.Vogan ([53], [54), [55]), R. Bryh-h et B.Kostant
([16]) T.Kobayashi et B.Orsted ([31], [32], [33]), M.Duflo ((23]) et P.Torasso ([51), [52]).
Comme on le décrira de manidre plus précise ultérieurement, la question consiste souvent
& essayer de relier de maniére la plus naturelle possible le dual unitaire et 'ensemble des
orbites nilpotentes coadjointes.

© L'espace N'/G peut aussi servir & I'étude de certains invariants algébriques d'une
algébre de Lie complexe g. Soit C(g) = {(X, Y) e g xg/ X, Y] 0) la variété com-
mutante de g. La question se pose de di ibles de cette
variété algébrique. Dans [42], W.Richard momm que, Iomquenut semi-simple, C(g)
est irréductible; le résultat s'obtient par récurrence sur la dimension de g en utilisant
en particulier les pmpnéléa de eermna orbltes il dites orbites distingué

On peut alors s'inté: Ala : l'algdbre g se décompose, sous
V'action d'une involution 8, en sous-espaces propres suivant les valeurs +1, soit g = tSp.

4

L'espace propre B associé A la valeur propre 1 est une algibre de Lie et I'on désigne
par K le groupe de G pond qui agit sur I'espace p. On peut considérer
la variété de p et se di der si celle-ci est aussi irréductible; une fois
encore, la structure des K-orbites nilpotentes de p joue un réle prépondérant et permet
de conclure dans certains cas.

« On sait enfin que le dual g* d'une algébre de Lie complexe peut-étre muni d’une
structure de Poisson canonique, appelée structure de Lie- Poisson. Selon des résultats de
A.Weinstein ([56]), on peut associer, canomqucmem., & chaque feuille symplectique d'une
variété de Poisson quel une munie d'une structure de
Poisson, appelée structure de Poisson transverse a lo feuille symplectique. Or, les feuilles
symplectiques de g* sont les orbites coadjointes, dont il semble donc naturel d'étudier
Ia structure de Poisson transverse. [in cas g'avérera particulidfrement intéressant, celui
des orbites nilpotentes d'une algébre de Lie semi-simple.

Voici donc les trois thémes sur lesquels portent mes u'avwx et mes résultats que je
vais maintenant détailler. Je ne peux iner cette i i toute
ma reconnaissance aux nombreux collégues avec qui j'ai pu pam;er mes questionne-
ments mathématiques et de qui j'ai recu tant de ré utiles. Je par
Michel Duflo et Pierre Torasso dont les travaux ont été si essentiels pour moi et dont la
disponibilité a toujours été sans faille tout au long de ces dernidres années, David Vogan

ensuite pour ses suggestions si souvent déter Je peme aussi & 'Ihshx Kobayashi,
Thierry L et M ha Rais pour les et fr jons que

nous avons pu avoir sur ces différents sujets. Je n'oublierai pas mes collégues de Poitiers,
Abdernuk Bouaziz, Patrice 'I\uvnl Pol Vanhaecke et Rupert Yu, leur présence, nos
liers et nos collab




I Hervé SABOURIN HDR 2005, Université de Poitiers

| Transverse Poisson Structure

e On sait enfin que le dual g* d’une algébre de Lie complexe peut-étre muni d’une
structure de Poisson canonique, appelée structure de Lie-Poisson. Selon des résultats de
A.Weinstein ([56]), on peut associer, canoniquement, a chaque feuille symplectique d’une
variété de Poisson quelconque, une sous-variété transverse munie d’une structure de
Poisson, appelée structure de Poisson transverse & la feuille symplectique. Or, les feuilles
symplectiques de g* sont les orbites coadjointes, dont il semble donc naturel d’étudier
la structure de Poisson transverse. Un cas s’avérera particulierement intéressant, celui
des orbites nilpotentes d’une algebre de Lie semi-simple.
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SABOURIN TRANSVERSE POISSON STRUCTURE FOR DISSIPATIVE HEAT
EQUATION

» Hervé Sabourin has studied more deeply the tfransverse Poisson structure to
coadjoint orbits in a complex semisimple Lie algebra, by reducing to the case of
nilpotent orbits.

» For subregular nilpotent orbits, Hervé Sabourin showed that the transverse Poisson
structure could be described by a determinantal formula based on the
Chevalley’s restriction of the invariants on the slice.

> Based on Slodowy slice model, the tfransverse Poisson structure is reduced to a
three dimensional Poisson bracket.

n
Notes: Nilpotent means [ad (X)] — () for large enough n

1mg

Equwclen’rlyXls nilpotent if its characteristic polynomial Pd (t) is equal to [
X
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SABOURIN TRANSVERSE POISSON STRUCTURE FOR DISSIPATIVE HEAT
EQUATION

x=a(x)®n On, g(x):{yeg/[x,y:=0} n=n®n N =x+n"

» Considering the basis vectors Xl,---,er of m such that Xl .. -,sz € n, and
X, 0005 Xy, €1 and as <n,[g(x),ns_> ={0} and (n,[ne,ns]> ={0}

, then the Poisson Matrix takes at 11 E(Nx the form :
4, ,(n) :<n,[Zi,ZJ}> , for1<i,j<k

A(n) B, (n) 0
A(n)=| -B,(n)" C (n) 0 where <
0 0 C (n) Ce;lvm(y):<n,[Xi,Xm]> , for 1</ m<2p
C,. () =(n[X,X,]) , for2p+1<l, m<2r
» Sabourin has deduced from it that the Poisson matrix of the tfransverse Poisson
structure on Nx is given by: ANx (n) = A(n) + Be (C)Ce (n)_lBe (n)T

> Sabourin has also proved that:

A, =A(n)+B,(c)C (n)"'B,(n)’ where ne N

Be;l.’m(n):<n,[Zi,Xm]> , for1<i<k, 1<m<2p

THALES
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SABOURIN TRANSVERSE POISSON STRUCTURE FOR DISSIPATIVE HEAT
EQUATION

> M. Saint-Germain has proved in his PhD that, in the Lie-Poisson case, the fransverse
Poisson structure is always rational. This result has been completed by P. Damianou
for coadjoint orbits in a semisimple Lie algebra, and by Hervé Sabourin in 2005, with @
more general class of complements having a polynomial transverse structure.

> Hervé Sabourin has studied the transverse Poisson structure to any adjoint orbit (7.x
and has proved that it can be reduced, via the Jordan-Chevalley decomposition of
X € X fo the case of an adjoint nilpotent orbit.

> As the fransverse structure to the regular nilpotent orbit O of & is always ftrivial,
Hervé Sabourin has considered the case of the subregular mlpo’ren’r orbit O el 1}
with dimension of O two less than the dimension of the regular orbit, so ’rho’r the
fransverse Poisson structure has rank 2. Sabourin replaced, for the fransverse Poisson
structure, the complicated Dirac constraints, by a simple determinantal formula:

df ndgndy, ~...Ad Y,
, :det V ,V ,V ,...,V —
{f g}det (V/:Ve.Vx, %) dg, ndg, N...Ndq,_,

where f15--+» X; are independent polynomial Casimir functions with }/; the
e trlq;hor! of the i-th Chevalley invariant Gl. to the slice NV, and THALES
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SABOURIN TRANSVERSE POISSON STRUCTURE FOR DISSIPATIVE HEAT
EQUATION

» Sabourin Theorem: Let Osr be the subregular nilpotent adjoint orbit of a
complex semisimple Lie algebra § , and let (h, e,f) be the canonical triple
associated to Osr. Let N =e+ I/lL be a slice transverse to O .. Where 1
is an ad, -invariant complementary subspace to g(e) . Let {.,.?N and {.,.}det
denote respectively the adjoint fransverse Poisson structure and the
determinantal structure on N . Then:

toedy =€

*
forsome ce C .
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SABOURIN TRANSVERSE POISSON STRUCTURE FOR DISSIPATIVE HEAT
EQUATION

» From this detferminantal formula, Sabourin has deduced that the Poisson matrix of
the transverse Poisson on /N takes, in suitable coordinates, the block form:

[, OoF _oF)
8%+2 a%ﬂ
- 0O O
A= where Q=c¢' _8_F 0 8_F
0 Q aq,,, oq,
or - oF
\ anH 6Ql Y,

> where [ is the polynomial F(ul, e U154, ql+19%+2) withUy, ..., U;_,
the deformation parameters, given by Casimir for the Poisson structure on NV , of
simple singularity of the singular surface NN , where ¥ is the nilpotent cone
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I LIBERMANN FOLIATION & HAEFLIGER I"-STRUCTURE

> In the framework of Stefan foliations, Libermann's foliations are the generalization
of foliations studied in regular case by P. Libermann under the name of
symplectically complete foliations.

