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a surface between two media could be recovered applying a
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@ In 1746, this was widely generalised to mechanical systems by
Pierre-Louis MOREAU de MAUPERTUIS, arguing in a
philosophical manner about the economical behaviour of
Nature, something challenged by his contemporaries;

@ LAGRANGE made it a scientific statement in 1760.

This idea that minimising an action among all possible paths
Jjoining two states of a system continued to inspire, and proved
relevant, through the history of Physics, stimulating at the same
time broader and broader mathematical formulations.
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Chez 1o Veuve DESAINT, Libraire,
rue du Foin S. Jacques.

M. DCC. LXXXVIIL
AvEc APPROBATION ET PRIVILEGE DU RoL
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L'objet de ce Mémoire est d’exposer les nouvelles formules que j'ai
trouvées -pour les variations des éléments des planétes, ainsi que leur
application aux variations des grands axes, et de développer surtout
I"Analyse qui m’y a conduit, et qui me parait mériter I'attention des
Géometres par son uniformité et par sa généralité, puisqu’elle est indé-
pendante de la considération des orbites elliptiques, et qu’elle peut
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dans laquelle les orbites ne seraient plus des sections coniques.
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In the space of elliptic motions, the trajectory of a planet around
the Sun under the influence of other planets is a motion which can
be captured by a single perturbation function £ which satisfies
some very specific equations.

These show that the new space is naturally endowed with a
geometric structure of a new type involving antisymmetric
products as one can see below:
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On aura donc ainsi les quatre formules correspondantes

%%dt_——(a,c)da—(b ¢)db + (e, f)df + (¢, g)dg +- (e, h)dh,

df lt._——(a,f)da-- b, /ydb — (¢, fYde + (f, g)dg + (f, h)dh,

dQ

v dt= —(a, g)da— (b, g)db— (¢, g)dc — (f, g)df + (g, h) dh,
fel

de h)d b, h) di l tl d /

7 (a, hyda — (b, b) db — (¢, h) de — (f, h) df — (g, h) dg
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p: T*M — (T.G)* for this action is a first integral of the
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3. Geometric Approach to the Calculus of Variations
ooooe

Symmetries and the Calculus of Variations

The presence of symmetries in a problem of the Calculus of
Variations allows to simplify the search for solutions because of the
existence of conserved quantities. A Hamiltonian ¢ is a conserved
quantity along an integral curve of the vector field Q¢ since

Ja, = (dp)(2,) = —w(Qy,2,) = 0 because w is antisymmetric.
The presence of the action of a symmetry group creates other
conserved quantities:

@ Let G be a Lie group acting on T*M preserving w (e.g. if it is
the extension of an action on M); an observable  on T*M
with values in (T.G)* (where e is the identity element of the
group) is called a moment if, for any vector X € TG and for
any point A € T, M, we have d(u, X)()\) = (ix,w)(p) -

@ Then Emmy NOETHER stated the fundamental conservation
law: for any function left invariant by G, any moment map
p: T*M — (T.G)* for this action is a first integral of the
Hamiltonian motion defined by H.



4. CV and Analysis
©00000

4. The Calculus of Variations and Analysis



4. CV and Analysis
©0®0000

Broadening the Calculus of Variations

In its historic setting, the Calculus of Variations focused on
optimising curves but it deals with many other geometric objects
and functionals defined over them. This made it a central tool in
the modelisation in Theoretical Physics, in Computer Science, in
Engineering, etc.




4. CV and Analysis
©0®0000

Broadening the Calculus of Variations

In its historic setting, the Calculus of Variations focused on
optimising curves but it deals with many other geometric objects
and functionals defined over them. This made it a central tool in
the modelisation in Theoretical Physics, in Computer Science, in
Engineering, etc. Here are a few examples of functionals:




4. CV and Analysis
©0®0000

Broadening the Calculus of Variations

In its historic setting, the Calculus of Variations focused on
optimising curves but it deals with many other geometric objects
and functionals defined over them. This made it a central tool in
the modelisation in Theoretical Physics, in Computer Science, in
Engineering, etc. Here are a few examples of functionals:
@ The volume of surfaces and, in higher dimensions of
submanifolds; to find the surface of least area spanning a
curve in 3-space is the famous Plateau problem;




4. CV and Analysis
©0®0000

Broadening the Calculus of Variations

In its historic setting, the Calculus of Variations focused on
optimising curves but it deals with many other geometric objects
and functionals defined over them. This made it a central tool in
the modelisation in Theoretical Physics, in Computer Science, in
Engineering, etc. Here are a few examples of functionals:

@ The volume of surfaces and, in higher dimensions of
submanifolds; to find the surface of least area spanning a
curve in 3-space is the famous Plateau problem;

@ For Riemannian manifolds (M, g) and (N, h) and maps
f: M — N, harmonic maps are critical points of the energy

: — * . et B
= [y & M (F () volg = [,(87 5 G hag)voly:




4. CV and Analysis
©0®0000

Broadening the Calculus of Variations

In its historic setting, the Calculus of Variations focused on
optimising curves but it deals with many other geometric objects
and functionals defined over them. This made it a central tool in
the modelisation in Theoretical Physics, in Computer Science, in
Engineering, etc. Here are a few examples of functionals:

@ The volume of surfaces and, in higher dimensions of
submanifolds; to find the surface of least area spanning a
curve in 3-space is the famous Plateau problem;

e For Riemannian manifolds (M, g) and (N, h) and maps
f: M — N, harmonic maps are critical points of the energy
E(F) = [y (F*(h) voly = [1y(87 95 %5 hap)voly:

@ Let G be a Lie group and m : E — M be a vector bundle
equipped with a G-invariant structure over the Riemannian
manifold (M, g); Yang-Mills fields are critical points of the
Yang-Mills functional YM(V) = 1 [,,||RV||?> voly where RV
is the curvature of the G-covariant derivative V.




4. CV and Analysis
©0®0000

Broadening the Calculus of Variations

In its historic setting, the Calculus of Variations focused on
optimising curves but it deals with many other geometric objects
and functionals defined over them. This made it a central tool in
the modelisation in Theoretical Physics, in Computer Science, in
Engineering, etc. Here are a few examples of functionals:

@ The volume of surfaces and, in higher dimensions of
submanifolds; to find the surface of least area spanning a
curve in 3-space is the famous Plateau problem;

e For Riemannian manifolds (M, g) and (N, h) and maps
f: M — N, harmonic maps are critical points of the energy
E(F) = f1y & (F*(h) voly = [1y(87 95 %5 hap)voly:

@ Let G be a Lie group and 7w : E — M be a vector bundle
equipped with a G-invariant structure over the Riemannian
manifold (M, g); Yang-Mills fields are critical points of the
Yang-Mills functional YM(V) = 1 [,,||RV||? voly where RV
is the curvature of the G-covariant derivative V.




4. CV and Analysis
00®000

Broadening the Calculus of Variations (cont.)

Here are some more examples of questions which can be
approached using the Calculus of Variations:
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bounded from below, a minimum is guaranteed if some kind of
compactness holds. Compactness being rare in infinite dimensional
spaces, the right notion is that of weak compactness.
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non compact; hence, one can construct a sequence of maps with
the same energy without convergent subsequence: in this
dimension, the energy of a map does not control its continuity.
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| thank you for your attention.
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