> The study of these foliations has been clarified by the introduction of the notion of
Poisson I'-structure, which is the maximum extension of the notion of moment
map in the sense of J.M. Souriau. This notion of foliation then appears as dual to

that of Poisson I'"-structure.

» Generalized Moment has been infroduced by P. Molino, M. Condevaux et P.
Dazord in papers of “Séminaire Sud-Rhodanien de Geometrie », with the
translation in terms of symplectic duality between Haefliger I'-structures and
Libermann singular foliations of the notion of Souriau’s moment of a Hamiltonian

action.
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LIBERMANN FOLIATION & HAEFLIGER I"-STRUCTURE
> We define a map J from M to &, moment of Hamiltonian action ¢ such that:
<J(x),zp:/1i§i>:zp:/1ifé(x) , VxeM and A',....A2" eR
i=1 i=1

> In the particular case where the orbits of @ define a foliation I3 of dimensionr on M
, the moment map J has constant rankr.

> The connected components of the level submanifolds of J then formon M a
new foliation 3=, of codimension r.

> The foliations I and J* are orthogonal in the symplectic sense, and the local
first integrals of each of them define Hamiltonian fields tangent to the other.

> Based on work of Paulette Libermann, a Libermann Foliation is a foliation 3 on the
symplectic manifold (M, a)) , with the following properties that are equivalent:

- (P1) The field of contact elements orthogonal to J is completely integrable.
- (P2) 3 is locally generated by Hamiltonian fields.
- (P3) The Poisson bracket of 2 local first integrals of 3 is again a local first integral.

] 58 GIML'24, Mines ParisTech 03/09/2024 OPEN I H A I E S



I LIBERMANN FOLIATION & HAEFLIGER I"-STRUCTURE

> If I is a Libermann foliation on (M, a)) the fact that the Poisson bracket of two
local first integrals is still a local first infegral makes it possible to define a natural
structure of Poisson manifold on the transversals to the foliation.

> The transverse structure of a Libermann foliation is a Poisson manifold structure,
and the local projection onto a transverse is a Poisson morphism.

» An important Poisson structure is the Lie-Poisson structure g:g*,Ao) on the dual of
the Lie algebra 8 of the Lie group G by setting an affine Poisson structure

&, () ={n,£}(v)+O where © is a 2-cocycle on the Lie algebra g .

> We can observe that the Souriau moment of a Hamiltonian action is a Poisson
morphism endowed with such an affine structure. If we consider the Hamiltonian
action of a Lie group on (M,CO) its orbits in general no longer form a foliation, but
a singular foliation. Similarly, the Souriau moment no longer determines a foliation,
but simply a Poisson morphism on a transverse Poisson manifold.
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Transverse Foliation Structures
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POLAR FOLIATION, BIFOLIATION & BIFIBRATION

> We study bifoliation as described in:

- Arutyunov, G., Elements of Classical and Quantum Integrable Systems, Springer,
(2019)
> Consider P as a symplectic manifold equipped with a form @ and consider ¥
be foliation of P such that the quotient space Ny of P is a manifold over an
equivalence relation set up by ¥ . Let 3y the space of functions on P which are
constant along the leaves of ¥ .

> Consider T¥ be a bundle of vectors tangent to the leaves of ¥ , and consider T¥™*
be its orthogonal complement with respect to @ . Let X, be the hamiltonian
vector field of f € Jy. It follows as f is constant along ¥ , forany veTW¥ , that

a)(v, ;(f) =vf =0 .Then %, liesin TW¥" . We observe that TW" is spanned at
each point by the hamiltonian vector fields of functions in 3, .
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Symplectic Transverse Foliation Structure

{e,} basis of g and {ei} basis of @’

[el.,ej} =cl.’;.ek and <ei,ej>:é'lj
[=1l¢

and /. coordinates of / on @

szelg—]; so that VI =e,

(1.1} =(L]e.e;])=cll,

Foliation W* skew-orthogonal to ¥ at any point
163 Foliation W by levels of a function set J,,

igfa)+ df =0 with
o(&,.8,)={fh=Eh=-&f

Casimir function C such that
{C,f} =0,Vf €3,
Ac:{xeP:C(x)zc}
:><§fC:{f,C}:O,erS\P

veTY a)(v,ff)=vf=0

f constant along ¥



Symplectic Transverse Foliation Structure

Foliation ¥*
skew-orthogonal to ¥

at any point e T

i, 0+df =0 with
o(6r.6)={/h ===,

Casimir function C such that
{C,f}=0,Vfe3,

A . ={xeP:C(x)=c}

=& C={f,C}=0¥fe3,

GIML'24, Mines ParisTech 03/09/2024
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‘é:f:{ff}
a)(v,ff):vf:O

f constant along ¥

\f}=J"0,f0,=¢70

& =J",f, 0.f=w,; and N [6 £, ]

Foliation ¥
by levels of

a function set 3,
{e,} basis of g and {e’} basis of @

. ] ce.and (e e> 0,

ij

and / coordinates of / on "

Vf=e g—{ sothat V/ =e¢,

i

= (el )=
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Transverse Foliation Structures
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I FOLIATION BASED ON ELIE CARTAN MOVING FRAME

» Based on the duality between the algebra of exterior differential forms and the
Lie algebra of vector fields, Edmond Fédida has explored the theory of foliation
structures, either in the language of fully integrable Pfaff systems, or in that of
involution vector fields. Within the theory of foliation structures, Lie groups
transformations, which correspond to systems of vector fields in involution,
associated with a Lie algebra, has a counterpart, which is the theory of foliations
associated with the Cartan’s moving frame.

> For group of Lie tfransformation, a Manifold M of dimension n is equped with
vector fields X, and structure coefficients given by C; by ILXI,X =C; X, ,and
as counterpart for moving frame, we consider a system of Pfaff form o, W|’rh

structure coefficients where do, = Cya)] AND, .

» The @, form a constant rank system at all points. The classes form a foliation M of
whose fransverse structure is modeled on that of a subspace of G . On the
counterpart, The X, form a constant rank system at all points: trajectories, the
trajectories then constitute a foliation of M ; leaves are homogeneous spaces.
The @, are linearly independent at any point: the associated foliation has a
fransverse structure modeled on G . Such a foliation then deserves the name o

f
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I FOLIATION BASED ON ELIE CARTAN MOVING FRAME

> We can always come back to this case, a structure is given on M by a 1-form m
with values in a Lie algebra of dimention g that verify Maurer-Cartan equation:

a’a)+%[a),a)]:0

» One can "desingularize" the foliation defined by @ on M by considering on the
trivial principal bundle M xG, the form of connection Q induced by @ ; implying
that Q is a form of flat connection. In particular Q is a 1-form on M xG
satisfying the Maurer-Cartan equation: 1

dQ+5[Q,Q] =0

> w:T.(M)—g is suriective for all xe M . Under these conditions @ determines a
foliation of codimension q of A, and is a Lie G-foliation of M .

» Molino has proved that this foliation is transversely parallelizable. We can then
complete in a Riemanian structure of M by an "horizontal" metric subject to the
only condition that at any point x € M, the space tangent to the ledf is
orthogonal, to the fransverse space. Hence the foliation has a quasi-fibered
metric.
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Cartan-Reeb-Godbillon-Vey: Maurer-Cartan Algebra for si(2,R)

ij

> Maurer-Cartan form with coordinates [XiaXJ] =X, > do, ==Y cto, ro,
k

i<j
> Maurer-Cartan Algebra bases of s/(2,R)

do, =0, N0, , do, =0, N0, , do, =0, N,

1 @, ),
XeSL2,R) , X dXz( j

cos@ —sin 0 — o si —p i
XeSL(Z,R)suchthatX:( v (”](p jz(pcow osme. =p qu’j >0

sing  cosp J\lo p) | psing+ocosp pcose

do
Wy =W, =——
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Liouville Complete Integrability

> Integrability refers to the existence of invariant, regular foliations, related to the
degree of integrability, depending on the dimension of the leaves of the invariant
foliation.

> In the case of Hamiltonian systems, this intfegrability is called “complete
integrability” in the sense of Liouville (Liouville-Mineur Theorem).

> In case of Liouville integrability, a regular foliation of the phase space by invariant
manifolds such that the Hamiltonian vector fields associated to the invariants of
the foliation span the tangent distribution. In this case, a maximal set of Poisson
commuting invariants exist (functions on the phase space whose Poisson brackets
with the Hamiltonian of the system, and with each other, vanish).

> If the phase space is symplectic, the leaves of the foliation are totally isotropic
with respect to the symplectic form and such a maximal isotropic foliation is
called Lagrangian.
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I Liouville Complete Integrability on statistical manifolds

| In 1993, in the framework of Liouville Completely Integrable Systems on
Statistical Manifolds, Y. Nakamura developed gradient systems on manifolds
of various probability distributions. He proved the following results

» the gradient systems on the even-dimensional manifolds of Gaussian and multinomial
distributions are completely integrable Hamiltonian systems.

» the gradient systems can always be linearized by using Information Geometry dual
coordinate system of the original coordinates.

» the gradient flows on the statistical manifolds converge to equilibrium poinfts
exponentially.

» the gradient systems are completely integrable Hamiltonian systems if the manifolds
have even dimensions. There is a 2m-dimensional Hamiltonian System which is
integrable so that the Dynamics restricted to the common level sets of first integrals is
a gradient.

» the gradient system associated with the Gaussian distribution can be related to an
Orstein-Ulhenbeck process
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Nakamura Theorem

p(x,0) with 6=(,,..,6,)" and I(x,0)=log p(x,0)

n

| ol(x,0) dl(x,0) | 0*¥(H)
G=|g .| with g¢.. =F = (%Y
|:gl»J :| g’»] |: agl agj 89189] ( )
T
o 0GBy OV [0V o
dt 06 00 |\ 00 00,

> The gradient system (2) is always linearizable. The induced flow on an open
subset of the Riemannian Statistical Manifold such that there exists a potential
function satisfying (®) converges to equilibrium points exponentially.
oY) . T d _
= 20 with 7 = (771»---»77n) and (@)= 7’: =-n , n()=e'n0)
173 THALES



Liouville Completely Integrable Systems on Statistical Manifolds

> If nis even (n=2m), then the gradient system (2)is a completely integrable
Hamiltonian system:

1’3].:77;1 , 0,=n,,, and H,=PQ, for j=1,..,m

dn dH, dP, dQ. L dn, L dan,.. . B
—_—=—-hn = = + P ]:—. J . +n. = . .—1N. .:0
YR e darraiiy O, +P 7 17— s ¥ = = ey 71 Tl
de
= =0
dt .
» Define the Hamiltonion H = ZH]. , then the corresponding equations of motion,
j=1
d= , = =P k=1,..m H H:=0
£ ={E,,H} with {_k ¢ coincides with @:_,7 and { ! }
dt =, =0, . k=m+1,..,n dt {H”Hj}:()

g CWzA s Pstecn THALES



Liouville Completely Integrable Systems on Gaussian Manifolds

x—m)2

1 _(

p(X, 0) — 27[6 e 20-2
m 1 1 1 s 1
9:(‘9“92):(?’252j and E[x]=5¢916’21 ,E[xz]zzefezugezl
1{ &' 0.0, o*y 0>
G=—| 2 2 = , W(0)=———log(/6, ) +log7
2[91922 922+95923J {a@aej =4, (/6. ) +log
d@l gl(t): 771(0) —
dé L, 0¥ dt 1{ 66 1,(0)—7,(0)"e
Zo = =— =
dt 00 | do, 2\ 67 -26, 0.(1) = 1
o A —t -2
di 2(1,(0)e™ = 1,(0)%e™)

92 _ 0 where H =PQ = o' + % 605" with P=260,6" =E[x] ,0= iefaf %0; =E|x" |

dt
d0  oH dP _oH

- e op_ dt 00 THALES
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Thermodynamics-Informed Neural Network based on Metriplectic Flow

THERMODYNAMICS OF LEARNING PHYSICAL PHENOMENA

Elias Cueto' and Francisco Chinesta3

lAra,gon Institute of Engineering Research (I3A). Universidad de Zaragoza. Zaragoza, Spain.
2ESI Group chair. PIMM Lab. ENSAM Institute of Technology. Paris, France.
3CNRS@CREATE, | Create Way, #08-01 Create Tower, Singapore 138602.

July 27,2022

ABSTRACT

Thermodynamics could be seen as an expression of physics at a high epistemic level. As such,
its potential as an inductive bias to help machine learning procedures attain accurate and credible
predictions has been recently realized in many fields. We review how thermodynamics provides
helpful insights in the learning process. At the same time, we study the influence of aspects such as
the scale at which a given phenomenon is to be described, the choice of relevant variables for this
description or the different techniques available for the learning process.
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Viscosity Simulation of water and honey

Computational sensing, understanding, and
reasoning: an artificial intelligence approach to
physics-informed world modeling
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3ESI Group Chair, Aragon Institute of Engineering Research,
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4ESI Group Chair, PIMM Lab, ENSAM Institute of Technology, 151
Bvd. de I'Hopital, Paris, 75013, France.

Algorithm 1 Hybrid twin

Require: Free surface x,, € X, full state s,, € S, source model 7y
Ensure: Next state s, 4
for Iterations do
for n =1 to N sequences do
Encode Z,, + ¢gru(xn):
Compute SPNN a,, + 7y(Z,), with a,, = [L,,,M,,,DE,,,DS,];

Determine next integration step z,., + At(L,DE, + M,,DS,,) + Z,:

Decode 8,41 + U(Zpt1):
end for
Extract free surface of 8,,41:
Compute 1088 Leorrection’
Update mp:

end for
| 1769 return Optimized hybrid twin 7y

T Nenap
n 1 . ) 1
Ccurrcctiun o /\'Z'V_ Z (zu-f-l = mn+l)2 + I—V- Z ("LuDEn”2 + ”MHDSH”2)
snap -1 N

\ O { Sn+1
Y L, M, DE, DS

, & - (}./ 2u-f‘l e

Ths1
Fig. 5 Hybrid twin algorithm for the adaptation to new physics. The network as a whole adapts to
the new data by fine-tuning only part of the layers, highlighted in green. The result of the integration
algorithm is compared with the ground truth liquid by evaluating the reconstruction of the free

surface in time. As a result the twin adapts when it detects any deviation between the prediction and
the ground trut’

‘ o
(- O 7. | GENERIC
CM@T[‘ s e

z,

t=8.79s t =9.255 s t=3.975s t = LO95s
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correction
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Port-Metriplectic Neural-Network

Port-metriplectic neural networks: thermodynamics-informed
machine learning of complex physical systems

Quercus Hernandez' - Alberto Badias? - Francisco Chinesta®# . Elias Cueto'
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Abstract

We develop inductive biases for the machine learning of complex physical systems based on the port-Hamiltonian formalism.
To satisfy by construction the principles of thermodynamics in the learned physics (conservation of energy, non-negative
entropy production), we modify accordingly the port-Hamiltonian formalism so as to achieve a port-metriplectic one. We
show that the constructed networks are able to learn the physics of complex systems by parts, thus alleviating the burden
associated to the experimental characterization and posterior learning process of this kind of systems. Predictions can be
done, however, at the scale of the complete system. Examples are shown on the performance of the proposed technique.

Fig.2 Double thermoelastic pendulum. A single pendulum with exter-
nal perturbations is learned, and the coupling between both systems is
achieved via the port-metriplectic framework
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Thermodynamics-Informed Neural Network

» The Fokker-Planck equation and, more particularly, its equivalent 1t stochastic
differential equation takes the form:

dz = I:L(Z) oF + M (2) ) + kBVM(Z):| dt+dz
0z 0z

> where k, is the Bolizmann constant, M (z) is a symmetric, positive semi-definite
dissipation matrix, § is a second potential (the so-called Massieu potential,
entropy at this level of description) and dz is a Wiener process that satisfies

dz = B(z)dW (t)
> with B a non-square matrix satisfying

B(2)B(z)" =2k, M(z)

> The importance of thermal fluctuations is controlled by the relative value of the
Boltzmann constant &, with respect to the average value of entropy. Given that
E, S, L and M do not depend on k3, if these effects are of low importance, we

can take the limit k. — (0, resulting in
? dz = L(z)a—E+M(z)Z—S
Z
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Thermodynamics-Informed Neural Network

dz oF oS dz . .
—=L(z2)—+M(z)— — =1z, Et+(z,5) Metriplectic Flow
= L)+ M(2)— ~ =15 E1+(2.5)

> This same assumption, k; — 0 , induces two additional consequences:

L(z)a—S =0 and M(z)a—E =0
> which consﬁ%u’re the ingredierﬁ% of the celebrated General Equation for the non-
Equilibrium Reversible-lrreversible Coupling, GENERIC equations. This type of
formulations are also known as metriplectic formulations, since they combine
meftric and symplectic terms. However, in GENERIC equations, known as
degeneracy conditions, play a fundamental role. They are key ingredients in the
demonstration of the a priori satisfaction of the two laws of thermodynamics:

- Conservation of energy in closed systems Given the anti-symmetry of L:

dE oF oz
—(2)=——=-=0
dt 0z Ot
- Non-negative entropy production, given the positive semi-definiteness of M:

dS . aSéz oS

GIML'24, Mines Pasistech 3@92(}3

182 dt oz &t Oz

oS
M(Z)EZO THALES



Thermodynamics-Informed Neural Network

> Therefore, the GENERIC structure consistently guarantees the satisfaction of the
laws of thermodynamics by construction. This makes GENERIC a very appealing
choice for the construction of inductive biases in the learning of physical
phenomena.

» For Thermodynamics of learning physical phenomena, we assume that D, data
sets contain labelled pairs of a single-step state vector z, and its time evolution z,,

p={b)}"0 (5.5

» so that a neural network can be constructed by means of two loss tferms, a data
loss term that takes into account the correct prediction of the state vector time
evolution using the GENERIC integrator, defined as:

dZ GT dZnet 2

dt dt

data _
A =

2
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Thermodynamics-Informed Neural Network

> where |||, denotes the L2-norm. The choice of the time derivative instead of the
state vector itself is to regularize the global loss function to a uniform order of
magnitude with respect to the degeneracy terms. A second loss term takes into
account the fulfillment of the degeneracy equations,

2 2
2

| Pl
0z Oz,

n

A% = +(|M

2 2
» This formulation gave rise to the so-called structure-preserving neural networks
and thermodynamics-informed neural networks. These networks have been
employed recently in the development of physics perception with the help of

computer vision techniques.

» The global loss term is a weighted mean of the two terms over the shuffled
Nbatch batched snapshots.

1 Niaien
A=—— (AL + AL

batch n=0
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Information Geometry, Toric Manifold, Delzant Polytope, Symplectic
Potentials and Guillemin Metric

Notation.

o Pp(c) is the complex projective space of complex dimension n and
holomorphic sectional curvature ¢ > 0.

@ [D(c) is the unit disk in C endowed with the Hyperbolic metric of constant
holomorphic sectional curvature ¢ < 0.

Similar examples

o (B(n). hg) is isometric to the interior of a Delzant polytope endowed with (a
multiple of ) the Guillemin metric.

® (S2. nground) is the corresponding toric manifold.

Toric manifold | Statistical manifold
S2=Py(3) Binomial
C Poisson
P,(1) Categorical
Pa(2) Multinomial
D(-1) Negative Binomial )
Recap
® B(n) & (0, n). Key observation:
@ Fisher metric
() = s ¢ =2¢c,

where ¢ is the Guillemin's potential associated to the polytope

@ Potential ¢(x) = A =[0.n]

xIn(x) + (n — x)In(n — x).

V.

Thus:
By Delzant's correspondence:
© [0, 0] ~~ (52, Swround)
@ Momentum map J(x,y,z) = §(z +1)

By Guillemin’s results and the fact that ¢ = 2¢¢:
@ J: (5% $8uund) = ((0,n), }he) is a Riemannian submersion.

Rescale by a factor 2:
@ J: (S5 Ngound) = ((0.n). he) is a Riemannian submersion

="

Molitor, M.: Kahler toric manifolds from dually flat
spaces. arXiv:2109.04839v1

Kahler geometry
Torus action

Variables actions-angles non commutatives et exemples
d'images convexes de |'application moment, Thomas
Delzant PhD, Paris 6 1986, supervised by CM. Marle

Symplectic versus complex points of view

Delzant, T.: Hamiltoniens périodiques et images Kihler toric manifold
convexes de I'application moment. Bull. Soc. Math.
France 116(3), 315-339 (1988),

https://irma.math.unistra.fr/~delzant/BSMF.pdf

Fujita, H. The generalized

Momentum map

N\
\\ 4
N\ /

Information geometry
Fisher metric
a-connection of Amari

Pythagorean theorem on the 20 (Complex) (Symplectic)
compactifications of certain dually 2 p P
flat spaces via toric geometry. Info. ¥ —grad(¥) [
Geo. 7, 33-58 (2024). 7L' a g g
https://doi.org/10.1007/s41884-023- a

- (R, k, V) - (A°, 5, V")
00123 k = Hess(v) —grad(¢) h = Hess(¢)

Proposition
@ The map —grad(y)) = (g—fl— g—&) is an isometry from (R”, k) onto (A°, h) with inverse —grad(¢).

OPEN @ ¢ and ¢ are Legendre dual to each other:

é(x) + ¥(y) + (x,y) =0,

x = —grad(6)(y).



https://doi.org/10.1007/s41884-023-00123-y
https://irma.math.unistra.fr/~delzant/BSMF.pdf

.
—

“We haven't yet discovered the foliations, but it will come. | am convinced that the fundamental problem posed
by quantum mechanics is the following problem. ... it will be necessary to take intfo consideration more
complicated mathematical structures, such as foliations ... It's a bit my hope that one day or another, we will
manage fo develop models where a phenomenon will be defined as a leaf of foliation in a product of spaces of
vision by a space of observer positions.” — René Thom in "DETERMINISME ET INNOVATIONS*
https://www.youtube.com/watch?v=BXxKQVQFnRo

“At the start, the theory of structural stability had seemed to me of such breadth and generality, that with it |
could hope in some way to replace thermodynamics by geometry, to geometrize in a certain sense
thermodynamics, eliminate from thermodynamic considerations all aspects of a measurable and stochastic
nature to retain only the corresponding geometric characterization of the attractors.” — René Thom
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Ecole Polytechnique: Sadi Carnot’s Legacy

e Sadi Carnot’s

2024 Legacy

Celebrating the 200" anniversary

of the 2™ law of thermodynamics

Ecole polytechnique
Palaiseau, France

SADI CARNOT'S LEGACY - "CELEBRATING THE 200TH ANNIVERSARY OF THE 2ND LAW OF THERMODYNAMICS"

When Sadi Carnot published his "Reflections on the motive power of fire" in 1824, there was no sign that one of the greatest
scientific revolutions was about to take place, in a world then dominated by mechanics and optics. Yet, by bringing a
conceptual analysis to the practical problem of the steam engine, Sadi Carnot wrote the birth certificate of thermodynamics,
and, in particular, its second principle.

Today, thermodynamics has branched out info a multitude of fields and applications, from industrial processes to microscopic
systems, and confinues to renew our view of science.

Since its origins, thermodynamics has raised as many questions as it has answered.

To celebrate the bicentenary of the "Réflexions", this colloquium aims to bring fogether members of the thermodynamics
community and to invite them to take a critical look at modern thermodynamics and the open questions it raises. The
collogquium will be structured around pedagogical presentations infroducing the various fields of the discipline. Poster sessions
will allow participants to share their work.

|17 " https://carnot-legacy.sciencesconf.org/ THALES
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. . , C. EHRESMANN, Structures fevilletées,
1963, naissance des « Structures feuilletees » Proceedings of the Fifth Canadian
Mathematical Congress, 109-172., 1963

STRUCTURES FEUILLETEES

COLLOQUES INTERNATIONAUX : ! = CHARLES EHRESMANN, Institut Henri Poincaré
DU i
RCHE ’ i’ 2 Introduction
CENTRE NATIONAL S5 £ S SO l lm} Rl i . Cet article a pour but la définition précise et I'étude des structures
a8 &a : 5 feuilletées dans le cadre de la théorie des structures locales telle

qu'elle est exposée dans (3; 5; 6). Les résultats connus dans le cas
des variétés feuilletées sont précisés et généralisés au cas d'un
feuilletage topologique localement simple. Les notions d’holonomie,
de déroulements et de tubes analysées ici permettent d'étudier les
questions de stabilité. Seuls des problémes généraux sont abordés,
les applications étant réservées pour une publication ultérieure.
La plupart des idées contenues dans ce travail ont été exposées
dans mes cours (en particulier, Paris 1955-56, 1958, 1961) et dans
des conférences (par exemple Princeton 1953, Buenos-Aires 1959—
d ) 60, Montréal 1961). Rappelons que la notion de variété feuilletée
STRUCTURES FEU[LLEI'EFS i i a été introduite dans une Note en collaboration avec Reeb (1),
i p puis étudiée d'une fagon approfondie par Reeb (13; 14) dans
différentes publications. Les structures feuilletées d'espéce B # §
élargie et de seconde espéce ont été définies dans (3). Les I'-struc-
tures étudiées par Haefliger (16), qui sont étroitement liées aux
feuilletages de seconde espéce, ne seront pas considérées ici. Les
feuilletages localement simples ont été introduits dans une Note
en collaboration avec Shih Weishu (2).

1. Définitions de diverses espices de structures feuilletées

1. Feuilletages topologiques

Soit E un ensemble muni de deux topologies T et T'. On dira
que (7, T') définit sur E un feuilletage topologique ou une structure
d'espace fewilleté topologique si la condition suivante est vérifiée :
Pour tout x € E, il existe un voisinage ouvert U’ de x relativement
A 7" sur lequel T et 7" induisent la méme topologie.

Si (T, T") est un feuilletage topologique sur E, alors 7" est une
topologie plus fine que 7". Nous supposerons désormais que 7" est
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Gery de Saxcé & Claude Vallée

_ This fitle proposes a unified approach to continuum

mechanics which is consistent with Galilean relativity.
Based on the notion of affine tensors, a simple
generalization of the classical tensors, this approach
ANnc : DC $ allows gathering the usual mechanical entities — mass,
energy, force, moment, stresses, linear and angular
momentum — in a single tensor.

Starting with the basic subjects, and continuing through
to the most advanced topics, the authors' presentation is
éry de Saxcé and aude Vallée progressive, inductive and bottom-up. They begin with
the concept of an affine tensor, a natural extension of
gt . the classical tensors. The simplest types of affine tensors
; AN are the points of an affine space and the affine functions
SO P ' , # on this space, but there are more complex ones which
% - ' v ,/-./,_; are relevant for mechanics — torsors and momenta. The
OO %</ 7 essential point is o derive the balance equations of a
; £, continuum from a unique principle which claims that
‘ these tensors are affine-divergence free.

https://www.wiley.com/en-
us/Galilean+Mechanicstand+Thermodynamics+of+Conti
NUa-p-2781848216426
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Representation Theory & (Co-adjoint) Orbits Method: A. Kirillov
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A Series of Comprehensive Studies in Mathematics

A. A. Kirillov

Elements of the Theory
of Representations

MERITS VERSUS DEMERITS

Universality: the method works for

Lie groups of any type over any field.
. The rules are visual, easy to
memorize and illustrate by a picture.
. The method explains some facts

which otherwise look mysterious.

. It provides a great number of

symplectic manifolds and Poisson
commuting families of functions.

. The method introduces two new

fundamental notions: coadjoint
orbits and moment maps.

I

92

3.

1.

The recipes are not accurately
and precisely formulated.

. Sometimes they are wrong and

need corrections or modifications.
It could be difficult to transform

this explanation into a rigorous proof.

Most completely integrable
dynamical systems were discovered
ecarlier by other methods.

. The description of coadjoint orbits

and their structure is sometimes not
an easy problem.

Springer-Verlag Berlin Heidelberg New York

§ 15. The Method of Orbits

At the basis of the method of orbits lies the following “experimental fact”: the
theory of infinite-dimensional representations of every Lie group is closely con-
nected with a certain special finite-dimensional representation of this group.
This representation acts in the dual space g* of the Lie algebra g of the group
under study. We will call it a co-adjoint or briefly a K-representation.!

Orbits of a Lie group in the space of a K-representation are symplectic mani-
folds. They can be interpreted as phase spaces of a Hamiltonian mechanical
system for which the given Lie group is the group of symmetries. In 15.2, we shall
give a classification of all homogeneous symplectic manifolds with a given group
of symmetries.

It turns out that unitary irreducible representations of the group G are con-
nected with orbits of this group in the K-representation. The construction of the
representation in an orbit is given in 15.3.

This is a generalization of the procedure of quantization that is used in quantum
mechanics. This point of view is explained in more detail in 15.4.

The author sees the significance of the method of orbits not only in the specific
theorems obtained by this method, but also in the great collection of simple and
intuitive heuristic rules that give the solution of the basic questions of the theory
of representations. With the passage of time, these rules will be elevated to the
level of strict theorems, but already now their value is indisputable.

We shall show in 15.5 how the operations of restriction to a subgroup and
induction from this subgroup can be described with the aid of the natural pro-
jection p:g*—bh* where b is the Lie algebra of the subgroup H.

As we shall see in 15.6, generalized characters of irreducible unitary rep-
resentations admit a simple expression in the form of an integral over the cor-
responding orbit. In many cases, this allows us to write an explicit expression for
the Plancherel measure.

Finally, in 15.7 we show that infinitesimal characters of irreducible unitary
representations of a group G can be computed as values of G-invariant poly-
nomials on the corresponding orbits.

15.1. The Co-Adjoint Representation of a Lie Group

Let G be a Lie group, g its Lie algebra, and g* the dual space to g. The group G
acts in g with the aid of the adjoint representation Ad (see 6.3) and in g* with the
aid of the co-adjoint representation, or, briefly, the K-representation. If the Lie
algebra g is realized in the form of the algebra of left-invariant vector-fields on G,
then it is natural to realize g* in the form of the space of left-invariant differential
forms of the first order on G. The K-representation of the group G acts in the space
of 1-forms by right translations.

A. KIRILLOV

ELEMENTS DE LA THEORIE
DES REPRESENTATIONS

EDITIONS MIR « MOSCOU

THALES



Kirillov by Dixmier

Breéves remarques sur I’ccuvre de
A. A. Kirillov

Jacques Dixmier

La these de Kirillov, parue en 1962, a suscité immédiatement beaucoup d’intérét.
Soit G un groupe de Lie nilpotent simplement connexe. Soient g = Lie(G),
g* I'espace vectoriel dual de g, dans lequel G opere par la représentation co-
adjointe. Soit g*/G 1'ensemble des orbites coadjointes. Soit G I’ensemble des
représentations unitaires irréductibles de G (la plupart sont de dimension in-
ﬁme) Alors Kmllov construit une bijection canonique g*/G — G ; ainsi, les
ns irréductibles de G sont paramétrées par les orbites co-
ad;omms En outre, quantité de notions naturelles concernant les représentations
s’interprétent géométriquement en termes d’orbites coadjointes: restriction a un
sous-groupe, induction unitaire, produit tensoriel, mesure de Plancherel, topolo-
gie de ¢ G. Déaillons seul un résultat, d'une €€ extraordinaire: soient
x € G et  'orbite associée ; soit 4 la mesure G-mvanante canonique sur
(c’est une distribution tempérée sur g‘) soit u’ sa transformée de Fourier, distri-
bution tempérée sur g ; transportant ' sur G par I’ apphcauon exponenuelle, on
obtient le caractére-distribution de x ! =

Kirillov. s’est vite convaincu, et il a ¢ i la cc é hématique,
que cette “méthode des orbites™ devait &tre applicable a des groupes bien plus
généraux que les groupes nilpotents.

Il n’a pas hésité a aborder le cas des groupes de Lie connexes quelconqua
Evidemment, des difficuités considérables ont surgi immédi Né
Kirillov a indiqué une voie d’acces, qui ensuitea é€ largement utilisée.

Depuis plus de trente ans, Kirillov applique la méthode des orbites aux groupes
de Lie-Cartan de dimension infinie. Par exemple, soit M une variété C*™ com-
pacm. Soit G e groupe des difféomorphismes de M, ou I'un des sous-groupes
[ enp les él1é de G qui conservent une forme volume, ou une
structure symplecuque. ou une structure de contact. On considere 1’ algtbre de Lie
g et son dual g*, tous deux définis en tmnnt comp(c de la wpolope Aux orbites
coadjointes sont i de G, du
meins dans certains cas, par cxemple si I"orbite est de dimension finie ou de codi-
mension finie. Le groupe fondamental de ces orbites peut étre non commutatif,
par exemple étre un groupe symétrique. Kirillov envisage parfois des groupes en-
core plus généraux (par exemple, le groupe Diffy (E) ou E est un fibré principal
de groupe structural H), et parfois au contraire étudie de maniére trés approfondie

3 e irré 1

des cas particuliers importants; par exemple, soient § le cercle, Diff4 (S) le groupe
des difféomorphismes de § conservant I’orientation; alors les orbites coadjointes
pour ce groupe sont liées aux fonctions holomorphes uni dans le d

unité, et A certaines é différentielles linéaires; Kirillov définit sur ces or-

pas 1a méthode des orbites.
Kirillov a écrit plusieurs livres. Deux d'entre cux ont été traduits en frangais
et en anglais: 1) Eléments de la théorie des repré. 2) Théore, et

bites des structures oomplexa kihleriennes invariantes, d’ol des repré
de 1"algebre de Virasoro et du groupe de Virasoro-Bott.

Les démonstrations précédentes ont amené Kirillov a s’intéresser, dans plu-
sieurs articles, a des questions de pure géométrie différentielle. Soient M une
variété C*, E un fibré en droites sur M, I'(E) I’ensemble des sections C™ de E.
Un crochet de Lie [ , ] sur I'(E) est dit local si [s1, s2] est continue en (51, 52)
et si supp[sy, s2] C supp s () supp s2. Kirillov classifie ces crochets. Il détermine
aussi, dans des cas généraux, quels sont les opérateurs muitidifférentiels invariants

problé d’analyse fonctionnelle. T a d'autre part rédigé beaucoup d’articles
d'exposition: chacun d’eux est en réalité un court livre. La clarté des exposés fait
que ces écrits ont €t€ larg lus, et avec profit, par des chercheurs
débutants.
(ol GS( I'occasion de signaler que Kirillov a eu de nombreux €l ves de thése. Les
de ce colloque ont eu la bonne idée de faire imprimer sur un T-shirt
(oﬂ‘erl A Kirillov) la liste de ces éléves: 57 noms, un record !
Kirillov a participé, en 1967, A la fondation d’un journal célébre: Functional
Analysis and its Applicatic Il a, pendant 4 ans, &é vice-président de la Société

par difféomorphismes (teis que la dérivation extérieure, ou le crochet ordinaire de
deux champs de vecteurs).

Plus récemment, Kirillov a utilisé avec succés la méthode des orbites pour
des groupes tres différents, les G, (k) (n = 1,2,...; k corps commutatif). (On
note G, (k) le groupe des matrices n x n unipotentes triangulaires supérieures a
éléments dans k.) La théorie est particulidrement poussée lorsque & est un corps
fini. Elle am&ne 2 introduire une suite remarquable des polyndmes en une vari-
able.

Voici un autre théme longuement étudié par Kirillov en collaboration avec
Gelfand. Soient G un groupe algébrique complexe, g son algdbre de Lie, U 1'al-
gébre enveloppante de g, D le corps enveloppant de U. Soit D, le corps en-
gendré par des indé€terminées X, ..., Xa, Y1,- -+ Ya,s 21y - - - » 2k, OU tOUS les Cro-
chets sont nuls sauf [x;, y;] = 1. Alors Gelfand et Kirillov conjecturent en 1966
que D est isomorphe & un corps D, x. Dans les années suivantes, ils démontrent
des cas particuliers de plus en plus nombreux de cette conjecture. Bicn aprds, la
conjecture sera reconnue comme fausse, mais elle aura suscité un grand nombre
de tr:vaux intéressants. Surtout, d}.s I'article de 1966, Gelfand et Kirillov intro-

i de di non ives; I'unc d’entre clics,
promise 2 un grand avenir, scra appelée dimension de Gelfand-Kirillov.

11 n’est pas surprenant que Kirillov ait étudié, pour elles-mémes, les algeébres
de Lie de dimension infinie. Dans un série d’articles, il a mis en évidence des
cas ol la “croissance” de ces algebres est strictement intermédiaire entre la crois-
sance polynomiale et la croissance exponentielle et il a construit des identités
remarquables vérifiées dans 1'algebre de Lie des champs de vecteurs sur R, ou
des champs hamiltoniens sur R2.

La place me manque pour analyser les nombreux articles isolés abordant des
theémes sur lesquels Kirillov n'est pas revenu par la suite. Mentionnons tout de
méme 3 de ces articles: 1) il a complété sur un point trés important I*étude (par
Gelfand-Graev) des représentations unitaires irréductibles de SL; (k) (k corps lo-
cal pact non cc ). 2) Soient H un espace hilbertien, G le groupe
des opérateurs unitaires u dans 'H lels Que 1 — u soit compact. Alors Kirillov a
déterminé les é irréductibles de G. 3) Kirillov a résolu un
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probie iel de géométrie intégrale posé par Gelfand. Ces études n’utilisent

Mathé de M, Tl est bre de és éditoriaux de plusicurs jour-
naux. Il a suscité la traduction en russe de livres et articles édités a
I'ouest.

Dans sa co Kirillov i le qu'il a regu de

son épouse (qui travaille en informatique). Il est fier de 1’cuvre mathématique
trés connue de son fils.

Ce colloque honore donc un grand hématicien: grand h icien par
les voies qu'il a , grand mathé ien par |'infl qu'il exerce depuis
des années.

Jacques Dixmier
11 bis rue du Val de Grice
F-75005 Paris, France



3.5 Noether type theorems

Consider now the “levels” of the moment map®® u : W — g* of a hamiltonian G-
action on the symplectic manifold (W,w). The most classical form of E. Noether’s
theorem seems to be stated nowadays as:

131 ghall call level £ the inverse imaEe u~1(€) even if € is not a number.

Theorem 3.5.1 Let H be a function on W which is invariant by the G-action.
Then p is constant on the trajectories of the hamiltonian vector field Xy.

Proof. Indeed, if ¥(%) is a trajectory of Xy, one can write, for any X € ¢ :

£ <pon(t),X > < Tyu(Xu(r())), X >

Michele Audin
= < Xu(7(1), Tyou(X) > The Topology of
= ol Gadias Torus Act.lons on
Symplectic Manifolds
= w(-X-v X )‘Y(‘)
= —qu(t)(l)

But H is invariant and X a fundamental vector field of the action, and thus:
H(exp(sX) - 7(t)) = H(»(1))

which, when differentiated at s = 0, is: https://link.springer.com/book/10.1007/978-3-0348-7221-8

dH(X(~(t))) = 0.

O

The field Xy is thus tangent to the levels p~1(¢). Birkhiauser



A Poisson action of a group G on a symplectic manifold M defines a
mapping of M into the dual space of the Lie algebra of the group

P: M - g*

That is, we fix a point x in M and consider the function on the Lie algebra
which associates to an element a of the Lie algebra the value of the Hamil-
tonian H, at the fixed point x:

px(a) = H,(x).

This p, is a linear function on the Lie algebra and is the element of the dual
space to the algebra associated to x:

P(x) = px.

Following Souriau (Structure des systémes dynamiques, Dunod, 1970), we
will call the mapping P the momentum. Note that the value of the momentum
is always a vector in the space g*.

V.. Arnold

Mathematical
Methods of
Classical
Mechanics

Theorem. Under the momentum mapping P, a Poisson action of a connected
Lie group G is taken to the co-adjoint action of G on the dual space g* of its
Lie algebra (cf. Appendix 2), i.e., the following diagram commutes:

Second Edition

]
P Lp
Vb ooage

gi g‘

Corollary. Suppose that a hamiltonian function H: M — R is invariant under
the Poisson action of a group G on M. Then the momentum is a first integral
of the system with hamiltonian function H.

OPEN

@ Springer



: Moment Map Geometry & Libermann Foliation: Condevaux, Dazord, Molino
Séminaire Sud-Rhodanien

CHAPITRE V
GEOMETRIE DU MOMENT

M. Condevaux, P. Dazord, P. Molino

Introduction

Le but de cet exposé est double :
naturel dans lequel se généralise 1'étude du moment d'une action hamilto-

d'une part définir le cadre

nienne ; d'autre part donner une démonstration nouvelle, plus directement
inspirée par 1'intuition géométrique que les démonstrations connues, des
théordmes de convexité du moment d'Atiyah-Guillemin-Sternberg-Kirwan [A]
(6-5), [6-51,[X].

L'idée de bdase de la premiére partie est la suivante : la dualité
syaplectique permet 4 la fois de faire correspondre & un feuilletage sym-
plectiquement complet au sens de P. Libermann (Lib]l un feuilletage ortho-
gonal, et d'associer & 1'action hamiltonienne d'un groupe de Lie un moment
au sens de J.M. Souriau [So]. Une théorie générale du noment, englobant ces
deux situations comme cas particuliers, devra rendre compte de la corres-
pondance établie par dualité symplectique entre certains types de feuille-
tages singuliers de P. Stefam [St] et H.. Sissmann [Su] et certaines
F-structures de A. Haefliger [H). C'est ce qui nous améne & introduire la
notion de I-structure Poissonienne ; une telle structure ast le moment
généralisé d'un feuilletage de P. Stefan "symplectiquement complet™. Om
nontre que les deux cas particuliers évoqués rentrent bien dans ce cadre ;
en fait, plus généralement, toute action symplectique d'um groupe de Lie
admet en ce sens un noment généralisé. Par un procédé élémentaire de "déve-
loppement de Darboux™, on définit pour une telle action symplectique un
moment rédeit, & valeurs dans un cylindre muni d'une structure de Poisson
affine ; il senble que 1'étude de ces différentes notions puisse conduire &
quelques problémes intéressants

En ce qui concerne les théorémes de convexité du moment, on traite
d'abord le cas des tores a partir de 1'idée suivante : la description é1é-
mentaire des modéles locaux conduit imnédiatement 4 un résultat de conve-
xité locale : si [* agit de maniére hamiltonienne sur (M,c), on en déduit
facilement que 1'espace N des composantes connexes des préimages des points
par le moment J : M < F* a une structure naturelle de variété affine plate
4 bords et coins affines localement convexe au voisinage du bard. L'appli-

CHAPITRE 1l

I-STRUCTURES POISSONNIENNES
ET FEUILLETAGES DE LIBERMANN

P. DAZORD & P. MOLINO

INTRODUCTION -

Les feuilletages de Libermann sont la généralisation, dans le
cadre des feuilletages de Stefan, des feuilletages étudiés dans le cas
régulier par P. Libermann [8] sous le nom de feuilletages
symplectiquement complets et connus des mécaniciens sous le nom de
“systéme complet d'intégrales premiéres”. Ceci justifie le nom donné a
cette catégorie de feuilletages

L'étude de ces feuilletages a été clarifiée par lintroduction de la
notion de I'-structure poissonnienne qui est I'extension maximale de la
notion de moment au sens de J.M. Souriau [10]. (cf. Chapitre V
“Géométrie du Moment"). La notion de feuilletage de Libermann apparait
alors comme duale de celle de I'-structure poissonnienne. C'est le point

de vue adopté ici.

Dans un dernier paragraphe on utilise la théorie des feuilletages
de Libermann pour donner une preuve du théoréme de structure locale
de A. Weinstein [11] pour les variété de Poisson.

DUALITE SYMPLECTIQUE, FEUILLETAGES ET
GEOMETRIE DU MOMENT

P. MOLINO

Abstract

One gives the links between th notions of singular foliations, T as
and momentum mapping in the context of symplectic peometry

Introduction

Dans le premier paragraphe de ce papier, apres quelques rappels élémentaires
de géomeétrie symplectique, on introduit la notion de moment géneralisé mise
au point en coliaboration avec M. Condevaux et P. Dazord (3] dans le cadre du
Semineire Sud-Rhodanien de Geometrie. Essentiellernent, c’est la traduction
en termes de dualité symplectique entre Istructures de Haefliger (ici, les I'-
structures Poissoniennes) et feuilletages singuliers de Stefan (ici les feuilletages
de Stefan-Libermann), de la notion de moment &'une action hamiltonienne due
2 J. M. Souriax [16).

Le second paragraphe est une contribution & la méthode de réduction sym-
plectique [13]: (M, w, H) étant un systéme hamiltoien, on 1dére une sous-
variété L de M, qui est une sous-varieté de niveau d’une famille d'integrales
premiéres. On suppose que w induit sur T une forme wr de rang constant;
mais au lieu de supposer le feuilletage caracteristi Cg simple, on suppose
seulement qu'il admet une metrique bundle-like [15] compléte. On peut alors
introduire le moment généralisé transverse du feuilletage singulier defini par les
adhérences des feuilles, et poursuivre la réduction en munissant 'espace £/Cr
des adherences de feuilles d'une structure de Poisson.

Un cas particulier interessent est celui o la varieté  est simplement connexe;
on peut alors définir un vrai ent se structurel Jp : Z - RP, ol p
est la dimension de Palgébre de Lie structurale [14]. On peut d’ailleurs prouver,
si ¥ est compacte, un théoréme de convexité du moment structurai du type du
théoréme de convexsité du moment pour les actions hamiltoniennes de tores [2]
)

Dans toute la suite, ies struclures considérées sent de classe 0.
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SYMMETRY AND ENTROPY: ARCHIMEDES — BOLTZMANN — FISHER.

By the above (iv), the quotient space CN*!/TN*! can be identified with the
positive cone RV*! and the complex Archimedean map A : CN*1: CN+! o RN+1
factors through the real one,

.mN+1 N+1 2 2 .2 2
RA:R;" =R, for (zg,21,--,ZN) = (21,23, .-, TN )-

Since the quotient metric in CV +1/'II‘N *1 is equal to the standard Euclidean
metric in RY*! = CVN*1/TN*! the Riemannian metric in the receiving positive
cone Riv *1 which is induced from CV*! equals the transport of the Euclidean
(regarded as Riemannian) metric ¥; dz? from RY*! = CN+1/TN*1 to RN+ =
RA(RY*!) by the map RA, where this metric is

N

RA.(9Eu) =
;0 2.’1,‘,'

dz?

2?

since the differential of the map RA is given by the diagonal matrix with the

2

: dz?
entries 2z; = dz‘

Renlarkablyi— only exceptional quadratic forms have this property —

there exists a smooth function, say ® on RN*!, the Hessian of which is equal
to the (differential) quadratic form RA,(gg, ).
(9,- j [
dzidx;

dI,'d:l‘j = RA*(gEu)-

1

In fact, the function % ¥ x;logz;can be taken for ®, since %(zlog T) = =

It follows that
the entropy function on the simplex A~ c RN*1,

ent(xg,1,..xn) = —(xglogzy + x1 logzy +... + N logz )
is concave, where, moreover - this, apparently, goes back to Ronald. Fisher—
Hess(ent)) = -2RA,(gEu)-

In particular, the Riemannin metric defined by —Hess(ent) has constant posi-
tive curvature.®®

It is also clear that the entropy is the only function which satisfies this
equality and vanishes at the vertices (1,0,...0), (0,1,...0),,, (0,0,...1) of the
simplex A~. Therefore one can take the equality Hess(ent)) = —2RA.(gew)
for the definition of entropy®® entropy by Boltzmann-Shannon computational(!)
formula -3, pilogp: is as inappropriate as defining (rather than computing)
the area of the disk as the limit of the areas of the inscribed regular n-gons.
(The original Boltzmann’s definition, translated to the 21st century mathe-
matical language, is described in "search for a structure-entropy" on my page
https://cims.nyu.edu/ gromov/).

Conversely, by taking the Hessian of ¥, z; log x;, one arrives from the clumsy
simplex to the beautifully round sphere with the huge symmetry group.

(This, possibly, may explain the "unreasonable effectiveness" of entropy in
mathematical physics and in math generated by physics, and which points to-
ward "quantum nature" of entropy. But exactly this beautiful hidden symmetry
makes one wary of transplanting the idea of entropy from physics to mathemat-
ical models of Life.)
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Probabilities.

Misha Gromov,

April 8, 2018

Fisher Metric. Recall (Archimedes,
287-212 BCE) the real moment map
from the unit sphere S™ c R+ to
the probability simplex A™ ¢ R7+1
for
(zg, ..., xn) » (pg = x%, ey Pn = Z2)
and observe following R. Fisher that
the spherical metric (with constant
curvature +1) thus transported to
An call it ds? on A™, is equal, up
to a scalar multiple, to the Hessian
of the entropy
ent{py, ..., pn} = - Zipilogp;.
d%ent(p;)

ds® = const
dp;dp;

OPEN

Bernoully Lecture, March 27, 2018: Alternative

[. What is probability?
I1. What is it good for?

II1. What are limitations
of the concept of probability?

IV. What alternatives are
desirable and what is available?

If, accordingly, we take the "in-
verse Hessian" — a kind of double
integral " [ [ ds2" for the definition
of entropy — we arrive at

Question 2. Are there interest-
ing "entropies" associated to (real
and complex) moment maps of gen-
eral toric varieties? Is there a mean-
ingful concept of "generalised prob-
ability" grounded in positivity en-
countered in algebraic geometry?

ES
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I Gromoyv question: Are there « entropies » associated to moment maps

l Bernoulli Lecture - What is Probability?

eor in p

f> 27 March 2018 - CIB - EPFL - Switzerland
Lecturer: Mikhail Gromov

https://bernoulli.epfl.ch/images/website/What is Probability v2(2).mp4
hitp://forum.cs-dc.org/uploads/files/1525172771489-alternative-probabilities-2018.pdf

Fisher Metric. Recall (Archimedes, If, accordingly, we take the "in
287-212 BCE) the real moment map verse Hessian" — a kind of double
from the unit sphere S™ c R"*1 to integral "/ [ ds?" for the definition
the probability simplex A" c R+ ‘ 0DV — WE ATTIVE :
tor Question 2. Are there interest-
(20.cccnxn) = (P = ,(3, ey PRy = ,;’,) ing "entropies" associated to (real

and complex) moment maps of gen
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SOURIAU 2019 SOURIAU 2019

hitps://www.youtube.com/watch?v=beM2pUK1H70

> Internet website : http://souriau2019.fr

» In 1969, 50 years ago, Jean-Marie Souriau published
the book "Structure des systeme dynamiques’, in
which using the ideas of J.L. Lagrange, he formalized
the "Geometric Mechanics" in its modern form based
on Symplectic Geometry

» Chapter IV was dedicated to "Thermodynamics of
Lie groups" (ref André Blanc-Lapierre)

» Testimony of Jean-Pierre Bourguignon at Souriau'l?
(IHES, director of the European ERC)

Jean-Marie SOURIAU
and JEAN-MARIE SOURIAU

c & @ groundbraaking 13 80| Prime
Symplectic Geometry PoicIewng vk <4
{d J 72
if ¢ | Vo 4
ics, G Q ' lativi N ©
Jean-Pierre BOURSUIGNON Symplectic Mechanics, Geometric Quantization, Relativity, g A b
AN

(CNRS-THES) Thermadynamics, Cosmolegy, Diffeology & Philosophy
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http://souriau2019.fr/
https://www.youtube.com/watch?v=93hFolIBo0Q&t=3s
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Main research themes: structure of the model space with Souriau Lie
 Lie groups thermodynamics * Thermodynamics. Interpret the coadjoint orbits of
» Persistent Homology and Geneos the symmetry group action as level set of entropy;

' » The geometry of (Geometric) Deep Learning exploit their symplectic structure to construct further

et symmetries (group equivariant GDL).

WP5 The geometry of Deep Learning ‘.’ “ WG4 VISION: T4.3: Interpret SGD and the metric
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Ecole Polytechnique: Sadi Carnot’s Legacy

e Sadi Carnot’s

2024 Legacy

Celebrating the 200" anniversary

of the 2™ law of thermodynamics

Ecole polytechnique
Palaiseau, France

SADI CARNOT'S LEGACY - "CELEBRATING THE 200TH ANNIVERSARY OF THE 2ND LAW OF THERMODYNAMICS"

When Sadi Carnot published his "Reflections on the motive power of fire" in 1824, there was no sign that one of the greatest
scientific revolutions was about to take place, in a world then dominated by mechanics and optics. Yet, by bringing a
conceptual analysis to the practical problem of the steam engine, Sadi Carnot wrote the birth certificate of thermodynamics,
and, in particular, its second principle.

Today, thermodynamics has branched out info a multitude of fields and applications, from industrial processes to microscopic
systems, and confinues to renew our view of science.

Since its origins, thermodynamics has raised as many questions as it has answered.

To celebrate the bicentenary of the "Réflexions", this colloquium aims to bring fogether members of the thermodynamics
community and to invite them to take a critical look at modern thermodynamics and the open questions it raises. The
collogquium will be structured around pedagogical presentations infroducing the various fields of the discipline. Poster sessions
will allow participants to share their work.

|1 T https://carnot-legacy.sciencesconf.org/ THALES
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